
CHAPTER TV

EXTENSIONS OF LIOUVILLE’S THEOREM

4.1 Statements of the Main Theorems

Definition 4.1.1. Let F be a differential field with derivation D and subfield of 
constants c. Let A and B be finite indexing sets and let 

£ = { Ga (expRa (Y))l a e  A), 
l  = { HpOog Sp(Y)) I M  B}, 

be sets of expressions where.
(1) Ga , Ra , Hp , Sp are in C(Y) for all a  G A, P G B,
(2) for all P G B, if Hp(Y) = Pp(Y)/Qp(Y) with Pp, Qp in C[Y] and Qp ^  0, then

deg Pp < deg Qp.
We say that a differential extension K of F is an Ei-extension of F if there exists 

a finite tower of fields F = Fq c  F] c  ••• c  Fn = K such that for each i = l,...,n, 
Fj = Fj_i(tj) and one of the following holds:

(i) tj is algebraic over Fj_i
(ii) tj = exp(u) for some น in Fi_i ,
(iii) tj = log(u) for some nonzero น in Fj_i,
(iv) for some a  G A, there are น and nonzero V in Fj_i such that 

D(tj) = D(u)Ga (v) where V = exp Ra (น),
(for brevity, ti = jG a (exp Ra (น))D(น)),

(v) for some P G B, there are น, V in Fj_i such that
D(ti) = D(u) Hp(v) where V = log Sp(u) and Sp(u) ^ 0,
(for brevity, ti = J H p(log Sp(u))D(u)),

(vi) for some a  G A, there are nonzero น, V in Fj_i such that



D(tj) = (D(u)/u)Ga (v) where V = exp Ra (น), 
(for brevity, tj = jG a (exp Ra (น))D(น)/น),
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(vii) for some (3 G B, there are nonzero น and V in Fj_i such that 
D(tj) = (D(u)/u)Hp(v) where V = log Sp(u) and Sp(u) * 0,
(for brevity, tj = J  H p(log Sp(u))D(u)/u).

Remark. The differential extension K of F equipped with cases (i)-(v) is an 
Zl- elementary extension of F.
Example. Let c  be the field of complex numbers and let F = C(x) be the set of 
rational functions with coefficients in c. Then F is a differential field under the usual 
derivation D = d/dx.
Let G(Y) = Y , R(Y) = Y , H(Y) = l/(Y+2) , ร(Y) = Y+l .
Let z  = { G(exp R(Y)) } = { exp Y } and

I  =  { H(log ร(Y)) } = { l/(log(Y+l) + 2)}.
Hence K = F( exp(x), log(x+l), J(D(x)/x) exp(x), J(D(x)/x)(l/(log(x+l)+2)) ) is an
Ei-extension of F, since

f = foœ Fl =Fo(tl) c F 2 = Fl(t2) c F 3 =F2(t3) c F 4 = F3(t4) = K
where tj = exp(x), t2 = log(x+l),

t3 = J (D(x)/x) exp(x) or D(t3) = (D(x)/x)exp(x), 
and t4 = j(D(x)/x)(l/(log(x+l)+2)) or ว (t4) = (D(x)/x)(l/(log(x+l)+2)).

Our first main theorem reads:

Theorem 4.1.2. Let F be a differential field of characteristic zero with derivation D 
and an algebraically closed subfield of constants c. Let y G F. Assume that there 
exist an Ei- extension K of F whose subfield of constants is c and y G K such that 
D(y) = y. Then there exist

(1) bj G C, vG G F and Vj G F\{0} for all i G J,
(2) Cja , dja G c, nonzero elements Wja , Xja algebraic over F for all i G Ia ,

a G A,
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( 3 )  e j p  , f j p  G c ,  n o n z e r o  e l e m e n t s  Y ip , Z jp  a l g e b r a i c  o v e r  F f o r  a l l  i G Jp, P  G B,

s u c h  t h a t

Y = D(v0) + X bi D(vi)/vi

+ X X [CiaD(wia ) + dia D(wia)/Wia]Ga (xia) aeA iela

+ X X teip D(yip) + fipDCyipyyipJHpOip) >PeB ieJp

where A, B, J, Ia and Jp are all finite indexing sets,
Xja = expRa (wja ) for all i G Ia , a  G A, and
Zip = log Sp(yjp) and sp(yip) รt 0 for all i G Jp , P G B.

Definition 4.1.3. Let F be a differential field with derivation D and the subfield of 
constants c. We say that a differential extension K of F is a Gamma extension of F 
if there exists a finite tower of fields F = Fq c Fl c -  c  Fn = K such that for 
each i , 1< i < ท, Fj = Fj_1(tj) and one of the following holds:

(i) tj is algebraic over Fj_ 1 
(li) tj = exp(u) for some น in Fj.j ,
(iii) tj = log(u) for some nonzero น in Fj_i,
(iv) there are G G C(Y), น and nonzero V in Fj. 1, r G Q with -1 < r < 1 such 

that D(tj) = D(ur)G (v) where V = exp(u).

Remarks.
(1) The differential extension K of F equipped with cases (i)-(iii) is an elementary 

extension of F.
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(2) In case (iv) , if r = 1 then such Gamma extension is also an Ei - extension.
The definition of Gamma extension contains the Gamma function which is 

defined as follows: Let c  be the field of complex numbers. Then C(x) is a differential 
field with the usual derivation D = d/dx.
The Gamma function is defined by

r(x) = J exp(-x)D(xr) where r G Q, 0 < r < 1.

Our second main theorem reads:
Theorem 4.1.4. Let F be a differential field of characteristic zero with derivation D 
and an algebraically closed subfield of constants c. Let Y G F. Assume that there exist 
a Gamma extension K of F whose subfield of constants is c and y G K such that
D(y) = y. Then there exist
(1) bj G c, Vq algebraic over F and nonzero elements Vj algebraic over F for all i G I,
(2) Cj G C, q G Q with -1 < q < 1, nonzero elements Wj, Xj algebraic over F 

and G, G C(Y) for all i G J,
such that

Y -  D(v0) + X bjD(vj)/vj + X c;D(wiri)C-i(xi),

where I, J are finite indexing sets, D(xj)/xj = D(wj) for all i G J.

4.2 Preliminary Lemmas
We first state some results that are used in the proofs of the last two lemmas in 

this section.

Lemma 4.2.1 ([13,pp. 221-223]). Let F be a field and ท an integer > 2. Let a G F, 
a ̂  0. Assume that for all prime numbers p such that P I ท we have a G Fp, and if 4 I ท 
then a G- 4F4. Then X11 - a is irreducible in F[X],
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L em m a  4 .2 .2 ([1 4 , pp. 16 3-16 4]). Let D be a unique factorization domaiท with 
quotient field F and f a primitive polynomial of positive degree in D[X], Then f is 
irreducible in D[X] if and only if f is irreducible in F[X],

L em m a  4.2.3 ([ 7 J). Let F be a field containing the algebraic closure of the rationals 
and let X and Y be indeterminates. Let A(Y) and B(Y) * 0 be relatively prime 
elements of F[Y], Furthermore, assume A/B is not an nth power in F(Y) for any 
positive integer ท > 2. Then the polynomial B(Y)Xm - A(Y) is irreducible in F(X)[Y] 
for any positive integer m.
P roo f. Let m e z+. By Lemma 4.2.1, BXm - A = B(Xm - (A/B)) is irreducible in 
F(Y)[X], By Lemma 4.2.2 , BXm - A is irreducible in F[Y][X] and so irreducible in 
F[X][Y], Again by Lemma 4.2.2, BXm - A is irreducible in F(X)[Y], #

L em m a  4.2.4 ([7  ]). Let F be a field, X and Y indeterminates, and A(Y) and B(Y) 
relatively prime elements of F[Y], If a and b are elements of F with a * 0,then 
A(Y) - (aX+b)B(Y) is irreducible in F(X)[Y],

Proof. This again follows from two applications of Lemma 4.2.2 and the fact that 
aX + b - A(Y)/B(Y) is irreducible in F(Y)[X], #

4.3 E i - E x ten s io n

Before proving the main lemma, it will be convenient to define the following
term:

If f and g are polynomials over a field F, and g * 0, then there exist unique 
polynomials q(X) = a0 + ajX +•••+ anx n and r(X) over F such that 
f(X;/g(X) = q(X) + r(X)/g(X), where r(X) = 0 or deg r(X) < deg g(X). Call the 
unique element aG the head of f/g.
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L em m a  4.3.1. Let F be a differential field of characteristic zero with derivation D 
and c its algebraically closed subfield of constants. Let A and B be finite indexing sets 
and assume that Ga , Ra , Hp, Sp are in C(Y) for all a  G A, p gB. Let
t be transcendental over F such that D(t) = D(u)t for some น in F. Let E be a finite 
algebraic differential extension of F(t) with extended derivation D. Assume that the 
subfield of constants of E is c. Let Y G F. Assume that there exist

(1) bj G c 5 v0 G E, Vj G E\{0} for all i G J,
(2) cia> dia 6 c, wia, xia G E\{0} for ฝ! i G Ia , a G A,
(3) ejp, fjp G c, yip, Zip G E\{0} for ฟ! i G Jp, P G B,...

such that

Y = D(v0)+ X bi D(vj)/Vj

+ X X [ciaD(wia ) + dia D(wja )/wia ]Ga (xia ) aeA iela

+ X X [eip D(yip) + fipD(yip)/yip]Hp(zip) 1 P eB i ej (3

where J, Ia and Jp are all finite indexing sets,
Xia = expRa (wja ) for all i G Ia , a  G A, and
Zip = logSp(yip) and sp(yip) * ■  0 for ail i G Jp , p eB.

Then there exist
(1) bj G c, v0 G F , Vi G F\{0} for all i G J ,
(2) Cia, d ia e c, nonzero elements Wia, Xia algebraic over F 

for all i G ïa , a  G A,
(3) e ip , f ip G c, nonzero elements y ip, Zip algebraic over F 

for all i G Jp, P G B,
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such that

Y = D(v0) + z_ biD(vj)/vj

+ z_  z  [ciaD (w ia ) + d iaD (w ia )/w ia]Ga ( Xia) 
aeA ida

+  z  z  [ ëipDCŸip) +  fipD (y ip)/y ip]Hp(zip  >5PeB iejp

where A, B, J , la and Jp are ฟ! finite indexing sets,
Xia = exp Ra (wia) for all i e  la , a e A  and
Zip = lo g  Sp(Yip) and  sp(ÿjp) * 0 fo r all i e  Jp, p g B

P roo f. Part I. Assume F is algebraically closed.
Step 1. We may assume that for all a in A, Ra e C; for if Ra 0 e  c for 
some a 0 G A, then for each i G Iap , Ga 0 (xjao ) e  c.
Thus z  (ciaoD(wia0 ) + d1a0D(Wia0) /w ia o )Ga o (xiao) iso f formieIao
D(v0) + X bj D(v[)/v: which can be included into the first two terms of y.
Step 2. For each a e A, i e I we have D(xja ) = D(Ra (wia ))xja , then by 
Theorem 1.9 we have that Ra (wia) e F anid there exist rational integers qa 
and p 1a in F such that Xja = pja tria. Since R-a(wia) G F and F is algebraically 
closed, Wja G F.
Step 3. For each p G B, i G Jp , we have D(zjp) = D(Sp(yip))/Sp(yip).
We may assume that for all p in B, Sp(Y) is not an mtb power in C(Y) for any 
positive integer m. If some Sp(Y) = (ร p(Y))m then
D(zjp) = D(Sp(yip))/Sp(yip) = mD(SpCyipl)/Sp(yip). For this case we could
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replace Sp(Y) by ร p(Y). By Theorem 1.9, we have that zjp G F and there exist 
rational integers Sip and qjp in F such that Sp(yjp) = qjptS‘P .
Note that we can arrange so that rja and sjp are actually integers. To see this, 
let r,0, = gja /m and sjp = kjp/m, where gja , kjp and m are integers.
Let โ = t1/m. Hence D(F) = D(u/m)t and F a  F(F) a  E(F ). If we replace E by 
E( t ) and t by t , we still have fields of the appropriate form and furthermore, 
xia = Pia(t)êia > and Sp(yjp) = qip(t)kip , where gia and kip are integers.
We shdl use the old notation but from now on assume that qa and Sjp are integers.
Step 4. Let K be an extension of E such that K is Galois over F(t) and let o be an 
element of the Galois group of K over F(t). Then

Y = g(y) = D(ctv0) + z  bi D(crvi)/(crvj)ieJ

+ z  z  [cia^(wia ) + dia D(wia )/wia ]G(xja ) aeA iela

+ Z  z  [eiPD(°yip> + f'ipD(cryipV(cTyip)]Hp(zip).PeB iejp

Summing over all G yields, for some M in z ,

(4 .1) My = D(Tvq) + z  biD(Nvj)/(Nvj) + M £1 + £2,
ieJ

where £1 = z  z  [ciaD(wia ) + diaD(พ1a )/wia]G(xia),
aeA iela

h  = Z  z  [eipD(Tyip) + fipD(Nyip)/(Nyip)]Hp(zip),
PeB iejp

and T and N denote the trace and norm respectively. We now consider the head of 
the right hand side of (4.1).
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Step 5. Write Tv0 = Y  hi t' + ZE(aÿ/(t-ti)j),i=0

where hj, ay and tj are in F. Hence the head of D(Tv0) is D(h0).

Step 6. For each i G J write Nvj = ■ q n ( t - w ) n‘J
j=l

where the oq G z + ,the kj G F\{0}, the pij G F and the nÿ G Z.
Therefore the head of Y  bjD(Nvj)/(Nvj) is Y  bj D(kj)/kj + Y  z  bjnyD(u).ieJ ieJ ieJ j=l
Step 7. We find the head of £1.
For each i G Ia , a  G A , recall Xja = Pja tr‘a . If ทุa = 0 ,then Xja G F and 
hence Ga (x,ia ) G F. Assume that ทุa 0. Let da 0 be the head of Ga (Y). 
Hence da 0 G c. So the head of Ga (xla) is da 0 

Therefore the head of £1 is

z z  [CiaD(wia )+ diaD(Wia)/wia]Ga (xia)
ria = 0

+  z z  ^a0[cia^ (wia ) +  ^ia^(wiaVwia]
ria

Step 8. We find the head of £2. For each i G Jp, P G B, recall Sp(yjp) = fiiptŝ
Case 8.1. If sjp = 0, then Sp(yip) e F. Since F is algebraically closed and yjp is 
algebraic over F, yjp G F Thus Tyip = Myjp and Nyip = y?p .
So D(Tyip) = MD(yjp) and D(Nyip)/Nyip = M D(yjp)/yjp.
Case 8.2. Assume that Sjp * 0. Calculate the trace and norm of the yjp. Write 
Sp(Y) = Ap(Y)/Bp(Y) where Ap, Bp G C[Y], Bp * 0 and Ap and Bp are relatively 
prime in C[Y], Each yjp satisfies qjptS‘PBp(Y) - Ap(Y) = 0.
By Lemma 4.2.3, qiptSî Bp(Y) - Ap(Y) is irreducible over F(t). So the trace and 
norm can be read of from its coefficients. The coefficients of qjptSl̂ Bp(Y) - Ap(Y)
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are all of the form ôipqiptSiP + S ip  where 6 ip ,  S ip  G c. 
Dividing by the leading coefficient, we get

5ipqjptSi|3 +stp
^ i p q i p t s‘p + « ip  J

and

QjpqjptSip
,m p q i p t Sip +  u i p j

where mjp G z +, Sip, Hip, ©ip, Sip, Uip, Cip e c. Hence

and

D(Tyip ) mip(ô,puip -eipjiip)(D(qip) + qipSipD(u))tS‘P
f iip q ip t sip + Ui>p

D(Nyip) = mip(mipu1p-C 1pttip)(D(q1p) + q1ps1pD(u))tSi<3

Ny‘P (®ipqiptSip +CipJ^ipqiptSiP + Uip )

D(Ny 13) . _Thus the head of D(Tyig) is 0 and the head of — is mipD(zig) whereH Ny,p
mip G z.
Hence x z  fipmipD(zjp)Hp(zjp) is of form D(v0) + Zb,D(vj)/vi where

Sip

v 0 G F and Vi GF\{0},bi G c.

Therefore the head of ร2 >s
MZ Z  [eipD(yip) + fipD(yip)/yjp]Hp(zip) + D(v0) + £biD(vi)/vj.

sip=0
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Step 9. We conclude that the head of the right hand side of (4.1) is 
D(v0) + X bjD(vi)/vi

+ M XX [ciaD(wja ) + dia^(wiaVwia]^a(wia)
+ M XX [ejp D(yjp) + fipD(yip)/yip]Hp(zip), 

where v0 eF, vjGF\{0},bi G c.
Then comparing the head of (4.1) and dividing by M, we get the correct sum of y.

Part II. Assume that F is not algebraically closed.
Let F be an algebraic closure of F.
Let ร = {v0}^{vj I i G J}^(Wia I i G Ia ,a GA}u;{xja I i G Ia ,a eA}u 

{yip I i e Jp,p G B}u{zjp I i G Jp,pG B}.
Hence F (t, ร) is algebraic over F (t).
Now F (t, ร), F (t), F and F have the same subfield of constants c. (See Appendix A 
for details). By Part I there exist

(1) bj G C, v0 G F , Vj G F\{0} for all i G J ,
(2) Cia , dia £ c, Wia , Xia G F\{0}, for all i G la , oc G A,
(3) ë j p  , f ip G C, ÿ i p ,  Z i p  G F\{0}, for all i G J p  5 P G B,

such that
(4 .2 )  y =  D(v0) +  Y biD(vi)/vi

+ X [ciaD(wia ) + dia D(wia )/wia]Ga ( xia)
aeA ieia

+ Z  ç  [ëipD(ÿip)+fipD(yip)/ÿip]Hp(zip)j 
P eB i ej p

where A, B, J , Ia and Jp are all finite indexing sets,
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Xia = exp Ra (w ia) for all i e la , a  G A and
Zip = log Sp(ÿip) and sp(yip) * 0 for all i G Jp , 3 eB.

Let K be a finite Galois extension of F containing
{v0} u { v i|i  G โ }cj{wia, Xia l i e  ïa  ,a  G A}rj{ÿjp, Z ip I i G Jp, 3 g B} 
Applying a  an element of the Galois group of K over F in (4.2) and then summing 
over all a  , we g e t, for some M in z,

My = D(Tvq) + X b j D(Nvj)/(Nvj)
iej

+ Z  z__  z  [cittD(awia ) + diaD(crwia )/(awia)]Ga ( axia)
a aeA iela

+  z  z _  Z  [ëipD(aÿip) + fipD(aÿip)/(CTyip)]Hp(azip) 5
a P<eB iejp

where T and N denote the trace and norm respectively.
Note that D(oxia ) = D(Ra (owia))/(axia ) for all 1 G ïa, a  G A and 
D(azjp) = D(Sp(oÿip))/(Sp(aÿip)) and sp(ay;p) รt 0 for all i G Jp , 3 g B.
Since T v0 and Nvj are in F, this yields the final conclusion of the lemma. #

L em m a  4.3.2. Let F be a differential field of characteristic zero with derivation D 
and c being its algebraically closed subfield of constants. Let A and B be finite 
indexing sets and assume that
(1) Ga , Ra , Hp , Sp are in C(Y) for all a  G A, 3 e B,
(2) for all 3 G B, if Hp(Y) = Pp(Y)/Qp(Y) with Pp, Qp in C[Y] and Qp * 0, then

deg Pp <deg Qp.
Let t be transcendental over F satisfying one of the following conditions:
(i) D(t) = D(u)/u for some nonzero น in F,
(ii) D(t) = D(u)Ga (v) for some a  in A and some น, V in F, V * 0 such that

V = exp Ra  (น),
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(iii) D(t) = D(u)Hp(v) for some p in B and some น, V in F such that
V = log Sp(u) and Sp(u) * 0,

(iv) D(t) = (D(u)/u)Ga (v) for some a  in A and some น, V in F\{0} such that
V =  exp Ra  (น),

(v) D(t) = (D(u)/u) Hp(v) for some p in B and some น, V in F, น* 0  such that
V = log Sp(u) and Sp(u) * 0.

Let E be a finite algebraic differential extension of F(t) with extended derivation D. 
Assume that the subfield of constants of E is c. Let y e  F. Assume that there exist

(1) bj G c , v0 G E, Vj G E\{0} for all i G J,
(2) cia , dia G C, wia , xia G E\{0} for all i G Ia , a  G A,
(3) eip> fip e c > yip> Zip 6 E \{°} for all i e Jp, p e B, 

such that
y = D(v0)+  X bj D(vj)/vj

+ X X [ciaD(wia ) + diaD(Wia)/wioJGa(xia)aeA iela

+ X! X [eip °(yip) fipD(yipyyip]Hp(zip) >p eB i eJ p

where J, Ia  and Jp are all finite indexing sets,
Xja = expRa (wja ) for all i G Ia , a  G A , and
Zip = logSpCyip) and sp(yip) * 0 fora11 i 6  J p , p  G B.

Then there exist
(1) bj G C, v0 G F , Vj G F\{0) for all i G J ,
(2) Cia , d ia  € c, nonzero elements W ia , Xia algebraic over F 

for all i G la , et G A,
(3) ejp , f  ip G c, nonzero elements y ip, zjp algebraic over F 

for all i G J p 5 P G B,
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such that

Y = D (v0) + X  b jD (v i)/v j

+ x _  X  [ciaD(w ia ) + diaD(w ia )/w ia]Ga ( Xia) 
aeA ieia

+ X X [ ëipD(Ÿip) + fipD(yip)/yip]Hp(zip ) 1 
PeB iejp

where A , B, J , Ia and Jp are all finite indexing sets,

X ia  = exp R a (w ia) for all i G I a  5 a e A  and

Zip = logSp(ÿip) and Sp(Ÿip) * 0 for a lii 6 Jp, p eB .

P roo f. Part I. Assume F is algebraically closed.

Step 1. We may assume that Ra g c  for all a e A ,  by the same reasoning as in 

Lemma 4.3.1.

Step 2. For each a e A, i e Ia , we have that D(xia ) = D(Ra (wia ))xia , then by 

Theorem 1.9, we get Xia e F and there exist îa e c  , Pia e F such that 

R(x(w ia ) — + Pia-

Step 3. For each P e B, i e Jp, we have that D(zjp) = D(Sp(yjp))/Sp(yip) , then by 

Theorem 1.9, we get Sp(yip) G F and there exist A,ip e c  , qjp e F such that 

Zip = ^ip t + qip. Since Sp(yjp) e F and F is algebraically dosed, yip e F.

Step 4. Let K  be an extension field of E such that K  is Galois over F(t) and let a be 

an element of the Galois group of K  over F(t). Then
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Y = g(y) = D(ctv0) + X  bj D(ovj)/(crvj)

+ z  Z  [ c i a D ( ™ i a  ) +  d ia D ( G W ia ) / ( ^ w i a ) ] G a ( x i a )
a e A  i e l a

+ Z  Z  [eip D(yip) + fipD(yip)/yip]Hp(zjp). 
peB iejp

Summing over all G yields, for some M  in z,

(4.3) My = D(Tvq) + z  biD(Nvi)/(Nvi) + £1 + M  ร 2 ,

i e j

where £1 = z  z  [cia^(^wia ) + rïja D(Nwia )/(Nwja )]Ga (xja ),

ร2 = z  z  [eipD(yip) + fipDCyipVyiplHpOqp)’
PeB iejp

and T and N  denote the trace and norm respectively.

Step 5. Consider £  b;D(Nv;)/(Nvj). 
iej

Write Nvj = kj P [ ( t -  n j) nj where the njj e z , the kj e F\{0}, the |Uj G F and the
j= l

otj eZ +. So

So X bjD(Nvi)/(Nvi) = z  bj D(kj)/kj + an element in F(t)\F[t]. 
iej iej

Step 6. Next, consider £1.

Recall R a (w ia ) = ^ia t + Pia for all i e Ia , a  G A.

Case 6.1. Assume that ^ a = 0.

For these a, i , R a (w ia ) € F and thus Wja  e F.
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SoTw iot= Mwja  andNwia = พ™.
Hence D(Twia ) = M D(wia ) and D(Nwia )/(Nwia ) = M D (w ia )/wia .
Case 6 .2 . Assume that A-iot * 0.
Write Ra (Y) = Aa (Y )/Ba (Y) where Aa and Ba are relatively prime in C[Y] 
and Ba *  0. Each wia satisfies Aa (Y) - (Xiat + pia )Ba (Y) = 0.
By Lemma 4 .2 .4 , Aa (Y) - (A.ia t + P ia  )Ba (Y) is irreducible over F(t). So the trace 
and norm can be read of its coefficients. Therefore

N = (  Cjg ( พ + Pia) + Tlia ไmia 
<Pia(^'igt + Pia) + u ia y

where 5jcx> e ia> Cia> l̂ig* Pia> '“ha ^ c  ând m ia  ^ z  •

Therefore D(TWja) = mja—ia ia---—( u i a ^ i a  ~ £ i a P i a ) ( ^ i q P ( 0  ~  ^ ( P i a ) )  ancj 
( w a ( ^  i g t +  P ig )  +  U ig )

C jg
C i a ( ^ ig t  +  P ig  ) +  h i a M -ig (^ ig t +  P i a )  +  u ia

The head of D(Nwia )/(Nwja ) is 0. 
Now, consider D(Twia ).
If ma * 0, then the head of D(Twja ) is 0. Assume that Pja  = 0.
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I  Z
aeA  ie la  

^-ia = 0

c i a  ๓  i a ^ i a  V d ç  x i a )  
 ̂ u i a  y v  x ia G a(xia)

^-ia = 0

=  D ( w 0) +  X  C iD ( w i) /w i ,  
i e j

where Ci e c  , the Wi are in F and J is the finite indexing set. This last equality

Therefore £| — X  X  [ciaD(Twia  ) + dia D(Nwia )/(Nwja )]Ga (xja )
a e A  ie l a

== M  X  z  [cja D(wja ) + dia D(v/ia )/wia ]Ga (xja ) 
ae A ie Ia

^-ia = 0

+ D(w0) + X  ciD(wi)/wi + an element in F(t)\F[t], 
i e j

Step 7. Finally, consider ร2- F°r each i ร Jp, P e B, recall Zip = .̂ip t + qjp
Case 7,1. Assume Xip = 0.
Hence Zip e F and so Hp(zjp) 6 F.

Clearly, Z  z  (ejpD(yip) + fipD(yip)/yip)Hp(zip) e F.

Case 7,2. Assume that Xip 0.
Since deg(numerator of Hp ) < deg(denominator of Hp ) ,

coefiBcients.

(3eBieJp
Àjp =0
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where np, rj G z +, and ajj, oq, qp G c.

Hence X X (qpD(yip) + fipD(yip)/yip)Hp(zip)
PéBieJp

^ip*o

= £  (eipD(yip) + fipD(yip)/yip)qp + an element in F(t)\F[t],
P e B  i e J p

-̂ip̂ o
Step 8. From (4.3) we conclude that

(4.4) My = D(Tvp) + X biD(ki)/ki
iej

+ M X X [cia D(wia ) + diaD(wia)/wia]Ga (xia) a gA i Gla
A.ja =0

+ D(w0) + x _  ciD(wi)/wi 
ieJ

+ M X X (eipD(y;p) + fipD(yip)/yip)Hp(zip) pGEiGJp
-̂ip =0

+ M (eipD(yip) + fipD(yip)/yip)qp
P G B iG jp

*ip*0

+ an element in F(t)\F[t]

Step 9. Now consider D(Tv0).
Write Tv0 = Xvjt) + an element in F(t)\F[t], where ท G z + and the Vj G F. So

j=0
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(4.5) D(Tv0) = D(vn)tn + X(jvjD(t) + D(vj-i))tJ_1 + an element in F(t)\F[t],
j=l

Claim that ท < 1. Suppose that ท > 1, hence Vn * 0. Replacing (4.5) in (4.4), we 
have that the right hand side of (4.4) would contain an expression of the form t* with 
i > 1. Comparing terms of degree ท and n-1 in (4.4), D(vn) = 0 and 
(ท vnD(t) + D(vn-i)) = 0, Since D(vn) = 0, vn eC.
Thus D(nvnt+vn-i) = ท vnD(t) + D(vn-i) = 0.
So ท vnt + Vn- 1  G c. Thus t is algebraic over F, a contradiction. So we have the 
claim.
From (4.5), we get D(Tv0) = D(v 1)t + (v 1D(t) + D(v0)) + an element in F(t)\F[t], 
Clearly, VI G c. Hence D(Tv0) = V jD(t) + D(v0) + an element in F(t)\F[t],

Step 10. Replacing D(Tv0) in (4.4) and comparing the head, we get

My = V ]D(t) + D(v0 +W0) + z  ciD(wi)/wi + z  biD(kj)/kj
i e j  ie J

+ M z  z  [cia^(wia ) + dja D(พ'1a )/wja ]G01(x̂ Q,)
a e A  iG la  

A.ja =0

+ M Z  z  (ejpD(yjp) + fipD(yip)/yip)Hp(Zip ).
p G B ie J p

A-ip=0

+ M (eipD(yip) + fipD(yip)/yip)qp
P e B iG jp

+ an element in F(t)\F[t],

Dividing by M, we obtain the correct sum of y.



51

Part II. To remove the assumption that F is algebraically closed, we proceed as in the 
proof of Part II of Lemma 4.3.1. #

P r o o f  o f  T h eo rem  4.1.2. Let m = tr.deg. K/F. The proof is by induction on m.
If m = 0, then K is algebraic over F. Let E be an extension of K such that E is 
Galois over F and let o be an element of the Galois group of E over F. Thus 

y = °(y) = D(oy).
Summing over all a yields, for some M in z,

My = D(Ty), 
where T denote the trace.
Hence y = D(Ty/M) and Ty/M G F. Therefore the theorem is true in this case. 
Assume that m > 0. Suppose that the theorem is true for any Ei- extension L of a 
field F' such that tr.deg.L/F' < m. Since tr.deg.K/F = m, we can choose a 
transcendence basis tj,...,tm of K over F such that

F = F0 c  F(t!) = F1 c -  c  F(t],...,tm) = Fm c  K 
and each tj satisfies one of the following six conditions:
(1) ti = exp(u) for some น G F;.] n K , (Fj_i denote the algebraic closure of Fj_i),
(2) tj = log(u) for some nonzero น G Fj.] nK,
(3) for some a G A, there are น and nonzero V in Fj_i r\ K 

such that D(tj) = D(u)Ga (v) where V = exp Ra (น),
(4) for some P G B , there are น, V in Fj.1 nK  such that 

D(tj) = D(u)Hp(v) where V = log Sp(u) and sp(u) * 0,
(5) for some a G A , there are nonzero น, V in Fj_i ท K 

such that D(tj) = (D(u)/u)Ga (v) where v = expRa (น),
(6) for some P G B, there are nonzero น, V in Fj_i ท K

such that D(tj) = (D(u)/u)Hp(v) where V = log sp(u) and Sp(u) * 0.
Note that K is also an Ei - extension of F] and tr.deg.K/F] = m-1 < m.
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By induction hypothesis, there exist
(1) bj G c , v0 G Fl and Vj G Fi\{0} for all i G J ,
(2) Cja , dja  G c, nonzero elements Wia , Xja algebraic over Fj for all i G Ia ,a G A ,
(3) ejp, fjp G c , nonzero elements yjp , Zjp algebraic over F] for all i G Jp, P G B,
such that

Y =  D (v 0 ) +  z  bj D (v j)/v j

+ z  z  (ciaD(wja) + diaIXwia)/wia)Ga(xia)aeAieIa
+ z_ z  (eip D(yip) + fipD(yip)/yip)Hp(zip),PeBielp

where A, B, J, Ia and Jp are all finite indexing sets,
Xja = expRa (wja ) for all i G Ia , a  G A , and
Zip = log sp(yip) and sp(yip) 0 for all i G Jp, P G B.

By Lemma 4.3.1 and 4.3.2, we get the correct sum of y. #

Theorem 4.1.2 is false without the condition (2) in the definilion of 
Ei- extension as seen in the following example.

E x am p le . Let c  be the field of complex numbers and let F = C( X, log(x) ) with the 
usual derivation D = d/dx. Let ร = 0  and £ = (logY(Y-l)}.
In this case the index set B is a singleton, H(Y) = Y and ร(Y) = Y(Y-l).
This is excluded by condition (2) since deg (numerator of H) >deg(denominator of H).
Clearlv logx -  log x(x + 1) . log(x +1)x + 1 X +1 X +1
Hence โ ๐̂̂  x lies in an Ei - extension of F.J x + 1
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Claim that

(4.6) * D(v0) + £  biD(vi)/vi + X  (ejD(yj) + fjDCyjJ/yj)อุ ,

for any v0 G F , the Vj G F\{0}, the yj, Zj algebraic over F with Zj = log yj(yj - 1) and
yj(yj -1)^0 and constants b j, e j , fj G c.
Suppose equality holds in (4.6).
By Theorem 3.2.1, we have for each i = l,...,m, that Zj = rj log(x) + kj for some 
q G Q, kj G c . We also have, for each i = l,...,m, yj(yj-l) = Cjxri for some Cj G c. 
We can assume that each Cj is not zero. (If Cj = 0 for some i, then yj(yj-l) = 0 , a 
contradiction.) Each yj is algebraic over K = C( X, log(x), xr i ,..,xrm) and satisfies 
the irreducible equation Y(Y-l) - qxri = 0. Taking automorphisms over some 
appropriate extension (containing yi,...,ym) of K and then summing over all the 
automorphisms, we obtain

t Y7Y -  D(Tv0) + £  biD(Nv,y(Nvi)

+ X  (ep(Tyj) + fjD(Nyj)/(Nyj))(qlog(x) + k j) ,

where t G z + , T and N denote trace and norm respectively.

Now, consider X  (ejD(Tyj) + fjD(Nyj)/(Nyj))(qlog(x) + kj).
1=1

For each i = l,...,m, since T yj g Z , D(Tyj) = 0.
Since Nyj = (cjx1̂1)1 , D(Nyj)/Nyj = q t D(x)/x.
Hence X  (ejD(Tyj) + fjD(Nyj)/(Nyj))(qlog(x) + kj) is of the formi=l
ร D(log^x) + r D(x)/x where ร, r G c.
Therefore = D(w0) + X  djD(wj)/wj , where พ0 G K, Wj G K\{0),

X +  1 ie l
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dj G c  and I is a finite indexing set.
Take a G Aut (K /C( X, log(x) ) to the last equation and then summing over all G, we 
get

~ D (T w g ) + Y  djD(Nwj)/(Nwj), where 11 G z.
X+1 i d

This contradicts the fact that f K is not elementary (for proof see Appendix B). #J X + 1

4 .4  G a m m a  E x ten s io n

L em m a  4 .4 .1 . Let F be a differential field of characteristic zero with derivation D , 
and c  being its ฟgebraically closed subfield of constants. Let t be transcendental over 
F such that
(4.7) D(t) = D(u)t for some น in F.
Let E be a finite algebraic differential extension of F(t) with extended derivation D. 
Assume that the subfield of constants of E is c. Let y G F. Assume that there exist

(1) bj G C , v0 G E , Vj G E\{0} for all i G I,
(2) Cj G C , rj G Q with -1 < rj < i , Wj, Xj G E\{0} and G; G C(Y) for all i G J 

such that
Y = D(v0) + Y  biD(vi)/vi + Z  ci D(w 1r‘)Gi (xi X

where I and J are finite indexing sets, Xj = exp(wj ) for all i G J.
Then there exist

(1) b j G c , Vq algebraic over F. and nonzero elements Vj algebraic over F 
for all i G โ,

(2) c j G C , r j G Q with -1 < r j < 1 , nonzero elements Wj, Xj algebraic 
over F for ail i G J ,

such that
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y =  D ( v 0 ) +  z _  b iD ( v j ) /v i  +  x _  c j D C w ^ G i C x i ) ,

where โ and J are all finite indexing sets, x j = exp(wj ) for all i G J .

P ro o f. Part I. Assume that F is algebraically closed.
For each i G J, we have D(xj) = D(wj )xj, then by Theorem 1.9, we have that Wj e F 
and there exist Uj e Q and Pi G F such that Xj = Pitui . Without loss of generality, 
we may assume that Uj are actually integers.
Let K be an extension of E such that K is Galois over F(t) and let a be an element of 
the Galois group of K over F(t). Then

Y =  a(y) =  ว (av0) +  X  biD(crvi)/(avj ) +  X  q  D ( w [ 1)G i (xj ). 

Summing over all G yields, for some M in z,
(4.8) My = D(Tv0) + X bjD(Nvi)/(Nvi) + M X q 0(พโ* )Gi (xj ), 

where T and N denote the trace and norm respectively.
We now consider the head of the right hand side of (4.8). It is straightforward to 
verity that

D(Tv0) + X biD(Nvi)/Nvi = D(v0) + X b iD (v j ) /v i  + aD(u) 
iel i€l

+ elements in F(t)\F ,
where a G c  , v0 G F and VJ G F\{0} for all i G I.
For each i G J , recall x\ = P itU i.

Write X qD(w[i)Gi(xi) = X q D(w\J* )Gi (xi ) + X q D(w,ri )Gi (xi )ieJ iGJ iGj
U j=0

Clearly, X q D(wj'* )Gi (xj ) G F.
iGj
Uj =0
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It is easy to see that

Y  Ci D(wir‘ )Gj (xj ) = Y  c i 0(พ [‘ ) + elements in F(t)\F , 
ieJ ieJ
UJ^O

where the c i G c.
From (4.8), we equate the head to get,

My = D(v0) + Y  bjD(vj)/vi + aD(u) 
iel

+ M Y  q D (w iri)Gi(xj)
O j=0

+ M Y  c i ว(พ[‘ ) .
ieJ

Dividing by M, we get the required result.

Part II. Assume that F is not algebraically closed.
Let F be an algebraic closure of F.
Let ร = (v0}cj{vi I i G 1}' '̂{พ11 i e J}^{xj I i G J}.
Hence F(t, ร) is algebraic over F(t).
Note that F(t,ร), F(t), F and F have the same subfield of constants C.(See 
Appendix A for details.) By Part I, there exist

(1) b j G C , v 0 G F, Vj G F\{0} for all i G โ,
(2) Ci G C , r i G Q with -1 < r i < 1 , Wj, Xi G F\{0} for ail i G J , 

such that

Y = D(v0) + Y_ biD(vj)/vi + Y_ C iD (Wiri)G i(x i), 

where I , J are finite indexing sets, D(xi)/xj = D(wi) for ail i G J #
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L e m m a  4 .4 .2 . Lemma 4.4.1 holds if equation (4.7) is replaced by one of the following 
conditions:

(i) D(t) = D(u)/u for some nonzero น in F,
(ii) D(t) = DOî GCv) for some r G Q with -1 < r < 1, G G C(Y) 

and น, V G F such that V * 0, D(v)/v = D(u).

P ro o f. Part I. Assume that F is algebraically closed.
For each i G J, we have that D(xj) = D(wj)xj , then by Theorem 1.9, we get Xj G F 
and there exist X1 G c , Pi G F such that Wj = Xjt + Pj.
Let K be an extension of E containing {พ 1'V i g J } such that K is Galois over F(t). 
Let a be an element of the Galois group of K over F(t). Then

Y = g ( y )  =  D(ov0) + £  bjD(cvi)/(ovj ) + £  q  D(aw[‘ )Gi (xj) 

Summing over all a yields, for some M in z.

(4.9) My = D(Tv0) + £  biD(Nvi)/(Nv; ) + £  q D(Tw[i)Gi (xi),

where T and N denote the trace and norm respectively.
Now consider £  Ci D(Tพ1ri )Gi (xj). 

ieJ
For each i e J ,  recall Wj = A.jt + Pi-

Write £  q D(T พ!* )Gj (xj) = £  Ci D(Tพ1ri )Gj (x[) + £  q D(T w[')Gi (xi)

Consider i G J for which = 0. Hence WJ G F and also พ1r‘ G F.
So T พ1r* = Mwj*.
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Thus X  q D(Tพ1r‘ )Gj(xj) = X  q M D(พโ1 )Gj(xj).
X-j =0 Xj =0

Now consider i G J for which x,j * 0. For these i ,-1 <ท ุ< 1 .
If rj = 1, then Twj = Mwj and D(Twj ) = M D(xj )/xj.
If rj = -l,then Tw”^= Mwj-1  and DfTwj-1) = -MD(wj)/( X,jt+Pj)2.
If - 1  < rj < 1 , then write rj = Sj /hj where Sj and hj are relatively prime in z.
Here พ1ri satisfy Yhi - (x,j t + Pi)Si = 0. By Lemma 4.2.1, Yhi - (x.j t + Pi)Si is 
irreducible over F(t).
Hence Twî* = 0. Thus D(Tw|* ) = 0.

Therefore X Cj D(T พ!* )Gj(xj) = X Cj M ^ X̂ Gj(xj)
X.^ 0  X jîS ^ l

+ elements in F(t)\F[t],

= D(u0) + X djD(uj)/uj + elements in F(t)\F[t], 
iel

where น0 G F, dj ร c, Uj G F\{0} for all i G J and J is a finite indexing set. This 
last equality follows from the fact that Gj(xj)/xj is a rational function of Xj with 
constant coefficients. So

X Cj D(Tพ!* )Gj (xj) = M X Cj D(w[‘ )Gj(xj) + D(u0) + X djD(uj)/uj
Xj=0

+ elements in F(t)\F[t],
It is straightforward to see that

X bjD(Nvj)/(Nvj ) = X  bjD(kj)/kj + elements in F(t)\F[t], 
iel iel

where kj G F\{0} for all i G I.
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From (4.9), we can conclude that
(4.10) My = D(Tv0) + X biD(ki)/ki + M X Cj D(w[i )G; (xi)

5-1=0
+ D(u0) + X djD(u;)/uj + elements in F(t)\F[t], 

iej
Now consider D(Tv0).
Write Tv0 = X vjtJ + elements in F(t)\F[t] ,where ท £ z + and Vj £ F for all 

j=0

j = 0, l,...,n, we have
D(Tv0) = D(vn)tn + X(jvJD(t) + D(vj_i))tJ- 1

j=l
+ elements in F(t)\F[t],

Claim that ท < 1. Suppose that ท > 2, hence Vn 0. Replacing D(Tv0) in (4.10), we 
have that the right hand side of (4.10) would contain an expression of the form ti with 
i > 1. Comparing terms of degree ท and n-1 in (4.10), we get D(vn) = 0 and 
nvnD(t) + D(vn-i) = 0. Since D(vn) = 0, Vn £ c.
Hence D(nvnt+ v R-i) = nvnD(t) + D(vn- 1) -  0. So nvnt + Vn- 1  £ c.
Thus t is algebraic over F, a contradiction. So we have the cliam.
Therefore D(Tv0) = D(vj)t + vjD(t) + D(v0) + elements in F(t)\F[t],
Clearly, Vj £ c. Hence D(Tv0) = vjD(t) + D(v 0) + elements in F(t)\F[t],
Again replacing D(Tv0) in (4.10) and comparing the head , we get

My = V jD(t) + D(v0+ น0) + X biD(kj)/kj + x_ diD(uiVuiiel iej
+  M  z  q D ( w ,r i ) G i ( x i)i£j^i=0

Dividing by M, we obtain the correct sum of y.
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Part II. To remove the assumption that F is algebraically closed,w e proceed as in the
proof o f  Part II o f  Lemma 4.4.1. #

P r o o f  o f  T h eo rem  4 .1 .4 . Let m =  tr.deg.K/F. The proof is by induction on m. If 
m = 0, then K is algebraic over F, and the theorem is trivially true. Assume that 
m > 0. Suppose that the theorem is true for any Gamma extension L of a field F' such 
that tr.deg. L/F' < m. Since tr.deg. K/F = m, we can choose a transcendence basis
1 1,...,tm of K over F such that F = F0 c  F(t1) = FjC —c  F(t1,...,tm) = Fm c  K 
and each tj satisfies one of the following three conditions:

(1) D(tj) = D(u)/u for some nonzero น in Fj_ 1 ท K,
(2) D(tj) = D(u)tj for some น in Fi_i n  K,
(3) D(tj) =  D(ur)G(v) for some r G Q, -1 < r <  1,G G C(Y) and น, V in Fj_i ท  K 

such that V * 0, D(v)/v = D(u).
(Fj_i denote the algebraic closure of Fj_i).

Note that K is also a Gamma extension of F| and ti.deg. K/F1 = m-1 < m. So by 
induction hypothesis, there exist
(1) bj G c, v0 algebraic over F1 and nonzero elements vj algebraic over Fi for ail i G I,
(2) q G C, q G Q with -1 < q < 1, nonzero elements Wj, Xj algebraic over F1 and

Gj G C(Y) for all i G J,
such that

y = D(v0) + X bjD(V|)/vj + X ci D(w!‘ )Gi (xi )>

where I, J are finite indexing sets, D(xj)/xj = D(wj) for all i G J.
By Lemma 4.4.1 and 4.4.2, we get the result of the theorem. #
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