
C H A P T E R  I I

T H E  P R O P A G A T O R  A N D  F E Y N M A N  P A T H  I N T E G R A L

I n t r o d u c t i o n

A s  d i s c u s s e d  i n  c h a p t e r  I , t h e  d i s t r i b u t i o n  o f  t h e  d e n s i t y  o f  e l e c t r o n  s t a t e s  in  t h e  

p r e s e n c e  o f  a  r a n d o m  p o t e n t i a l  d u e  t o  d e f e c t s  i s  a t  p r e s e n t  a  c e n t r a l  p o i n t  i n  t h e  

d i s c u s s i o n  o f  t h e  e n e r g y  s p e c t r a  o f  a  t w o - d i m e n s i o n a l  s y s t e m  in  a  t r a n s v e r s e  m a g n e t i c  

f i e l d .  I t  i s  c u s t o m a r i l y  a s s u m e d  t h a t  t h e  d e n s i t y  o f  s t a t e s  o f  a n  i d e a l  2 D - e l e c t r o n  l a y e r  

p l a c e d  in  a  t r a n s v e r s e  q u a n t i z i n g  m a g n e t i c  f i e l d  c o n s t i t u t e s  a  s e t  o f  e q u i d i s t a n t  5  

f u n c t i o n s  w i t h  s p a c i n g  e q u a l  t o  t h e  c y c l o t r o n  e n e r g y  f iÇ l  . E a c h  L a n d a u  l e v e l  i s  

s t r o n g l y  d e g e n e r a t e ,  a n d  t h e  m u l t i p l i c i t y  o f  t h i s  d e g e n e r a c y  ( d i s r e g a r d i n g  s p i n  a n d  

v a l l e y - o r b i t  d e g e n e r a c y )  i s  e q u a l  t o  N l  =  L 2/ 2 ti/ 2.5 w h e r e  l  = ( f z c / e B ) 1/ 2  i s  t h e  m a g n e t i c  

l e n g t h .  A  r a n d o m  p o t e n t i a l  ( o f  a n  h o m o g e n e i t y ,  o f  a n  i m p u r i t y ,  e t c . )  l i f t s  t h e  L a n d a u -  

l e v e l  d e g e n e r a c y ,  t h i s  i s  t h e  c a u s e  o f  t h e i r  f i n i t e  w i d t h  r .  I f  t h i s  w i d t h  i s  r e l a t e d  t o  t h e  

s h o r t - r a n g e  p o t e n t i a l  o f  t h e  s c a t t e r e r s ,  t h e  d e n s i t y  o f  s t a t e s  b e t w e e n  L a n d a u  l e v e l s  

s h o u l d  b e  v a n i s h i n g l y  s m a l l .  O n  t h e  b a s i s  o f  r e c e n t  d e t e r m i n a t i o n s  o f  t h e  e l e c t r o n  

s t a t e s  o n  t h e  F e r m i  l e v e l  b y  m e a s u r i n g  t h e  o s c i l l a t o r y  d e p e n d e n c e s  o f  t h e  m a g n e t i z a t i o n ,  

o f  t h e  e l e c t r o n i c  s p e c i f i c  h e a t  , a n d  a l s o  t h e  t h e r m o a c t i v a t i o n  c o n d u c t i v i t y ,  i t  w a s  

c o n c l u d e d  t h a t  t h e  d e n s i t y  o f  s t a t e s  b e t w e e n  L a n d a u  l e v e l s  i s  e x p o n e n t i a l l y  s m a l l  a n d  i s  

a n  a p p r e c i a b l e  f r a c t i o n  o f  t h e  D O S  a t  B  =  0 .  T h i s  c o n c l u s i o n  c o n t r a d i c t s  d i r e c t l y  t h e  

r e s u l t s  o f  A n d o  a n d  U e m u r a .  A l t h o u g h  t h e r e  h a v e  b e e n  s e v e r a l  c a l c u l a t i o n s  ( 2 , 1 4 )  o f  

t h e  b r o a d e n i n g  o f  t h e  L a n d a u  l e v e l s  d u e  t o  d i s o r d e r ,  n o n e  o f  t h e s e  t h e o r i e s  p r e d i c t  a  

s i g n i f i c a n t  d e n s i t y  o f  s t a t e s  l y i n g  b e t w e e n  L a n d a u  l e v e l s .  F o r  t h e s e  r e a s o n s ,  w e  

p r o p o s e  a  s i m p l e  m o d e l  o f  d i s o r d e r  t o  s h o w  t h a t  t h e  b r o a d e n i n g  o f  L a n d a u  l e v e l s  a n d  a  

s i g n i f i c a n t  D O S  b e t w e e n  L a n d a u  l e v e l s  c a n  b e  o b t a i n e d  in  a  s i m p l e  a n d  a  c o n s i s t e n t
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m a n n e r .  T h e  m e t h o d  u s e d  h e r e  i s  v e r y  s i m i l a r  t o  t h e  p r o c e d u r e  t h a t  S r i t r a k o o l  e t  a l .  ( 2 3 )  

h a v e  u s e d  p r e v i o u s l y  in  3 D  t o  e x p l a i n  t h e  o r i g i n  o f  U r b a c h  t a i l s  i n  o p t i c a l  a b s o r p t i o n  

n e a r  b a n d  e d g e s .  A s  b e f o r e  w e  s o l v e  h e r e  f o r  ท ( E )  u s i n g  t h e  p a t h  i n t e g r a l  m e t h o d ,  

w h i c h  a t  p r e s e n t  a p p e a r s  t o  b e  t h e  b e s t  f o r  o b t a i n i n g  a n  a n a l y t i c  ท ( E )  f o r  a r b i t r a r y  L  

d i s o r d e r .  B e f o r e  g o i n g  t o  t h e  d i s c u s s i o n  o n  o u r  w o r k  i n  t h e  n e x t  c h a p t e r ,  w e  d e v o t e  

t h i s  c h a p t e r  t o  r e v i e w  t h e  F e y n m a n  p a t h  i n t e g r a l  a n d  s o m e  s o l v a b l e  p r o b l e m s  t h a t  c a n  

b e  s o l v e d  b y  t h i s  t h e o r y .

T h e  P r o p a g a t o r  a n d  F e y n m a n  P a t h  I n t e g r a l

I n  q u a n t u m  m e c h a n i c s ,  t h e  d y n a m i c a l  i n f o r m a t i o n  o f  a  q u a n t u m  m e c h a n i c a l  

s y s t e m  i s  c o n t a i n e d  in  t h e  w a v e  f u n c t i o n .  I t  i s  a  f u n c t i o n ,  s o m e t i m e s  c a l l e d  t h e  

p r o b a b i l i t y  a m p l i t u d e ,  t h a t  d e t e r m i n e s  t h e  w a v e  a s s o c i a t e d  w i t h  a  p a r t i c l e .  I n  p r a c t i c e ,  

w e  c a n  o b t a i n  t h i s  w a v e  f u n c t i o n  b y  s o l v i n g  t h e  S c h r o d in g e r '  ร e q u a t i o n .

I n  S c h r o d i n g e r '  ร p i c t u r e  ( 2 4 ) ,  t h e r e  e x i s t s  t h e  s t a t e  v e c t o r  lxP ( t ) > t h a t  e v o l v e s  a s

= บ ( ๙ ) 1 ¥ ( 0 > , (2.1)

w h e r e  บ ( t ,t i )  i s  t h e  t i m e  e v o l u t i o n  o p e r a t o r  s a t i s f y i n g  t h e  f o l l o w i n g  p r o p e r t i e s ,

i )  i £ d _  บ ( t , 0  =  H U ( t , 0
a t

i i )  บ  ( t / t  ' )  =  1

i i i ) บ  ( t " ,t ) U ( t , t O บ ๙ ',0



2 7

i v )  u + ( t " , f )  =  บ - 1 ( t " , 0  =  บ  ( t ' , f )

a n d  H  i s  t h e  H a m i l t o n i a n .  I f  t h e  H a m i l t o n i a n  i s  n o t  a n  e x p l i c i t  f u n c t i o n  o f  t i m e  t h e n  t h e  

e v o l u t i o n  o p e r a t o r  i s  o f  t h e  f o r m

บ (t" , t ')  =  e x p [-( i// i)H (t" - t ') ]. (2.2)

I n  t h e  c o n f i g u r a t i o n  r e p r e s e n t a t i o n  ( 2 . 1 )  b e c o m e s

< x ๆ 1F (tๆ >  = I  < x "ใบ ( t " , t ' ) l x 'x £ W ( t ' ) > d V ,  (2 3 )
- o o

w h e r e  t h e  c o m p l e t e  s e t

J Ix 'x x 'l  d3x' = 1. (2.4)
- O O

W e  c a n  r e w r i t e  e q u a t i o n  ( 2 . 3 )  a s

y ( x  , 0  =  1 K ( x " , x ' ; t " , t ' m x ' , t ' ) d 3 x ' ,  ( 2 . 5 )
- O O

w h e r e  K ( x " ,x ' ; t " , t ' )  =  < x " I U ( t / , , t , ) l x , > .  ( 2 . 6 )

K ( x " , x , ; t , , , t ' )  i s  c a l l e d  t h e  p r o p a g a t o r  o r  t h e  p r o b a b i l i t y  a m p l i t u d e  o f  a  p a r t i c l e  t o  g o  

f r o m  x '  a t  t i m e  t ' t o  x "  a t  t i m e  t " .

A c c o r d i n g  t o  F e y n m a n  ’ ร i d e a s  ( 2 5 ) ,  t h e r e  a r e  i n f i n i t e l y  m a n y  p a t h s  f o r  a  

p a r t i c l e  t o  g o  f r o m  t h e  i n i t i a l  p o i n t  t o  t h e  f i n a l  p o i n t  u n d e r  r e s t r i c t i v e  c o n d i t i o n s  t h a t
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x ( t ' ) = x , x ( t " )  =  x "  . E a c h  t r a j e c t o r y  c o n t r i b u t e s  t o  t h e  t o t a l  a m p l i t u d e ,  t o  g o  f r o m  x '  t o  

x "  . T h e y  c o n t r i b u t e  e q u a l  a m o u n t s  t o  t h e  t o t a l  a m p l i t u d e ,  b u t  c o n t r i b u t e  a t  d i f f e r e n t  

p h a s e s .  T h e  p h a s e  o f  t h e  c o n t r i b u t i o n  f r o m  a  g i v e n  p a t h  i s  t h e  a c t i o n  ร  f o r  t h a t  p a t h  in  

u n i t s  o f  a c t i o n  f i .  T h a t  i s ,  t o  s u m m a r i s e ,  t h e  p r o b a b i l i t y  P ( x " ,x ' )  t o  g o  f r o m  a  p o i n t  x '  a t  

f  t o  t h e  p o i n t  x "  a t  t "  i s  t h e  a b s o l u t e  s q u a r e  P ( x " , x /)  =  I K ( x " , x ' ; f ' , f ) l 2  o f  a n  a m p l i t u d e  

K ( x " , x ' ; t " , f )  t o  g o  f r o m  x '  t o  x " .  T h i s  a m p l i t u d e  i s  t h e  s u m  o f  c o n t r i b u t i o n s  0 [ x ( t ) ]  

f r o m  e a c h  p a t h ,

K ( x " , x ' ; f ' , f )  =  ร  < D [ x ( t ) ] .  ( 2 . 7 )
o v e r  a l l  p a t h s  
f r o m  x '  t o  x "

T h e  c o n t r i b u t i o n  o f  a  p a t h  h a s  a  p h a s e  p r o p o r t i o n a l  t o  t h e  a c t i o n  ร ,

< D [x (t ) ] =  [ c o n s t j e  { ( i /Æ )S  [ x ( t ) j ( 2 . 8 )

a n d  ร  [ x ( t ) j =  j  L ( x , x ) d t ,
—oo

( 2 . 9 )

w i t h  t h e  L a g r a n g i a n L ( x , x )  =  ( l / ^ m x 2  -  V ( x ) . ( 2 . 1 0 )

A c t u a l l y ,  w e  c a n  n o t  e v a l u a t e  K ( x " , x , ; f , , t ' )  f r o m  ( 2 . 7 )  d i r e c t l y  b e c a u s e  o f  t h e  

i n f i n i t e l y  m a n y  p a t h s  c o n t r i b u t i n g .  F e y n m a n  ( 2 5 )  p r o p o s e d  a n o t h e r  w a y  t o  p e r f o r m  a

n e w  f o r m a l i s m  o f  K ( x " , x ' ; f ' , f ) .  B y  d i v i d i n g  t h e  t i m e  v a r i a b l e  i n t o  s t e p s  o f  w i d t h  £ — 0 ,  

t h i s  g i v e s  US a  s e t  o f  v a l u e s  ti s p a c e d  a t  a  d i s t a n c e  £  a p a r t  b e t w e e n  t h e  v a l u e s  f  a n d  t" . 

A t  e a c h  t i m e  ti w e  s e l e c t  s o m e  s p e c i a l  Xj a n d  c o n s t r u c t  a  p a t h  b y  c o n n e c t i n g  a l l  p o i n t s .  

I t  i s  p o s s i b l e  t o  d e f i n e  a  s u m  o v e r  a l l  p a t h s  i n  t h i s  m a n n e r  b y  t a k i n g  a  m u l t i p l e  i n t e g r a l  

o v e r  a l l  v a l u e s  o f  Xi f o r  i b e t w e e n  1 a n d  N - l ,  w h e r e
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N e - f ' - t '

e = ti- ti-1

t o : f

tN t "

* 0 = x '  ; XN = x " .

T h e  r e s u l t i n g  e q u a t i o n  i s

K ( x " , x ' ; f ' , f )  =

w h e r e  ร  [ x ( t ) J  =

l i m  j  ! . .  J e ( i/^ )S [x ( t ) ]d 3x id 3X2...d3XN-i, (2.11)
N—CO A  A A A

t"
{ L ( x , x ) d t  a n d  t h e  n o r m a l i z i n g  f a c t o r  A  =  (2 T r i/2 e /m )3 /2 .

X

F i g .  1 0  T h e  s u m  o v e r  p a t h s  i s  d e f i n e d  a s  a  l i m i t ,  in  w h i c h  a t  f i r s t  t h e  p a t h  i s

s p e c i f i e d  b y  g i v i n g  o n l y  i t s  c o o r d i n a t e  X a t  a  l a r g e  n u m b e r  o f  s p e c i f i e d  

t i m e s  s e p a r a t e d  b y  v e r y  s m a l l  i n t e r v a l s  e .  T h e  p a t h  s u m  i s  t h e n  a n  

in t e r g r a l  o v e r  a l l  t h e s e  s p e c i f i e d  c o o r d i n a t e s .  T h e n  t o  a c h i e v e  t h e  

c o r r e c t  m e a s u r e ,  t h e  l i m i t  i s  t a k e n  a s  e  a p p r o a c h e s  0 .
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F o r  s m a l l  t i m e  s l i c e s ,

ร =  1 L ( x , x ) d t

=  ( m / 2 e ) ( x i  -  X j - i ) 2  -  e V ( x j ) ,  ( 2 . 1 2 )

s o  t h a t  ( 2 . 1 1 )  c a n  b e  w r i t t e n  a s

K ( x " ,  x ' ;  t" , t '  )  =  l i m  ( m / 2 7 t i / i e ) 3 N /2 J J . . J e x p  ( i / / i ) [  z  { (ท า /2 e ) (  X j - X i - i ) 2  
N - ~ ° o  i = i

- eV(xj) } ] d3x id 3X2 ...d3XN-]. (2.13)

F e y n m a n  w r o t e  t h i s  s u m  o v e r  a l l  p a t h s  in  a  l e s s  r e s t r i c t i v e  n o t a t i o n  a s

“*■ //
K ( x " ,  x ' ;  t" ,t '  )  =  j f  D [ x ( t ) ] e O T S [ x ( t ) ] , ( 2 . 1 4 )

w h i c h  i s  c a l l e d  a  p a t h  in t e g r a l .

P a t h  I n t e g r a l  o f  a  F r e e  P a r t i c l e

F r o m  ( 2 . 1 3 )  w e  c a n  c o m p u t e  t h e  p r o p a g a t o r  o f  a  f r e e  p a r t i c l e .  T h e  L a g r a n g i a n  

f o r  a  f r e e  p a r t i c l e  i s

L ( x ,  x )  =  ( l ^ m x 2 . ( 2 . 1 5 )

T h e  t h r e e - d i m e n s i o n a l  p r o p a g a t o r  i s  s i m p l y  t h e  p r o d u c t  o f  t h r e e  o n e - d i m e n s i o n a l  

p r o p a g a t o r s ,  s o  t h a t  t h e r e  i s  n o  p o i n t  in  c l u t t e r i n g  o u r  e q u a t i o n s  w i t h  v e c t o r s .  W e  w i s h

t o  e v a l u a t e
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K ( x " ,  x ' ;  t" , t ' )  =  l i m  e x p [ ( i m / 2 / z £ ) E  ( x ,  -  x i - i ) 2 ] (m /2 r â Æ £ )พ 2J-1

d x ] d x 2  . . .d x N - 1  . ( 2 . 1 6 )

๐0
T h i s  i s  a n  i n t e g r a l  o f  t h e  f o r m  J e x p  [ - a x 2 + b x  ] d x  w h i c h  i s  c a l l e d  a  g a u s s i a n

-0๐
i n t e g r a l .  S i n c e  t h e  i n t e g r a l  o f  a  g a u s s i a n  i s  a g a i n  g a u s s i a n ,  w e  m a y  c a r r y  o u t  t h e  

i n t e g r a t i o n s  o n  o n e  v a r i a b l e  a f t e r  t h e  o t h e r  w i t h  t h e  h e lp  o f  t h e  f o r m u l a

๐0
J(m/27nfæ)‘2/2exp[(im/2/ie){(x2-xi)2 -(x i-xo)2)] dxi 

-๐0

=  [ m / 2 r à f z ( 2 £ ) ] 1/2 e x p  [ { ท า / 2 i # ( 2 e ) } (X 2  -  x o ) 2 ] .  ( 2 . 1 7 )

A f t e r  t h e  i n t e g r a t i o n s  a r e  c o m p l e t e d ,  t h e  l i m i t  m a y  b e  t a k e n .  T h e  r e s u l t  i s

K ( x " ,  x ' ;  t" , t ' )  =  [ m / ( 2 7 r i / i ( t " - t ' ) ) ] 1/,2e x p [ { i m / ( 2 / i ( t ,/- t ' ) ) } ( x " - x ' ) 2 ] .  ( 2 . 1 8 )

T h e  Q u a d r a t i c  L a g r a n g ia n

I n  p r i n c i p l e ,  i f  t h e  p a t h  i n t e g r a l  i s  s t i l l  i n  a  g a u s s i a n  f o r m ,  i t  i s  p o s s i b l e  t o  c a r r y  o u t  

t h e  i n t e g r a l  o v e r  a l l  p a t h s  in  t h e  w a y  d e s c r i b e d  in  t h e  p r e v i o u s  s e c t i o n  . B u t  in  r e a l  

p r a c t i c e ,  i t  i s  t o o  c o m p l i c a t e d  t o  p e r f o r m ,  f o r  e x a m p l e ,  t h e  h a r m o n i c  o s c i l l a t o r  p r o b l e m .  

W e  n o w  i n t r o d u c e  s o m e  a d d i t i o n a l  m a t h e m a t i c a l  t e c h n i q u e s  w h i c h  h e l p  US t o  s u m  o v e r  

p a t h s  i n  s o m e  c e r t a i n  s i t u a t i o n s .  T h e  s i m p l e s t  e x a m p l e  t o  b e  s t u d i e d  i s  a  q u a d r a t i c  

L a g r a n g i a n ,  t h i s  c o r r e s p o n d s  t o  a  c a s e  in  w h i c h  t h e  a c t i o n  ร  i n v o l v e s  t h e  p a t h  x ( t )  u p  to  

a n d  i n c l u d i n g  t h e  s e c o n d  p o w e r .
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T o  i l l u s t r a t e  h o w  t h e  m e t h o d  w o r k s  in  a  s u c h  c a s e ,  c o n s i d e r  a  p a r t i c l e  w h o s e  

L a g r a n g i a n  h a s  t h e  f o r m

L ( x ,  x , t  )  =  a ( t ) x 2 +  b ( t ) x x  +  c ( t ) x 2 +  d ( t ) x  +  e ( t ) x  +  f ( t ) . ( 2 . 1 9 )

T h e  a c t i o n  i s  t h e  i n t e g r a l  o f  t h i s  f u n c t i o n  w i t h  r e s p e c t  t o  t i m e  b e t w e e n  t w o  f i x e d  e n d  

p o i n t s .  W e  w i s h  t o  d e t e r m i n e

r
K ( x " ,  x ' ; t " ,  f  )  =  J e x p [ ( i /Æ )  j L ( x , x , t ) d t ] D [ x ( t ) ] ,  ( 2 . 2 0 )

t h e  i n t e g r a l  o v e r  a l l  p a t h s  w h i c h  g o  f r o m  ( x ' , f )  t o  ( x " ,t " ) .  O f  c o u r s e ,  i t  i s  p o s s i b l e  t o  

c a r r y  o u t  t h i s  i n t e g r a l  o v e r  a l l  p a t h s  i n  t h e  w a y  w h i c h  w a s  f i r s t  d e s c r i b e d  b y  d i v i d i n g  

t h e  r e g i o n  i n t o  s h o r t  r im e  e l e m e n t s ,  a n d  s o  o n .  B u t  w e  s h a l l  n o t  g o  t h r o u g h  t h i s  t e d i o u s  

c a l c u l a t i o n ,  s i n c e  w e  c a n  d e t e r m i n e  t h e  m o s t  im p o r t a n t  c h a r a c t e r i s t i c s  o f  t h e  p r o p a g a t o r  

i n  t h e  f o l l o w i n g  w a y .

L e t  x ( t )  b e  t h e  c l a s s i c a l  p a t h  b e t w e e n  t h e  s p e c i f i e d  e n d  p o i n t s .  T h i s  i s  t h e  p a t h  

w h i c h  i s  a n  e x t r e m u m  f o r  t h e  a c t i o n  ร .  In  t h e  n o t a t i o n  w e  h a v e  b e e n  u s i n g

S c l [ x " , x ' ]  =  S [ x ( t ) ]  . ( 2 . 2 1 )

W e  c a n  r e p r e s e n t  X in  t e r m s  o f  X a n d  y ,

X X +  y . (2 .22)
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T h a t  i s  t o  s a y ,  i n s t e a d  o f  d e f i n i n g  a  p o i n t  o n  t h e  p a t h  b y  i t s  d i s t a n c e  x ( t )  f r o m  a n  

a r b it r a r y  c o o r d i n a t e  a x i s ,  w e  m e a s u r e  i n s t e a d  t h e  d e v i a t i o n  y ( t )  f r o m  t h e  c l a s s i c a l  p a t h ,  

a s  s h o w n  in  F i g .  1 1 .

F i g .  1 1  T h e  d i f f e r e n c e  b e t w e e n  t h e  c l a s s i c a l  p a t h  x ( t )  a n d  s o m e  p o s s i b l e

a l t e r n a t i v e  p a t h  y ( t ) .  T h e  e n d  p o i n t s  y ( t " )  =  y ( t ' )  =  0 .

A t  e a c h  t t h e  v a r i a b l e  X a n d  y  d i f f e r  b y  t h e  c o n s t a n t  X.  T h e r e f o r e ,  c l e a r l y ,  d x j  =  

d y i  f o r  e a c h  s p e c i f i c  p o i n t  t i i n  t h e  s u b d i v i s i o n  o f  t i m e .  I n  g e n e r a l ,  w e  m a y  s a y  D [ x ( t ) ]  

=  D [ y ( t ) ] .  T h e  i n t e g r a l  f o r  t h e  a c t i o n  c a n  b e  w r i t t e n  a s

t"
S [ x ( t ) ]  =  S [ x ( t ) + y ( t ) ]  =  J [ a ( t ) ( x 2  +  2 x y +  y 2  ) +  . . . ] d t  . ( 2 . 2 3 )
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I f  a l l  t e r m s  w h i c h  d o  n o t  i n v o l v e  y  a r e  c o l l e c t e d ,  t h e  r e s u l t  i s  j u s t  ร [ x ( t ) j  =  ร  c i [ x ( t ) ] .  

I f  a l l  t e r m s  w h i c h  c o n t a i n  y  a s  l i n e a r  f a c t o r s  a r e  c o l l e c t e d ,  t h e  r e s u l t i n g  i n t e g r a l  

v a n i s h e s .  T h i s  c o u l d  b e  p r o v e d  b y  a c t u a l l y  c a r r y i n g  t h e  i n t e g r a t i o n ,  h o w e v e r ,  s u c h  a  

c a l c u l a t i o n  i s  u n n e c e s s a r y ,  s i n c e  w e  a l r e a d y  k n o w  t h e  r e s u l t  i s  t r u e .  T h e  f u n c t i o n  x ( t )  i s  

d e t e r m i n e d  b y  t h i s  i s  v e r y  r e q u i r e m e n t .  T h a t  i s ,  X i s  s o  c h o s e n  t h a t  t h e r e  i s  n o  c h a n g e  

in  ร ,  t o  f i r s t  o r d e r ,  f o r  v a r i a t i o n s  o f  t h e  p a t h  a r o u n d  X.  A l l  t h a t  r e m a i n s  a r e  t h e  s e c o n d  

o r d e r  t e r m s  i n  y .  T h e s e  c a n  b e  e a s i l y  p i c k e d  o u t ,  s o  t h a t  w e  c a n  w r i t e

t"

S [ x ( t ) j  =  S c l [ x " , x ' ]  +  J [ a ( t ) ÿ 2  +  b ( t ) y ÿ + c ( t ) y 2  ] d t .  ( 2 . 2 4 )

T h e  i n t e g r a l  o v e r  p a t h s  d o e s  n o t  d e p e n d  u p o n  t h e  c l a s s i c a l  p a t h ,  s o  t h a t  t h e  

p r o p a g a t o r  c a n  b e  w r i t t e n  a s

1 ® r r ,  . , . , 1 ;K ( x " ,x ' ;  t " ,t ' )  =  e x p { ( i /Æ )S c i [ x " ,  x ' ] } I e x p [ ( i / / t )  J ( a ( t ) y  2 + b ( t ) y y + c ( t ) y  2 ) ] D [ y ( t ) j

( 2 . 2 5 )

S i n c e  a l l  p a t h s  y ( t )  s t a r t  f r o m  a n d  r e tu r n  t o  t h e  p o i n t  y  =  0 ,  t h e  i n t e g r a l  o v e r  p a t h s  

c a n  b e  a  f u n c t i o n  o n l y  o f  t i m e  a t  t h e  e n d  p o i n t s .  T h i s  m e a n s  t h a t  t h e  p r o p a g a t o r  c a n  b e  

w r i t t e n  a s

K ( x " , x ' ; t " , 0  =  F ( t " , t ' ) e x p [ ( i / / i ) S c l [ x " , x / ] ] .  ( 2 . 2 6 )

S o  K  i s  d e t e r m i n e d  e x c e p t  f o r  a  m u l t i p l y i n g  f a c t o r  F ( t " , t 7) w h i c h  m a y  b e  

d e t e r m i n e d  b y  s o m e  o t h e r  k n o w n  p r o p e r t y  o f  t h e  s o l u t i o n .  H o w e v e r ,  f o r  a  q u a d r a t i c
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L a g r a n g i a n ,  v a n  V l e c k  ( 2 6 )  a n d  P a u l i  ( 2 7 )  h a d  v e r i f i e d  t h a t  t h e  p r e - f a c t o r  F ( t " ,  f )  c a n

b e  e v a l u a t e d  e x a c t l y  b y  u s i n g  t h e  f o r m u l a

F (f ',f )  = det[(i/27rii}/(Scl[x",x,])]l/2, (2.27)
d\"d\

s o  t h a t  ( 2 . 2 6 )  b e c o m e s

K ( x " , x ' ; t " , f )  =  d e t [ ( i / 2 î r ô } ç L ( S c i [ x , , , x ' ] ) ] 1/2 e x p [ ( i / / z ) S c i [ x ,' , x ' ] ] .  ( 2 . 2 8 )

d x " 0 x '

I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  e x p r e s s i o n  K  -  e x p  [ ( i / / i ) S c l l  i s  e x a c t  f o r  t h e  c a s e  

t h a t  ร  i s  a  q u a d r a t i c  f o r m .

E x a c t  P r o p a g a t o r  o f  a  T w o - D i m e n s i o n a l  R a n d o m  S y s t e m

W e  n o w  c o n s i d e r  t h e  p r o b l e m  o f  a n  e l e c t r o n  c o n f i n e d  i n  t w o  d i m e n s i o n s  u n d e r  

t h e  i n f l u e n c e  o f  a  h o m o g e n e o u s  t r a n s v e r s e  m a g n e t i c  f i e l d ,  a  t i m e  v a r y i n g  e l e c t r i c  f i e l d  

a n d  a  r a n d o m  p o t e n t i a l .  H o w e v e r ,  in  t h i s  p r o b l e m  w e  r e p r e s e n t  t h e  r a n d o m  p o t e n t i a l  b y  

a  n o n l o c a l  h a r m o n i c  o s c i l l a t o r  w h i c h  w a s  f i r s t  i n t r o d u c e d  b y  F e y n m a n  ( 2 8 )  in  h i s  

e v a l u a t i o n  o f  t h e  p o l a r o n  p r o b l e m .  T h e  m o d e l  w e  u s e  h e r e  i s  r a t h e r  a n  i d e a l i z e d  o n e ,  b u t  

i t  m a y  b e  r e l a t e d  t o  t h e  b e h a v i o u r  o f  a n  e l e c t r o n  m o v i n g  in  a n  e x t e r n a l  m a g n e t i c  f i e l d ,  

e l e c t r i c  f i e l d  a n d  d i s o r d e r  p o t e n t i a l  w h i c h  i s  o f  p r e s e n t  i n t e r e s t .  A l t h o u g h  t h e  p r o b l e m  

i s  o n e  o f  m a t h e m a t i c a l  c o m p l e x i t y ,  t h e  L a g r a n g i a n  o f  t h i s  s y s t e m  i s  q u a d r a t i c ,  a n d  t h e  

p r o p a g a t o r  c a n  b e  e v a l u a t e d  a n a l y t i c a l l y .

T h e  L a g r a n g i a n  o f  t h e  e l e c t r o n  s u b j e c t  t o  a  c o m b i n a t i o n  o f  a l l  p o t e n t i a l s  

m e n t i o n e d  a b o v e  w i t h  t h e  m a g n e t i c  f i e l d  t a k e n  in  z - d i r e c t i o n ,  i s  g i v e n  b y
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L ( T , r , t )  =  y [ x 2 + y 2 +  Q ( x y  -  y x  )  ] -

X J  [ r  (  t )  -  r  (  G  )  ] 2 d a  +  e  E  (  t  ) .  r  (  t )

0  ( 2 . 2 9 )

W h e r e  r  =  (  X,  y  ) ,  Q . =  —  i s  t h e  c y c l o t r o n  f r e q u e n c y ,  CÙ d e n o t e s  t h e  n o n l o c a l
m e

o s c i l l a t o r  f r e q u e n c y  a n d  E  (  t  )  r e p r e s e n t s  t h e  t i m e  v a r y i n g  e l e c t r i c  f i e l d .  T h e  r e q u ir e d  

p r o p a g a t o r  c a n  b e  w r i t t e n  in  t h e  p a t h  in t e g r a l  f o r m ,

m e a s u r e  o f  t h e  p a t h  i n t e g r a l  t o  b e  c a r r i e d  o u t  w i t h  t h e  b o u n d a r y  c o n d i t i o n s

r ( o )  =  r  a a n d  r  (  T  )  =  r  b . T h e  p r o p a g a t o r  i n  e q u a t i o n  ( 2 . 3 0 )  c a n  b e  

r e w r i t t e n  a s

K ( T b , r a; T )  =  J j D [ x ( t ) ] D [ y ( t ) ] e x p [ i ( ^  J  (  X 2 + y  2 + Q  (  x y  -  y x  )

( 2 . 3 0 )

-  CO2 ( x 2 +  y 2 )  )  d t
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I  โ  T T
+  2Y  Cù2 [ j * j x ( t ) x ( a ) d t d a  +  J  J  y  (  t  )  y

0 0 0 0
T  T

+  e [  J  E x (  t  )  X (  t  )  d t  +  J  E y (  t  )  y  (  t  )  d t  ] )  ]
0 0

G  ) d t  d o  ]

( 2 . 3 1 )

E x ( t )  a n d  E y ( t )  d e n o t e  t h e  c o m p o n e n t s  o f  E  ( t )  i n  t h e  X a n d  y  d i r e c t i o n s

r e s p e c t i v e l y .  U n f o r t u n a t e l y ,  t h e  L a g r a n g i a n  o f  s u c h  a  s y s t e m  i s  r a t h e r  c o m p l i c a t e d  a n d  

t h e  p a t h  i n t e g r a t i o n  c a n  n o t  b e  c a r r i e d  o u t  d i r e c t l y .  T o  a v o i d  t h i s  d i f f i c u l t y  w e  f o l l o w  

S t r a t o n o v i c h  ( 2 9 )  b y  u s i n g  t h e  i d e n t i t y

T T T T

e x p  ( k  2 T  0 )2  (  1 1  x  ( 1 )  X (  o  )  d t  d a  +  1 1  y  (  t )  y  (  a  )  d t  d o  )  )
0 0 0 0 

T  T

=  <  e x p  ( i  (  f x I  X (  t  )  d t  +  f y J  y  (  t  )  d t  )  )  > ^ 1 f  ( 2 . 3 2 )
0 0

t o  t r a n s f o r m  e q u a t i o n  ( 2 . 3 1 )  i n t o  a  s o l u b l e  f o r m .  A p p l y i n g  ( 2 . 3 2 )  t o  ( 2 . 3 1 )  w e  h a v e

K ( r b , r a; T  )  =  <  K e ff  (  r  b ’r  a; T  > f  5 f  ( 2 . 3 3 )

w h e r e  K  6 (  r  5r  a; T  )  i s  t h e  e f f e c t i v e  p r o p a g a t o r .  T h i s  p r o p a g a t o r  c o r r e s p o n d s  t o

t h e  s y s t e m  o f  a n  e l e c t r o n  m o v i n g  in  t h e  p r e s e n c e  o f  a  m a g n e t i c  f i e l d  a n d  f o r c e d  

h a r m o n i c  o s c i l l a t o r  p o t e n t i a l  a n d  i s  g i v e n  b y

T

K e ff  ^ b ’^ a ; T )  =  j* j D [ X ( t ) ]  D [  y  ( t ) ]  e x p  [ ^ -  ( y j  ( x 2 +  y 2 +  ท  ( x y  - y x  )
0
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T T

- c o 2 ( x 2 + y 2 ) ) d t  +  J ( e E x ( t )  +  f x ) x ( t ) d t  +  J ( e E y ( t )  +  f y ) y ( t ) d t . ) ]

0  0

( 2 . 3 4 )

T h e  n o t a t i o n  < ................>  f  j- d e n o t e s  t h e  G a u s s i a n  a v e r a g e  d e f i n e d  b y

f  f  e x P  [ ■  • f l T  • ( *x +  * y  )  ] A d f x d f y  J J 2hmco2 y y
<  A  >

f* ’ fy

n e x p [ - พ  ๙ — )1ฟ้^

( 2 . 3 5 )

U s i n g  t h e  v a n  V l e c k  -  P a u l i  r e s u l t ,  w e  c a n  w r i t e  t h e  e f f e c t i v e  p r o p a g a t o r  a s

K e ff  ( r b / a; T ) F eff (  T ,  0  )  e x p  [ i  ร ^  (  T b , r 3; T  )  ] ( 2 . 3 6 )

w h e r e  F g f f (  T , 0  )  i s  t h e  p r e - e x p o n e n t i a l  f a c t o r  a s s o c i a t e d  w i t h  t h e  e f f e c t i v e  c l a s s i c a l  

a c t io n

sI1ff<V„;T> = J= l ]L e ff ( " 01, 1, t ) d t ( 2 . 3 7 )

a n d  i s  e v a l u a t e d  b y  u s i n g  t h e  f o r m u l a
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F „ ( T , 0 )  = d e . [ _ - L
27111

: ^ < O T A t >) ]  1 ( 2 . 3 8 )

T h e  r  c 1 a p p e a r i n g  in  e q u a t i o n  ( 2 . 3 7 )  r e p r e s e n t s  t h e  c l a s s i c a l  p a t h  o f  a n  e l e c t r o n  in  t h e  

e f f e c t i v e  s y s t e m  w h i c h  c o r r e s p o n d s  t o  a n  e f f e c t i v e  L a g r a n g ia n ,

L e f f ( r , r , t )  =  [ x 2 + y 2 +  Q ( x y - y x )  -  CO2 (  x 2 +  y 2 ) ]

+  ( e E x ( t )  +  f x ) x  +  ( e E y ( t )  +  f y )  y  . ( 2 . 3 9 )

A .  E f f e c t i v e  c l a s s i c a l  a c t io n

W e  n o w  w i s h  t o  c a l c u l a t e  t h e  e f f e c t i v e  c l a s s i c a l  a c t i o n  ร c ' (  r  r  : T  )e f f  v b’ a’ '

c o r r e s p o n d i n g  t o  a n  e f f e c t i v e  L a r g r a n g ia n  L eff  (  r  ,r  t ) .  T o  s i m p l i f y  t h i s  p r o b l e m  w e

e m p l o y  t h e  2  X 2  m a t r i c e s  i n t r o d u c e d  b y  P a p a d o u p o u l o s  ( 3 0 )  i n  h i s  w o r k  o n  t h e  

m a g n e t i z a t i o n  o f  h a r m o n i c a l l y  b o u n d  c h a r g e s

■ - O ' O '  - C O

w h i c h  o b e y  t h e  r e l a t i o n  J  =  - I .  L e t  u s  r e p r e s e n t  t h e  c o m p o n e n t  o f  r  

t o  t h e  m a g n e t i c  f i e l d  b y  a  2 X 1 m a t r ix

( 2 . 4 0 )

p e r p e n d i c u l a r

r1 (2.41)
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S i m i l a r l y ,  t h e  d r i v i n g  f o r c e  o f  t h e  e f f e c t i v e  s y s t e m  c a n  b e  r e p l a c e d  b y  ,

p = f + e E  = A + e 5x<‘ > \
1 4  4 y  fy+  eEy( 1 ) y

( 2 . 4 2 )

F r o m  ( 2 . 3 9 ) ,  ( 2 . 4 0 ) ,  ( 2 . 4 1 )  a n d  ( 2 . 4 2 ) ,  w e  s e e  t h a t  t h e  e f f e c t i v e  L a g r a n g i a n  in  m a t r ix  

f o r m  c a n  b e  w r i t t e n  a s

"̂eff ( r ’ r ’ ) = (  r  ^  -  co2 r ^  -  Q r ^ J r  ^ ) +  F  ^ ( 2 . 4 3 )

w h e r e  r  ^  a n d  F  ^  d e n o t e  t h e  t r a n s p o s e  o f  r ^  a n d  F ±  r e s p e c t i v e l y .  E q u a t i o n  

( 2 . 4 3 )  l e a d s  t o  t h e  e q u a t i o n  o f  c l a s s i c a l  m o t i o n

F
r  +  Q  J r  +  C02 I  r  =  ——

-L JL 1  m ( 2 . 4 4 )

s u b j e c t  t o  t h e  b o u n d a r y  c o n d i t i o n s

r ± ( 0 )  =  rx
G ; )  ,

( T )  = r
G : )

( 2 . 4 5 )
T h e  s o l u t i o n  o f  ( 2 . 4 4 )  c a n  b e  s p l i t  i n t o  t w o  p a r t s ,

r x ( t )  =  r ± c ( t )  +  ri p ( . ) ( 2 . 4 6 )

w h e r e  r ^ c (  t  )  i s  t h e  s o l u t i o n  o f  a  h o m o g e n o u s  e q u a t i o n ,

r  + Q  J r  +  Cl)21  r ^ 0 ( 2 . 4 7 )
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The auxiliary equation associated with (2.47) is 

R2 + £2 JR + ๓2 1 = 0

which is satisfied by the matrices 

R 1 = - £>J + q 'j

R2 = - f  J - n  J

i
where ท ่ =  ( —2 + พ2 ) 2 . We then have 4

(2.48)

(2.49)

r ( t )1C
- — Jt2 1. ท’ J t - £2' J t T1 .e ( e A + e B ) , (2.50)

where A and B are arbitrary constants. Note that a matrix of the form e± J

property

e1J<p = I cos cp ± J sin cp (2.51)

After applying the boundary conditions, equation (2.50) becomes

■ Jt — JT
r ( t ) =1C sin ( ท , T ) [ e 2 sin ( D 't ) r + sin ( Q' ( T - 1 ) ) r1

We now consider r p̂( t ) which satisfies the inhomogenous equation

 ̂ has the

(2.52)
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(D 2 + Q JD  + Q2 I )r  = (2.53)i- m

where D denotes the differential operator . To calculate r ( t ) we shall use the
dt

Green ' ร function method. After getting the Green ' ร function g ( t, ร ) which 
obeys the relation

(D 2+ Q J D  + Cù2 I ) g ( t ,  ร) = 8 ( t - s ) (2.54)

we obtain the solution of r̂ p ( t ) . The result is

v->  - น ^ T ^ (2.55)

The Green ' ร function g ( t, ร) can be evaluated exactly from (2.54). 
We find
g ( t, ร) = 1

ท '  sin ( ท '  T )
[ H ( t - ร ) sin ( ท  ' ร ) sin ( ท ' (  T - t ) )

+ H ( ร -1 ) sin ( ท '  t ) sin ( ท '  ( T - ร ) ) ] e (2.56)

with H(t-s) and H(s-t) being the Heaviside step function obeying the relation

H(x) 1, X > 0

0, X < 0 (2.57)

Finally we obtain the general solution
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r, ( t )  = r ( t ) + r ( t )_LC IP
Jt

sin Q' T
■ 7 J T( e 2 sin ( Q  ' t ) + sin ( Q !  ( T - 1 ) ) r )

+ F . ( ร ) ds.
(2.58)

We now focus our attention on the effective classical action

i  T ) ,

T T
cl , m f • 2 , m f _  - . 0 2

^  r dt -2 J I f  J ( n ; i , r  1+ “ ( > *
0 0

T

+ โ F r dt
J I I  
0 (2.59)

Integrating by parts the first term of (2.59) and applying the equation of motion (2.44), 
we obtain

T

O - V V T )  = y f r x( T ) r  1(T )-'r  1( 0 ) r  1.( 0 ) ) + i  J t  1F1dt . a 60)

The complete solution for the effective action is
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Self < * ๙ \ะ  T ) = ?
m Q' — JT
„ ( cos ( O' T ) ( r ' 2+ r 2 ) - 2 r e 2 r )2 s i n ( ü ' t )  1 J- 2 2

+ p ±c( t ) F i dt + i | J ' F i ( , ) g ( t , s ) ^ <S> dsdt

(2.61)

The pre-exponential factor associated with the effective propagator can be 
evaluated exactly. It is found that

Feff( T ,0 )  = m Q'
2 k  i  h sin ( Q' T ) (2.62)

From (2.36), (2.51) and (2.62) we obtain the effective propagator

Keff ( r b, r a; T ) = <■
m Q' ) exp [^- ( ■ ft [ cos ( Q' T )

2 k  Hi s i n  (Q' T )  h  2  s i n  (  Q ' T  )
-O T

H V 2 r j  +  J r  1 c (  t )  F ± (  t  )  d t
0

T T

+ J J f  1( t ) g ( t ,  ร ) F ,(ร )  dsdt ) ] 
0 0 1 ±

(2.63)

B. Exact propagator

Let us now go back to the original propagator. From (2.33) we have
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K ( ï \ , r  3; T ) = < K»ff T ) >effv b’ a’ f , fX y
(2.64)

By splitting F± into two parts, = f + e and then performing the Gaussian 
average we obtain the desired propagator

K ( r b,r a; T ) = F ( T ) exp [ ^  (ร c01 ( r b,r a; T ) + e J  R 1c ( t ) £ 1( t ) dt
0

2 IT
+ —  J J i 1( t ) G ( t , s ) E ±( ร )  dsdt ) ]

0 0
(2.65)

-QJT
where ร^ ( r K,r 0 ; T ) = ---- ------------[ cos ( Q' T ) ( r2 + r2 ) - 2 r  e 2 r ]o v b’ a '

+

2 sin ( ท , t )

men4 sin ( Q '  T )

1 ±  1  

TT

4 Q .' ( cos (-O-T) - cos ( Q .' T ) ) 0 0JJ r~±c( , ) r ±c(s)d sd t

m û '

2 sin ( Q1 T )
~rJT[ cos ( Q' T ) ( r2 "+ r2 ') - 2 r  ̂e 2 r j

----- — ------ [ ( cos ( ”7  T) -  cos ( Q' T ) ) ( r '1 + r )2+ 4 sin ( Q' T ) 2 J- J-
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+ ±  ( Q ' s i n ( i n L ) _ n si n ( Q ' T ) ) ^ j /  

( Q ' s i n ( . Q I ) - £ sin ( C ! 'T ) ) 2

^  ( cos ( ■^-) -  cos ( Q '  T ) )
(2.66)

-  , v -  , x ๙  sin ( ท 1 T ) f~  f
R l c ( t )  = r i c ( t )  + -----------■ -------------------------  J r i c ( a ) d o  J g ( ร ,  t ) ds

2 f t ' ( cos (-^ -)  - cos ( Q’ T ) ) 0 0

1 ~ J T  J j t
=  ------- --------( sin ( ft ' ( T - 1 ) ) r + sin ( ft' t ) r e ) e

sin ( ft ' T ) 1 1

1 _,1 1 ( ท , sin ( ^ )  - Y  s in (Q 'T ))
2 sin ( Q  T ) Q 1 2 ( cos ( XOL ) - cos ( Q1 T ) )

X ( T - r J  J] [(s in  (O' ( T - t ) )  + sin ( ft' t ) e 2 ) e 2

- sin ( ft’ T ) ]'
(2.67)
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G ( t, ร) =

with F (T )

g ( t , ร ) +■
๙  sin ( ท , T )

QT\
1

Q’ sin ( Q' T )

2Q' ( cos ( — ) -  cos ( Q' T ) ) 0 0 2
[ H ( t - s ) sin ( £2' s ) sin ( Q' ( T - 1 ) )

T T
J J g ( t , f  ) g (ร', ร )  df ds'

■ J(s-t)
+ H ( ร - 1 ) sin ( Q' t ) sin ( Q' ( T - ร ) ) ] e ‘

- n

+ [ 1
2 Q sin ( Q T ) ( cos ( ) - cos ( Q T ) )

■ ][e

X ( sin Q ( T -  t ) )

y  J T -J  J s
+ sin ( Ç ï t ) e 2 - sin ( Q' T ) ] [ e 2 ( sin ( Q' ( T - s ) )

- ^ - JT
+ sin ( Q' ร ) e 2 ) - sin ( Q .' T ) ]

(2.68)

m T (ง2

4 i fi7t ( cos ( •=^-) - cos ( Q'T ) )

m T Cü2

7 c 8 i * s i n ( l ( Q I + £ ) T ) s m ( i ( Q 1- £ ) T )

(2.69)



48

We now consider the special case when the external electric field E  ( t) is 
zero. Equation (2.65) reduces to

V  ,  - -  T , r n T e f  i m
K ( ¥ ๙ F.;T) = ------------------------------------- exp[i F . ;„ ท.T,4 i fi K  ( cos ( i y -  ) - cos ( 12' T ) ) 2 sin ( 12 T )

2 — JT
X [ c o s ( 1 2 ' T ) ( /  2+ r^2) - 2 r ^ e 2 r )

+ ----- m ^ ----- [ ( cos ( i l l )  - cos ( 12’ T ) ) ( r + r ' )24 sin ( 12'T ) 2 1 J-

+ - ^  ( 12’ sin ( i l l )  - £  sin ( 12' T ) ) r /

1 ( 12' sin ( 0 2 . ) .  Ü  sin ( 12' T ) )2( /  - r±)2 ] ) ]

( cos ( i l l )  - cos ( 12' T ) )

(2.70)

By using the identities e J(p = I cos <p ± J sin (p ,

and = equation (2.70) can be written in a usual representation as

K( r b,ra;T) = m T CO2  e p [^ ( m
4 7t i ft ( cos ( -~-T ) - cos ( Q1 T ) ) ^ 2 s in (1 2 T )

X  [ ( X2 + y2 + X 2 + y2 ) cos ( 12’ T ) + 2 sin ( i l l )  ( Xay b- xby2)
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- cos(Ç .T ) (x axb+ yayb) ) ]

+ ----- ------------ [ ( cos ( £££) - cos ( ท' T ) ) ( ( xb+ xa)2+ ( yb+ya)2)4 sin ( Q ’ T ) 1

+ -^7  ( ท '  sin ( ■“  ) - Y  sin ( Q’ T ) ) ( xbya - xayb )

1 ( ท 1 sin (£Ç ) - Y  sin ( ท '  T ) ) 2
ท'2 --------------------- ----------------------  ( ( X, - X )2+ ( y, - y )2) ] ) ]

( cos ( £ 1 )  - cos ( Q’ T ) )

(2.71)

This is the exact propagator of an electron moving in two dimensions under the 
influence of a transverse magnetic field and a nonlocal harmonic oscillator potential. We 
consider the two limiting cases :

a) When the nonlocal harmonic oscillator potential approaches zero, the system 

of interest corresponds to the case when CD —» 0  , and Q- ü  . First we consider

the pre-exponential factor of (2.71)
2

F ( T )  = -----------------m T o?-----------------
4 K  i*fi ( cos (-^-) - cos ( O’ T ) ) (2.72)

If we take the limit Q '  —> —2 o r  CD —> 0  , t h e n
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m T ( Q' + Y  ) ( O' - Y  )

CO -» 0 Q’ - > Y  8 : t if is in (  2 ( Q’ - - § ) T ) si๒ ( ^ (O' + ^ 2  )T )

ท ' -» Y

= ( 2 if, T ) ( :_Q QT ) (2.73)27tiftT  2 sin (^Y~)

( Note that CO2 = ท '  - Y~ = ( ท ’ - Y  ) ( ท '  +  Y  ).) One can easily verify that 
when

ท ' - )  —  the exponential term of (2.71) reduces to 2
exp [ ] r  ----- — -----  ( cos ( Y 1  ) ( x 2 +  x  +  yb+ ya ) + 2 [ sin ( )

* 4 s m ( f î t )  2 2

x ( xayb- ฟ  - cos ( - ^ )  ( xbxa+ ybya) ] ) ]

= exp [ ft f  ( f  COt ( ^  ( ( V  Xa)2 + ( yb- ya)2 + Q  ( Xa V  ฟ  ) ]

(2.74)

Thus, from (2.73) and (2.74) we get, when CO —> 0

3;T) = (T ~ Y t  } ( ~ ° T oT~ } exp [ 2ft ( f  COt ( ̂  [ ( Xb~ Xa)22 tt if tT  2sin(-£T ) Z i l  z  z

+  ( yb- ya)2 ] + Q ( xayb- xbya) ) ] (2.75)
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This is the propagator of a charged particle confined in two dimensions in the 
presence of a transverse magnetic field.

b) When the magnetic field goes to zero, this limiting case corresponds to the
case when Q  —> 0 and Q '  —> 0) . We first consider the pre-exponential factor of
(2.71). In this case

M M ,: ท 2>°» 8 * i * * 4 ( f f - Û ) T ) d » 4 ( û ' + f l ) T )
lim F( T ) = lim mTco2

(2.76)

and the exponential term of (2.71) when Q —> 0 becomes

[ ( V  V  y l +  Yb ) cos ( 0)T ) -  2 ( xbx3+ ybya ) ]

4 sin ( coT ) [ ( 1 - cos ( COT ) ) ( ( xb+ xa)2+ ( yb+ y3 )2) ] ) ]

i m COcot ( ^ )  [ ( x b- xa)2 + ( y b- ya)2] ) .

(2.77)

From (2.76) and (2.77), it follows that
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X [ ( xb- x /  +  ( yb- y 2)2] )
(2.78)

This is the propagator of a particle confined in two dimensions under the influence of a 
nonlocal harmonic oscillator potential (31).

The Density of States

If we have a function N(E) which is the total number of states at a given energy E 
of an electron-atom system, then a function which is called the density of states is 
defined by

where En is the energy of the nth eigenstate, V is the volume of the system. If the 
system is disordered, we must average (2.80) over the statistical ensemble for the 
random potential. It is convenient to consider the density of states in the form of (2.80), 
and in order to apply the path integral method to (2.80), one converts the right hand side 
of (2.80) into an integral form to get (31),

ท(E) = d N(E). (2.79)

or, equivalently,

ท(E) = (1/V)£ 5(E - En ), (2.80)ท=1
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๐0
ท(E) = (1/27๗2) Je[(i/£)ET]Tr K(x",x'; T)dT, (2.81)-0๐

where the operator Tr denotes the trace of K. The function K is a retarded propagator 
describing the propagation of an electron from point x' to point x", and where x' and x" 
are vector positions of the electron in d dimensions. If the propagator K is invariant 
under translation of X, this means that

K(x",x';T) = K(x"-x';T), (2.82)

so that for finding the density of states, the end point x" and the initial point x' must be 
the same. It therefore follows that

CO

ท(E) = ç v / 2 n f i )  Je[(i/^)ET] K(0,0;T)dT. (2.83)

Now applying (2.83) to (2.71) , one finds the density of states of an electron in the 
absence of an electric field,

ท (E) = qftm A 
2 k

ï  I  0 Ô’ [E - (ร + i ) t ia - (n + i) t f (3 ] ,

(2.84)
where 5 ’ denotes the derivative of the Dirac delta function with respect to its

argument, A is the area of the sample Q i =  Ç Ï  +  £ L  and [3 = Q !  -  Q  . After

employing the relations



54

พ  X _ s ( x )0 ( x )  = -

8 ( - x )  = 6 ( X )
(2.85)

we obtain

ท ( E )  =
apm  A 

2 k

๐0 oo 5 [ ( ร + ̂ )fia + ( ท +i)fi(3-E ]
ŝ ° ” = °  [ ( s  + I ) f i f t  + ( n + I ) f i p - E ]  (2'86)

We now consider three limiting cases of this result.

1) When the nonlocal harmonic oscillator potential goes to zero, which

corresponds to the case CO—>0,  ท ' — ^ ^ - ,  c i —» £2 and p —» 0 , equation
(2.86)reduces to

QraA ~  1ท (E)  = - p -  I  S [ E - ( s  + 4 ) b Q ]  (2.87)
2 k  -ft ร =  o  2

This is exactly the well known density of states of an electron confined in two 
dimensions under the influence of a homogeneous transverse magnetic field (16).

2) When the magnetic field approaches zero, Q —> 0 , f l  —» CO

and a  =  p —> CO . From (2.86) we obtain



55

ท (E ) = m A CO2 
2 k

1ร= 0 h o

ร [ ( ร  + n +1 ) f i๓ -  E] 

[ ( s  + n + 1 ) h c o - £ ]
(2.88)

which is the density of the states of a two dimensional nonlocal harmonic oscillator.

3) When all potentials approach zero, namely, (ง = Q = (X = p —>0;  one 
can verify that ท(E) in expression (2.86) reduces to the constant density of states of a 
two dimensional free particle,

m Aท(E) = — -  
2 k  f i '

(2.89)

From the application of the exact propagator for the case of no electric field it is 
shown that, when the nonlocal oscillator frequency approaches zero, Eq. (2.86) 
reduces to Eq. (2.87) which is the density of states of a free electron confined in two 
dimensions under the influence of a transverse magnetic field. It is known that the ท(E) 
in the expression of Eq. (2.87) gives an experimental density of states of a two 
dimensional electron gas such as that on the surface of a semiconductor, for example a 
silicon field effect transistor, which is necessary for the observation of the quantized 
Hall effect. The density of states expression in Eq. (2.86) which includes the nonlocal 
harmonic oscillator potential is seen to consist of the sum of numerous Dirac delta 
functions with difference amplitudes. The model presented in this manner is a rather 
idealized one and the ท(E) expression does not show the behaviour of broadening 
beyond the Landau levels due to a disordered potential. To obtain a reasonable density 
of states including gaussian broadening we must go beyond the zeroth order cumulant 
approximation. The procedure for the calculation of the cumulant approximated 
propagator will be found in chapter III.
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