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Adaptive epidemic network is driven by two main processes, (1) infection-

recovery process that changes the states of the nodes, and (2) rewiring process that

modifies the topology of the network. In the past two decades, epidemic models

on adaptive networks have gained interests because understanding the dynamics

between these two processes can be key to improving control of diseases. However,

in most of these models, the rewiring mechanism is based on information known

globally, i.e., everyone knows the health status of all others in the network. This

concept is not practical in real life for large network. This dissertation aims to

provide a more realistic rewiring model for epidemic-control strategy. We propose

a method where the decision of an individual is based on its local information.

We call the original rewiring method global rewiring and ours local rewiring. In

this dissertation, we investigate a susceptible-infected-susceptible (SIS) epidemic
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CHAPTER I

Introduction

Epidemic models are very useful to understand the rate at which diseases spread

and how to control them. Early epidemic models are based on the homogeneously

mixed, where it is assumed that each individual has the same chance to contact

with an infected individual [1–5]. Deterministic mathematical models have been

used to understand the spread of disease in large and uniform population. In

general, however, these deterministic models are not sufficient to consider the

stochastic dynamics in finite population. Furthermore, each individual comes into

contact only with its network-based neighbours [6–9]. Therefore, the structure of

population is modelled as a network, where the node represents an individual and

a link represents relation or interaction between individuals.

In early works on network epidemic models, the topology of the network

is assumed to be fixed, which is called a static network. However, people may

change their social behaviours in response to infection to avoid catching it [10–

12]. For example, as SARS epidemic zone is declared, people may attempt to

reduce their chances of infection by eliminating contacts with infected individuals

which may alter the progression of the disease [13]. Then the coevolution between

the topology of the network and the epidemic dynamics has been formed. This

brings to the concept of an adaptive network [10,14] where changes to the network

structure are occurred in dependence of the dynamic state of the nodes and in turn

affect future dynamics of the state.

Gross et al. [10] introduced rewiring mechanism based on removing high-

risk contacts between the susceptible and infected nodes, and rewiring with non-
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infectious contacts. In this model, the total number of links in the network is

conserved. This may be assumed to maintain the functionality of the society.

Here, the rewiring mechanism occurs at the global level where every node must

know epidemiology status of every other in the network. In reality, however, in-

dividuals may have incomplete knowledge about the status of the whole network.

More practically, the nodes may know the status of other nodes only within their

local areas, for example, neighbourhoods including neighbour one, two, or more

links away. To make adaptive networks more realistic, the local knowledge should

be taken into account.

This dissertation aims to give more practical rewiring model for epidemic

control strategy. We simulate the stochastic processes of two rewiring methods.

The first method called “global rewiring” is described by the original one [10],

while the second method, proposed by us, is called “local rewiring”. The words

global and local are used to described the knowledge about health statuses that a

node has about its neighbours. In this dissertation, we investigate adaptive model

on Erős-Rényi (ER) random networks [15–18], but the introduced framework may

be applied to other network structures such as scale-free network [19, 20] as well.

The scope of this work covers the following objectives. We investigate the

susceptible-infected-susceptible (SIS) epidemic model with local rewiring on ER

random network. We neglect the effects of natural birth and death because epi-

demic duration is much shorter than the time scale of the demographic process

thus the total number of nodes is constant. Also, the number of links is conserved

according to the networks with global rewiring [10]. The effects of local informa-

tion with various values of neighbouring distances are studied and compared with

the effects of global information. Here, the neighbouring distance is not a physical

distance, but it is defined through paths of nodes in the network. The dynami-

cal consequences of local rewiring network: endemic state, disease-free state and

coexistence of bistable state are observed. In addition, the analytic approach to

support our simulation results is provided.

The outline of the dissertation is the following: In chapter II, we give a
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glimpse into adaptive epidemic networks. We start with SIS model of disease

dynamics in fully mixed population with continuous random variables. Then we

present a brief overview of some definitions related to networks used in this disser-

tation. After that we present SIS model on ER random network. Our assumptions

are following: (1) network size is large enough to be simulated on our computer

cluster which is up to 10,000 nodes, (2) links are distributed homogeneously in

the network, and (3) the degree distribution used in the pair approximation is

based on Poisson distribution. In the last section, we explain SIS dynamics on

adaptive networks and show prior results as background for our research that will

be presented in Chapters III and IV.

In Chapter III, we propose the local rewiring method where rewired links

are restricted within a neighbouring area. We then introduce the most commonly

used simulation algorithm for stochastic process known as kinetic Monte-Carlo

algorithm [21–24]. In this work we propose an alternative analytical approach for

calculating the phase transition for the local rewiring method

In chapter IV, we present our numerical results of epidemic networks at

different network sizes and epidemic parameters. We study the effects of the local

rewiring mechanism on the epidemic spread, investigate how it change the network

topology and phase diagram.

Finally, we draw the conclusions of our work and consider what future

research is possible in the field of epidemics on adaptive networks in Chapter V.



CHAPTER II

The Adaptive Epidemic Networks

2.1 Compartmental SIS model

One of the standard approaches to study epidemiology is through what are tra-

ditionally called compartmental models [1–5]. The population is divided into dif-

ferent compartments based on the epidemiological status of each individual. The

number of compartments and the ways in which individuals move from one com-

partment to another depends on the nature of the disease being modelled. In the

case of susceptible-infected-susceptible (SIS) model, there are two compartments,

S (susceptible) and I (infected) [8]. Susceptible individuals are healthy ones who

are susceptible to the disease if they come into contact with infected individuals

who are currently infected and able to spread the disease to susceptible individuals.

In this model, the infected becomes susceptible again immediately after recovery.

The SIS model assumes that there is no immunity for the disease then the individ-

uals can be infected over again following a cycle S → I → S. The transition rates

from one compartment to another are mathematical expressed as derivatives. In

the following, we will introduce the rate equation of each compartment and its

solutions.

2.1.1 Mathematical approach to SIS model

Mathematical models can estimate how infectious disease progress to show the

consequence of an epidemic. In SIS model there are two possible transitions: (1)
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Figure 2.1: This diagram shows transitions between compartments consisting of

individuals with the same state in the SIS model. The solid line denotes an

infection process and the dashed line denotes a recovery process.

infection, denoted by S → I, and (2) recovery, denoted by I → S (Fig. 2.1). In

the continuous-time limit, I → S transition occurs at the recovery rate of r. The

time an individual spends on average in the infected compartment, an average

infectious period, is approximately r−1.

A formula of S → I transition is more complicated than I → S depending

on the modelling consideration. Here, the mathematical models are as good as the

assumption of homogeneous mixing, i.e., every individual has the same probability

to make a contact with any other [1, 8]. With this assumption, the larger the

number of infected individuals, the higher the probability of transmission of the

disease. So the probability that susceptible individuals acquire the disease per unit

time is b⟨k⟩I/N , where b is the infection rate per contact and ⟨k⟩ is the number

of contact with other individuals per unit time [8, 9, 25].

These transitions can be modelled by reaction-diffusion type process where

the transition is defined by its reaction rates [26]. The time evolution of the

epidemic is described by deterministic rate equations stating that the average

change in the number of individuals of each compartment due to interactions is

given by the product of the force of infection times the average individuals. Let

the number of population be conserved, i.e., N = S + I. If N is large, we can

treat S and I as continuous variables, and the model is fairly well described by



6

the following rate equations:

dS

dt
= −b⟨k⟩ I

N
S + rI,

dI

dt
= b⟨k⟩ I

N
S − rI.

(2.1)

These equations rely on the homogeneously mixing approximation which assumes

that the susceptible and infected individuals are well mixed and interact with each

other at random. In this dissertation, we neglect the effects of natural birth and

death because the duration of an epidemic is much shorter than the time scale of

the demographic process. At this stage, the disease is also not life threatening.

2.1.2 Basic results of the SIS model

To express the solution of Eq. 2.1 it is often convenient to define variables repre-

senting the density of susceptible and infected individuals:

s =
S

N
, i =

I

N
.

With the normalisation condition s+ i = 1, Eq. 2.1 reduces to

di

dt
= b⟨k⟩i(1− i)− ri = (b⟨k⟩ − r − b⟨k⟩i)i. (2.2)

Here we choose to investigate the dynamic of the infected fraction rather than

the susceptible fraction because the existence of infection describes the epidemic

state.

The solution of Eq. 2.2 provides the density of infected individuals as a

function of time

i =

(
1− r

b⟨k⟩

)
Ce(b⟨k⟩−r)t

1 + Ce(b⟨k⟩−r)t
, (2.3)

where the integration constant C is fixed by the initial condition i0 = i(t = 0) so

that

C =
i0

1− i0 − r
b⟨k⟩

. (2.4)

Eq. 2.3 predicts that there are two possible outcomes:
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Figure 2.2: The density of infected individuals grows with time following a sigmoid

function and tends to constant density at which the rates of infection and recovery

are balanced.

• Endemic state when b⟨k⟩ − r > 0 or b⟨k⟩/r > 1.

In this condition, the infected fraction i follows a sigmoid function (see

Fig. 2.2). At long time, i reaches a constant i∞ calculated by setting Eq. 2.2

to zero:

i∞ = 1− r

b⟨k⟩
. (2.5)

In this state, the rates that individuals are infected and recover from infec-

tion are exactly equal. Consequently the infected density does not change

with time. This steady state is called endemic state.

• Disease-free state when b⟨k⟩ − r < 0 or b⟨k⟩/r < 1.

In this condition, i decreases exponentially with time, indicating that the

disease will die out eventually. This is because the number of individuals who

recovered per unit time is larger than the number of new infected individuals.

Therefore at long time, the disease disappears from the population.
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From outcomes above, the condition b⟨k⟩ = r indicates a transition between

a state in which the disease can spread and one in which it cannot. This transition

is called an epidemic transition (Fig. 2.3) and the point of the transition is called

the basic reproduction number or the basic reproductive ratio R0 [27–30],

R0 =
b⟨k⟩
r

. (2.6)

R0 is defined as the average number of secondary infections caused by a

primary infected individual introduced in a completely susceptible population. If

R0 > 1, the epidemic is in the endemic state. If R0 < 1, then the epidemic is in

disease-free state. The point R0 = 1 marks the epidemic threshold between these

two states.

The classical SIS model ignores the fact that individuals come into contact

only with their neighbours in the contact network that facilitates the spread of a

disease. Classical SIS assumes homogenous mixing, which means that an infected

individual can interacts other individuals with the probability depending on their

populations. It means that an infected individual typically infects only ⟨k⟩ other

individuals, ignoring variations in node degrees. To accurately predict the dy-

namics of an epidemic, we need to consider the impact of connectivity patterns,

reflected by a network topology, on the epidemic behaviours.

2.2 Complex networks

2.2.1 Network definitions

A network, also called a graph in mathematical terms, is a collection of N nodes

(or vertices) joined by M links (or edges). A network is usually visualised as in

Fig. 2.4, where circles are referred to as nodes and lines are referred to as links.

The size of a network is described by the total number of nodes, N . Two nodes

are said to be neighbouring or adjacent if they are connected via a link. The

links of a network may be directed or undirected. The directed links represent
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Figure 2.3: Epidemic transition of the classical SIS model. Below the epidemic

threshold at R0 = 1, there is no infected density (disease-free phase). Above the

epidemic threshold, the infected density attains a nonzero average value at the

long time regime (endemic phase).
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unidirectional relationships between neighbouring nodes, for example, hyperlinks

on the WWW run in one specific direction from one web page to another. On the

contrary, the undirected links describe bidirectional relationships, like classmate

or co-worker relationship: if you work with Dang, Dang also work with you. A

network whose all links are undirected is called an undirected network while a

network of directed links is called a directed network.

0 1 2

3

4
5

6

7

8

9 10

Figure 2.4: A schematic represent of a small network contains eleven nodes and

nine links.

A network might contain self-loops, which are links that connect nodes to

themselves or multiple links, where there can be more than one link between the

same pair of nodes. Link might also have weight which, for instance, express the

importance of a connection between pair of nodes. Many interesting networks are

weighted, but it is difficult to put down the appropriate numbers [25]. Conse-

quently, these networks often are approximated by an unweighted network.

In the scope of this dissertation, we are interested in a simple network

with undirected and unweighted conditions. A simple network means that neither

self-loops nor multiple links are allowed in the network.

In the following lists we introduce the basic quantities used to describe and

analyse networks.
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• Degrees: The number of neighbours of a node i or the number of links con-

nected to it is called degree ki of the node. For example, for the undirected

network shown in Fig. 2.4 we have k0 = 1, k1 = 2, k2 = 3, k10 = 0. In an

undirected network the total number of links, M , can be expressed as the

sum of the node degrees

2M =
N∑
i=1

ki. (2.7)

The factor 2 comes from the fact that each link has two ends, the total

number of ends.

The average degree ⟨k⟩ of a node in an undirected network is

⟨k⟩ = 1

N

N∑
i=1

ki =
2M

N
. (2.8)

So in the Fig. 2.4, ⟨k⟩ = 18/11.

• Paths: In network, distance is described by path length. A path is a route

that runs from node to node along the links of the network. The length

of a path represents the number of links traversed along the path. For

example, in Fig. 2.4 the path between node 5 to 9 may follow the route

5 → 6 → 8 → 7 → 9, hence its length is 4. In general, a path can intersect

itself or visit the same node more than once. For example, the path between

node 7 and 9 follows 7 → 5 → 6 → 8 → 7 → 9, so node 7 is visited twice.

• Shortest path: A shortest path between nodes i and j, denoted by lij, is

a path with the least number of links. If the path intersects itself, then it

contains a loop. It can be shortened by avoiding the loop and still connecting

between nodes i and j. From the previous example of the path between node

7 and 9, we can remove the loop 7 → 5 → 6 → 8 → 7 and the shortest path

is 7 → 9. It is possible to have multiple shortest paths of equal length

between a given pair of nodes (e.g., there are two shortest paths between

node 5 and 8: 5 → 6 → 8 and 5 → 7 → 8). Also, it is possible to have

no shortest path between two nodes if they are not connected via any route
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(e.g., there is no shortest path between node 0 and 5), on the other hand,

they are in different components.

• Components: A component is a group of connecting nodes in the network–

each of which is reachable from the others by some paths through the net-

work. For instance, in Fig. 2.4 there are three components: {0, 1, 2, 3, 4},

{5, 6, 7, 8, 9} and {10}.

• Diameter: The diameter of a network, denoted by lmax, is the maximum

shortest path between any pairs of nodes in the network. In general the

diameter is rarely used as a representation of a network because it only

measures the furthest pair, and is unlikely a good indicator of the whole

network.

• Average path length: The average path length, denoted by ⟨l⟩, is the

average number of links along the shortest paths for all possible pairs of

nodes in the networks. The average path length is more useful as a measure

of the behaviour of the network than the diameter.

2.2.2 Erdős-Rényi random network

One of the simplest network models reproducing the real networks is the Erdős-

Rényi random network [15–18]. An ER random network contains N nodes and M

links where a link between two nodes is placed with probability p. There are two

definitions of ER random network:

• G(N,M) model: In G(N,M) model, the number of nodes and links are

fixed. There are, hence,
((N

2

)
M

)
possible graphs that can be formed from

the N nodes by chosen M links from all possible pairs,
(
N
2

)
[15–17].

• G(N, p) model: The G(N, p) model fixes the probability p that two nodes

are connected, but the number of links is not fixed [18].



13

The two models G(N,M) and G(N, p) are statistically equivalent with

M = p
(
N
2

)
[31]. In this dissertation we explore the networks with some constant

number of links so we prefer the G(N,M) model than G(N, p).

An ER random network is generated by

1. Create N isolated nodes.

2. Select a pair of nodes randomly. If they are not connected, then connect

them with a link and increase the number of pairs. Otherwise, leave them

and go to the next step.

3. Repeat step 2 until the total number of pairs is M .

In an ER random network, the degree distribution pk, which is the proba-

bility that a random chosen node has degree k, follows the binomial distribution.

However, we are interested in the properties of large networks with a fixed aver-

age degree. In some situations, this is more realistic. For example, the typical

number of friends a person has does not depend on the total number of people in

the world. Moreover, most real networks are sparse meaning that ⟨k⟩ ≪ N . So

in this limit with fixed ⟨k⟩, the binomial distribution can be approximated by the

Poisson distribution

pk = e−⟨k⟩ ⟨k⟩k

k!
. (2.9)

The advantage of the Poisson distribution is that it does not depend on the network

size, but on the average degree ⟨k⟩ only.

One interesting property of an ER random network is the emergence of the

largest component. Many real networks typically contain one large component

that occupies most of the network (usually more than half of the network size),

and numerous number of small components [31]. In ER random network a unique

large component or a giant component appears when ⟨k⟩ > 1 [15]. The word giant

component has a specific meaning that it is the component whose size grows in

proportion to the network size.
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ER random network also displays small world property, where distance

between two randomly chosen nodes in the network is short. The small world

effect is found in many real networks. The small world effect predicts that the

average path length, ⟨l⟩, and the diameter, lmax, scales logarithmically with the

system size for fixed average degree [6, 32]. So the term short means that the

value of ⟨l⟩ or lmax is proportionally to lnN and grows very slowly with N . The

diameter of an ER random network is [6, 31, 32]

lmax ≈ lnN

ln⟨k⟩ . (2.10)

The average path length of an ER random network is [33]

⟨l⟩ = lnN − γ

ln⟨k⟩ +
1

2
, (2.11)

where γ ≃ 0.5772 is the Euler’s constant.

Real world networks, however, differ from ER random network. For ex-

ample, the degree distribution of real networks is scale-free or power law (most

nodes have low degree and a few of nodes have high degree) distribution while

an ER random network provides the Poisson degree distribution. Despite the

disagreement, an ER random network has been widely studied for complex net-

works. As we can find tremendous papers related to ‘random networks/graphs’

in Scopus (see http://www.scopus.com/scopus/home.url) and ISI database (see

www.webofknowledge.com). The simplicity of an ER random networks makes

it possible to compute analytically many properties, particularly with respect to

component sizes and average path lengths. Consequently, an ER random network

is often used as a baseline model for various applications. Anyway, a random

network with non-Poisson degree distribution is developed by Newman [32, 34].

The discussion of this extended model is beyond the scope of this dissertation.

2.2.3 Network dynamics

Complex networks have been generally studied in two aspects of network dynamics.

The first aspect is the evolution of particular network structure where the topology
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of the network changes as a function of time. There are several possible ways to

change topology such as creation and deletion of links, or creation and deletion

of nodes [6, 35, 36]. The second aspect is the dynamics on networks where the

state of a node (characterised by a discrete variable; for example: active/inactive,

spin up/down, susceptible/infected or a scalar variable; for example: density,

concentration, flow) changes dynamically in time. In this aspect, the network

topology is considered as a static network while the dynamical processes take

place, e.g. a disease propagation on a certain network structure.

In most real systems, however, the networks do not have fixed connections

for some dynamical processes. Indeed, they evolve in time in response to the

dynamics of nodes. Furthermore, the states of nodes change is dependent on the

evolution of the topology. In this sense, there is a coupling between the state

dynamics and the topological evolution and a feedback loop is formed (Fig. 2.5).

The effect of this coupling relies on a dynamic timescale characterised by the time

that the node state can change and an evolution timescale which the network

topology changes. Faster process is often explored, while slower process is often

treated as a constant background influence. If the dynamic timescale is much

larger than the evolution timescale, we get an evolving network and can neglect a

dynamic state. On the other hand, if the evolution timescale is much larger than

the dynamic timescale, then we get a fixed network. However, if the dynamic

and evolution are in the same timescale, there is a pure coupling between the

state dynamics and the network topology. This network is called an adaptive

network [10, 14, 37]. An adaptive network establishes many interesting properties

such as bifurcations and phase transitions. We will discuss these properties in the

following section.

2.3 The SIS model on adaptive networks

When epidemic spreads are modelled in networks, individuals are represented by

nodes and the connections between individuals are represented by links of the
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Figure 2.5: Feedback loop shows the coupling between the state dynamics and the

topological evolution [14].

network. In SIS adaptive model proposed by Gross et al. [10], there are two main

processes: (1) Infection-recovery process which determines the changing of node

states, and (2) rewiring process which determines the changing of the network

topology. These two processes are coupling that the network structure affects the

epidemic spread on the network, while the states of nodes affect the evolution of

network topology (see Fig. 2.5).

In this section, we first introduce SIS model on ER random network and

some mathematical techniques that are usually used in this approach. After that,

the rewiring process is introduced. We note that there are many types of link

dynamics to evolve the network topology such as contact-conserving rewiring [10,

38–41], link removal [42], and random link activation and creation [42–44]. In

this dissertation, we only follow and develop the adaptive SIS model with contact-

conserving rewiring.
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Figure 2.6: Illustrations of open triplet (figure (a) above) and closed triplet (figure

(a) below). The small network (figure (b)) shows that the number of SSI-triplets

is two and the number of ISI-triplet is one.

2.3.1 SIS model on networks

In this section we consider quantities related to the dynamics of state and struc-

ture. The variables of interest here are typically the average values such as the

expected number of nodes ([A]), the expected number of links ([AB]) and the

expected number of triplets ([ABC]), with A,B,C ∈ {S, I}. A triplet consists

of three nodes connected by either two links (open triplet) or three links (closed

triplet)–see Fig 2.6. The ordered expression in [ABC] means that a middle node

of state B is connected to state A and state C.

Consider random variable Xi(t) that determines the type of node i at time

t, for example, Xi(t) = S if node i is susceptible at time t. Then the expected

values can be defined as

[A] (t) =
N∑
i=1

Prob(Xi(t) = A),

[AB](t) =
N∑
i=1

N∑
j=1

ai,jProb(Xi(t) = A,Xj(t) = B),

[ABC](t) =
N∑
i=1

N∑
j=1

N∑
k=1

aijajkProb(Xi(t) = A,Xj(t) = B,Xk(t) = C),

(2.12)

where A,B,C ∈ S, I and aij is one if node i connects to node j; otherwise it is
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zero.

These expected values of nodes and links obey conservation relations. The

conservation for the node is based on the fact that Prob(Xi(t) = S)+Prob(Xi(t) =

I) = 1 for i = 1, . . . , N . This implies that

[S](t) + [I](t) = N, (2.13)

for any time t. Similarly, the conservation relation of the links following four states

SS, SI, IS and II is

[SS](t) + [SI](t) + [IS](t) + [II](t) =
N∑
i=1

N∑
j=1

(1)aij = ⟨k⟩N,

where ⟨k⟩ is the average degree defined in Section 2.2.1. Since SI-links and IS-

links are symmetrical, we can count [IS] as [SI]. Thus we reduce the above

equation to

[SS](t) + [SI](t) + [II](t) = ⟨k⟩N. (2.14)

From now on, we drop the explicit t-dependence of [A](t), [AB](t) and [ABC](t)

for convenience.

In the classical SIS model, the fully-mixed assumption approximates the

infection term in Eq. 2.1 to b⟨k⟩[S][I]/N . With contact base, instead, this can

be written exactly as b[SI] where [SI] is the expected number of links between

susceptible and infected nodes. So we obtain the dynamic of nodes with the

pairwise term:
d[S]

dt
= r[I]− b[SI],

d[I]

dt
= b[SI]− r[I].

(2.15)

Eqs. 2.15 show that the dynamic of nodes depends on the number of SI-links.

Therefore this set of equations is not closed. To close the equations, one employs

the mean-field approximation, in which the number of SI-links is approximated

by [SI] ≈ ⟨k⟩[S][I]/N [37]. Eqs. 2.15 can be closed as
d[S]

dt
= r[I]− b

⟨k⟩
N

[S][I],

d[I]

dt
= b

⟨k⟩
N

[S][I]− r[I].

(2.16)
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<latexit sha1_base64="R3+r17/EY/2PRUuXxlu/zIedlpM=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqaOtFCl70VtG0hTSUzXbbLt1swu5GKKW/wYsHRbz6g7z5b9y0FVT0wcDjvRlm5oUJZ0rb9oeVW1ldW9/Ibxa2tnd294r7By0Vp5JQj8Q8lp0QK8qZoJ5mmtNOIimOQk7b4fgy89v3VCoWizs9SWgQ4aFgA0awNpIX+rfXQa9Yssvn9WrFrSK7bNs1p+JkpFJzz1zkGCVDCZZo9orv3X5M0ogKTThWynfsRAdTLDUjnM4K3VTRBJMxHlLfUIEjqoLp/NgZOjFKHw1iaUpoNFe/T0xxpNQkCk1nhPVI/fYy8S/PT/WgHkyZSFJNBVksGqQc6Rhln6M+k5RoPjEEE8nMrYiMsMREm3wKJoSvT9H/pFUpO4bfuKXGxTKOPBzBMZyCAzVowBU0wQMCDB7gCZ4tYT1aL9brojVnLWcO4Qest0++X46g</latexit><latexit sha1_base64="R3+r17/EY/2PRUuXxlu/zIedlpM=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqaOtFCl70VtG0hTSUzXbbLt1swu5GKKW/wYsHRbz6g7z5b9y0FVT0wcDjvRlm5oUJZ0rb9oeVW1ldW9/Ibxa2tnd294r7By0Vp5JQj8Q8lp0QK8qZoJ5mmtNOIimOQk7b4fgy89v3VCoWizs9SWgQ4aFgA0awNpIX+rfXQa9Yssvn9WrFrSK7bNs1p+JkpFJzz1zkGCVDCZZo9orv3X5M0ogKTThWynfsRAdTLDUjnM4K3VTRBJMxHlLfUIEjqoLp/NgZOjFKHw1iaUpoNFe/T0xxpNQkCk1nhPVI/fYy8S/PT/WgHkyZSFJNBVksGqQc6Rhln6M+k5RoPjEEE8nMrYiMsMREm3wKJoSvT9H/pFUpO4bfuKXGxTKOPBzBMZyCAzVowBU0wQMCDB7gCZ4tYT1aL9brojVnLWcO4Qest0++X46g</latexit><latexit sha1_base64="R3+r17/EY/2PRUuXxlu/zIedlpM=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqaOtFCl70VtG0hTSUzXbbLt1swu5GKKW/wYsHRbz6g7z5b9y0FVT0wcDjvRlm5oUJZ0rb9oeVW1ldW9/Ibxa2tnd294r7By0Vp5JQj8Q8lp0QK8qZoJ5mmtNOIimOQk7b4fgy89v3VCoWizs9SWgQ4aFgA0awNpIX+rfXQa9Yssvn9WrFrSK7bNs1p+JkpFJzz1zkGCVDCZZo9orv3X5M0ogKTThWynfsRAdTLDUjnM4K3VTRBJMxHlLfUIEjqoLp/NgZOjFKHw1iaUpoNFe/T0xxpNQkCk1nhPVI/fYy8S/PT/WgHkyZSFJNBVksGqQc6Rhln6M+k5RoPjEEE8nMrYiMsMREm3wKJoSvT9H/pFUpO4bfuKXGxTKOPBzBMZyCAzVowBU0wQMCDB7gCZ4tYT1aL9brojVnLWcO4Qest0++X46g</latexit><latexit sha1_base64="R3+r17/EY/2PRUuXxlu/zIedlpM=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqaOtFCl70VtG0hTSUzXbbLt1swu5GKKW/wYsHRbz6g7z5b9y0FVT0wcDjvRlm5oUJZ0rb9oeVW1ldW9/Ibxa2tnd294r7By0Vp5JQj8Q8lp0QK8qZoJ5mmtNOIimOQk7b4fgy89v3VCoWizs9SWgQ4aFgA0awNpIX+rfXQa9Yssvn9WrFrSK7bNs1p+JkpFJzz1zkGCVDCZZo9orv3X5M0ogKTThWynfsRAdTLDUjnM4K3VTRBJMxHlLfUIEjqoLp/NgZOjFKHw1iaUpoNFe/T0xxpNQkCk1nhPVI/fYy8S/PT/WgHkyZSFJNBVksGqQc6Rhln6M+k5RoPjEEE8nMrYiMsMREm3wKJoSvT9H/pFUpO4bfuKXGxTKOPBzBMZyCAzVowBU0wQMCDB7gCZ4tYT1aL9brojVnLWcO4Qest0++X46g</latexit>

[S]
<latexit sha1_base64="Wszqj8pkZAJ9C5E6t/jEULFi2VM=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eK7UfkIay2W7apZtN2J0IJfQnePGgiFd/kTf/jds2B62+sPDwzgw784apFAZd98spra1vbG6Vtys7u3v7B9XDo45JMs14myUy0b2QGi6F4m0UKHkv1ZzGoeTdcHI7r3cfuTYiUQ84TXkQ05ESkWAUrdXyW8GgWnPr7kLkL3gF1KBQc1D97A8TlsVcIZPUGN9zUwxyqlEwyWeVfmZ4StmEjrhvUdGYmyBfrDojZ9YZkijR9ikkC/fnRE5jY6ZxaDtjimOzWpub/9X8DKPrIBcqzZArtvwoyiTBhMzvJkOhOUM5tUCZFnZXwsZUU4Y2nYoNwVs9+S90Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDprQBgYjeIIXeHWk8+y8Oe/L1pJTzBzDLzkf3w7EjZ8=</latexit><latexit sha1_base64="Wszqj8pkZAJ9C5E6t/jEULFi2VM=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eK7UfkIay2W7apZtN2J0IJfQnePGgiFd/kTf/jds2B62+sPDwzgw784apFAZd98spra1vbG6Vtys7u3v7B9XDo45JMs14myUy0b2QGi6F4m0UKHkv1ZzGoeTdcHI7r3cfuTYiUQ84TXkQ05ESkWAUrdXyW8GgWnPr7kLkL3gF1KBQc1D97A8TlsVcIZPUGN9zUwxyqlEwyWeVfmZ4StmEjrhvUdGYmyBfrDojZ9YZkijR9ikkC/fnRE5jY6ZxaDtjimOzWpub/9X8DKPrIBcqzZArtvwoyiTBhMzvJkOhOUM5tUCZFnZXwsZUU4Y2nYoNwVs9+S90Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDprQBgYjeIIXeHWk8+y8Oe/L1pJTzBzDLzkf3w7EjZ8=</latexit><latexit sha1_base64="Wszqj8pkZAJ9C5E6t/jEULFi2VM=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eK7UfkIay2W7apZtN2J0IJfQnePGgiFd/kTf/jds2B62+sPDwzgw784apFAZd98spra1vbG6Vtys7u3v7B9XDo45JMs14myUy0b2QGi6F4m0UKHkv1ZzGoeTdcHI7r3cfuTYiUQ84TXkQ05ESkWAUrdXyW8GgWnPr7kLkL3gF1KBQc1D97A8TlsVcIZPUGN9zUwxyqlEwyWeVfmZ4StmEjrhvUdGYmyBfrDojZ9YZkijR9ikkC/fnRE5jY6ZxaDtjimOzWpub/9X8DKPrIBcqzZArtvwoyiTBhMzvJkOhOUM5tUCZFnZXwsZUU4Y2nYoNwVs9+S90Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDprQBgYjeIIXeHWk8+y8Oe/L1pJTzBzDLzkf3w7EjZ8=</latexit><latexit sha1_base64="Wszqj8pkZAJ9C5E6t/jEULFi2VM=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eK7UfkIay2W7apZtN2J0IJfQnePGgiFd/kTf/jds2B62+sPDwzgw784apFAZd98spra1vbG6Vtys7u3v7B9XDo45JMs14myUy0b2QGi6F4m0UKHkv1ZzGoeTdcHI7r3cfuTYiUQ84TXkQ05ESkWAUrdXyW8GgWnPr7kLkL3gF1KBQc1D97A8TlsVcIZPUGN9zUwxyqlEwyWeVfmZ4StmEjrhvUdGYmyBfrDojZ9YZkijR9ikkC/fnRE5jY6ZxaDtjimOzWpub/9X8DKPrIBcqzZArtvwoyiTBhMzvJkOhOUM5tUCZFnZXwsZUU4Y2nYoNwVs9+S90Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDprQBgYjeIIXeHWk8+y8Oe/L1pJTzBzDLzkf3w7EjZ8=</latexit>

[I]
<latexit sha1_base64="OTB4bdR/yNQH8b3GiII0ScN8Ibc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96q2htIQ1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6wsLDOzPszBumUhh03W+ntLK6tr5R3qxsbe/s7lX3Dx5NkmnGWyyRie6E1HApFG+hQMk7qeY0DiVvh6Prab39xLURiXrAccqDmA6UiASjaK17/zboVWtu3Z2JLINXQA0KNXvVr24/YVnMFTJJjfE9N8UgpxoFk3xS6WaGp5SN6ID7FhWNuQny2aoTcmKdPokSbZ9CMnN/T+Q0NmYch7Yzpjg0i7Wp+V/NzzC6DHKh0gy5YvOPokwSTMj0btIXmjOUYwuUaWF3JWxINWVo06nYELzFk5fh8azuWb47rzWuijjKcATHcAoeXEADbqAJLWAwgGd4hTdHOi/Ou/Mxby05xcwh/JHz+QP/g42V</latexit><latexit sha1_base64="OTB4bdR/yNQH8b3GiII0ScN8Ibc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96q2htIQ1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6wsLDOzPszBumUhh03W+ntLK6tr5R3qxsbe/s7lX3Dx5NkmnGWyyRie6E1HApFG+hQMk7qeY0DiVvh6Prab39xLURiXrAccqDmA6UiASjaK17/zboVWtu3Z2JLINXQA0KNXvVr24/YVnMFTJJjfE9N8UgpxoFk3xS6WaGp5SN6ID7FhWNuQny2aoTcmKdPokSbZ9CMnN/T+Q0NmYch7Yzpjg0i7Wp+V/NzzC6DHKh0gy5YvOPokwSTMj0btIXmjOUYwuUaWF3JWxINWVo06nYELzFk5fh8azuWb47rzWuijjKcATHcAoeXEADbqAJLWAwgGd4hTdHOi/Ou/Mxby05xcwh/JHz+QP/g42V</latexit><latexit sha1_base64="OTB4bdR/yNQH8b3GiII0ScN8Ibc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96q2htIQ1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6wsLDOzPszBumUhh03W+ntLK6tr5R3qxsbe/s7lX3Dx5NkmnGWyyRie6E1HApFG+hQMk7qeY0DiVvh6Prab39xLURiXrAccqDmA6UiASjaK17/zboVWtu3Z2JLINXQA0KNXvVr24/YVnMFTJJjfE9N8UgpxoFk3xS6WaGp5SN6ID7FhWNuQny2aoTcmKdPokSbZ9CMnN/T+Q0NmYch7Yzpjg0i7Wp+V/NzzC6DHKh0gy5YvOPokwSTMj0btIXmjOUYwuUaWF3JWxINWVo06nYELzFk5fh8azuWb47rzWuijjKcATHcAoeXEADbqAJLWAwgGd4hTdHOi/Ou/Mxby05xcwh/JHz+QP/g42V</latexit><latexit sha1_base64="OTB4bdR/yNQH8b3GiII0ScN8Ibc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96q2htIQ1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6wsLDOzPszBumUhh03W+ntLK6tr5R3qxsbe/s7lX3Dx5NkmnGWyyRie6E1HApFG+hQMk7qeY0DiVvh6Prab39xLURiXrAccqDmA6UiASjaK17/zboVWtu3Z2JLINXQA0KNXvVr24/YVnMFTJJjfE9N8UgpxoFk3xS6WaGp5SN6ID7FhWNuQny2aoTcmKdPokSbZ9CMnN/T+Q0NmYch7Yzpjg0i7Wp+V/NzzC6DHKh0gy5YvOPokwSTMj0btIXmjOUYwuUaWF3JWxINWVo06nYELzFk5fh8azuWb47rzWuijjKcATHcAoeXEADbqAJLWAwgGd4hTdHOi/Ou/Mxby05xcwh/JHz+QP/g42V</latexit>

r[I]
<latexit sha1_base64="Fic3YS9YnPEUx3C3MWukTkujL0U=">AAAB63icdZDNSgMxFIUz9a/Wv6pLN8EiuCpJEdtupOBGdxWsLUyHkkkzbWiSGZKMUIa+ghsXirj1hdz5NmbaCip6IPBxzr3k3hsmghuL0IdXWFldW98obpa2tnd298r7B3cmTjVlHRqLWPdCYpjginUst4L1Es2IDAXrhpPLPO/eM214rG7tNGGBJCPFI06JzS3tXweDcgVVEUIYY5gDrp8jB81mo4YbEOeRUwUs1R6U3/vDmKaSKUsFMcbHKLFBRrTlVLBZqZ8alhA6ISPmO1REMhNk81ln8MQ5QxjF2j1l4dz93pERacxUhq5SEjs2v7Pc/CvzUxs1goyrJLVM0cVHUSqgjWG+OBxyzagVUweEau5mhXRMNKHWnafkjvC1Kfwf7mpV7PjmrNK6WJ6jCI7AMTgFGNRBC1yBNugACsbgATyBZ096j96L97ooLXjLnkPwQ97bJx+djkc=</latexit><latexit sha1_base64="Fic3YS9YnPEUx3C3MWukTkujL0U=">AAAB63icdZDNSgMxFIUz9a/Wv6pLN8EiuCpJEdtupOBGdxWsLUyHkkkzbWiSGZKMUIa+ghsXirj1hdz5NmbaCip6IPBxzr3k3hsmghuL0IdXWFldW98obpa2tnd298r7B3cmTjVlHRqLWPdCYpjginUst4L1Es2IDAXrhpPLPO/eM214rG7tNGGBJCPFI06JzS3tXweDcgVVEUIYY5gDrp8jB81mo4YbEOeRUwUs1R6U3/vDmKaSKUsFMcbHKLFBRrTlVLBZqZ8alhA6ISPmO1REMhNk81ln8MQ5QxjF2j1l4dz93pERacxUhq5SEjs2v7Pc/CvzUxs1goyrJLVM0cVHUSqgjWG+OBxyzagVUweEau5mhXRMNKHWnafkjvC1Kfwf7mpV7PjmrNK6WJ6jCI7AMTgFGNRBC1yBNugACsbgATyBZ096j96L97ooLXjLnkPwQ97bJx+djkc=</latexit><latexit sha1_base64="Fic3YS9YnPEUx3C3MWukTkujL0U=">AAAB63icdZDNSgMxFIUz9a/Wv6pLN8EiuCpJEdtupOBGdxWsLUyHkkkzbWiSGZKMUIa+ghsXirj1hdz5NmbaCip6IPBxzr3k3hsmghuL0IdXWFldW98obpa2tnd298r7B3cmTjVlHRqLWPdCYpjginUst4L1Es2IDAXrhpPLPO/eM214rG7tNGGBJCPFI06JzS3tXweDcgVVEUIYY5gDrp8jB81mo4YbEOeRUwUs1R6U3/vDmKaSKUsFMcbHKLFBRrTlVLBZqZ8alhA6ISPmO1REMhNk81ln8MQ5QxjF2j1l4dz93pERacxUhq5SEjs2v7Pc/CvzUxs1goyrJLVM0cVHUSqgjWG+OBxyzagVUweEau5mhXRMNKHWnafkjvC1Kfwf7mpV7PjmrNK6WJ6jCI7AMTgFGNRBC1yBNugACsbgATyBZ096j96L97ooLXjLnkPwQ97bJx+djkc=</latexit><latexit sha1_base64="Fic3YS9YnPEUx3C3MWukTkujL0U=">AAAB63icdZDNSgMxFIUz9a/Wv6pLN8EiuCpJEdtupOBGdxWsLUyHkkkzbWiSGZKMUIa+ghsXirj1hdz5NmbaCip6IPBxzr3k3hsmghuL0IdXWFldW98obpa2tnd298r7B3cmTjVlHRqLWPdCYpjginUst4L1Es2IDAXrhpPLPO/eM214rG7tNGGBJCPFI06JzS3tXweDcgVVEUIYY5gDrp8jB81mo4YbEOeRUwUs1R6U3/vDmKaSKUsFMcbHKLFBRrTlVLBZqZ8alhA6ISPmO1REMhNk81ln8MQ5QxjF2j1l4dz93pERacxUhq5SEjs2v7Pc/CvzUxs1goyrJLVM0cVHUSqgjWG+OBxyzagVUweEau5mhXRMNKHWnafkjvC1Kfwf7mpV7PjmrNK6WJ6jCI7AMTgFGNRBC1yBNugACsbgATyBZ096j96L97ooLXjLnkPwQ97bJx+djkc=</latexit>

(a)

[SS]
<latexit sha1_base64="iNUydHPn7OiVnGKfBaX7TLrsqKU=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozItSVFNy4rNReYDqUTJppQ5PMkGSEMvQV3LhQxK0v5M63MdPOQlt/CHz85xxyzh8mnGnjut9OaWNza3unvFvZ2z84PKoen3R1nCpCOyTmseqHWFPOJO0YZjjtJ4piEXLaC6d3eb33RJVmsXw0s4QGAo8lixjBJrf8djsYVmtu3V0IrYNXQA0KtYbVr8EoJqmg0hCOtfY9NzFBhpVhhNN5ZZBqmmAyxWPqW5RYUB1ki13n6MI6IxTFyj5p0ML9PZFhofVMhLZTYDPRq7Xc/K/mpya6CTImk9RQSZYfRSlHJkb54WjEFCWGzyxgopjdFZEJVpgYG0/FhuCtnrwO3au6Z/nhuta8LeIowxmcwyV40IAm3EMLOkBgAs/wCm+OcF6cd+dj2VpyiplT+CPn8weyeY38</latexit><latexit sha1_base64="iNUydHPn7OiVnGKfBaX7TLrsqKU=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozItSVFNy4rNReYDqUTJppQ5PMkGSEMvQV3LhQxK0v5M63MdPOQlt/CHz85xxyzh8mnGnjut9OaWNza3unvFvZ2z84PKoen3R1nCpCOyTmseqHWFPOJO0YZjjtJ4piEXLaC6d3eb33RJVmsXw0s4QGAo8lixjBJrf8djsYVmtu3V0IrYNXQA0KtYbVr8EoJqmg0hCOtfY9NzFBhpVhhNN5ZZBqmmAyxWPqW5RYUB1ki13n6MI6IxTFyj5p0ML9PZFhofVMhLZTYDPRq7Xc/K/mpya6CTImk9RQSZYfRSlHJkb54WjEFCWGzyxgopjdFZEJVpgYG0/FhuCtnrwO3au6Z/nhuta8LeIowxmcwyV40IAm3EMLOkBgAs/wCm+OcF6cd+dj2VpyiplT+CPn8weyeY38</latexit><latexit sha1_base64="iNUydHPn7OiVnGKfBaX7TLrsqKU=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozItSVFNy4rNReYDqUTJppQ5PMkGSEMvQV3LhQxK0v5M63MdPOQlt/CHz85xxyzh8mnGnjut9OaWNza3unvFvZ2z84PKoen3R1nCpCOyTmseqHWFPOJO0YZjjtJ4piEXLaC6d3eb33RJVmsXw0s4QGAo8lixjBJrf8djsYVmtu3V0IrYNXQA0KtYbVr8EoJqmg0hCOtfY9NzFBhpVhhNN5ZZBqmmAyxWPqW5RYUB1ki13n6MI6IxTFyj5p0ML9PZFhofVMhLZTYDPRq7Xc/K/mpya6CTImk9RQSZYfRSlHJkb54WjEFCWGzyxgopjdFZEJVpgYG0/FhuCtnrwO3au6Z/nhuta8LeIowxmcwyV40IAm3EMLOkBgAs/wCm+OcF6cd+dj2VpyiplT+CPn8weyeY38</latexit><latexit sha1_base64="iNUydHPn7OiVnGKfBaX7TLrsqKU=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozItSVFNy4rNReYDqUTJppQ5PMkGSEMvQV3LhQxK0v5M63MdPOQlt/CHz85xxyzh8mnGnjut9OaWNza3unvFvZ2z84PKoen3R1nCpCOyTmseqHWFPOJO0YZjjtJ4piEXLaC6d3eb33RJVmsXw0s4QGAo8lixjBJrf8djsYVmtu3V0IrYNXQA0KtYbVr8EoJqmg0hCOtfY9NzFBhpVhhNN5ZZBqmmAyxWPqW5RYUB1ki13n6MI6IxTFyj5p0ML9PZFhofVMhLZTYDPRq7Xc/K/mpya6CTImk9RQSZYfRSlHJkb54WjEFCWGzyxgopjdFZEJVpgYG0/FhuCtnrwO3au6Z/nhuta8LeIowxmcwyV40IAm3EMLOkBgAs/wCm+OcF6cd+dj2VpyiplT+CPn8weyeY38</latexit>

[II]
<latexit sha1_base64="oJuk6HOjMDiMqND6K6gqqN/Mnr0=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozItSVFNzYXQV7gelQMmmmDU0yQ5IRytBXcONCEbe+kDvfxkw7C239IfDxn3PIOX+YcKaN6347pY3Nre2d8m5lb//g8Kh6fNLVcaoI7ZCYx6ofYk05k7RjmOG0nyiKRchpL5ze5fXeE1WaxfLRzBIaCDyWLGIEm9zyW61gWK25dXchtA5eATUo1B5WvwajmKSCSkM41tr33MQEGVaGEU7nlUGqaYLJFI+pb1FiQXWQLXadowvrjFAUK/ukQQv390SGhdYzEdpOgc1Er9Zy87+an5roJsiYTFJDJVl+FKUcmRjlh6MRU5QYPrOAiWJ2V0QmWGFibDwVG4K3evI6dK/qnuWH61rztoijDGdwDpfgQQOacA9t6ACBCTzDK7w5wnlx3p2PZWvJKWZO4Y+czx+UC43o</latexit><latexit sha1_base64="oJuk6HOjMDiMqND6K6gqqN/Mnr0=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozItSVFNzYXQV7gelQMmmmDU0yQ5IRytBXcONCEbe+kDvfxkw7C239IfDxn3PIOX+YcKaN6347pY3Nre2d8m5lb//g8Kh6fNLVcaoI7ZCYx6ofYk05k7RjmOG0nyiKRchpL5ze5fXeE1WaxfLRzBIaCDyWLGIEm9zyW61gWK25dXchtA5eATUo1B5WvwajmKSCSkM41tr33MQEGVaGEU7nlUGqaYLJFI+pb1FiQXWQLXadowvrjFAUK/ukQQv390SGhdYzEdpOgc1Er9Zy87+an5roJsiYTFJDJVl+FKUcmRjlh6MRU5QYPrOAiWJ2V0QmWGFibDwVG4K3evI6dK/qnuWH61rztoijDGdwDpfgQQOacA9t6ACBCTzDK7w5wnlx3p2PZWvJKWZO4Y+czx+UC43o</latexit><latexit sha1_base64="oJuk6HOjMDiMqND6K6gqqN/Mnr0=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozItSVFNzYXQV7gelQMmmmDU0yQ5IRytBXcONCEbe+kDvfxkw7C239IfDxn3PIOX+YcKaN6347pY3Nre2d8m5lb//g8Kh6fNLVcaoI7ZCYx6ofYk05k7RjmOG0nyiKRchpL5ze5fXeE1WaxfLRzBIaCDyWLGIEm9zyW61gWK25dXchtA5eATUo1B5WvwajmKSCSkM41tr33MQEGVaGEU7nlUGqaYLJFI+pb1FiQXWQLXadowvrjFAUK/ukQQv390SGhdYzEdpOgc1Er9Zy87+an5roJsiYTFJDJVl+FKUcmRjlh6MRU5QYPrOAiWJ2V0QmWGFibDwVG4K3evI6dK/qnuWH61rztoijDGdwDpfgQQOacA9t6ACBCTzDK7w5wnlx3p2PZWvJKWZO4Y+czx+UC43o</latexit><latexit sha1_base64="oJuk6HOjMDiMqND6K6gqqN/Mnr0=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozItSVFNzYXQV7gelQMmmmDU0yQ5IRytBXcONCEbe+kDvfxkw7C239IfDxn3PIOX+YcKaN6347pY3Nre2d8m5lb//g8Kh6fNLVcaoI7ZCYx6ofYk05k7RjmOG0nyiKRchpL5ze5fXeE1WaxfLRzBIaCDyWLGIEm9zyW61gWK25dXchtA5eATUo1B5WvwajmKSCSkM41tr33MQEGVaGEU7nlUGqaYLJFI+pb1FiQXWQLXadowvrjFAUK/ukQQv390SGhdYzEdpOgc1Er9Zy87+an5roJsiYTFJDJVl+FKUcmRjlh6MRU5QYPrOAiWJ2V0QmWGFibDwVG4K3evI6dK/qnuWH61rztoijDGdwDpfgQQOacA9t6ACBCTzDK7w5wnlx3p2PZWvJKWZO4Y+czx+UC43o</latexit>

[SI]
<latexit sha1_base64="+4cO6ViIg1tb4rNYBF9XVWxEiFk=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozItSVFNzorqK9wHQomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD9MONPGdb+d0tr6xuZWebuys7u3f1A9POroOFWEtknMY9ULsaacSdo2zHDaSxTFIuS0G05u8nr3iSrNYvlopgkNBB5JFjGCTW75D3fBoFpz6+5caBW8AmpQqDWofvWHMUkFlYZwrLXvuYkJMqwMI5zOKv1U0wSTCR5R36LEguogm+86Q2fWGaIoVvZJg+bu74kMC62nIrSdApuxXq7l5n81PzXRVZAxmaSGSrL4KEo5MjHKD0dDpigxfGoBE8XsroiMscLE2HgqNgRv+eRV6FzUPcv3l7XmdRFHGU7gFM7BgwY04RZa0AYCY3iGV3hzhPPivDsfi9aSU8wcwx85nz+jR43y</latexit><latexit sha1_base64="+4cO6ViIg1tb4rNYBF9XVWxEiFk=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozItSVFNzorqK9wHQomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD9MONPGdb+d0tr6xuZWebuys7u3f1A9POroOFWEtknMY9ULsaacSdo2zHDaSxTFIuS0G05u8nr3iSrNYvlopgkNBB5JFjGCTW75D3fBoFpz6+5caBW8AmpQqDWofvWHMUkFlYZwrLXvuYkJMqwMI5zOKv1U0wSTCR5R36LEguogm+86Q2fWGaIoVvZJg+bu74kMC62nIrSdApuxXq7l5n81PzXRVZAxmaSGSrL4KEo5MjHKD0dDpigxfGoBE8XsroiMscLE2HgqNgRv+eRV6FzUPcv3l7XmdRFHGU7gFM7BgwY04RZa0AYCY3iGV3hzhPPivDsfi9aSU8wcwx85nz+jR43y</latexit><latexit sha1_base64="+4cO6ViIg1tb4rNYBF9XVWxEiFk=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozItSVFNzorqK9wHQomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD9MONPGdb+d0tr6xuZWebuys7u3f1A9POroOFWEtknMY9ULsaacSdo2zHDaSxTFIuS0G05u8nr3iSrNYvlopgkNBB5JFjGCTW75D3fBoFpz6+5caBW8AmpQqDWofvWHMUkFlYZwrLXvuYkJMqwMI5zOKv1U0wSTCR5R36LEguogm+86Q2fWGaIoVvZJg+bu74kMC62nIrSdApuxXq7l5n81PzXRVZAxmaSGSrL4KEo5MjHKD0dDpigxfGoBE8XsroiMscLE2HgqNgRv+eRV6FzUPcv3l7XmdRFHGU7gFM7BgwY04RZa0AYCY3iGV3hzhPPivDsfi9aSU8wcwx85nz+jR43y</latexit><latexit sha1_base64="+4cO6ViIg1tb4rNYBF9XVWxEiFk=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozItSVFNzorqK9wHQomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD9MONPGdb+d0tr6xuZWebuys7u3f1A9POroOFWEtknMY9ULsaacSdo2zHDaSxTFIuS0G05u8nr3iSrNYvlopgkNBB5JFjGCTW75D3fBoFpz6+5caBW8AmpQqDWofvWHMUkFlYZwrLXvuYkJMqwMI5zOKv1U0wSTCR5R36LEguogm+86Q2fWGaIoVvZJg+bu74kMC62nIrSdApuxXq7l5n81PzXRVZAxmaSGSrL4KEo5MjHKD0dDpigxfGoBE8XsroiMscLE2HgqNgRv+eRV6FzUPcv3l7XmdRFHGU7gFM7BgwY04RZa0AYCY3iGV3hzhPPivDsfi9aSU8wcwx85nz+jR43y</latexit>

r[SI]
<latexit sha1_base64="FDEd3LrFvN8qN/s0H+OZA1MYon0=">AAAB7HicdZDNSgMxFIUz9a/Wv6pLN8EiuCpJEdtupOBGdxWdtjAdSibNtKGZzJBkhDL0Gdy4UMStD+TOtzHTVlDRA4GPc+4l994gEVwbhD6cwsrq2vpGcbO0tb2zu1feP+joOFWUuTQWseoFRDPBJXMNN4L1EsVIFAjWDSaXed69Z0rzWN6ZacL8iIwkDzklxlqu8m6v/UG5gqoIIYwxzAHXz5GFZrNRww2I88iqApZqD8rv/WFM04hJQwXR2sMoMX5GlOFUsFmpn2qWEDohI+ZZlCRi2s/mw87giXWGMIyVfdLAufu9IyOR1tMosJURMWP9O8vNvzIvNWHDz7hMUsMkXXwUpgKaGOabwyFXjBoxtUCo4nZWSMdEEWrsfUr2CF+bwv+hU6tiyzdnldbF8hxFcASOwSnAoA5a4Aq0gQso4OABPIFnRzqPzovzuigtOMueQ/BDztsnw8aOpA==</latexit><latexit sha1_base64="FDEd3LrFvN8qN/s0H+OZA1MYon0=">AAAB7HicdZDNSgMxFIUz9a/Wv6pLN8EiuCpJEdtupOBGdxWdtjAdSibNtKGZzJBkhDL0Gdy4UMStD+TOtzHTVlDRA4GPc+4l994gEVwbhD6cwsrq2vpGcbO0tb2zu1feP+joOFWUuTQWseoFRDPBJXMNN4L1EsVIFAjWDSaXed69Z0rzWN6ZacL8iIwkDzklxlqu8m6v/UG5gqoIIYwxzAHXz5GFZrNRww2I88iqApZqD8rv/WFM04hJQwXR2sMoMX5GlOFUsFmpn2qWEDohI+ZZlCRi2s/mw87giXWGMIyVfdLAufu9IyOR1tMosJURMWP9O8vNvzIvNWHDz7hMUsMkXXwUpgKaGOabwyFXjBoxtUCo4nZWSMdEEWrsfUr2CF+bwv+hU6tiyzdnldbF8hxFcASOwSnAoA5a4Aq0gQso4OABPIFnRzqPzovzuigtOMueQ/BDztsnw8aOpA==</latexit><latexit sha1_base64="FDEd3LrFvN8qN/s0H+OZA1MYon0=">AAAB7HicdZDNSgMxFIUz9a/Wv6pLN8EiuCpJEdtupOBGdxWdtjAdSibNtKGZzJBkhDL0Gdy4UMStD+TOtzHTVlDRA4GPc+4l994gEVwbhD6cwsrq2vpGcbO0tb2zu1feP+joOFWUuTQWseoFRDPBJXMNN4L1EsVIFAjWDSaXed69Z0rzWN6ZacL8iIwkDzklxlqu8m6v/UG5gqoIIYwxzAHXz5GFZrNRww2I88iqApZqD8rv/WFM04hJQwXR2sMoMX5GlOFUsFmpn2qWEDohI+ZZlCRi2s/mw87giXWGMIyVfdLAufu9IyOR1tMosJURMWP9O8vNvzIvNWHDz7hMUsMkXXwUpgKaGOabwyFXjBoxtUCo4nZWSMdEEWrsfUr2CF+bwv+hU6tiyzdnldbF8hxFcASOwSnAoA5a4Aq0gQso4OABPIFnRzqPzovzuigtOMueQ/BDztsnw8aOpA==</latexit><latexit sha1_base64="FDEd3LrFvN8qN/s0H+OZA1MYon0=">AAAB7HicdZDNSgMxFIUz9a/Wv6pLN8EiuCpJEdtupOBGdxWdtjAdSibNtKGZzJBkhDL0Gdy4UMStD+TOtzHTVlDRA4GPc+4l994gEVwbhD6cwsrq2vpGcbO0tb2zu1feP+joOFWUuTQWseoFRDPBJXMNN4L1EsVIFAjWDSaXed69Z0rzWN6ZacL8iIwkDzklxlqu8m6v/UG5gqoIIYwxzAHXz5GFZrNRww2I88iqApZqD8rv/WFM04hJQwXR2sMoMX5GlOFUsFmpn2qWEDohI+ZZlCRi2s/mw87giXWGMIyVfdLAufu9IyOR1tMosJURMWP9O8vNvzIvNWHDz7hMUsMkXXwUpgKaGOabwyFXjBoxtUCo4nZWSMdEEWrsfUr2CF+bwv+hU6tiyzdnldbF8hxFcASOwSnAoA5a4Aq0gQso4OABPIFnRzqPzovzuigtOMueQ/BDztsnw8aOpA==</latexit>

b[SSI]
<latexit sha1_base64="3qxHTpn8842DrcYIZ1PInUd8DS0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KjN1aOtGCm50V6l9wHQomTTTxmaSIckIZeg/uHGhiFv/x51/Y6atoKIHLhzOuZd77wliRpW27Q8rt7K6tr6R3yxsbe/s7hX3DzpKJBKTNhZMyF6AFGGUk7ammpFeLAmKAka6weQy87v3RCoq+K2exsSP0IjTkGKkjdQJvFbr2h8US3b5vF6tuFVol2275lScjFRq7pkLHaNkKIElmoPie38ocBIRrjFDSnmOHWs/RVJTzMis0E8UiRGeoBHxDOUoIspP59fO4IlRhjAU0hTXcK5+n0hRpNQ0CkxnhPRY/fYy8S/PS3RY91PK40QTjheLwoRBLWD2OhxSSbBmU0MQltTcCvEYSYS1CahgQvj6FP5POpWyY/iNW2pcLOPIgyNwDE6BA2qgAa5AE7QBBnfgATyBZ0tYj9aL9bpozVnLmUPwA9bbJ2Lcjv0=</latexit><latexit sha1_base64="3qxHTpn8842DrcYIZ1PInUd8DS0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KjN1aOtGCm50V6l9wHQomTTTxmaSIckIZeg/uHGhiFv/x51/Y6atoKIHLhzOuZd77wliRpW27Q8rt7K6tr6R3yxsbe/s7hX3DzpKJBKTNhZMyF6AFGGUk7ammpFeLAmKAka6weQy87v3RCoq+K2exsSP0IjTkGKkjdQJvFbr2h8US3b5vF6tuFVol2275lScjFRq7pkLHaNkKIElmoPie38ocBIRrjFDSnmOHWs/RVJTzMis0E8UiRGeoBHxDOUoIspP59fO4IlRhjAU0hTXcK5+n0hRpNQ0CkxnhPRY/fYy8S/PS3RY91PK40QTjheLwoRBLWD2OhxSSbBmU0MQltTcCvEYSYS1CahgQvj6FP5POpWyY/iNW2pcLOPIgyNwDE6BA2qgAa5AE7QBBnfgATyBZ0tYj9aL9bpozVnLmUPwA9bbJ2Lcjv0=</latexit><latexit sha1_base64="3qxHTpn8842DrcYIZ1PInUd8DS0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KjN1aOtGCm50V6l9wHQomTTTxmaSIckIZeg/uHGhiFv/x51/Y6atoKIHLhzOuZd77wliRpW27Q8rt7K6tr6R3yxsbe/s7hX3DzpKJBKTNhZMyF6AFGGUk7ammpFeLAmKAka6weQy87v3RCoq+K2exsSP0IjTkGKkjdQJvFbr2h8US3b5vF6tuFVol2275lScjFRq7pkLHaNkKIElmoPie38ocBIRrjFDSnmOHWs/RVJTzMis0E8UiRGeoBHxDOUoIspP59fO4IlRhjAU0hTXcK5+n0hRpNQ0CkxnhPRY/fYy8S/PS3RY91PK40QTjheLwoRBLWD2OhxSSbBmU0MQltTcCvEYSYS1CahgQvj6FP5POpWyY/iNW2pcLOPIgyNwDE6BA2qgAa5AE7QBBnfgATyBZ0tYj9aL9bpozVnLmUPwA9bbJ2Lcjv0=</latexit><latexit sha1_base64="3qxHTpn8842DrcYIZ1PInUd8DS0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KjN1aOtGCm50V6l9wHQomTTTxmaSIckIZeg/uHGhiFv/x51/Y6atoKIHLhzOuZd77wliRpW27Q8rt7K6tr6R3yxsbe/s7hX3DzpKJBKTNhZMyF6AFGGUk7ammpFeLAmKAka6weQy87v3RCoq+K2exsSP0IjTkGKkjdQJvFbr2h8US3b5vF6tuFVol2275lScjFRq7pkLHaNkKIElmoPie38ocBIRrjFDSnmOHWs/RVJTzMis0E8UiRGeoBHxDOUoIspP59fO4IlRhjAU0hTXcK5+n0hRpNQ0CkxnhPRY/fYy8S/PS3RY91PK40QTjheLwoRBLWD2OhxSSbBmU0MQltTcCvEYSYS1CahgQvj6FP5POpWyY/iNW2pcLOPIgyNwDE6BA2qgAa5AE7QBBnfgATyBZ0tYj9aL9bpozVnLmUPwA9bbJ2Lcjv0=</latexit>

b[SI]
<latexit sha1_base64="R3+r17/EY/2PRUuXxlu/zIedlpM=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqaOtFCl70VtG0hTSUzXbbLt1swu5GKKW/wYsHRbz6g7z5b9y0FVT0wcDjvRlm5oUJZ0rb9oeVW1ldW9/Ibxa2tnd294r7By0Vp5JQj8Q8lp0QK8qZoJ5mmtNOIimOQk7b4fgy89v3VCoWizs9SWgQ4aFgA0awNpIX+rfXQa9Yssvn9WrFrSK7bNs1p+JkpFJzz1zkGCVDCZZo9orv3X5M0ogKTThWynfsRAdTLDUjnM4K3VTRBJMxHlLfUIEjqoLp/NgZOjFKHw1iaUpoNFe/T0xxpNQkCk1nhPVI/fYy8S/PT/WgHkyZSFJNBVksGqQc6Rhln6M+k5RoPjEEE8nMrYiMsMREm3wKJoSvT9H/pFUpO4bfuKXGxTKOPBzBMZyCAzVowBU0wQMCDB7gCZ4tYT1aL9brojVnLWcO4Qest0++X46g</latexit><latexit sha1_base64="R3+r17/EY/2PRUuXxlu/zIedlpM=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqaOtFCl70VtG0hTSUzXbbLt1swu5GKKW/wYsHRbz6g7z5b9y0FVT0wcDjvRlm5oUJZ0rb9oeVW1ldW9/Ibxa2tnd294r7By0Vp5JQj8Q8lp0QK8qZoJ5mmtNOIimOQk7b4fgy89v3VCoWizs9SWgQ4aFgA0awNpIX+rfXQa9Yssvn9WrFrSK7bNs1p+JkpFJzz1zkGCVDCZZo9orv3X5M0ogKTThWynfsRAdTLDUjnM4K3VTRBJMxHlLfUIEjqoLp/NgZOjFKHw1iaUpoNFe/T0xxpNQkCk1nhPVI/fYy8S/PT/WgHkyZSFJNBVksGqQc6Rhln6M+k5RoPjEEE8nMrYiMsMREm3wKJoSvT9H/pFUpO4bfuKXGxTKOPBzBMZyCAzVowBU0wQMCDB7gCZ4tYT1aL9brojVnLWcO4Qest0++X46g</latexit><latexit sha1_base64="R3+r17/EY/2PRUuXxlu/zIedlpM=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqaOtFCl70VtG0hTSUzXbbLt1swu5GKKW/wYsHRbz6g7z5b9y0FVT0wcDjvRlm5oUJZ0rb9oeVW1ldW9/Ibxa2tnd294r7By0Vp5JQj8Q8lp0QK8qZoJ5mmtNOIimOQk7b4fgy89v3VCoWizs9SWgQ4aFgA0awNpIX+rfXQa9Yssvn9WrFrSK7bNs1p+JkpFJzz1zkGCVDCZZo9orv3X5M0ogKTThWynfsRAdTLDUjnM4K3VTRBJMxHlLfUIEjqoLp/NgZOjFKHw1iaUpoNFe/T0xxpNQkCk1nhPVI/fYy8S/PT/WgHkyZSFJNBVksGqQc6Rhln6M+k5RoPjEEE8nMrYiMsMREm3wKJoSvT9H/pFUpO4bfuKXGxTKOPBzBMZyCAzVowBU0wQMCDB7gCZ4tYT1aL9brojVnLWcO4Qest0++X46g</latexit><latexit sha1_base64="R3+r17/EY/2PRUuXxlu/zIedlpM=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0lqaOtFCl70VtG0hTSUzXbbLt1swu5GKKW/wYsHRbz6g7z5b9y0FVT0wcDjvRlm5oUJZ0rb9oeVW1ldW9/Ibxa2tnd294r7By0Vp5JQj8Q8lp0QK8qZoJ5mmtNOIimOQk7b4fgy89v3VCoWizs9SWgQ4aFgA0awNpIX+rfXQa9Yssvn9WrFrSK7bNs1p+JkpFJzz1zkGCVDCZZo9orv3X5M0ogKTThWynfsRAdTLDUjnM4K3VTRBJMxHlLfUIEjqoLp/NgZOjFKHw1iaUpoNFe/T0xxpNQkCk1nhPVI/fYy8S/PT/WgHkyZSFJNBVksGqQc6Rhln6M+k5RoPjEEE8nMrYiMsMREm3wKJoSvT9H/pFUpO4bfuKXGxTKOPBzBMZyCAzVowBU0wQMCDB7gCZ4tYT1aL9brojVnLWcO4Qest0++X46g</latexit>

2r[II]
<latexit sha1_base64="lID6t3zwBE33dQzHsRz6Hf309pU=">AAAB7XicdZDLSgMxFIYzXmu9VV26CRbBVUmK2HYjBTd2V8FeoB1KJs20sZlkSDJCGfoOblwo4tb3cefbmGkrqOgPgY//P4ecc4JYcGMR+vBWVtfWNzZzW/ntnd29/cLBYduoRFPWokoo3Q2IYYJL1rLcCtaNNSNRIFgnmFxleeeeacOVvLXTmPkRGUkeckqss9pl3Ws0/EGhiEoIIYwxzABXLpCDWq1axlWIs8ipCJZqDgrv/aGiScSkpYIY08Motn5KtOVUsFm+nxgWEzohI9ZzKEnEjJ/Op53BU+cMYai0e9LCufu9IyWRMdMocJURsWPzO8vMv7JeYsOqn3IZJ5ZJuvgoTAS0CmarwyHXjFoxdUCo5m5WSMdEE2rdgfLuCF+bwv+hXS5hxzfnxfrl8hw5cAxOwBnAoALq4Bo0QQtQcAcewBN49pT36L14r4vSFW/ZcwR+yHv7BCZHjtY=</latexit><latexit sha1_base64="lID6t3zwBE33dQzHsRz6Hf309pU=">AAAB7XicdZDLSgMxFIYzXmu9VV26CRbBVUmK2HYjBTd2V8FeoB1KJs20sZlkSDJCGfoOblwo4tb3cefbmGkrqOgPgY//P4ecc4JYcGMR+vBWVtfWNzZzW/ntnd29/cLBYduoRFPWokoo3Q2IYYJL1rLcCtaNNSNRIFgnmFxleeeeacOVvLXTmPkRGUkeckqss9pl3Ws0/EGhiEoIIYwxzABXLpCDWq1axlWIs8ipCJZqDgrv/aGiScSkpYIY08Motn5KtOVUsFm+nxgWEzohI9ZzKEnEjJ/Op53BU+cMYai0e9LCufu9IyWRMdMocJURsWPzO8vMv7JeYsOqn3IZJ5ZJuvgoTAS0CmarwyHXjFoxdUCo5m5WSMdEE2rdgfLuCF+bwv+hXS5hxzfnxfrl8hw5cAxOwBnAoALq4Bo0QQtQcAcewBN49pT36L14r4vSFW/ZcwR+yHv7BCZHjtY=</latexit><latexit sha1_base64="lID6t3zwBE33dQzHsRz6Hf309pU=">AAAB7XicdZDLSgMxFIYzXmu9VV26CRbBVUmK2HYjBTd2V8FeoB1KJs20sZlkSDJCGfoOblwo4tb3cefbmGkrqOgPgY//P4ecc4JYcGMR+vBWVtfWNzZzW/ntnd29/cLBYduoRFPWokoo3Q2IYYJL1rLcCtaNNSNRIFgnmFxleeeeacOVvLXTmPkRGUkeckqss9pl3Ws0/EGhiEoIIYwxzABXLpCDWq1axlWIs8ipCJZqDgrv/aGiScSkpYIY08Motn5KtOVUsFm+nxgWEzohI9ZzKEnEjJ/Op53BU+cMYai0e9LCufu9IyWRMdMocJURsWPzO8vMv7JeYsOqn3IZJ5ZJuvgoTAS0CmarwyHXjFoxdUCo5m5WSMdEE2rdgfLuCF+bwv+hXS5hxzfnxfrl8hw5cAxOwBnAoALq4Bo0QQtQcAcewBN49pT36L14r4vSFW/ZcwR+yHv7BCZHjtY=</latexit><latexit sha1_base64="lID6t3zwBE33dQzHsRz6Hf309pU=">AAAB7XicdZDLSgMxFIYzXmu9VV26CRbBVUmK2HYjBTd2V8FeoB1KJs20sZlkSDJCGfoOblwo4tb3cefbmGkrqOgPgY//P4ecc4JYcGMR+vBWVtfWNzZzW/ntnd29/cLBYduoRFPWokoo3Q2IYYJL1rLcCtaNNSNRIFgnmFxleeeeacOVvLXTmPkRGUkeckqss9pl3Ws0/EGhiEoIIYwxzABXLpCDWq1axlWIs8ipCJZqDgrv/aGiScSkpYIY08Motn5KtOVUsFm+nxgWEzohI9ZzKEnEjJ/Op53BU+cMYai0e9LCufu9IyWRMdMocJURsWPzO8vMv7JeYsOqn3IZJ5ZJuvgoTAS0CmarwyHXjFoxdUCo5m5WSMdEE2rdgfLuCF+bwv+hXS5hxzfnxfrl8hw5cAxOwBnAoALq4Bo0QQtQcAcewBN49pT36L14r4vSFW/ZcwR+yHv7BCZHjtY=</latexit>
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(b)

Figure 2.7: Flow diagrams show the flux between compartments of nodes (figure

(a)) and compartments of links (figure (b)). Solid lines denote the infection process

coming from an infected node with the rate depending on a link or a triplet.

Dashed lines denote the recovery process.

In this approximation, however, all structural properties of the network are ne-

glected, except for the average degree ⟨k⟩. This means that the dynamics of links

cannot be taken into account in this approximation.

To capture the effects of the topological changes, we need to treat com-

partments of links as dynamical variables. To write down the rate equations

for the dynamics of links, we construct a flow diagram directly derived from the

infection-recovery process for SIS model (see Fig. 2.7). To close Eqs. 2.15, we need

additional dynamical equations for links. From the flow diagram in Fig. 2.7b, SS-

links are created by recovery at rate r[SI] and destroyed by an infection event due

to infected neighbours outside the SS-links at rate b[SSI]. So we obtain the rate

equation for [SS]:
d[SS]

dt
= r[SI]− b[SSI]. (2.17)

For the II-links, a recovery event can destroy II-links if a recovered node

is in such a link. Since one II-link consists of two infected nodes, the total rate
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at which II-links are destroyed is 2r[II]. II-links can be created by two infection

events. The first one comes from the infection spreading across a SI-link con-

verting the link into II-link at rate b[SI]. The second event occurs due to the

infection of infected nodes in ISI-triplets which creates two II-links so this event

occurs at rate of 2b[ISI]. Thus the rate equation for [II] is

d[II]

dt
= b(2[ISI] + [SI])− 2r[II]. (2.18)

From the conservation relation of links (Eq. 2.14), the rate equation of [SI] is

d[SI]

dt
= 2r[II] + b([SSI]− 2[ISI])− (b+ r)[SI]. (2.19)

Again, this system of Eqs. 2.15–2.19 does not yield a closed form and

involves the triplets of [SSI] and [ISI]. In order to close the system, pair approx-

imation is used here to approximate the triplets [37, 45, 46]:

[ABC] ≈ ⟨q⟩
⟨k⟩

[AB][BC]

[B]

µABµBC

µAC

, (2.20)

where µAB = 1 + δAB denotes the double-counting of symmetric triplets and ⟨q⟩

is the mean excess degree which is the average number of additional links con-

nected to B-node found by following a random link. According to Rand [45], the

pair approximation is considered for two types of distributions: Poisson distribu-

tion and multinomial distribution. In this work, we consider ER random network

with large network size and fixed mean degree. Therefore, the degree distribu-

tion is Poisson distribution (Sec. 2.2.2). For simplicity, the adaptive network is

approximated to be random network, to which a random-graph-like approxima-

tion is applied [37]. With this assumption, ⟨q⟩ ≈ ⟨k⟩. Consequensely, we can

approximate the expected number of triplets as

[SSI] =
2[SS][SI]

[S]
, [ISI] =

[SI]2

2[S]
. (2.21)

The approximation is under assumption that links are distributed homogeneously

in the network [46]. Substituting these relations into Eqs. 2.17, 2.18 and 2.19, we
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obtain a closed system of differential equations

d[S]

dt
= r[I]− b[SI],

d[I]

dt
= b[SI]− r[I],

d[SS]

dt
= r[SI]− 2b

[SS][SI]

[S]
,

d[II]

dt
= b[SI]

(
1 +

[SI]

[S]

)
− 2r[II],

d[SI]

dt
= 2r[II] + b[SI]

(
2[SS]− [SI]

[S]

)
− (b+ r)[SI].

(2.22)

The pair approximation only requires basic information of link and node distri-

butions that are available in most network model. This approximation is more

realistic to study local behaviour of network such as infection process which can-

not be accurately determined by using fully mixed approximation. Furthermore, if

link distribution is properly sampled, this approximation can be used to represent

of entire network. However, the pair approximation neglects higher-order network

structure such as stars and triangles. This makes less accurate to model highly

clustering network where correlation is very localised [8].

2.3.2 Describing the SIS adaptive network model

In this section, we briefly review the work given by Gross et al. [10], where epidemic

spread is studied on the adaptive SIS network model. As an adaptation strategy to

avoid infection, susceptible nodes are allowed to remove their links with infected

neighbours with rewiring rate w, and the susceptible node immediately finds a

randomly chosen susceptible node to reconnect once the original link is cut off.

To analyse the adaptive network for SIS model, the system of Eqs 2.22 is

modified. We can reduce five dynamical variables down to three by using conser-

vation relations (Eqs. 2.13 and 2.14). The rate equations with rewiring mechanism
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are

d[I]

dt
= b[SI]− r[I],

d[SS]

dt
= r[SI]− 2b

[SS][SI]

1− [I]
+ w[SI],︸ ︷︷ ︸

gain due to rewiring

d[SI]

dt
= 2r(1− [SS]− [SI]) + b[SI]

(
2[SS]− [SI]

1− [I]

)
− (b+ r)[SI]− w[SI].︸ ︷︷ ︸

loss due to rewiring
(2.23)

The term w[SI] is added to the rate equations of [SS] and [SI] because each

rewiring event creates new SS-link and destroys SI-link. Even if the system con-

tains three dynamical parameters, b, r and w, it can be reduced to two independent

dimensionless ratios namely b/r and w/r. Physically speaking, this is equivalent

to rescaling time by the infection period r−1. Thus we obtain the rescaling form

of Eqs. 2.23:

d[I]

dt
= b[SI]− [I],

d[SS]

dt
= [SI]− 2b

[SS][SI]

1− [I]
+ w[SI],

d[SI]

dt
= 2(1− [SS]− [SI]) + b[SI]

(
2[SS]− [SI]

1− [I]

)
− (b+ w + 1)[SI],

(2.24)

where b and w are rescaled parameters.

It is convenience to consider the density of node and links. Node density

can be defined as

[s] ≡ [S]

N
and [i] ≡ [I]

N
, (2.25)

and link density as

[ss] ≡ [SS]

M
, [ii] ≡ [II]

M
and [si] ≡ [SI]

M
. (2.26)

Using the definition of average degree ⟨k⟩ = 2M/N , we obtain a closed three-
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dimensional system of rate equations:

d[i]

dt
=

b⟨k⟩
2

[si]− [i],

d[ss]

dt
= (w + 1)[si]− b⟨k⟩ [ss][si]

1− [i]
,

d[si]

dt
= 2(1− [ss]− [si]) +

b⟨k⟩
2

[si]

(
2[ss]− [si]

1− [i]

)
− (b+ w + 1)[si].

(2.27)

To prevent and control infection, we can use phase diagram as a guideline.

So in this work, we study phase diagram of epidemics which shows all possible

outcomes of a network. The phase diagram is usually compute from the steady

state conditions. At the steady state we observe the epidemic transition between

the disease-free state and the endemic state. We start from the Jacobian matrix

at an arbitrary point

J =



−1 0
b⟨k⟩
2

−b⟨k⟩ [ss][si]

(1− [i])2
−b⟨k⟩ [si]

1− [i]
w + 1− b⟨k⟩ [ss]

1− [i]

b⟨k⟩
2

2[ss][si]− [si]2

(1− [i])2
b⟨k⟩ [si]

1− [i]
− 2 b⟨k⟩ [ss]− [si]

1− [i]
− b− w − 3


For the disease-free state, ([i], [ss], [si]) = (0, 1, 0), so J reduces to

J =


−1 0

b⟨k⟩
2

0 0 w + 1− b⟨k⟩

0 − 2 b⟨k⟩ − b− w − 3

 .

To find the eigenvalues λ of the Jacobian matrix, we solve

det(J − λI) = 0

(λ+ 1)(λ2 + λ(2 + b− α)− 2α) = 0,

where α = b⟨k⟩ − w − 1. One eigenvalue is λ1 = −1, and other two eigenvalues

are

λ± =
(α− b− 2)±

√
(α− b− 2)2 + 8α

2
. (2.28)
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If the real part of all eigenvalues are negative, then the steady state is stable. If

at least one eigenvalue has a positive real part, then the steady state is unstable.

Consider Eq. 2.28 if α < 0, then Re(λ+) < 0 and Re(λ−) < 0. On the other hand,

if α > 0, then Re(λ+) > 0 and Re(λ−) < 0. Therefore the disease-free state is

stable if α < 0 or b⟨k⟩ − w − 1 < 0 and the state loses stability if α > 0. This

implies the critical value of infection rate

bc =
w + 1

⟨k⟩
, (2.29)

which is called the epidemic threshold [47]. Note that this corresponds to bc =

r/⟨k⟩ for w = 0.

At the steady state of Eqs. 2.27 for [i] ̸= 0, we can obtain the link variables,

[ss] and [si], as a function of [i]:

[si] =
2

b⟨k⟩
[i],

[ss] =
w + 1

b⟨k⟩
(1− [i]).

(2.30)

Substituting Eqs. 2.30 into d[si]

dt
= 0, then we have the quadratic equation of [i]

as

(b− w)[i]2 − (b⟨k⟩+ b− 2w)[i] + (b⟨k⟩ − w − 1) = 0 (2.31)

whose solutions are

[i] =
b⟨k⟩+ b− 2w ±

√
b2(⟨k⟩ − 1)2 + 4(b− w)

2(b− w)
. (2.32)

For a static epidemic network w = 0, the solutions in Eq. 2.32 become

[i]1 =
b(⟨k⟩+ 1) +

√
b2(⟨k⟩ − 1)2 + 4b

2b
,

[i]2 =
b(⟨k⟩+ 1)−

√
b2(⟨k⟩ − 1)2 + 4b

2b
.

(2.33)

The solution [i]1 is always larger than one, so it is unphysical. Consider the

remaining solution [i]2, if b > 1/⟨k⟩, then 0 < [i]2 < 1; otherwise [i]2 < 0. Combine
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Figure 2.8: Bifurcation diagram of the SIS model on ER random network shows

the stationary infected density ([i]∞) as a function of the infection rate. Solid lines

show stable solutions whereas dashed lines show unstable solutions. In disease-free

phase, [i]∞ = 0 is stable below the critical infection rate and in endemic phase,

[i]∞ > 0 becomes stable. The unstable stationary state [i]∞ < 0 is a non-physical

solution. This plot uses ⟨k⟩ = 4.

this solution to the trivial solution, [i] = 0, in the disease-free state, we obtain

the epidemic transition as shown in Fig. 2.8. At small infection rate below the

epidemic threshold, there is no infected node left in the network indicating that

the network is in a disease-free phase. For large infection rate above the epidemic

threshold, there is the persistence of infected nodes indicating an endemic phase.

These results yield the epidemic threshold corresponding to the classical SIS model

(Fig. 2.3), with reproduction number R0 = bc⟨k⟩/r = 1.

For the adaptive network case (w ̸= 0), at the epidemic threshold bc =
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(w + 1)/⟨k⟩, there are two solutions

[i]1 = 0,

[i]2 =
b⟨k⟩+ b− 2w

b− w
.

(2.34)

Then two endemic steady states exist for some set of parameters ⟨k⟩, b and w.

Gross et al. [10] observed that there is another threshold corresponding to a saddle-

node bifurcation. Kiss et al. [47] claimed that this threshold is on the parabola w =
b2(⟨k⟩ − 1)2 + 4b

4
. Combine these two thresholds, we obtain bifurcation diagram

in Fig. 2.9. With rewiring mechanism, therefore, a region of stable solutions of

both endemic and disease-free states exists.
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Figure 2.9: Two-parameter bifurcation diagram shows the dependence on the in-

fection rate and the rewiring rate for ⟨k⟩ = 4. The dashed and dotted lines are

transition lines corresponding to transcritical and saddle-node bifurcation, respec-

tively. Below the dashed line, there is only endemic state while above the dotted

line there is only disease-free state. Between these two transition lines, networks

can be either endemic or disease-free state.



CHAPTER III

Analysis and modelling method

In the past two decades, epidemic models on adaptive networks have gotten more

attention [10, 11, 38, 39, 42–44, 48]. Many strategies to model the real-world be-

haviours are proposed such as contact-conserving rewiring [10, 38, 39], link re-

moval [42], and random link activation and creation [42–44]. In these models, a

decision to change contact is based on information known globally, i.e., everyone

knows the health status of all others in the network. This concept, however, is

not practical in real life for large network. For example, a college student may

not know health statuses of every one of her classmates. Even if it is possible for

a node to know the status of each other such as computers in a network, storing

this information consumes significant time and memory space. Thus we propose

a more practical method where decision is based on local information. The word

“local” means that there is a limited distance where information can be transmit-

ted. In a network, distance is defined through a path (section 2.2.1) so we define

the local area as the neighbourhood of a node. In this chapter we discuss our

proposed method called local rewiring method and how to simulate the adaptive

epidemic network with local rewiring. Equations describing the evolution of this

network are also described.

3.1 An adaptive SIS model with local rewiring

According to section 2.3.2, a susceptible node who makes contact with an in-

fected node may decide to break this SI-link and create a new link with another
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non-contact susceptible node. This decision assumes that the node that wants

to rewire away must possess information about every node in the network so it

can make the decision. We call the original rewiring method [10] global rewiring

method. In order to make rewiring more realistic, we modify the existing rewiring

method based on the neighbouring information such that the rewiring takes this

information into account when identifying candidate nodes for rewiring. We called

our proposed method local rewiring.

In the local rewiring mechanism, determining who are neighbours of a node

is required. We introduce a new quantity called neighbouring distance d which is

the maximum distance where information about health statuses of neighbours are

known. The neighbouring distance is defined through the shortest path from a

given node. For example, in Fig. 3.1, with d = 3, neighbours of the black node are

the nodes in the dashed circle where the first-order neighbourhood of the black

node is the set of the nearest neighbours of the node, the second-order neighbour-

hood is the set of the second-nearest neighbours, etc. In the local rewiring, a node

is allowed to rewire within their neighbourhood. In the Fig. 3.1 with d = 3, the

black node knows the health status of every nodes in the dashed circle, then the

node is able to rewire to any susceptible nodes in the regions B and C. Note that

we consider a simple network where self-loops and multiple links are not allowed

so the node cannot rewire to itself or to its nearest neighbours to avoid double

links. To simplify the model, we set the neighbouring distance to be constant for

every node in the network. Fig. 3.2 shows the differences between global and local

rewiring.

3.2 Analytic approach

The node and link densities are defined as

[sg] =
[Sg]

Ng

and [ig] =
[Ig]

Ng

,

[ssg] =
[SSg]

Mg

, [iig] =
[IIg]

Mg

and [sig] =
[SIg]

Mg

.

(3.1)
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A
B

C

Figure 3.1: A schematic represents neighbours of a node with a neighbouring

distance d = 3. Consider the black node, the set of the white nodes inside the

region A is in first-order neighbourhood, the set of the white nodes inside the

region B is in the second-order neighbourhood and the set of the white nodes

inside the region C is in the third-order neighbourhood. With d = 3, every node

in dashed circle is a neighbour of the black node.
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(a)
(b)

(c)

(d)

S
<latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit>

I
<latexit sha1_base64="FqMj6rUSGBfTXGwOJ2eMoxekvk4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96a8F+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/ncuMyQ==</latexit><latexit sha1_base64="FqMj6rUSGBfTXGwOJ2eMoxekvk4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96a8F+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/ncuMyQ==</latexit><latexit sha1_base64="FqMj6rUSGBfTXGwOJ2eMoxekvk4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96a8F+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/ncuMyQ==</latexit><latexit sha1_base64="FqMj6rUSGBfTXGwOJ2eMoxekvk4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96a8F+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/ncuMyQ==</latexit>

A
B

C

S
<latexit sha1_base64="ldkZZ+f9YhDlT2RP6LLOmzHdm9c=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIYFdScOOyon1AO5ZMJtOGZpIhyShl6H+4caGIW//FnX9jpi1itQdCDufcyz2cIOFMG9f9cgorq2vrG8XN0tb2zu5eef+gpWWqCG0SyaXqBFhTzgRtGmY47SSK4jjgtB2MrnK//UCVZlLcmXFC/RgPBIsYwcZK971A8lCPY/tlt5N+ueJV3SnQD3GrtUWlAnM0+uXPXihJGlNhCMdadz03MX6GlWGE00mpl2qaYDLCA9q1VOCYaj+bpp6gE6uEKJLKPmHQVP29keFY59HsZIzNUP/1cnGZ101NVPMzJpLUUEFmh6KUIyNRXgEKmaLE8LElmChmsyIyxAoTY4sqLS3hH2mdVT3Lb84r9ct5HUU4gmM4BQ8uoA7X0IAmEFDwBC/w6jw6z86b8z4bLTjznUNYgPPxDSg4kuo=</latexit><latexit sha1_base64="ldkZZ+f9YhDlT2RP6LLOmzHdm9c=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIYFdScOOyon1AO5ZMJtOGZpIhyShl6H+4caGIW//FnX9jpi1itQdCDufcyz2cIOFMG9f9cgorq2vrG8XN0tb2zu5eef+gpWWqCG0SyaXqBFhTzgRtGmY47SSK4jjgtB2MrnK//UCVZlLcmXFC/RgPBIsYwcZK971A8lCPY/tlt5N+ueJV3SnQD3GrtUWlAnM0+uXPXihJGlNhCMdadz03MX6GlWGE00mpl2qaYDLCA9q1VOCYaj+bpp6gE6uEKJLKPmHQVP29keFY59HsZIzNUP/1cnGZ101NVPMzJpLUUEFmh6KUIyNRXgEKmaLE8LElmChmsyIyxAoTY4sqLS3hH2mdVT3Lb84r9ct5HUU4gmM4BQ8uoA7X0IAmEFDwBC/w6jw6z86b8z4bLTjznUNYgPPxDSg4kuo=</latexit><latexit sha1_base64="ldkZZ+f9YhDlT2RP6LLOmzHdm9c=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIYFdScOOyon1AO5ZMJtOGZpIhyShl6H+4caGIW//FnX9jpi1itQdCDufcyz2cIOFMG9f9cgorq2vrG8XN0tb2zu5eef+gpWWqCG0SyaXqBFhTzgRtGmY47SSK4jjgtB2MrnK//UCVZlLcmXFC/RgPBIsYwcZK971A8lCPY/tlt5N+ueJV3SnQD3GrtUWlAnM0+uXPXihJGlNhCMdadz03MX6GlWGE00mpl2qaYDLCA9q1VOCYaj+bpp6gE6uEKJLKPmHQVP29keFY59HsZIzNUP/1cnGZ101NVPMzJpLUUEFmh6KUIyNRXgEKmaLE8LElmChmsyIyxAoTY4sqLS3hH2mdVT3Lb84r9ct5HUU4gmM4BQ8uoA7X0IAmEFDwBC/w6jw6z86b8z4bLTjznUNYgPPxDSg4kuo=</latexit><latexit sha1_base64="ldkZZ+f9YhDlT2RP6LLOmzHdm9c=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIYFdScOOyon1AO5ZMJtOGZpIhyShl6H+4caGIW//FnX9jpi1itQdCDufcyz2cIOFMG9f9cgorq2vrG8XN0tb2zu5eef+gpWWqCG0SyaXqBFhTzgRtGmY47SSK4jjgtB2MrnK//UCVZlLcmXFC/RgPBIsYwcZK971A8lCPY/tlt5N+ueJV3SnQD3GrtUWlAnM0+uXPXihJGlNhCMdadz03MX6GlWGE00mpl2qaYDLCA9q1VOCYaj+bpp6gE6uEKJLKPmHQVP29keFY59HsZIzNUP/1cnGZ101NVPMzJpLUUEFmh6KUIyNRXgEKmaLE8LElmChmsyIyxAoTY4sqLS3hH2mdVT3Lb84r9ct5HUU4gmM4BQ8uoA7X0IAmEFDwBC/w6jw6z86b8z4bLTjznUNYgPPxDSg4kuo=</latexit>

S
<latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit>

S
<latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit>

S
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S
<latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit>

S
<latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit>

S
<latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit>

S
<latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit>

S
<latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit>

I
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Figure 3.2: A schematic represents some possible rewiring events for the global

rewiring and the local rewiring with the neighbouring distance d = 3. In the

global rewiring method, the black node who is susceptible breaks the SI-link

(dashed line) and may create new SS-link (wavy lines) with any S-node in (a) the

second-order neighbourhood, (b) the third-order neighbourhood, (c) the fourth-

order neighbourhood or (d) another component. In the local rewiring method, the

node is allowed only to rewire within the neighbouring distance (d = 3) which is

in the case of (a) or (b). Notice that neighbours of the node are observed before

the taking place of rewiring event. After the rewiring, neighbours of the node will

be updated. Figure reprinted from [49].
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The subscript g signifies that the quantities of interest are those of the giant

component. For other components such as small components, their evolution

tends to typically of size one due to the local rewiring (we will explain more in the

next chapter). Eventually, all nodes in the small components are susceptible and

there is no dynamics. Therefore we are interested in the giant component rather

than the whole network. With these definitions, we obtain the conservation of

nodes and links, the same as in Eqs. 2.13 and 2.14

[sg] + [ig] = 1 and [ssg] + [iig] + [sig] = 1. (3.2)

A node in ER random network has on average:

⟨k⟩ at distance one,

⟨k⟩2 at distance two,

⟨k⟩3 at distance three,

. . .

⟨k⟩d at distance d.

Then the average number of neighbours of a node at distance d is

Nd ≈ ⟨k⟩+ ⟨k⟩2 + . . .+ ⟨k⟩d = ⟨k⟩⟨k⟩
d − 1

⟨k⟩ − 1
. (3.3)

Assume that ⟨k⟩ ≫ 1 the equation becomes

Nd ≈ ⟨k⟩d. (3.4)

For example, if ⟨k⟩ = 10 and d = 4, then Nd ≈ 104 = 10, 000. In this

work, we consider the network size up to 10,000 so the value of Nd may exceed

the network size such that Nd is set to the giant component size Ng.

Nd = Ng. (3.5)

Among the Ng neighbours, there are roughly [Sg] susceptible nodes to which a

susceptible node can rewire. Thus the probability that the susceptible node in the

giant component has susceptible neighbours is [Sg]/Ng. In the local rewiring with
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rewiring rate wd, therefore, the rewiring event occurs at the rate of wd[Sg]/Ng =

wd[sg]. Eqs. 2.27 are modified to

d[ig]

dt
=

bkg
2

[sig]− [ig],

d[ssg]

dt
=

(
wd(1− [ig])︸ ︷︷ ︸
local rewiring

+1
)
[sig]− bkg

[ssg][sig]

1− [ig]
,

d[sig]

dt
= 2(1− [ssg]− [sig]) +

bkg
2

[sig]

(
2[ssg]− [sig]

1− [ig]

)
−
(
b+ wd(1− [ig])︸ ︷︷ ︸

local rewiring

+1
)
[sig],

(3.6)

where kg is the mean degree of a node in the giant component.

3.3 Kinetic Monte Carlo simulation

To study the stochastic process of epidemic spreads on a network, we perform

a stochastic node-based simulation by keeping track of all possible events in the

network and the rates at which these events happen. We consider the node-based

selection where an S node is chosen randomly and, if the S-node connects to an

I node, it is rewired to a randomly chosen available susceptible node. To perform

this simulation, we model the adaptive SIS network with continuous-time Monte

Carlo method with event driven algorithms, also called kinetic Monte Carlo (kMC)

simulation [21–24].

Consider adaptive SIS dynamics taking place on a network of N nodes and

M links. At any time t each node i has a corresponding state X t
i , which is either

susceptible (X t
i = S) or infected (X t

i = I), and each link between node i and j

has a corresponding state Y t
ij, which can be one of: SS-link (Y t

ij = SS), II-link

(Y t
ij = II) or SI-link (Y t

ij = SI). There are three processes of an adaptive SIS

network including:

1. Recovery process which acts on I-nodes. This event occurs at recovery rate

of r for each I-node.
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2. Infection process which acts along SI-links. The infection rate per link is

b, therefore the total infection rate of a given S-node who has ki infected

neighbours is kib.

3. Local rewiring process which acts along SI-links. A given S-node who has

infected neighbour(s) may rewire to non-adjacent node who is susceptible

and one of the S-node’s neighbours Nd. For the local rewiring with neigh-

bouring distance d, the rewiring occurs at rate wd.

These processes can be defined in terms of probabilities as [50]

r = lim
∆t→0

P (X t+∆t
i = S|X t

i = I)

∆t
,

b = lim
∆t→0

atijP (X t+∆t
i = I,X t+∆t

j = I|X t
i = S,X t

j = I)

∆t
,

wd = lim
∆t→0

atij(1− atil,l∈Nd
)(1− at+∆t

ij )at+∆t
il,l∈Nd

P (Y t+∆t
il,l∈Nd

= SS|Y t
ij = SI)

∆t
,

(3.7)

where atij = 1 when nodes i and j are adjacency at time t, otherwise atij is zero.

For the local rewiring process with neighbouring distance d, the rewire-to S-node

must be in the set of Nd.

The fraction terms on the right hand sides of Eqs. 3.7 are the transition

probabilities per unit time. Taking the limit as ∆t → 0 leads to the concept of

transition rates. We define the transition rate Wi as

Wi =


ib for i = 0, 1, ..., N − 1

r for i = N,

wd for i = N + 1.

(3.8)

For i = 0, ..., N − 1 the transition rates Wi are the total infection rate for each

S-node who has i infected neighbours. For i = N and N+1, Wi are the transition

rate of recovery and rewiring, respectively. After weighing the transition rate Wi
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with its number of events, we obtain the rate

Ri =


ib[S]i for i = 0, 1, ..., N − 1

r[I] for i = N,

wd[SI] for i = N + 1,

(3.9)

where [S]i is the number of S-nodes with i infected neighbours. The sum of the

rates is denoted by

R =
N+1∑
i=0

Ri. (3.10)

In continuous-time dynamics, these processes cannot happen simultane-

ously [51]. When a node is infected, we are able to calculate with a well-prescribed

probability when it will recover. For a susceptible node who has infected neigh-

bour(s), we calculate when its neighbour(s) will transmit a disease to and when

it will rewire to another susceptible. We construct the probability distribution of

these events according to as follows [51, 52]:

(a) The probability that no event occurs in the time interval (t0 = 0, t) [21–23]

is

P (t) = exp(−Rt). (3.11)

The probability that any event occurs in the interval (t, t+dt) is p(t)dt. Thus

the total probability that any event occurs in the time interval (t0 = 0, t) is∫ t

t0=0

p(t)dt = 1− P (t). (3.12)

This represents a distribution with mean waiting time τ that the network

remains in its current state before changing to the next state where

τ =

∫ ∞

t0=0

tp(t)dt =
1

R
. (3.13)

(b) The probability that an event i will be selected is Ri/
∑N+1

j=1 Rj.

These are the basis of the kMC simulation [51] which is an event-driven

algorithm. Time interval is not fixed but rather corresponds to the time between
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consecutive changes in the network. At each step, time advances by an amount

τ and node i changes its state or link, where τ and i are random numbers drawn

(see Fig. 3.3). Once the system has been initialised, the algorithm then consists of

the following steps that are iterated until either the chosen final time is reached,

or the network reaches the disease-free state where there is no evolution anymore:

1. At each time step, compute transition rate Wi and weigh it with the number

of events for each rate. The total rate R =
∑N+1

i=0 Ri is calculated. Then the

cumulative rates Cl ≡
∑l

i=1 Ri is drawn (see Fig. 3.4).

2. Randomly select a process with a probability given by item (b). Thus an

event l is selected such that Cl ≥ ρ1R > Cl−1, where ρ1 is a random number

uniformly distributed in the interval (0, 1).

3. Event l is executed and time t is updated according to item (a). Waiting

time τ is drawn from a Poisson distribution [21, 22, 51] as

τ = − ln(ρ2)
W

, (3.14)

where ρ2 is a random number distributed uniformly in the interval (0, 1).

Therefore the physical time advanced in a single step is t → t+ τ .

Our kMC simulation is illustrated as a flowchart in Fig 3.5.
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<latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit>

I
<latexit sha1_base64="FqMj6rUSGBfTXGwOJ2eMoxekvk4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96a8F+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/ncuMyQ==</latexit><latexit sha1_base64="FqMj6rUSGBfTXGwOJ2eMoxekvk4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96a8F+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/ncuMyQ==</latexit><latexit sha1_base64="FqMj6rUSGBfTXGwOJ2eMoxekvk4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96a8F+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/ncuMyQ==</latexit><latexit sha1_base64="FqMj6rUSGBfTXGwOJ2eMoxekvk4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96a8F+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/ncuMyQ==</latexit>

S
<latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit><latexit sha1_base64="jDkN/EwsT8nFZsLulH8g2buqrMk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eW7Qf0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/O6u0nVJrH8sFMEvQjOpQ85IwaazXu++WKW3XnIqvg5VCBXPV++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7olJxZZ0DCWNknDZm7vycyGmk9iQLbGVEz0su1mflfrZua8NrPuExSg5ItPgpTQUxMZleTAVfIjJhYoExxuythI6ooMzabkg3BWz55FVoXVc9y47JSu8njKMIJnMI5eHAFNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/BHzucPrPOM0w==</latexit>

I
<latexit sha1_base64="FqMj6rUSGBfTXGwOJ2eMoxekvk4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96a8F+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/ncuMyQ==</latexit><latexit sha1_base64="FqMj6rUSGBfTXGwOJ2eMoxekvk4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96a8F+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/ncuMyQ==</latexit><latexit sha1_base64="FqMj6rUSGBfTXGwOJ2eMoxekvk4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96a8F+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/ncuMyQ==</latexit><latexit sha1_base64="FqMj6rUSGBfTXGwOJ2eMoxekvk4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96a8F+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/ncuMyQ==</latexit>

I
<latexit sha1_base64="FqMj6rUSGBfTXGwOJ2eMoxekvk4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96a8F+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/ncuMyQ==</latexit><latexit sha1_base64="FqMj6rUSGBfTXGwOJ2eMoxekvk4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96a8F+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/ncuMyQ==</latexit><latexit sha1_base64="FqMj6rUSGBfTXGwOJ2eMoxekvk4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96a8F+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/ncuMyQ==</latexit><latexit sha1_base64="FqMj6rUSGBfTXGwOJ2eMoxekvk4=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS96a8F+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/ncuMyQ==</latexit>

⌧
<latexit sha1_base64="wQMvBHX2C5tUuZJBebLn5sh2Kr0=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdCTFLx4rGBroV1KNs22oUl2SWaFUvoXvHhQxKt/yJv/xmy7B219IfDwzgyZeaNUCou+/+2V1tY3NrfK25Wd3b39g+rhUdsmmWG8xRKZmE5ELZdC8xYKlLyTGk5VJPljNL7N649P3FiR6AecpDxUdKhFLBjF3OohzfrVml/35yKrEBRQg0LNfvWrN0hYprhGJqm13cBPMZxSg4JJPqv0MstTysZ0yLsONVXchtP5rjNy5pwBiRPjnkYyd39PTKmydqIi16kojuxyLTf/q3UzjK/DqdBphlyzxUdxJgkmJD+cDIThDOXEAWVGuF0JG1FDGbp4Ki6EYPnkVWhf1APH95e1xk0RRxlO4BTOIYAraMAdNKEFDEbwDK/w5invxXv3PhatJa+YOYY/8j5/AB/7jkQ=</latexit><latexit sha1_base64="wQMvBHX2C5tUuZJBebLn5sh2Kr0=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdCTFLx4rGBroV1KNs22oUl2SWaFUvoXvHhQxKt/yJv/xmy7B219IfDwzgyZeaNUCou+/+2V1tY3NrfK25Wd3b39g+rhUdsmmWG8xRKZmE5ELZdC8xYKlLyTGk5VJPljNL7N649P3FiR6AecpDxUdKhFLBjF3OohzfrVml/35yKrEBRQg0LNfvWrN0hYprhGJqm13cBPMZxSg4JJPqv0MstTysZ0yLsONVXchtP5rjNy5pwBiRPjnkYyd39PTKmydqIi16kojuxyLTf/q3UzjK/DqdBphlyzxUdxJgkmJD+cDIThDOXEAWVGuF0JG1FDGbp4Ki6EYPnkVWhf1APH95e1xk0RRxlO4BTOIYAraMAdNKEFDEbwDK/w5invxXv3PhatJa+YOYY/8j5/AB/7jkQ=</latexit><latexit sha1_base64="wQMvBHX2C5tUuZJBebLn5sh2Kr0=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdCTFLx4rGBroV1KNs22oUl2SWaFUvoXvHhQxKt/yJv/xmy7B219IfDwzgyZeaNUCou+/+2V1tY3NrfK25Wd3b39g+rhUdsmmWG8xRKZmE5ELZdC8xYKlLyTGk5VJPljNL7N649P3FiR6AecpDxUdKhFLBjF3OohzfrVml/35yKrEBRQg0LNfvWrN0hYprhGJqm13cBPMZxSg4JJPqv0MstTysZ0yLsONVXchtP5rjNy5pwBiRPjnkYyd39PTKmydqIi16kojuxyLTf/q3UzjK/DqdBphlyzxUdxJgkmJD+cDIThDOXEAWVGuF0JG1FDGbp4Ki6EYPnkVWhf1APH95e1xk0RRxlO4BTOIYAraMAdNKEFDEbwDK/w5invxXv3PhatJa+YOYY/8j5/AB/7jkQ=</latexit><latexit sha1_base64="wQMvBHX2C5tUuZJBebLn5sh2Kr0=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdCTFLx4rGBroV1KNs22oUl2SWaFUvoXvHhQxKt/yJv/xmy7B219IfDwzgyZeaNUCou+/+2V1tY3NrfK25Wd3b39g+rhUdsmmWG8xRKZmE5ELZdC8xYKlLyTGk5VJPljNL7N649P3FiR6AecpDxUdKhFLBjF3OohzfrVml/35yKrEBRQg0LNfvWrN0hYprhGJqm13cBPMZxSg4JJPqv0MstTysZ0yLsONVXchtP5rjNy5pwBiRPjnkYyd39PTKmydqIi16kojuxyLTf/q3UzjK/DqdBphlyzxUdxJgkmJD+cDIThDOXEAWVGuF0JG1FDGbp4Ki6EYPnkVWhf1APH95e1xk0RRxlO4BTOIYAraMAdNKEFDEbwDK/w5invxXv3PhatJa+YOYY/8j5/AB/7jkQ=</latexit>

Figure 3.3: A Schematic of the kMC algorithm. Vertical ticks on the t axis

indicate the moments when the simulation advances. The interval time τ is given

by item (a). The square around a node shows that the node has been chosen for

updating. This node is chosen according to item (b).
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Figure 3.4: A schematic representation of the lth event selection.
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Figure 3.5: A flowchart of kMC simulation.



CHAPTER IV

Results and Discussions

In this chapter, we discuss our numerical results of epidemic spreading on adaptive

networks at different neighbouring distances and network sizes. The main goal is

to investigate the effects due to local rewiring and global rewiring processes. In

this work, we simulate the adaptive SIS model on ER random networks of size N

= 2000, 5000 and 10000 nodes, and ⟨k⟩ = 4. The reason we chose these network

configurations was that we want to observe the effects of neighbouring distance

d comparing with the average path length ⟨l⟩ of the network. With small world

effect, we see that ⟨l⟩ depends on lnN/ ln⟨k⟩ (Eq. 2.11). Due to computational

resources limitation, we consider N up to 10,000 nodes. However, the network

size must be large enough to correspond to the real systems. The smallest size we

used is 2,000 nodes. In our work, we consider ⟨k⟩ = 4, which corresponds to ⟨l⟩ ≈

5.5, 6.1 and 6.6 for N = 2000, 5000 and 10000 nodes respectively. With these

configurations, we can observe the dynamics due to small value of d, for example

d = 4, which is less than the above chosen values of ⟨l⟩. Note that d must be

greater than two because if a node rewires to its adjacent susceptibles, then its

new link will be a double link, which is prohibited from our network.

4.1 Effects of local rewiring method

In this section we present the results of simulating the adaptive SIS on ER random

network to explain how the local rewiring affects the epidemic dynamics.
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4.1.1 Dynamics on topological networks

Let us first consider the case that there is only local rewiring process (wd ̸= 0

but b = r = 0). Fig. 4.1 shows that at the beginning, with the fraction of initial

infected nodes [i]0 = 0.1, the giant component consists of S-nodes and I-nodes

(Fig. 4.1a). As time progresses, I-nodes are isolated from the giant component so

the size of the giant component decreases and the number of small components

increases (Fig. 4.1b). Eventually, there is no network dynamics when all of I-nodes

are separated from the giant component (Fig. 4.1c). In the case of no epidemic

dynamics, the fraction of the S-nodes and I-nodes in the network are constant.

However, the number of SI-links decreases until S-nodes and I-nodes are totally

separated, i.e. [si] = 0 (Fig. 4.2).

Fig. 4.3 shows a similar dynamics as that in Fig. 4.1 but with different

fraction of initial infected nodes [i]0 = 0.9. The network tends to split up I-nodes

from S-nodes. Then S-nodes join together densely and connect loosely to I-nodes

(Fig. 4.3b). Eventually, S-nodes and I-nodes are totally separated. In this case,

there are two large components (Fig. 4.3c); one is full of I-nodes, and the other,

which is larger than the former, consists of S-nodes. The networks are in steady

state and there is no rewiring event anymore when [si] = 0 (Fig. 4.4).

The small components whose S-nodes and I-nodes tend to avoid SI-links

and split into smaller components if they can. The rewiring event cannot happen

across components due to the local rewiring rule. Thus, the giant component will

become smaller and smaller until there is no dynamics in its component. If the

epidemic dynamics is switched on, the dynamics in the small components will

stop when all nodes are susceptible whereas the dynamics of the giant component

depends on the rates of b and w. In this regard, the dynamics of small compo-

nents are trivial. Henceforth, without loss of generality, we study only the giant

component instead of the whole network.

To investigate how the neighbouring distance d affects to the dynamics,

we consider the fraction of infected nodes in the giant component [ig] for various
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(a) (b)
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Figure 4.1: Snapshots of adaptive SIS epidemic network with local rewiring and

without epidemic dynamics. The initial infected fraction is 0.1. S-nodes are rep-

resented by blue dots and I-nodes are represented by red dots. a) At initial time

t = 0 w−1
d , the fraction of the giant component is 0.98. b) At t = 1 w−1

d , the frac-

tion of the giant component is 0.89. c) At t = 1, 000 w−1
d , the fraction of the giant

component is 0.88. The plots correspond to N = 104, ⟨k⟩ = 4, b = r = 0, wd ̸= 0

and d = 4.
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Figure 4.2: Fraction of SI-links [si] as a function of time. The parameters are

chosen to be the same as in Fig. 4.1. The results of simulations are averaged over

100 trials.
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Figure 4.3: Snapshots of adaptive SIS epidemic network with local rewiring and

without epidemic dynamics. The initial infected fraction is 0.9. S-nodes are

represented by blue dots and I-nodes are represented by red dots. a) At initial time

t = 0 w−1
d , the fraction of the giant component is 0.98. b) At t = 1 w−1

d , the fraction

of the giant component is 0.97. c) At t = 1, 000 w−1
d , the fraction of the giant

component is 0.87. The plots correspond to N = 104, ⟨k⟩ = 4, b = r = 0, wd ̸= 0

and d = 4.
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Figure 4.4: Fraction of SI-links [si] as a function of time. The parameters are

chosen to be the same as in Fig. 4.3. The results of simulations are averaged over

100 trials.
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values of d comparing to the average path length in the giant component ⟨l⟩.

We simulate the network size of N = 104 and ⟨k⟩ = 4 so ⟨l⟩ ≃ 6.7. We consider

d = 4, 8 and ∞. Fig. 4.5 shows that [ig] decreases faster when d > ⟨l⟩ than d < ⟨l⟩.

This is not surprising because larger d means higher chance to rewire. However,

at very large d, i.e. d = ∞, the ability to prevent infection is not different from

d ≳ ⟨l⟩ because at that stage, information about a node is know throughout the

whole graph.

4.1.2 Epidemic dynamics with local rewiring

Now we consider the case with both epidemic dynamics and local rewiring. We

begin with the simulations of networks in disease-free phase with b = 1, wd = 6

and d = 4 shown in Fig. 4.6. At time t = 0, the ER network consists of one giant

component and some small components (Fig. 4.6a). As time progresses, with

local rewiring mechanism S-nodes attempt to avoid infection by rewiring from I-

neighbouring nodes to other S nodes, and then the I-nodes are isolated from the

giant component. In Fig. 4.6b at time t = 1, there are many small components

of I-nodes, separated from the giant components where as the giant component

contains compact group of S-nodes and loose group of I-nodes. At t = 100, all

nodes in the giant component are S-nodes (Fig. 4.6c), then the network reaches

its steady state. Along the network evolution, size of giant component is reduced

and the number of small components increases as shown in Fig. 4.7. As we discuss

above, because of the local rewiring mechanism, the separated recovered nodes

cannot reconnect to the giant component. Fig. 4.8 confirms that in this case

the local rewiring method can also prevent infection by splitting I-node from the

giant component using only information about the nearby neighbourhood other

than global information as in the global rewiring method [53].

The effect of local rewiring on the network structure is further described

in Fig. 4.9. With the local rewiring, the average degree of the giant component kg
tends to increase. This is because there are some nodes separated from the giant
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Figure 4.5: Fraction of infected nodes in the giant component [ig] as a function

of time. Simulations are performed for adaptive SIS on ER networks without

epidemic dynamics (b = r = 0) with N = 104, ⟨k⟩ = 4, [i]0 = 0.5 and w = 6 for

various d: d = 4 (blue circle), d = 8 (red triangle) and d = ∞ (black x-cross).
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(c)

Figure 4.6: Snapshots of adaptive SIS epidemic network with local rewiring in

disease-free phase with S-nodes (blue) and I-nodes (red). a) At initial time t = 0

r−1, the fraction of the giant component is 0.98. b) At t = 1 r−1, the fraction of

the giant component is 0.9. c) At t = 100 r−1, the fraction of the giant component

is 0.84. The plots correspond to N = 104, ⟨k⟩ = 4, [i]0 = 0.1, b = 1, wd = 6 and

d = 4. Figure reprinted from [49].
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Figure 4.7: Distribution of component sizes of adaptive SIS epidemic network with

local rewiring in disease-free phase at t = 0 r−1 (blue x-crosses), t = 1 r−1 (red

triangles) and t = 100 r−1 (black circles). The plots in the dashed circle represent

for the giant component. The parameters are chosen to be the same as in Fig. 4.6.

The results of simulations are averaged over 100 trials. Figure reprinted from [49].
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Figure 4.8: Fraction of infected nodes in the giant component [ig] as a function of

time. Simulations are performed for adaptive SIS epidemic network in disease-free

phase with parameters chosen to be the same as in Fig. 4.6. The results of the

simulations are averaged over 100 trials. Figure reprinted from [49].



50

4

4.2

4.4

4.6

1 10 100

k g
(n
od
es
)

t (r -1)
10-1 100 101 ll 102

Figure 4.9: Average degree of nodes in the giant component (kg) as a function of

time. Simulations are performed for adaptive SIS epidemic network in disease-

free phase with parameters chosen to be the same as in Fig. 4.6. The results of

simulations are averaged over 100 trials. Figure reprinted from [49].
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component due to breaking of SI-links. However, the total number of degrees

in the giant component does not quite decrease because S-nodes create SS-links

substituting the broken SI-links within the component. The value of kg is constant

when there are only S-nodes in the giant component, i.e., the network is in the

disease-free phase. Degree distribution in the giant component in Fig. 4.10 shows

that the degree distributions of both S-nodes and I-nodes are broadened from the

initial profile. This is because S-nodes increase their degrees by rewiring to other

S-nodes whereas the I-nodes has broadened because of the new infections in the

susceptible group. Furthermore, the mean degree of S-nodes increases whereas

the mean degree of I-nodes decreases.

Next we consider networks in endemic phase with b = 1, wd = 2 and

d = 4 shown in Fig. 4.11. In this case, rewiring is not fast enough to separate

I-nodes and S-nodes completely. However, the rewiring mechanism tries to form

two loosely connected groups of S-nodes and I-nodes (Fig 4.11b). While SI-links

are continuously broken by rewiring, new S-nodes are created by recoveries in

the infected groups and new I-nodes are created by infections in the susceptible

groups (Fig 4.11c). At large time, the local rewiring method is not successful

in isolating I-nodes from the giant component so the network is in the endemic

phase (Fig 4.11d). As time progresses, the giant component size decreases and

many small components of size one are produced shown in Fig. 4.12.

For long-time evolution, [ig] increases continuously (Fig. 4.13). The value

of [ig] will tend to constant ([ig] > 0) when there is no chance for nodes in the giant

component to rewire anymore. It means that there is only dynamics of states and

the network is in the endemic phase. In this network, the effect of local rewiring to

the network structure is more apparent than that of the previous one. The value

of kg in Fig. 4.14 continues to increase. Eventually kg is more than double its

initial value. Note that we do not show the plot of kg as a function of time from

the beginning until steady state. Because the steady state occurs at very large

time (t ∼ 109) and tracking the network structure throughout the whole history is

very time consuming. So we simulate the networks and let them evolve, until very
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Figure 4.10: Degree distribution in the giant component pk of adaptive SIS epi-

demic network with local rewiring in disease-free phase for S-nodes at t = 0 r−1

(circles), t = 1 r−1 (triangles) and t = 100 r−1 (squares) and I-nodes at t = 0

r−1 (dots) and t = 1 r−1 (crosses). The average degrees of S-nodes in the giant

component are 4.1, 4.5 and 4.6 for t = 0, 1 and 100 respectively. The average

degrees of I-nodes in the giant component are 4.1 and 2.3 for t = 0 and 1, respec-

tively. The parameters are chosen to be the same as in Fig. 4.6. The results of

simulations are averaged over 100 trials. Figure reprinted from [49].
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(c) (d)

Figure 4.11: Snapshots of adaptive SIS epidemic network with local rewiring in

endemic phase with S-nodes (blue) and I-nodes (red). a) At initial time t = 0

r−1, the fraction of the giant component is 0.98. b) At t = 1 r−1, the fraction of

the giant component is 0.97. c) At t = 10 r−1, the fraction of the giant component

is 0.9. d) At t = 100, the fraction of the giant component is 0.72. The plots

correspond to N = 104, ⟨k⟩ = 4, b = 1 and wd = 2. Figure reprinted from [49].
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Figure 4.12: Distribution of component sizes of adaptive SIS epidemic network

with local rewiring in endemic phase at t = 0 r−1 (blue x-crosses), t = 1 r−1 (red

triangle), t = 10 r−1 (black circle) and t = 100 r−1 (green crosses). The marks in

the dashed circle represent for the giant component. The parameters are chosen

to be the same as in Fig. 4.11. The results of simulations are averaged over 100

trials. Figure reprinted from [49].
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Figure 4.13: Fraction of infected nodes in the giant component [ig] as a function

of time. Simulation are performed for adaptive SIS epidemic network in endemic

phase with parameters chosen to be the same as in Fig. 4.11. The results of

simulations are averaged over 100 trials. Figure reprinted from [49].
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Figure 4.14: Average degree of nodes in the giant component (kg) as a function

of time. Simulation are performed for adaptive SIS epidemic network in endemic

phase with parameters chosen to be the same as in Fig. 4.11. The results of

simulations are averaged over 100 trials. Figure reprinted from [49].
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large time before we start to observe the network structure. As an example, we

plot time evolution of kg for small networks size (N = 500) as shown in Fig. 4.15.

This plot illustrates that kg increases slowly at the beginning, after that it grows

rapidly until reaching a constant value at steady state. The degree distributions

of N = 104 are shown in Fig. 4.16. In the case of endemic phase, distributions for

both I-nodes and S-nodes are broadened corresponding to the increasing value of

kg. The average degree tends to increase. Moreover, the average degree of I-nodes

is a bit higher than the average degree of S-nodes. So disease transmission is

highly likely.

4.1.3 Summary

Results in this section are summarised as follows. With the local rewiring mech-

anism, I-nodes are isolated from the giant component. This process makes the

size of the giant component decreases and the number of the small components

increases. However, the network still contains one largest component and the dy-

namics of network depends on this component. That is the reason why we only

study the giant component instead of the whole network. We already show that

the local rewiring can prevent infections by using less information than can the

global rewiring. However, the effects of local rewiring may give the opposite result.

Due to the high connectivity within the giant component, the infection among the

group of S-nodes is easy to disperse.

4.2 Bifurcation diagrams

In this section, we will show how steady-state solutions of infected fraction [ig]f

depend on the value of d. Our simulations are performed with N = 2000, ⟨k⟩ = 4

and w = 2 so at initial time ⟨l⟩ ≃ 5.6. In Fig. 4.17 the analytical results from the

pair approximation model, calculated from Eqs. 3.6, are compared with numerical

simulations of the full adaptive SIS model at d = 4. Let us first consider the
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Figure 4.15: Average degree of nodes in the giant component (kg) as a function

of time. The plots correspond to N = 500, ⟨k⟩ = 4, b = 0.5 and wd = 0.1. The

results of simulations are averaged over 200 trials. Figure reprinted from [49].
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Figure 4.16: Degree distribution in the giant component pk of adaptive SIS epi-

demic network with local rewiring in endemic phase for S-nodes at t = 0 r−1

(circles), t = 1 r−1 (triangles) and t = 100 r−1 (squares) and I-nodes at t = 0 r−1

(dots), t = 1 r−1 (solid triangles) and t = 100 r−1 (solid squares). An average

degree of S-node in the giant component are = 4.1, 4.2 and 4.8 for t = 0 , 1 and

100, respectively. An average degree of I-node in the giant component are 4.1,

3.9 and 5.7 for t = 0, 1 and 100, respectively. The parameters are chosen to be

the same as in Fig. 4.11. The results of simulations are averaged over 100 trials.

Figure reprinted from [49].
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numerical results. When epidemic dynamic is switched on, i.e. b > 0, we found

two thresholds. The first one is the epidemic threshold where the network changes

from disease-free phase ([ig]f = 0) to endemic phase ([ig]f > 0). The second one is

the persistence threshold where the network transitions from the endemic phase

to the disease-free phase. For analytical results, we obtain the solutions of [ig]f
from computing Eqs. 3.6 at steady state. With the local rewiring, the degree of

the giant component kg is not constant but always increases until reaching its

steady state value. As shown in the previous section, in the disease-free phase, kg
does not quite change from ⟨k⟩ whereas, in the endemic phase, kg is much greater

than ⟨k⟩. In the case of endemic phase, steady state occurs after a very long time

as shown in Fig. 4.15. Therefore, the analytical solutions depend on what phase

the network is in. In the Fig. 4.17, the lower thick line comes from the solutions

in disease-free phase where as the upper thick line comes from the solutions in

endemic phase.

The analytical results agree well with the simulation results for value of

[ig]f but the thresholds occur differently. This is because the approximation of the

local rewiring term in Eqs. 3.6. From Eq. 3.4 and the fact that ⟨k⟩d may exceed

the size of the giant component, we approximate Nd = Ng (Eq. 3.5). However

this approximation is an overestimation for networks in disease-free phase with

small ⟨k⟩ and small d, e.g. for the network in Fig. 4.17 where Nd ≈ 44 = 256

which is considerably less than the network size N = 2, 000. Beside that, in

the Eqs. 3.6, the triplets [SSI] and [ISI] are approximated to products of lower

moments (Eqs. 2.21). This pair approximation applies well to the global rewiring

whose topology is claimed to be random-graph like [37]. For the local rewiring,

degree distribution of the giant component is very broad (Fig. 4.10 and 4.16) and

the pair approximations for [SSI] and [ISI] overestimates the actual number of

triplets. Moreover, the effect of the local rewiring on the network topology is

more subtle than that of the global rewiring. Simulation results also depend on

the network size. For larger N , at the same value of wd, the invasion of new disease

can occur at lower rate of b. We will discuss this effect in the next section.
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Figure 4.17: Bifurcation diagram for infected density in adaptive SIS epidemic

network with local rewiring as a function of infection rate b for d = 4 (circles)

comparing with analytical results from Eqs. 3.6 (thick lines). The plots correspond

to N = 2000, ⟨k⟩ = 4 and wd = 2. The results of simulations are averaged over

10 networks trials for each initial infected fraction [i]0 = 0.01, 0.1, 0.9, 0.99. Figure

reprinted from [49].
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Now we consider the effect of local and global rewirings to the epidemic and

persistence thresholds. For the local rewiring, we simulate networks with three

values of d: small value at d = 4, large value at d = 8 and very large value at

d = ∞. Fig. 4.18 shows that the different values of d affect the locations of the

threshold. For the epidemic threshold, when d > ⟨l⟩, the value of threshold is

higher than the that of d < ⟨l⟩. Comparing with the global rewiring in Fig. 4.19,

the epidemic threshold of the networks with large d occurs at the same b as that of

the global rewiring. For the persistence threshold, at large d, the value of threshold

is also higher than that of small d because nodes have higher chance to rewire.

However, even if d is very large, the persistence threshold is still lower than the

global rewiring due to the rewiring rules discussed above.

4.3 Phase diagram

The possible asymptotic behaviours of our model can be represented in a phase

diagram on the two-dimensional parameter (b, w) as shown in Fig. 4.20. In this

diagram we also plot the phase diagram of the global rewiring for comparison. For

each rewiring, the diagram is divided into three regions: endemic phase (right-

most region for large b), disease-free phase (left-most region for small b), and

bistable phase (central region between endemic and disease-free phases). In the

bistable phase, the network can be stable in either endemic state or in disease-free

state. Fig. 4.20 shows that boundary between endemic and bistable phases for

both rewirings are hardly different so the global and local rewirings have similar

endemic phase (orange colour). While the boundary between disease-free and

bistable phases of the local rewiring (solid triangles) is higher than the global

rewiring (solid circles). Thus, there are some overlaps of disease-free phase (blue

colour), and bistable (pink colour). This phase diagram is truly remarkable since

we can predict outcomes of an epidemic by using only local information.

Fig. 4.21 shows the effect of network size to the values of thresholds. For

small b, the values of epidemic and persistence thresholds are quite similar for
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Figure 4.18: Bifurcation diagram for infected density in adaptive SIS epidemic net-

work with local rewiring as a function of infection rate b for different neighbouring

distances d = 4 (circles), 8 (triangles) and ∞ (crosses). The plots correspond to

N = 2000, ⟨k⟩ = 4 and wd = 2. The results of simulations are averaged over 10

networks trials for each initial infected fraction [i]0 = 0.01, 0.1, 0.9, 0.99. Figure

reprinted from [49].
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Figure 4.19: Bifurcation diagram for infected density in adaptive SIS epidemic

network with global rewiring as a function of infection rate b. The plots correspond

to N = 2000, ⟨k⟩ = 4 and w = 2. The results of simulations are averaged over 10

networks trials for each initial infected fraction [i]0 = 0.01, 0.1, 0.9, 0.99. Figure

reprinted from [49].
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Figure 4.20: Phase diagram of adaptive SIS epidemic network with local rewiring

(triangles) and global rewiring (circles). There are some overlap phases between

global and local rewirings: (1) endemic phase for both rewirings (orange colour),

(2) bistable phase for both rewirings (pink colour), (3) disease-free phase for global

rewiring but bistable phase for local rewiring (green colour), and (4) disease-free

for both rewirings. The plots correspond to N = 104 and ⟨k⟩ = 4 and for the local

rewiring d = 4. The results of simulations are averaged over 100 trials for each

plot. Figure reprinted from [49].
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each N . For large b, the thresholds are higher for larger N because the ability

of S-nodes to rewire is really restricted to local neighbourhood. Then rewiring

event must be fast enough to isolate I-nodes. This means that the effect of local

rewiring in large network size is stronger than that of small network size.
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Figure 4.21: Phase diagram of adaptive SIS epidemic network with local rewiring

for three network sizes: N = 2, 000 (circles), N = 5, 000 (triangles) and N =

10, 000 (squares). For each N the opened and solid symbols represent, respectively,

the epidemic and persistence thresholds. The plots correspond to ⟨k⟩ = 4 and

d = 4. The results of simulations are averaged over 100 trials for each plot. Figure

reprinted from [49].



CHAPTER V

Conclusions

In this dissertation, we have studied an adaptive SIS epidemic model with the

contact-conserving rewiring method on ER model networks. The individuals’ de-

cision to avoid infection by changing their social contacts is based completely on

information about which epidemiological status the other individuals possess. We

replaced the existing rewiring method, the global rewiring that requires infor-

mation of the entire network, with a more practical rewiring method, the local

rewiring, that uses only limited information to make a decision. For controlling

real-world diseases, the local rewiring strategy is more suitable since it requires

less information than does the global rewiring. The goal of this work is to investi-

gate the effect of local information of the epidemiological status on SIS epidemic

spreading in the adaptive network using both continuous-time kinetic Monte Carlo

simulations and pair approximation technique.

We have shown that both methods predict similar behaviours. The epi-

demic threshold and the persistence threshold are obtained with non-zero local

rewiring rate wd ̸= 0. Although the epidemic thresholds of the global and local

rewiring at the same rewiring rate are nearly identical, their persistence thresholds

are definitely different. Our results show that there are phase overlaps between

both rewiring strategies. This means that under a certain circumstance, we can

predict the outcomes of an epidemic for planned interventions. In addition, we

compared the efficiency of both rewiring processes in preventing the spread of a

disease on the adaptive network. Our results indicate that even with limited local

information, we can satisfactorily predict the outcomes of an epidemic.
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The impact of neighbouring distance d has been studied on the local rewiring

network. With large value of d compared to the average path length of a net-

work, the epidemic threshold and the persistence threshold are higher than the

thresholds for small d. As we mentioned, I-nodes are isolated and later they are

recovered and have low risk of infection. However, the topological change of the

giant component responding to local rewiring is a cause for concern. With the

local rewiring, a node cannot rewire across its component to make a connection

with another one. So the giant component of S-nodes forms a dense connection

which is highly vulnerable to an infection as its size is reduced. Therefore, a small

fraction of I-nodes in the giant component which seems to be a little issue may

be very difficult to handle since it could cause an epidemic over the component.

This situation decreases the effectiveness of targeted vaccination.

Moreover, we have shown that the effect of local rewiring in the network

with large size is stronger than that of the network with small size. We conclude

that neighbouring distance and network size affect behaviours of the networks,

especially the value of the persistence threshold. We have shown that the larger

the network size, the lower the persistence threshold. This is because the effect of

local rewiring in a large network size is stronger than the effect in a small network

size.

Finally, we recommend for further investigation that the pair-approximation

should take the triplets or higher-order network structures into account. Since the

local rewiring affects the network connections such that the network is strongly

localised and makes the prediction of the model less accurate. We suggest that

the correlation should be included to the approximation of the triplets. Further-

more, we have studied only the local rewiring on ER random network. With

minimal effort, this model should be extended to study more realistic networks

with non-Poisson degree distribution.
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