CHAPTER I
PROBLEM SOLVING METHOD

3.1 Partial Difference Equation (PDE) Theory

Linear partial difference equation are of the second order are
frequently referred to as being of the elliptic parabolic, and hyperbolic. Such a
classification is possible is the equation has been rearranged, to the form

424 1noscu+D =0 (3.0)
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in which the coefficient Aj, evaluated at the point (Xi, X2, 58 ...vvvvree Xn. is
dependent variable and xi are independent variable. Since the coefficient A,
Bj Tand D are function of variable(Xi, X, % .........oee.. xn),the classification of
Partial Difference Equation may vary according to the particular point being
consider in the (Xi, X%, X vrcern Xn) space. Very frequently, one of the
Independent variables — will be time t and the remainder will be distance
coordinate x y and . When using a finite-difference technique to solve a
Partial Difference Equation a network of grid point is the first established
thought out the region of interest occupied by the independent. (Wilkes, 1969)

32 The Finite Difference Approximation
Suppose for simplicity that = (x,y).Assuming that ~ propose a sufficient

number of partial derivatives, the value of at the two points(x, y) and (x+h , y+k)
are related by Tarlor’s expansion:

(x+ N,y +k) :u{x,y)+{ha +kd—y)u{x,y) +ﬁ(h& +kd—y)2u{x,y)+....

where the remaining term is given by



. h%;w}d—dy (x +Ch,y + CK) (32)

Expanding in Talor's series for G-1jand about the central value 3we obtain

1 - Axux. (At , (Ax)3 v, (3.3)
UMJ = UJ + Axu, ¢ (;A‘i()z +1p(A?J()3U«X - (3,4)

Here x=nricrute=2 o %tc, all derivatives are evaluated at grid-point

(1,))-By taking these equations single, by adding or subtracting one form the other, we
obtain the following finite-difference formulas are obtained for the first and second
order derilative at ()):

(I-+]) (ii+) (i+1,i+1)

AY
: 1 (1,) o
(i-1,) l (|+|,|)
— AX —>
6oL () (i+1,)

Figure 3.1 The coordinate inx and , direction.
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du iy —Uad

o +0(AY) (3.6)
du *i-hi

i - "+ 0(AX)2 (3.7)
du = UMJ-2u 3+ hj

I ) + 0 (AX)2 (38)

Formulas are known as forward backward and central difference form
respectively. Similar forms existfor ~ sand d~y/ It also be shown that

A~ witg A - iy = U #e 29
dxdy AAXAY (39

By taking more and neighboring points, an unlimited number of other
approximation can be obtained, but above forms are the most compact.

For convenience, the central difference operator defined by Ox will be used
occasionally. It is defined by

- Uj+|.jAXu I (3.10)
where
s, M —(2':)3; b (3.11)

(Wilkes, 1969)
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33 The Implicit Form of the Difference Equation

The explicit method previously described 5;; depends only on vi_in i.via i and
vj+in-1 area A can have any influence on the value of vin whereas it is known that the
solution (x,y) ofthe partial difference equation depend on the value of both in A
and in B in the time earlier than tn

Furthermore, the convergence criterion  0<AY(Ax)<=1/2  places
undesirable restriction on the time increment which can be used. For problems
extending over large values of time, this could result in excessive amount of
computation.

The implicit method, overcomes both these difficulties at the expense of
some what more complicate calculation procedure from evaluating at the advance
point of time tn.1 instead of at tn as in the implicit method. The difference equation
with finite difference approximation becomes

Vio+tl - vl V[-1,B+1 - 2v,,+i + v +1, +,

A - (AX)?

That is the following relation existed between the value of v at four points
shown in the space time grid

toi- 1Bt + (L4 2T)V,, #1-Avi+ine] =v,, (3.14)
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Figure 3.2 The implicit form.
(Wilkes, 1969)



34 The Implicit Alternating-Direction Method

The implicit alternating-direction method (IAD) provides a means
for solving the parabolic equation in two dimensional by using tridiagonal
matrices. Each time step consists of two half-time steps. For the first half-time
step, the equation (3.15) is approximated by

. ® c
CDUAﬁ I =5}y, +4,, (3.15)
Followed by
®;, . -;
" A (D"=éx®lj +8y0ijn (3.16)
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Rearrange and simplify, these equations to get equation 3.17 and 3.18

cUje2 g L0 ER, 2 —Tay vey (3.17)
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and

Bt s i e b - s 1 @ T-®540 (3.18)
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35 Equation Resulting from the Implicit Method

For the solution of equation resulting from the implicit alternating-
direction method, the equation is approximated by

(L+ 200, H—2A82 #1 = (&L + Agoh.i)
0 KL+ (L+ 210)0% M-A0:414=0,, for 2<i<M-2 (3.19)
N Q20+ 0 + 2A)0%_THL- 20% 741 = OmIL+ Agl(tne)

Express more clearly, system of equations are special form system

d+24(/)o;)-2410%= 0
0, 7+(i+2")o*7-4.0;7= 1

0, 7+([+2AN)o;7  otu=1 (3.20)

4, M3 +(1422,,)0:127- 2,10 7=dm?2
N @20 (1420 K. dms
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