
C h a p t e r  I I
T h e o r e t i c a l  B a c k g r o u n d

The characteristics of the acceleration of particles on the รนท or in the 
corona are not certain. A m ajor goal of this thesis research is involved with the 
injection of particles from the รนท, so it is necessary to consider the influences 
th a t affect the transport. We need to select the appropriate  equation for this 
propagation. The author uses the theory of focused transport to explain the 
propagation of solar cosmic rays in the in terp lanetary  space, and to consider the 
effects described in this chapter.

T h e  S o l a r  W i n d
The outerm ost portion of the รนท is the corona. It has a high tem per

a tu re  ( ~  106K), so it has a higher pressure than  the surrounding interplanetary  
m edium . T he pressure in the interplanetary  m edium  is close to zero because the 
density of plasm a is lower. Thus the pressure difference forces a flow from the 
corona to the in terp lanetary  m edium. This difference drives the plasm a to a high 
velocity, so there has been a change of energy from therm al energy to kinetic en
ergy. P lasm a continuously flows away from the รนท with a speed of ft; 400 km /s 
and this flow is called the “solar w ind.’' This flow “drags” the m agnetic field out 
from the รนท (this “dragging” will be explained in the next section). Since the 
solar wind is highly turbu len t, the interplanetary  m agnetic field which is dragged 
out is very irregular (Figure 2.1).
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Figure 2.1: Sketch of the solar wind and the interplanetary  m agnetic field. 

I n t e r p l a n e t a r y  M a g n e t i c  F i e l d
T he particles released from the รนท move in the in terp lanetary  m edium , 

which com prises a plasm a continuously moving with a speed of «  400 k m /s (the 
solar wind). The solar wind carries the magnetic held from the รนท, but the รนท 
tu rns around on its axis, so the magnetic held lines are bent as in Figure 2.1. 
T he tu rbu len t flow of the solar wind leads to irregular m agnetic held lines. The 
transpo rt of particles in this magnetic held mainly consists of m otion around the 
m agnetic  held line.

To study the propagation of solar cosmic rays requires understanding the 
in te rp laneta ry  m agnetic held. Because of the strength  of the tenuous in terp lan
e ta ry  p lasm a (<  10 partic les/cm 3 at 1 AU), the in terp lanetary  m agnetic field 
is convected out from the รนท. This is because it is “frozen” into the plasm a. 
Consider the m agnetic flux, $ 1 through any surface, ร,  bounded by the closed 
contour, L (Figure 2.2). After a small tim e, A t ,  let L be convected w ith the 
p lasm a velocity, ■น, to a new contour, V . Let .ร" be any surface bounded by V .
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๘$
dt

Then the comoving tim e derivative of the flux is given by

ii™0 A1  ( / ,  ^  +  A ^  ■ dS> ~  J  ^ * )  ' ๘“ )
f  B ( t  +  A t) - ๘๘' — f  B(t )  ■ da = [  B ( t  +  A t) •๘๘'— f  B ( t )  - da1J s' J ร J s' J s'

+  J  B ( t )  - da — J  B ( t )  - da

Using G reen’ร theorem , Stokes’s theorem , and A m pere’s Law,

J  B ( t  +  A t ) . ๘๘' -  J  B(t )  -da = A t J  ■ ๘๘' +  J  V  • ร ี๘ร/ -  J  ร ี - ๘๘"

=  —A t J  c(V  X ร ี)  - ๘๘' -f 0

+  (j) ร ี - (t7At X ๘/') as (A t —■» 0)

=  — A t (j) c Ê  ■ d l1 — (j) ( ๘ A t  X  ร ี )  - ๘ / '

=  Um^c j )  ^ ร ี + - i t  X ร ี^ - ๘/ (2.1)๘$
dt

Now รี,. =  7 ^ ร ี — ( l /c )u  X  ร ี j  where รี,. is the electric field in the rest 
fram e of the plasm a and 7 =  (1 — น2/ c2)-1/ 2. However, if the plasm a is perfectly 
conducting, ร ี1. =  0. Therefore, we have ๘$ / dt =  0. This implies th a t m agnetic 
field lines are dragged along with the plasm a (Roelof 1969).

T he concept of being “frozen-in” means th a t the m agnetic field can be 
deduced from the plasm a velocity field. The solar plasm a initially  corotates with 
the surface of the รนท.

Assuming th a t the plasm a flows radially out from the Sun, the mean field 
Bo(0) is B ( r o.0),  where 0 is m easured from the north  ecliptic pole. The m agnetic 
field lines lie along the Archimedean spirals ๘) =  $ 0 — sir sin 0เน. We have

dr นA r — ฆA /, A $ =  —H A/, ๘$ (2.2)
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Figure 2.2: The change of flux through any closed contour, L, is zero in a perfectly 
conducting plasm a (after Roelof 1969).

We define 4> = 0 when r  =  0, so d(f)/dt — 0, and

B[r ,0)  = a ( r , 0 ) ( e r + r  sin 0d(f>. 
dr (

1 m - fir sin 0 a [ r ,  บ) ( er ------ ---- ëÿ
0 / Î

We m ust have V - B  =  0, so
1 d0 =  - ^ i r r 2 B r -\---- T—~z7โ7โ s in 0 B g  T —7— - — B a, ,r 2 dr r sin OdO r sin 0 <9d>
1 d 2

=  พ ท ิะ r  a >r* or
a = mร'2 ■

If i?o(0) =  J3(ro,0) then

/ (0) = r |B or(9) = fi sin 0
and B{ f l r0 sin 00i> ■ 'Or -

(2.3)

(2.4)

(2.5)

If we use the values of f l  =  3 X  ] o -1  sec-1 , ?'o ~  7 0 0 ,0 0 0  km, and น ระ 4 0 0  krn/sec, 
then B 0<f, ระ —0 .0 0 5  z?0r, so B o ( 0 )  ระ -^ ( .B o r ) 2 +  ( £ พ ) 2 ~  B Or( 0 ) .  Finally, the field
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at a distance r from the รนท is

B (r ,0 )  = B o ( e )  ( ^ ) 2 f f lr (2.6)

where To is the radius of the รนท, fl  is the angular ra te  of ro tation  of the รนท, 
and er and ëÿ are unit vectors in the radial and azim uthal directions, respectively 
(Roelof 1969). Such a field line corotates with the รนท, and it has m ajor effects 
on the  propagation of energetic particles spiraling along it.

C h a r g e d  P a r t i c l e  T r a n s p o r t
As m entioned earlier, the turbulence of the solar wind makes the m agnetic 

field from the รนท very irregular. This characteristic  affects the charged particle 
m otion. W hen we consider the transport of charged particles in the m agnetic 
field, we find th a t the orbit of a particle is a helix, because particles are forced 
to move in circles around the m agnetic line, while moving along the field with a 
constant speed (Figure 2.3).

The form of this orbit depends on the pitch  angle (0), which is the angle 
betw een the speed of the particle and the m agnetic field line. Defining

n  is a constant of the motion for a uniform m agnetic field. However, in the 
in terp lanetary  m edium , it is affected by the irregularities in the m agnetic field. 
T he sign of /i will show the direction of transpo rt from the รนท. W hen 0 <  90°, 
/i >  0, then  the particles move outward from the รนท, and when 0 > 90°, [A < 0, 
then the particles move toward the รนท. If the m agnetic field is sm ooth, then the 
form of this orbit will be constant, but when the in terp lanetary  m agnetic field 
is irregular, then the value of fl changes random ly. This process is called ‘'pitch 
angle scattering” and is shown in Figure 2.4.

fl =  cos 0, (2.7)
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8 =  p itch  angle แ =  cos 0

> B ©oCOII0ะ> P  = 0 .87

> - B 6 =  60° [ i  = 0.50

B ๐§II [ X  = - 0 .5 0

- > B 6 =  150° [ X  = - 0 .8 7

Figure 2.3: Pitch-angle scattering in a steady m agnetic field.

SB SB

S F — ev X SB  II B  

B  = B 0 + SB

Figure 2.4: Exam ple of the force along the field for resonant scattering  of particles 
orbiting  an irregular magnetic field.
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T he sim plest treatm en t of the diffusive transpo rt of particles in interplan
e tary  space includes the effects of the stream ing of particles and the distribution 
of scattering . Jokipii (1966) used a Fokker-Planck equation to explain this trans
port of particles, using a Fokker-Planck equation of the form

d f ( t , n , z )  _  d f  1 d  <p(fi) d f { t ,  fi, z)
dt ^ v d z  d/j, 2 dn

where t is the tim e since the solar flare occurrence, z is the arclength along the
m agnetic field, V  is the particle speed, f i  is the cosine of the pitch angle, or
V , / V ,  /  is the particle distribution function and <p is the coefficient of pitch angle
scattering  (Jokipii 1971; Earl 1973), where

= (2.9)

This equation  includes the effects of pitch-angle scattering  and stream ing, which 
explain the  cosmic-ray distribution as a function of the distance along the mag
netic field and the cosine of the pitch angle, in which q is the spectral index of 
the  power law for in terplanetary  field fluctuations at wave num ber k w ithin an 
interval dk,  Qxx is the spectral power at a reference wave num ber ko, and

A = 2iT^pQxx(k0rL)q, (2.10)

where R  is the particle rigidity, and า'1 is the Larmor radius. Thus Qxx, q , and 
ko are param eters of the spectrum  of field irregularities (Jokipii 1966).

Earl (1976a) further developed the transport equation by including the 
effects of adiabatic  focusing:

d f{ t , / J , , z ) d f ( t , n , z )  _  V  2 d f { t , n , z )  d  <p(f i)df( t t f i ,z)
~ T t  ^ v dz  =  ~ 2 L { z ) [ ~ 11 } %  + dji 2 Ih T

(2.11)
where the first term  on the right-hand side represents the effect of adiabatic 
focusing (Roelof 1969), and L is the scale length for spatial variations of the
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guiding field,

พ )
1_dB

' B d z ' (2.12)

In this work, the author uses the focused transport equation  as the basis 
for sim ulating coherent pulses of solar cosmic rays. However, this is not the most 
com plete equation used in this work, which will include o ther effects.

A d i a b a t i c  D e c e l e r a t i o n
In the focused transport model (Earl 1976a), the energetic particles are 

considered to undergo pitch-angle scattering, which is the effect of small-scale 
irregularities in the interplanetary  m agnetic field, and focusing, which is the effect 
of the large-scale divergence of the field at increasing distance from the รนท. We 
can then consider two reference frames (Ruffolo 1995). T he first is the fixed 
fram e (we define the particle velocity in this fram e as นิ'). In the fixed fram e, the 
large-scale s tru c tu re  of the magnetic field is stationary, and the focusing conserves 
V  =  Iนิ,! (Figure 2.5a). The second frame is the solar wind fram e (we define the 
particle  velocity in this fram e as นิ,). In the solar wind fram e, the small-scale 
irregularities arc frozen in the solar wind fram e, so the scattering  conserves the
m agnitude of the  velocity, น, =  v' (Figure 2.5b). We exam ine effects of focusing 
and scattering  in the solar wind frame, because it is com putationally  easier to 
consider scattering  in the fram e in which it conserves the particle speed.

Focusing preserves V  but does not preserve น,. The focusing always makes 
the velocity of the particle in the solar wind fram e closer to the origin. Figure
2.6 shows the deceleration of v' from the schem atic tra jectory  of a particle th a t 
undergoes scattering  and focusing.

Note th a t the rate of deceleration is

นิ' = ๙๙
dp iLi (2.13)
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a b

focusing v±

Solar Wind Frame

Figure 2.5: Illustration  of the adiabatic focusing and pitch-angle scattering in (a) 
the fixed fram e and (b) the solar wind frame.

'1

Solar Wind Frame

Figure 2.6: Scattering and focusing in the solar wind frame.
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and the  focusing in the fixed fram e gives the ra te  of change of p. as

(2.14)

where the scale length, L, for spatial variation of the m agnetic field was defined 
earlier. S ubstitu ting  p  from equation (2.14) into equation (2.13), we find th a t

v' = yjv fi +  v î

1̂1 1̂1 V SUJ

\ J  1 -  p 12 v' 1 =  VJl =  V 1 - ๙  v
' = yj(v\\ -  vsw)2 + v]

= (น2 - 2p v v sw + v 2sJ l/2
’I

civ'
dp - v swv /v '

,2
V  = - v sw V

2L{z) V
7 ( 1 - ๙ )

- v swv
( 1 - ๙ ๆ, (2.15)2 L(z)

where vsw is the solar wind velocity. Similarly, if we consider special relativity, 
and neglect term s of order (นรน,/น)2, we get the form ula for the ra te  of change of 
the m om entum ,

พ - ^  (2i6)
where p1 is the m om entum  of a particle in the solar wind frame.

For a radial field, the scale length of the interplanetary  field is r /2 , where 
r is the distance from the Earth  to the รนท, so we have

น.ร., ) < 2 ü ,
พ ) =  V - น.,,,,. (2.17)

From equations (2.16) and (2.17), we get

p ' = | (  1 - ๙ 2)V • 1พ (2.1S)
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In the  solar wind frame, the pitch-angle d istribution  tends to become 
isotropic, in which case the directional average of (1 — /i'2) is equal to  2 /3  and

(p') =  - ^ V  • vsu/. (2.19)

From  this viewpoint, adiabatic deceleration is a m onotonie decrease in the mo
m entum  resulting from the transform ation of adiabatic focusing from the fixed 
fram e to the solar wind frame (Ruffolo 1995).

A r c h i m e d e a n  S p i r a l  M a g n e t i c  F i e l d
111 a fram e th a t is corotating with the รนท, the solar wind velocity, vl  , 

is parallel to the m agnetic field at each point:

vcs,w =  vswr — รไ?’ sin 0$  (2.20)

=  c *  (2-21)
=  vsw sec[i/?(z)], (2.22)

where Q is the angular velocity of the solar rotation, z  is the unit vector along 
the outw ard tangent to the average m agnetic field, and tp(z) is the angle between 
r and z,  which is shown in Figure 2.7.

The decrease of p' is system atic, and the rate  of change in the m agnitude 
of the m om entum  of a particle in the solar wind frame depends on the adiabatic 
focusing. By replacing v csw for vsw in equation (2.16), we get

p ' =  2L fz)-( 1 ” '/ 2 ) ' (2 '23>

T he ra te  of change of m om entum  depends 011 the change in velocity along 
the m agnetic field (théj in the solar wind frame. In different locations, the so
lar wind fram e and are different. This characteristic is called “differential
convection.”
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Figure 2.7: Illustration of the direction of r ,  i ,  and 0 (z ).

If we consider the stream ing of a particle  moving from point A  to B  along 
the sam e field line in the solar wind frame, focusing preserves V  and increases 
P\\ =  p{| +  E / ( c 2)vcsw or p'n =  P|| — E / ( c 2)vcsw, so we get the relation between p'A, 
the m om entum  in the solar wind frame at point A,  and p'B , th a t at point B:

p 'w.a =  V \ \ - ^ v csw,A (2.24)

P\\,B =  P \ \ - ^ VL ,  ร ,  (2-25)

and the m om entum  change from point A  to B  is

Ap\\ = - — vsw(Asecip).  (2.26)

In term s of the distance along the field line from A  to B,  this is

Ap|| =  รพ ( j j ^  sec ip \  A z .  (2.27)

From A z  =  U||A/,

V / E  (  <1 \A/)|| =  - - - u , น, I cos 0 — sec</> I U||At, (2.28)
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where A t  is the travel time. Finally, the ra te  of deceleration along the field line 
due to  this effect is

pjl ะ= ~P\\VSW ^co sใ ! ) - secxl^j . (2.29)

From the  relation, p' =  (p[|/p/)p'||\ we can find the ra te  of deceleration due to 
changes in v cs w \

p '  = —  p ' v s w ( c o s i p ■ ^-s e c  ไ!))p ' 2 .  (2.30)

Therefore from equation (2.23) and equation (2.30), we get a to tal deceleration 
ra te  of

V = - p ' v sw -  p 2) +  c o s t p ^ - s e c r p / 2̂  . (2.31)

O t h e r  E f f e c t s  o f  t h e  S o l a r  W i n d
There are other effects of the solar wind on the transport of solar flare 

particles. Due to the effects of scattering, the distribution of particles is often 
nearly isotropic in the solar wind frame. However, in the fixed frame, solar wind 
convection makes the distribution  anisotropic. Since focusing preserves V  in the
fixed fram e, and P|| =  pjl +  E / ( c 2 ) v cs w 1 then

P \\ =  p ' p '  + ^ v s w s e c  I p . (2.32)

The ra te  of stream ing and convection is given by

E '  1 1
ะ  =  I ’ll -  — fl V  + v s w  sec x j j (2.33)

(  v ' 2 \ะะ: \ l ! v  +  ( 1 -  J  v s w  sec l p \ (2.34)

T he change in / เ  is a result from adiabatic focusing according to equation
(2.14) in the fixed frame, so in the solar wind fram e this ra te  becomes

d/d
(โ//./. /  =  2F<ผ ิ 1 + É sec tj} — /IV ร พ  O๙ s e c t / ’ 1 ( 1 — f l )  ( 2 .3 5 )
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where p'  is differential convection from the changes of the solar wind velocity v csw. 
The perpendicular m om entum  in the solar wind fram e is not affected by this, so 
we have

d{p'l) — 0 =  d[p/2( l - p ' 2))
=  2(1 — p n )pdp  — 2 p'p'2dp

1 . ,  =  1 - / i V
1เ =  p' p' '

Considering this equation (2.38) and equation (2.30) we get

p  =  - v sw(cosipdj-secxp)p'(l - 1น,2).

(2.36)
(2.37)
(2.38)

(2.39)

From equation (2.35) and equation (2.39), we find the total ra te  of change of p 
from the effects of the solar wind and due to focusing:

p  =  +  ^  - f f sec ^  -  p  - ^ - s e c  ^  I ( 1  -  p  )

-  v sw( c o s i p ^ - s e c f ’) p ' ( l  -  p ' 2). (2.40)

This differs from equation (2.35) because we are considering the other 
effects in the theory of focused transport for the propagation of solar cosmic rays 
in the in terp lanetary  space. Now we can find the appropriate  equation for this 
propagation.

M o d i f i e d  E q u a t i o n  o f  F o c u s e d  T r a n s p o r t
Now we have new expressions as a function of the pitch angle from equa

tion (2.40), the distance from the รนท along the m agnetic field from equation 
(2.34) and the m om entum  from equation (2.31). From these equations, we can 
find a Fokker-Planck equation for solar cosmic rays in in terp lanetary  space, which 
will be an improved form of equation (2.8). We give the d istribution  function of 
solar cosmic rays F  as

(PN
dzclpdp  ’ (2.41)
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where N  represents the num ber of particles. The Fokker-Planck equation that 
includes only the effects of stream ing, adiabatic focusing and scattering is
d F ( t , p , z , p )

dt
d F ( t , p ,  z ,p )  V  d  2 , , 1 3  d F ( t , p , z , p )

- “ v d 7 ------- ) F ( t — v < £ ‘
(2.42)

We w rite th is equation in term s of changes of P ,  p ,  z in the local solar wind frame 
(w ithout prim es, for convenience):

d F ( t , p , z , p )  d ( A z \  d f  A p
dt dz  V A t )  dp \  A t

+ dp
ฬ ฟ  d ( E '

2 d p \ E _ b ( ^ Edp  \  A t (2.43)

N ote th a t there  is a factor of E ' / E  = 1 — p vv swsecip/c2 in the pitch-angle scatter
ing term . It relates to the d istribution in term s of tim e and position in the local 
solar wind fram e (Webb & Glesson 1979; Skilling 1975; Earl 1984). In equations 
(2.31), (2.34) and (2.40) we presented A z / A t ,  A p / A t  and A p / A t ,  so we can 
derive the appropriate  transport equation (Ruffolo 1995):

d F ( t , p , z . p ) _ d
-  = - — p v F ( t : n , z , p )

d t

- b
■ p ~  —  I v sw s ec  T p F ( t . p , z , p )

1 Vsvv ! v s w l  1 +  p — -  s e c  Ip — p - —zr  
V  c 2

+

d p  2 L { z )

- ( 1  -  P 2 ) F { t , p , z , p )

~Q^Vร'" ^ c o s i p - ^ - s e c i p  ) p ( l  -  p 2 ) 

- E ( t , p , z , p )
d  v f f p )  d

sec Tp

d p  2 d p F ( t , p , z , p )

+ g - / v- | g ^ ( l  - p ) +  c o s t f ^ รe c * r j

' F i i .  i l . .  z . p )

( s t r e a m i n g )

( c o n v e c t i o n )

( f o c u s i n g )

( d i f f e r e n t i a l  c o n v e c t i o n )  

( s c a t t e r i n g )

( d e c e l e r a t i o n )

(2.44)

T he  param eters in this equation are the angle between the field line and 
the radial direction V’(~)i the focusing length L(z) ,  and the pitch-angle scattering
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coefficient <p(p). From the Archimedean field m odel of Parker (1958) w ith 6 ะ= 0, 
we get the  relation

i s .  ะcos ใ/' =  - . -JT- =  (2.48)y/v]w +  โ/2r 2 sin2 0 y/i'2 +  R 2
r l J  + g ๆ  3 / 2L =  i -  — (9  4 9 )7?(r2 +  2/?2) ’ 1 '

where /2 =  vsw/(Çî sin 0) is the angular ro tation  rate  of the รนท, and r  is the
radius as a function of 2. We use the coefficient of pitch-angle scattering  as

<p{li) = A \ n \ ' - 1{ l - f i 2) (2.50)

There is a problem from the singularity at p = 0 , so we follow Ng &: Wong 
(1979) and use an effective scattering coefficient (pefT(/i). To derive <p>efl-(p), we 
s ta rt w ith the /J. flux,

5 ;  =  Y i  ( l ~ v 2) F - V (aO d F
2 dfj.

(2.51)

assum e th a t =  ร(1 — p 2) for simplicity. Then we consider F(/.i) a t fixed t, 
and f.i:

ร(1 - / i 2) 

0
f  d(F(f i)  -  2L s /v )  

J  ( F ( j i ) - 2 L s j v )
In (F(f i)  — 2 L s / v )  +  c

= / / ( I  -  S ) F M -  เ พ , ' ‘(เ -

F M 2 L A  ALพ - 1£  ( ^

J L

A l \ n \ < - ' i l '
£ J  พ 1' ’^*

sgn(̂ ) V w i l lar (2-,)F (p ) =  2L s /v  +  ce (2.52)
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We find the constant values of ร  and c  when / i  =  / i { ,  Hi+1 and H i  =  J L  — A / i / 2 ,  

H i + 1 =  F  +  A / i / 2 .

A F
c  = 2e27Tf^T ( ^ - A^ 2l2- , + l ^ A^ 2l2- ’)

:  ï £ A F c o th  ( 2, 4 » 2 - , ) <|' i + A '‘/ 2 i: " ’ - i?  -ร =

sinh ' 2AL(

v - F -  - ^ A F c o thA L ‘ . 4 L  \ 2 A L { 2 - q )

where F = (F, +  Fl+1) / 2, A F = Fl+1 — F, so

(Im +  A/j/213- ’ -  I/Ï -  A W 2 |2- ’ )

■ ร,» ( ศ  =  / / ( 1 - Ï * 2) r -  

=  ฟพ * 1' " ,,2

Feff(F) A F  
2 At7

A,u
tanh {บ[/(/r +  A**/2) -  7(a* -  A /i/2)]/[2A L (z)]}  ' (2.53)

พhere

M  (m)
df.L

m

=  H 1-Ç

sgn(/i) I/2!2-g
(2.54)

The lim it of the effective scattering coefficient when A H is close to 0 is

lim =Am-+o
( บ / 2 L ) A f i . (  1 — H 2 )  

(u/ 2AL)\i i \ l - i A i l  
=  A H 9 (1 -  /i2). (2.55)

where A/r is the grid spacing in the H coordinate. We thus find th a t (/.<) —>• 
<f (f ) when H 2> A/J.

T he equation for the pitch-angle scattering in term s of a spatial m ean 
free path , À, is

V
(2.56)
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where D is a spatial diffusion coefficient, and

•2 '  X(1 - p 2)2V
T '-1 dfi (2.57)

(H asselm ann and W ibberenz 1968). In the num erical code, we use

( 1 - R 2)23 D 3v ■ร—̂
= V  =  T  ^ - A/i (2.58)

in the lim it of no focusing (Ruffolo 1991), where the sum is over fi halfway between 
grid points. We can find the scattering am plitude, A,  th a t leads to the  desired 
value of A.
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