
CHAPTER I

BASIC DEFINITIONS AND THEOREMS

Let R be a commutative ring and M an R-module. A mapping D of R into M is 
said to be a derivation of R into M if it satisfies the following conditions:

(1) D(x+y) = D(x) + D(y) and

(2) D(xy) = xD(y) + yD(x) for all X and y in R.

Immediate consequence is that for every X in R and for every positive integer ท we 
have D(xn) = nxn‘^D(x). In particular, if R has an identity 1, then D(l) = 0. If A is a
subset of R such that D(x) = 0 for every X in A, then we say that D is trivial on A or D
is an A-derivation of R into M. A derivation of R is simply a derivation of R into R.

Lemma 1.1 ([10]). Let R be an integral domain and K the quotient field of R. Let D 
be a derivation of R into K. Then D can be extended, in a unique way,to a derivation 
D'ofK. Furthermore, for X, y in Rand y?0we have
(1.1) D'(x/y) = (yD(x)-xD(y))/y2.

Proof. We first show that (1.1) is well-defined. Let X, x', y, y' e R and both 
y and y' ^ 0 be such that x/y = x'/y'. So xy' = x'y and hence

y'D(x) - x'D(y) = yD(x') - xD(y').
Dividing the above equality by yy' and then substitute x/y = x'/y', we get

(yD(x) - xD(y))/y2 = (y'D(x') - x'D(y'))/y'2

To show that D' extends D, note that
D'(x) = D'((xy)/y) = (yD(xy) - (xy)D(y))/y2 = D(x).
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D(x) = D'(y(x/y)) = yD'(x/y) + (x/y)D(y)
which shows that relation (1.1) holds for every derivation D' of K which extends D. #

Example 1.1. Let R be a commutative ring with identity 1. For each j = l,...,n, 
define Dj : R[Xi,...,Xn] -» R[Xi,...,Xn] as follows:

if f -  Z a k] 1...,k 11 Xkl - X k" in R[X 1, ,.„xn], then

Dj(0 -  I « k 1„ k nkjXf1 - X ^ ‘ 1 ..-x‘ ".

It is easily checked that Dj is an R-derivation of R[Xi,...,Xn] and also trivial on 
R[Xi,...,Xj_i,Xj+i,...,Xn]. Note that these Dj,...,Dn are familiar partial derivations.

Example 1.2. Let R be a commutative ring with identity 1, and D a derivation of R. 
Define D0: R[Xlv..,Xn] -> R[Xj,...,Xn] as follows :
if f = I a kj...1111 in Rrxi....,xn], then

Do(f)= XD(ak 1 ...,kn)X1k l-x J ;“ .

Then D0 is a derivation of R[Xi,...,Xn]

Lemma 1.2 ([10]). Let F be a field, K = F(xj,...,xn) a finitely generated extension 
field of F, D a derivation of F into K, and {ui,...,un} a set of ท elements of K. For 
each f G F[X],...,Xn], we define

HfCXi,...,Xn) = D0(f) + i  uiDi(f), 

where the Dj and D0 are derivations of F[Xj,..., xn] defined by

That the mapping D' is a derivation is straightforward. Finally the uniqueness of D'
follows from
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Di (ax]f1 • • • • • • x£n) = axf1 • • ■ IqX^ " 1 • • • x|jn and

DoCaxf1 - x j jn) = D(a)xjCl •••X^n, respectively.
Then there is a unique derivation D'of K extending D and such that D'(xj) = U j  

for i = l,...,n if and only if FIf(x 1,...,xn) = 0 for all f G F[Xi,...,Xn] with
f(xl5...,xn) = 0 .

Proof.(==>) Assume that there is a unique derivation D'of K extending D and such 
that D'(xj) = Uj for i = 1,...,ท. Then, by induction, we have that for every polynomial
g G F[Xb...,Xn],
(1.2) D'(g(xi,...,xn)) = Hg(x1 ,...,xn) ,
since (1.2) is true if g is a monomial. By linearity, (1.2) is true for any polynomial g. 
For f G F[Xi„,Xn] such that f(xj,...,xn) = 0, we then have

Hf(x1 ,...,xn) = D'(f(xi,...,xn)) = D'(0) = 0.
(<—) Assume that FIf(x 1 ,...,xn) = 0 for all f G F[X1 ;...,Xn] such that
f(xj,...,xR) = 0. Define D':F[x],...,xn ] ^ K  by

D'(f(x 1 ,...,xn)) = Hf(x 1 ,...,xn) for all f in F[xi,...,xn],

We will show that D' is well -defined. If g(x1 ,...,xn) = h(x1 ,...,xn) , then 
(g-h)(x 1 ,...,xn) = 0. So Hg_h(x 1 ,...,xn) = 0.
Now 0 = Hg_h(x 1 ,...,xn) = Hg(x1 ,...,xn)-H h(x1 ,...,xn).
Therefore Hg(x1 ,...,xn) = Hjj(x 1 ,...,Xn). Hence D1 is well- defined.

Also D'(xi) = น1 for i=l,...,n.
D' is a derivation since the mappings D0 and f —> UjDj(f) (i=l,...,ท) are derivations of 
F[x1 ,...,xn] into K. By Lemma 1.1, the derivation D' can be extended to K. #
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(1) If X is transcendental over F and if น is any element of K, then there exists one and 
only one derivation D' of K extending D, such that D'(x) = น.

(2) If X is separable and algebraic over F, then there exists one and only one derivation 
D' of K extending D.

Proof. Referring to Lemma 1.2, (1) is obvious because 0 is the only polynomial f in 
F[X] such that f(x) = 0. For (2), observe that every polynomial g G F[X] such that 
g(x) = 0 is a multiple of the minimal polynomial f of X over F, that is, 
g(X) = h(X)f(X) for some h in F[X], Since X is separable over F, D] f(x) ^ 0. Let 
น G K be such that D0f(x) + uD|f(x) = 0.
Hence Hg(x) = (D0g)(x) + u(Djg)(x) = 0.
By Lemma 1.2, there is a unique derivation D'of K extending D and such that 
D'(x) = น. #

Corollary 1.4 ([10] ). If a field K is a separable, algebraic extension of a field F then 
every derivation D of F into K can be extended, in one and only one way, to a 
derivation of K.

Proof. Let D be a derivation of F into K. Tc show the existence of a derivation of K 
we shall use Zorn's lemma. Let

I = {(G,E) I G is a field with F ç G ç K  and E is a derivation of G into K 
such that E(x) = D(x) for all X G F}.

The set I is non-empty since (F, D) belongs to I. Define a partial ordering on I as 
follows : Let (G],E]), (G2 , E2) G I,
(Gi,Ej) < (G2,E2) if and only if Gj e  G2 and E2(a) = E}(a) for all a in G],

Theorem 1.3 ([10]). Let F be a field and let K = F(x) be a simple extension of F. Let
D be a derivation of F into K.
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Let {(Ga 3 Ea ) I aeA } be a chain in I. Let N = |jG a .
areA

Clearly (jGa is a subfield of K containing F. Define E : N —» K as follows :
a eA

Let X G N. There exists a e A  such that X e Ga . Define E(x) = Ea (x).
We shall show that E is well-defined. Suppose that there exists P G A such that 
X eGp; but (Ga , E a ) < (Gp, Ep) or (Gp, Ep) < (Ga , Ea). Without loss of 
generality, we assume that (Ga , E 0)  < (Gp, Ep). Hence Ep(x) = Ea(x).
Next, we show that E is a derivation, let X, y e N. There exist a\, 0เ2 such that 
xeG ai andyeGa2. We may assume that (Gq-^Eqjj ) < (G«2 ,Ea2).

Thus X, y e Ga2. Hence
E(x+y) = Ea2 (x+y) = Ea2 (x) + Ea 2 (y) = E(x) + E(y),
E(xy) = Ea2 (xy) = xEa2 (y) + yEa2 (x) = xE(y) + yE(x).

It is clear that (N, E) is an upper bound for {(Ga , Ea ) I a  G A }.
By Zorn's lemma, there exists a maximal element (F, D') in I.
If F' * K, then there exists an element y in K such that y G F'. Therefore F'(y) is a 
simple extension field of FV Note that y is separable and algebraic over F\
By Theorem 1.3, there exists a derivation D" of F'(y) which extends D'. This 
contradicts the maximality of (F', D') in I. Hence F'= K.
To prove the uniqueness, let D], Ü2 be derivations of K that extend D. Let b G K.
There exists the minimal polynomial g(X) = x m +am_iXm  ̂4----1-ao over F such
that g(b) = 0. It is easy to verify that, for j = 1,2,

Dj(g(b)) = [mbm‘ 1 + am_ 1 (m-1 )bm'2+—+a 1 ] Dj (b) + X  Dj(ai)bi.

Since Dj and D2 extend D, [mbm‘^+••■ + ai](Di~ D2)(b) = (Dj- D2)(g(b)) = 0.
Since b is separable, mbm'l +••■ + aj ^ 0. Then we get Dj(b) = D2 (b). #
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Lemma 1.5. Let F be a field of characteristic zero with derivation D. Let K be an 
algebraic extension field of F. Let a be an F-automorphism of K. Then for every 
derivation D' of K which extends D, D'(o(b) ) = a(D'(b)) for all b in K.

n- 1Proof. Let b G K. Let f(X) = x n + ^ajX 1 be the minimal polynomial of b over F.i=0

For derivation D' of K which extends D, we have
0 = D' (f(b)) = nbn"^D'(b) + D(aj)bi + iaib»-1i=0 i=0

and so
(1.3) 0 = a(D'(f(b))) = (no(b)n-u “x  iaj a(b)i-l) a(D'(b)) + "x D(ai)a(b)i. 

Similarly,
(1.4) 0 = D(ü(f(b))) = [ na(b)n"l + X iap^ '-l] D'(c(b)) + I  D(ai)a(b)i

So (1.3M1.4) yields, [ na(b)n-l + X ia^bji-1] [a(D'(b)) - D'(a(b))] = 0.i=0

If na(b)n-l + Y  iaia(b)i-l = 0 , then a(nbn'l  + Y  iajbi‘1) = 0. i- 0  i=0

n- 1Since CT is injective, nbn‘l + Y  iajbi'l = 0  which is impossible.
i=0

Hence no(b)n'l + Y  iaia(by~l ^ 0. Therefore a(D'(b)) = D'(a(b)). #
i=0

Theorem 1.6 ([6], [11]). Let R be a commutative ring and ร a subring of R. Then 
there exists an R-module O r / s  and a S-derivation d of R into O r / s  such that for any 
S-derivation D of R into an R-module M there exists a unique 
R-homomorphism f : Q r / s  —> M such that D = f ๐ d. Moreover, the pair ( Q r / ร ,  d) is 
unique up to isomorphism.
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The R-module Qr/s is called the module of differentials of R over ร.
The map d : R —» Qr/s is called the canonical derivation and is denoted by dR/s if 
necessary.
Proof. See [6], [11].

Theorem 1.7 ([6]). Let F be a field of characteristic zero and K an extension field of 
F. Let ui,...,un, V be elements of K, with U[,...,un nonzero, and let q,...,cn be 
elements of F that are linearly independent over Q. Then the element

dui dunq  —— 4--- 1- cn —— + dvน1 นท

of Qr/p is zero if and only if each น1 ,...,นก, V is algebraic over F.

For the proof of this theorem we need the following facts from [ 6 ]:
(1) If F ç  K <z L are fields of characteristic zero, the natural K - homomorphism 

h : Qr/p —>QL/f is injective, where h(dR/pa) = dp/pa for all a e K.
(2) Let F c  K be fields of characteristic zero. If {x],...,xn} is a transcendence basis 

of K over F, then {dxi,...,dxn} is a basis for Q R/p over K.

Proof. (<=) We first show that if พ e K is algebraic over F then dw = 0 in Qr/p 
Since พ is algebraic over F, there exists the minimal polynomial 
f(X) = x m + am_iXm_1 +••• + ao over F such that f(w) = 0.
Taking the F - derivation d : K—»Qr/p to the equation f(w) = 0, we get

(mwm_l+ (m-l)am_]Wm'2+... + a]) dw - 0.
Since mwm'l+ (m-l)am_iwm‘2+-- + a\ 0, dw = 0.

(=>) Assume that q  -^ - + —h cn + dv = 0 in fÎR/p.น1 นท
Claim that each น1 ,...,นถ is algebraic over F. Suppose that there exists q  which is not 
algebraic over F for some i < ท, say Up Let F = F(u],...,un, v).
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Let X p . . . ,  xm be a transcendence basis for F' over F, with Xj =  น1.

Thus F' is algebraic over F(X2,..., xm) and [ F : F(xi,..., xm)] < OQ 
Let G = F(x2,..., xm). Hence F' is algebraic over G<น2). Let E be an extension field of 
F' such that E is Galois over G(U2) and [E : G(u 1)] < OQ By the fact (1) above, the 
natural F- homomorphism Qpyp —»Qk/F is injective, and so

Cj—— ----bcn-^^- + dv = 0  in Qpyp.น1 un
Since F ç F 'ç  E, by the fact above, the natural F- homomorphism Q pyp —»Q E/p 
is injective. Thus
(1.5) Cj ——̂- H— + Cjj ——+ dv = 0 in Qpyp.

น1 นท

By Theorem 1.3, let D be a derivation of G(U2) such that D(U2) = 1 and D(a) = 0 for 
all a G G.
By Corollary 1.4, D can be extended, in one and only one way, to a derivation of E 
(using the same notation D for the derivation of E). By Theorem 1.6, there exists a 
unique E-homomorphism g : Qpyp —» E such that D = g°d. Applying g to equation
(1.5) , we get
(1.6) qD(น 1)/น 1+-+ cnD (น nyน 11 + D(v) = 0 inE.
We apply each O G Aut (E/G(u 1)) to equation (1.6) and then sum over all a in 
Aut (E/G(u 1)) to get
(1.7) rc 1D(น 1)/น 1 + C2D(Nu2)/(Nu2) +—+ cnD(Nun)/(Nun) + D(Tv) = 0,
where N and T denote the norm and the trace respectively, and r is a positive integer. 
For each i = 2,3,...,ท, we can write

Nui = SjU^p^ 1 where Sj e G, the Pij are monic irreducible
elements distinct from น1 of Gfui], the « 1J G z\{0} and the « 1 G z.
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Tv = q(ui) + z i —~ ~ T  i=lj=l(hi(u1))j

where q(น]) G G[U;], the by(น]) G G[u;], the hj (น]) are monic irreducible elements in 
G[u;] with deg by < deg hj. From (1.7),

r  1 ไ £
-7-  + X C1 

พ  i=2
a ; ( ± ) + a , , £ ๒ ) + . . . + a i P i . ? W i )+ a il VU1 ;  Pli PiPi

+ D (q (u i))  +  X  i
1=1 j=l

D(bij) D(hj) 
*  ■ j b

=  0.

Hence
(1 .8) V Y j L vrcl + X cia i _ \  = - L ciV i=2 Jvu พ 1=2

D(Pil) ^ D(PiPi ) a il _ 1 *"a iPi
Y

Pil p i p,

- D(q(Ul)) - i  £ D(by) D(hj)
ไ๒ ' Jb,j ฟ ุ๒

We may assume that hj * น; for al! i < X (for if hj = น;, then by G G and hence 
D(by) = 0). From (1.8), comparing the coefficient of (l/น;),

ทre; + X ciai = 0- i=2

Thus c ;,...,cn are linearly dependent over Q, a contradiction. So we have the claim. 
Since u;,...,un are algebraic over F, duj = 0 for i = l,...,n. Hence dv = 0.
Claim that V is algebraic over F. Suppose not. By the fact (2), the element dv of 
Qp(v)/p is a basis for Op(v)/F overF(v). Hence dv ^ 0 in Qp(v)/p. By the fact (1), 
the natural F(v)- homomorphism Qp(v)/p -» Qktf is injective, hence dv ^ 0 in 
□ k/P, which is impossible. #
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By a differential field we mean a field F together with an indexed family 
{Dj I i el} of derivations of F. For brevity, the term "differential field F" is used 
exclusively, without further notice, for the differential field (F, (Dj I i e I}), and the 
term "the given derivations of F" refers to the set (Dj I i e I}.

A differential extension field of F is an extension field K of F together with a 
family of derivations {d | I i G 1} of K indexed by the same set such that the restriction
of each D- to F is Dj. With no loss of generality, we use the same symbol Dj for the 
derivation d | .

An element c in F is said to be a constant if Dj(c) -  0 for all i G I. The set of
all constants of a differential field F is f] ker Dj, which is a subfield of F, and also

iel
called the subfield of constants.

Theorem 1.8 ([6]). Let F be a differential field of characteristic zero, K a differential 
extension field of F with the same subfield of constants c. For each i = l,...,n and 
j = l,...,m let Cjj G c and let Vj be an element of K, Uj a nonzero element of K. 
Suppose that for each i = 1,...,ท and each given derivation D of K,

D(v:) + X cij D(iij) / Uj e F.
J=1

Then either tr.deg.F(u],...,um, V],...,vn)/F > ท or the ท elements of ^K/F given 
“  du;by dvj + 2 ^Cjj—-, i=l,...,n, are linearly dependent over c.
j=l UJ

Before proving the theorem, we quote two facts from [12] and [11].
1) ([12]). Let f : F -> K be a homomorphism of commutative rings with identity, D a 

derivation of K such that there exists a map Dp : F —» F satisfying f o Dp = D o f. 
Then there exists a unique map LD : n ^ yp  —> Q k /p  such that for all พ, V G Qpyp  

and all a G K we have



L d ( w  +  v ) =  L d ( w ) +  L d ( v ) ,

Lj)(aw) = (Da)w + a(Lj)w) and
Lj)(da) = d(Da).

2) ([11]). Let F be a field of characteristic zero and L a finitely generated extension 
of F. Then dim QL/P = tr.deg. L/F.

Proof. If น1,...,น111, ¥1,...,vn are algebraic over F, then, by Theorem 1.7, duj = 0 for all 
j = l,...,m and dvj = 0 for all i = l,...,n. Hence

dvj+ 2> i i —i  = 0 for all i = l,...,n,
H  UJ

and the result is trivially true.
Assume that there exists one Uj or Vj which are not algebraic over F for some j < m 
and i < ท.

m du;Suppose that dvj + 2̂ Cjj —-, i = l,...,n, are linearly independent over c. 
j t l  UJ

For each given derivation D of K and each i=l,...,n we obtain

dVj + Zcij^j- = d(Dvj)+£d
J=1

Du;
c ij~ T "V UJ J

d C D v i + I c ÿ ^ i )  = 0
J=1

Write Wj = m d u .^1
d v L + Z CIJ. น  ^

for i = l,...,n.

Claim that พ1,...,พ11 are linearly independent over K. Suppose not. There are a.i,...,an 
in K, not all zero, such that a1พ1 + — + anw 11 = 0. Choose a1;...,an so that the 
number of nonzero aj's is minimal, and that one of them, say a1; is 1. For each 
derivation D of K we get

0 1 9 5 2 4



16

0 = Lptfa^! +•••+ anwn) = (Dai)w 1 +•••+ (Dan)wn = (Da2)w2 +■ •■ + (Dan)wn. 
Since the number of nonzero aj's was minimal, we get Da2 =...= Dan = 0.
Hence each aj G c. Therefore พ1,...,wn are linearly dependent over c, a contradiction. 
So we have the claim.
Let F = F(น1,...,นm, V1,..., vn). Hence F ç  F 'ç  K.

ท]1 du;Claim that the ท elements dvj + Cjj —- of Hpyp are linearly independent over F'.
j=l UJ

Let a^.-.^n G F' be such that

(1.9) i> i  dvi + Xqj
1=1i=l

du;
uj

= 0 ( in Qpyp)

Now consider n^/p as F- module. By Theorem 1.6, there exists F- homomorphism 
g : Qpyp —> fij£/p such that g°dpyp — dĵ yp.
Applying g to equation (1.9), we get

f m
dvi + X cij

l  H
=  0 ( >n ^ K /f )

m du;By the linear independence of Wj = dv; + 2^en—-  (i = l,...,n), we must have
j=l UJ

aj = 0 for i = l,...,n. So we have the claim.
By the fact 2) tr.deg. F7F = dim. Qpyp > ท. #

Theorem 1.9 ([ 6 ]). Let F be a differential field of characteristic zero, K a differential 
extension field of F with the same subfield of constants, with K algebraic over F(t) for 
some given t G K. Suppose that cp-.-.Cn are constants of F that are linearly 
independent ever Q, that น1,...,น11, V are elements of K, with น1 ,...,น11 nonzero, and 
that for each given derivation D of K we have



17

Y  q D(uj)/uj + D(v) € F.

If for each given derivation D of K we have D(t) G F, then น],...,นn are algebraic over 
F and there exists a constant c of F such that V + ct is algebraic over F. If for each
given derivation D of K we have D(t)/t G F, then V is algebraic over F and there are 
integers 1ฑ0, ni], ...,mn, with ๓0 ^ 0, such that each น!110tmi (i = l,...,n) is
algebraic over F.

Proof. If t is algebraic over F, then K is ฝgebraic over F. So the result is trivially 
true. Assume that t is transcendental over F. By Theorem 1.7, dt ^ 0 in Qk/F-
Case 1. For each given derivation D of K, D(t) G F.
By Theorem 1.8, ^Cj ■ -̂+ dv and dt are linearly dependent over c. There exists it] Ui
c G c  such that ( X ci ~ — + dv) + cdt = 0. Thus Y  Cj ■ -̂ + d(v + ct) = 0. By i=l ui i=l U1

Theorem 1.7, น],...,น11, v+ct are algebraic over F.
Case 2. For each given derivation D of K, D(t)/t G F.
By Theorem 1.8, Y  ci + dv and — are linearly dependent over c. There exist 

i=l ui 1
c g C such that ( Y ci —^+ dv) + c ■ -̂= 0. We have that c, C],...,cn are linearly 

i=l U1 1

dependent over Q (for if c, c 1,...,Cn are linearly independent over Q, then by
Theorem 1.7, น],...,น 11, V, t are algebraic over F).

ทSo we can write c = (Y  m]q)/m0 f°r some integer m0, m],...,mn with mG * 0.
i=l

Then

Cl น” 0tml H hcn น™ 0 tm" + d(mGv) = 0.

By Theorem 1.7, each น!110t m i is algebraic over F and V is algebraic over F. #
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