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'JSTU BOE GPSFNPTU * XPVME MJLF UP FYQSFTT NZ TJODFSF HSBUUJUVEF UP NZ UIFTJT

BEWJTPS "TTJTUBOU 1SPGFTTPS %S� ,FOH 8JCPPOUPO GPS IJT HVJEBODF BOE DPOUJOVPVT

TVQQPSU UISPVHIPVU UIF UJNF PG UIFTJT SFTFBSDI� * XPVME MJLF UP UIBOL "TTPDJBUF

1SPGFTTPS %S� 8JDIBSO -FXLFFSBUJZVULVM "TTJTUBOU 1SPGFTTPS %S� 1POHEBUF .POUB�

HBOUJSVE BOE "TTJTUBOU 1SPGFTTPS %S� "SBN 5BOHCPPOEVBOHKJU NZ UIFTJT DPNNJUUFF

GPS UIFJS TVHHFTUJPOT BOE DPNNFOUT� .PSFPWFS * GFFM WFSZ UIBOLGVM UP BMM PG NZ

UFBDIFST XIP IBWF HJWFO NF LOPXMFEHF�

* XJTI UP UIBOL NZ TFOJPS 8BOOJTB 4VEQSBLIPO BOE NZ GSJFOE "VUUBXJDI .BOVJ

GPS DIFDLJOH NZ XSJUJOH BOE UIJFS FODPVSBHFNFOUT�

'JOBMMZ * BN HSBUFGVM UP UIF )VNBO 3FTPVSDF %FWFMPQNFOU JO 4DJFODF 1SPKFDU

	4DJFODF "DIJFWFNFOU 4DIPMBSTIJQ PG 5IBJMBOE 4"45
 GPS ųOBODJBM TVQQPSU UISPVHI�

PVU NZ HSBEVBUF TUVEZ�
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/PSNFE TQBDFT BSF WFDUPS TQBDFT FOEPXFE XJUI B NBQ DBMMFE UIF OPSN XIJDI

BDUT BT UIF SPMF PG UIF NPEVMVT� *O GBDU UIFSF BSF B MPU PG TJHOJųDBOU OBUVSBM HF�

PNFUSJD QSPQFSUJFT XIJDI GBJM JO HFOFSBM OPSNFE TQBDFT BT OPO &VDMJEFBO TQBDFT�

4PNF PG UIFTF JOUFSFTUJOH QSPQFSUJFT IPME KVTU XIFO UIF TQBDF JT BO JOOFS QSPEVDU

TQBDF� 5IJT JT UIF NPTU JNQPSUBOU NPUJWBUJPO GPS TUVEZ PG DIBSBDUFSJ[BUJPOT PG JOOFS

QSPEVDU TQBDFT�

5IF DMBTTJD DIBSBDUFSJ[BUJPO PG JOOFS QSPEVDU TQBDFT JT UIF GPMMPXJOH QSPQFSUZ

DBMMFE UIF QBSBMMFMPHSBN MBX �

‖x+ y‖2 + ‖x− y‖2 = 2‖x‖2 + 2‖y‖2 7Q` �HH x, y ∈ X.

*O ���� +PSEBO BOE WPO /FVNBOO <�> QSPWFE UIBU UIF QBSBMMFMPHSBN MBX JT B OFD�

FTTBSZ BOE TVGųDJFOU DPOEJUJPO GPS UIF OPSN UP CF JOEVDFE CZ BO JOOFS QSPEVDU�

5IJT SFTVMU XBT HFOFSBMJ[FE CZ $BSMTTPO <�> CZ BTTVNJOH TPNF BMHFCSBJD DPOEJUJPOT�

-BUFS JO ���� +PIOTPO <�> JOUSPEVDFE BO JOUFSFTUJOH DIBSBDUFSJ[BUJPO PG JOOFS QSPE�

VDU TQBDFT JOWPMWJOH UIF CJOPNJBM DPFGųDJFOUT�

"T XF QPJOUFE PVU UIFTF NPUJWBUFE VT UP ųOE PUIFS DPOEJUJPOT XIJDI BSF NPSF

HFOFSBM UIBO +PIOTPOĴ T DPOEJUJPO BOE NPSF FYQMJDJU UIBO $BSMTTPOĴT DPOEJUJPO�

.PSFPWFS TJODF TPNF BMHFCSBJD DPOEJUJPOT BSF SFMFBTFE CZ UIF CJOPNJBM JEFOUJUZ

XF BMTP HJWF B OFX DIBSBDUFSJ[BUJPO PG JOOFS QSPEVDU TQBDF�

*O $IBQUFS ** XF SFDBMM TPNF CBTJD EFųOJUJPOT BOE UIFPSFNT JOWPMWJOH UIF WPO

/FVNBOOĴT DIBSBDUFSJ[BUJPO�

*O $IBQUFS *** XF TUVEZ TPNF DIBSBDUFSJ[BUJPOT PG JOOFS QSPEVDU TQBDFT JOWPMWJOH

UIF CJOPNJBM DPFGųDJFOUT� 8F QSFTFOU UIF SFTVMU PG +PIOTPO XIJDI NPUJWBUFT PVS
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XPSL BOE XF BMTP TIPX UIBU UIF QSPPG JT TQFDJųD �

*O UIF MBTU DIBQUFS XF QSPWF TPNF CJOPNJBM JEFOUJUJFT XIJDI BSF VTFE GPS UIF

QSPPG PG PVS NBJO UIFPSFN BOE HJWF B OFX DIBSBDUFSJ[BUJPO HFOFSBMJ[JOH UIF SFTVMU

PG +PIOTPO�
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S_1GAJAL�_A1a

*O UIJT DIBQUFS XF SFDBMM TPNF EFųOJUJPOT OPUBUJPOT BOE UIFPSFNT VTFE UISPVHI�

PVU UIJT SFTFBSDI� 8F BMTP SFWJFX TPNF MJUFSBUVSF SFMBUFE UP PVS SFTFBSDI�

.2}MBiBQM kXRX G2i X #2 � +QKTH2t p2+iQ` bT�+2 Qp2` � }2H/ CX � MQ`K QM X Bb
� K�T ‖ · ‖ : X → [0,∞) i?�i b�iBb}2b i?2 7QHHQrBM; i?`22 T`QT2`iB2bX

B ‖x‖ = 0 B7 �M/ QMHv B7 x = 0X

BB ‖αx‖ = |α| · ‖x‖ 7Q` �HH x ∈ X �M/ α ∈ CX

BBB ‖x+ y‖ ! ‖x‖+ ‖y‖ 7Q` �HH x, y ∈ XX

� MQ`K2/ HBM2�` bT�+2 Bb � T�B` (X, ‖ · ‖)- r?2`2 X Bb � p2+iQ` bT�+2 �M/ ‖ · ‖ Bb �
MQ`K QM XX

.2}MBiBQM kXkX �M BMM2` T`Q/m+i QM � p2+iQ` bT�+2 X Qp2` � }2H/ C Bb � 7mM+iBQM
i?�i i�F2b 2�+? Q`/2`2/ T�B` (x, y) Q7 2H2K2Mib Q7 X iQ � MmK#2` 〈x, y〉 ∈ C �M/
?�b i?2 7QHHQrBM; T`QT2`iB2bX

B 〈x, x〉 Bb MQi �Mv M2;�iBp2 `2�H MmK#2` 7Q` �HH x ∈ X �M/
〈x, x〉 = 0 B7 �M/ QMHv B7 x = 0X

BB 〈x+ y, z〉 = 〈x, z〉+ 〈y, z〉 7Q` �HH x, y, z ∈ XX

BBB 〈αx, y〉 = α〈x, y〉 7Q` �HH x, y ∈ X �M/ α ∈ CX

Bp 〈x, y〉 = 〈y, x〉 7Q` �HH x, y ∈ XX

h?2 p2+iQ` bT�+2 X rBi? �M BMM2` T`Q/m+i Bb +�HH2/ �M BMM2` T`Q/m+i bT�+2X

*U JT DMFBS UIBU FWFSZ JOOFS QSPEVDU TQBDF X JT B OPSNFE MJOFBS TQBDF CFDBVTF

POF DBO EFųOF B OPSN PO X BT GPMMPXT �
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S`QTQbBiBQM kXjX A7 〈 , 〉 : X ×X → C Bb �M BMM2` T`Q/m+i QM � p2+iQ` bT�+2 X-
i?2M i?2 7mM+iBQM ‖ · ‖ : X → R- /2}M2/ #v

‖x‖ =
√

〈x, x〉 7Q` x ∈ X,

Bb � MQ`K QM XX h?Bb MQ`K Bb +�HH2/ i?2 MQ`K BM/m+2/ #v i?2 BMM2` T`Q/m+i 〈·, ·〉X

*O $IBQUFS * XF NFOUJPOFE UIF QSPQFSUZ UIBU EPFT OPU IPME JO B HFOFSBM OPSNFE

MJOFBS TQBDF�

S`QTQbBiBQM kX9X A7 X Bb �M BMM2` T`Q/m+i bT�+2- i?2M 7Q` 2p2`v x, y ∈ X-

‖x+ y‖2 + ‖x− y‖2 = 2‖x‖2 + 2‖y‖2.

5IJT QSPQFSUZ JT DBMMFE UIF QBSBMMFMPHSBN MBX� 5IF OFYU QSPQPTJUJPO TIPXT

UIBU GPS BO JOOFS QSPEVDU TQBDF XF DBO XSJUF UIF JOOFS QSPEVDU JO UFSNT PG UIF

DPSSFTQPOEJOH JOEVDFE OPSN�

S`QTQbBiBQM kX8X G2i (X, 〈 , 〉) #2 � +QKTH2t BMM2` T`Q/m+i bT�+2 �M/ ‖ · ‖ i?2
+Q``2bTQM/BM; MQ`K- i?2M 7Q` 2p2`v x, y ∈ X-

〈x, y〉 = 1

4

3∑

k=0

ik‖x+ iky‖2.
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S`QQ7X 6Q` �Mv x, y ∈ X- r2 ?�p2

‖x+ y‖2 + i2
∥∥x+ i2y

∥∥2 = ‖x+ y‖2 − ‖x− y‖2

= 〈x+ y, x+ y〉 − 〈x− y, x− y〉

= 〈x, x+ y〉+ 〈y, x+ y〉 − 〈x, x− y〉+ 〈y, x− y〉

= 〈x+ y, x〉+ 〈x+ y, y〉 − 〈x− y, x〉+ 〈x− y, y〉

= 〈x+ y, x〉 − 〈x− y, x〉+ 〈x+ y, y〉+ 〈x− y, y〉

= 〈2y, x〉+ 〈2x, y〉

= 2〈x, y〉+ 2〈x, y〉

= 4_2〈x, y〉,

�M/

i ‖x+ iy‖2 + i3
∥∥x+ i3y

∥∥2 = i ‖x+ iy‖2 − i ‖x− iy‖2

= i
(
‖x+ iy‖2 − ‖x− iy‖2

)

= i (〈x+ iy, x+ iy〉 − 〈x− iy, x− iy〉)

= i (〈x, x+ iy〉+ i〈y, x+ iy〉 − 〈x, x− iy〉+ i〈y, x− iy〉)

= i
(
〈x+ iy, x〉+ i〈x+ iy, y〉 − 〈x− iy, x〉+ i〈x− iy, y〉

)

= i
(
〈x+ iy, x〉 − 〈x− iy, x〉+ i〈x+ iy, y〉+ i〈x− iy, y〉

)

= i
(
〈2iy, x〉+ i〈2x, y〉

)

= i
(
−2i〈x, y〉+ 2i〈x, y〉

)

= 2〈x, y〉 − 2〈x, y〉

= 4AK〈x, y〉.

aBM+2
3∑

k=0

ik‖x+ iky‖2 = ‖x+ y‖2 + i ‖x+ iy‖2 + i2
∥∥x+ i2y

∥∥2 ++i3
∥∥x+ i3y

∥∥2- Bi

7QHHQrb i?�i 〈x, y〉 = 1

4
(4_2〈x, y〉+ 4AK〈x, y〉) = 1

4

3∑

k=0

ik‖x+ iky‖2X
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5IJT JEFOUJUZ JT DBMMFE UIF +QKTH2t TQH�`Bx�iBQM B/2MiBiv� 'PS BO JOOFS QSPEVDU

TQBDF PWFS SFBM OVNCFST UIF QPMBSJ[BUJPO JEFOUJUZ CFDPNFT

〈x, y〉 = 1

4

(
‖x+ y‖2 − ‖x− y‖2

)

TJODF UIF JNBHJOBSZ QBSU JT [FSP�

*O GBDU UIFSF JT B OPSNFE MJOFBS TQBDF XIJDI JT OPU BO JOOFS QSPEVDU TQBDF� 'PS

FYBNQMF UIF p�OPSN PO B WFDUPS TQBDF X PG EJNFOTJPO n PG x = (x1, x2, . . . , xn)

EFųOFE CZ ‖x‖p =
(

n∑

i=1

|xi|p
) 1

p

XIFSF p )= 2�

1t�KTH2 kXeX G2i p )= 2X *QMbB/2` i?2 ‖·‖p QM lpX *?QQb2 x = (1, 1, 0, . . .) ∈ lp

�M/ y = (1,−1, 0, . . .) ∈ lpX Ai Bb 2�bv iQ b22 i?�i ‖x+ y‖p = 2 = ‖x− y‖p �M/
‖x‖p = 2

1
p = ‖y‖pX *QMbB/2`

‖x+ y‖2p + ‖x− y‖2p = 4 + 4 �M/ 2 ‖x‖2p + 2 ‖y‖2p = 4 · 2
2
p .

>2M+2 i?2 T�`�HH2HQ;`�K H�r ?QH/b B7 8 = 4 ·2
2
p X aBM+2 p )= 2- i?2 T�`�HH2HQ;`�K H�r

7�BHb- BX2X- i?2 MQ`K ‖·‖p Bb MQi BM/m+2/ #v BMM2` T`Q/m+iX

5IF ųSTU MJUFSBUVSF CFHJOT XJUI UIBU CZ +PSEBO BOE WPO /FVNBOO XIP QSPWF UIBU

UIF QBSBMMFMPHSBN MBX JT B OFDFTTBSZ BOE TVGųDJFOU DPOEJUJPOT GPS UIF OPSN UP CF

JOEVDFE CZ BO JOOFS QSPEVDU JO �����

h?2Q`2K kXdX UpQM L2mK�MMV G2i X #2 � HBM2�` bT�+2X � MQ`K QM X Bb BM/m+2/
#v �M BMM2` T`Q/m+i QM X B7 �M/ QMHv B7 Bi b�iBb}2b i?2 T�`�HH2HQ;`�K H�rX JQ`2Qp2`-
B7 � MQ`K QM X b�iBb}2b i?2 T�`�HH2HQ;`�K H�r- i?2M i?2 mMB[m2 BMM2` T`Q/m+i i?�i
BM/m+2b i?Bb MQ`K Bb ;Bp2M #v i?2 TQH�`Bx�iBQM B/2MiBivX

S`QQ7X �bbmK2 i?�i � MQ`K ‖·‖ Bb BM/m+2/ #v �M BMM2` T`Q/m+i QM XX "v T`QTQ@
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bBiBQM kXj- r2 ?�p2

‖x+ y‖2 + ‖x− y‖2

= 〈x+ y, x+ y〉+ 〈x− y, x− y〉

= 〈x, x+ y〉+ 〈y, x+ y〉+ 〈x, x− y〉 − 〈y, x− y〉

= 〈x+ y, x〉+ 〈x+ y, y〉+ 〈x− y, x〉 − 〈x− y, y〉

= 〈x, x〉+ 〈y, x〉+ 〈x, y〉+ 〈y, y〉+ 〈x, x〉 − 〈y, x〉 − 〈x, y〉+ 〈y, y〉

= 2〈x, x〉+ 2〈y, y〉

= 2 ‖x‖2 + 2 ‖y‖2 .

hQ T`Qp2 i?�i � MQ`K QM X Bb BM/m+2/ #v �M BMM2` T`Q/m+i QM X B7 Bi b�iBb}2b
i?2 T�`�HH2HQ;`�K H�r- r2 p2`B7v 2�+? T`QT2`v BM /2}MBiBQM kXkX G2i x, y, z ∈ XX
�bbmK2 i?�i � MQ`K ‖·‖ QM X b�iBb}2b ‖x+ y‖2 + ‖x− y‖2 = 2‖x‖2 +2‖y‖2 �M/ �

7mM+iBQM 〈 , 〉 K�TTBM; 7`QK X ×X iQ C Bb /2}M2/ #v 〈x, y〉 = 1

4

3∑

k=0

ik‖x+ iky‖2

7Q` �HH x, y ∈ XX UBV 6Q` x ∈ X-

〈x, x〉 = 1

4

3∑

k=0

ik‖x+ ikx‖2

=
‖x+ x‖2 + i ‖x+ ix‖2 − ‖x− x‖2 − i ‖x− ix‖2

4

=
4 ‖x‖2 + i ‖x+ ix‖2 − i ‖x− ix‖2

4

= ‖x‖2 + i |i2| ‖−ix+ x‖2 − i ‖x− ix‖2

4

= ‖x‖2 .

aBM+2 ‖x‖2 " 0 7Q` �HH x ∈ X- 〈x, x〉 Bb � MQM@M2;�iBp2 `2�H MmK#2`X 6Q` U⇒V-
�bbmK2 i?�i 〈x, x〉 = 0X aBM+2 _2〈x, x〉 = ‖x‖2 �M/ AK〈x, x〉 = 0- x ?�b iQ #2 x2`Q
p2+iQ`X U⇐V �bbmK2 x = 0X h?2M 〈x, x〉 = 〈0, 0〉 = 0X h?mb 〈 , 〉 ?�b � TQbBiBp2
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/2}MBi2M2bbX UBBV "v i?2 T�`�HH2HQ;`�K H�r- r2 ?�p2

‖(x+ z) + y‖2 + ‖(x+ z)− y‖2 = 2‖x+ z‖2 + 2‖y‖2 UkXRV

‖(x− z) + y‖2 + ‖(x− z)− y‖2 = 2‖x− z‖2 + 2‖y‖2 UkXkV

‖(x+ iz) + y‖2 + ‖(x+ iz)− y‖2 = 2‖x+ iz‖2 + 2‖y‖2 UkXjV

‖(x− iz) + y‖2 + ‖(x− iz)− y‖2 = 2‖x− iz‖2 + 2‖y‖2 UkX9V

am#bi`�+iBM; 2[m�iBQM kXk 7`QK 2[m�iBQM kXR- r2 Q#i�BM

2
(
‖x+ z‖2 + ‖y‖2 − ‖x− z‖2 − ‖y‖2

)

= ‖(x+ z) + y‖2 + ‖(x+ z)− y‖2 − ‖(x− z) + y‖2 − ‖(x− z)− y‖2

=
(
‖(x+ z) + y‖2 − ‖(x− z) + y‖2

)
+
(
‖(x+ z)− y‖2 − ‖(x− z)− y‖2

)

=
(
‖(x+ y) + z‖2 − ‖(x+ y)− z‖2

)
+
(
‖(x− y) + z‖2 − ‖(x− y)− z‖2

)
.

aBKBH�`Hv- bm#bi`�+iBM; 2[m�iBQM kX9 7`QK 2[m�iBQM kXj- r2 Q#i�BM

2
(
‖x+ iz‖2 + ‖y‖2 − ‖x− iz‖2 − ‖y‖2

)

=
(
‖(x+ y) + iz‖2 − ‖(x+ y)− iz‖2

)
+
(
‖(x− y) + iz‖2 − ‖(x− y)− iz‖2

)
.

JmHiBTHvBM; #Qi? bB/2b #v i- vB2H/b

2i
(
‖x+ iz‖2 − ‖x− iz‖2

)

= i
(
‖(x+ y) + iz‖2 − ‖(x+ y)− iz‖2

)
+ i
(
‖(x− y) + iz‖2 − ‖(x− y)− iz‖2

)
.

aBM+2 〈 , 〉 Bb /2}M2/ #v 〈x, y〉 = 1

4

3∑

k=0

ik‖x+ iky‖2 7Q` �HH x, y ∈ X- r2 ?�p2 i?�i

8_2〈x, z〉 = 4_2〈x+ y, z〉+ 4_2〈x− y, z〉 �M/

8AK〈x, z〉 = 4AK〈x+ y, z〉+ 4AK〈x− y, z〉.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

N

�//BM; irQ �#Qp2 2[m�iBQMb �M/ /BpB/BM; #Qi? bB/2b #v 4- r2 Q#i�BM

2〈x, z〉 = 〈x+ y, z〉+ 〈x− y, z〉. UkX8V

h?2M H2iiBM; x′, y′ ∈ X bm+? i?�i x =
x′ + y′

2
�M/ y =

x′ − y′

2
- �M/ bm#biBimiBM;

i?2`2 BM iQ 2[m�iBQM kX8 vB2H/b

2

〈
x′ + y′

2
, z

〉
=

〈
x′ + y′

2
+

x′ − y′

2
, z

〉
+

〈
x′ + y′

2
− x′ − y′

2
, z

〉

〈x′ + y′, z〉 = 〈x′, z〉+ 〈y′, z〉.

>2M+2 〈 , 〉 b�iBb}2b �//BiBpBiv BM }`bi bHQiX UBBBV 6Q` α ∈ C- r2 +�M r`Bi2 α = a+ ib

r?2`2 a, b ∈ RX h?2M 〈αx, y〉 = 〈ax + ibx, y〉X "v i?2 +HQbm`2 T`QT2`iv Q7 p2+iQ`
bT�+2 X �M/ BBV- r2 ?�p2 〈αx, y〉 = 〈ax, y〉+〈ibx, y〉X hQ T`Qp2 i?�i 〈αx, y〉 = α〈x, y〉

7Q` �HH α ∈ C- r2 bi�`i rBi? b?QrBM; i?�i 〈rx, y〉 = r〈x, y〉 7Q` �HH r ∈ RX G2i
S = {λ ∈ R | 〈λx, y〉 = λ〈x, y〉}X *H2�`Hv 〈1 · x, y〉 = 〈x, y〉 = 1 · 〈x, y〉 �M/ i?mb
1 ∈ SX amTTQb2 i?�i a, b ∈ S- i?2M

(a± b)〈x, y〉 = a〈x, y〉± b〈x, y〉

= 〈ax, y〉± 〈bx, y〉
UBBV
= 〈ax± bx, y〉

= 〈(a± b)x, y〉.

h?Bb K2�Mb i?�i a± b ∈ S- �M/ i?2`27Q`2 Z ⊂ SX G2i a, b ∈ S �M/ b )= 0X h?2M

a

b
〈x, y〉 = 1

b
· a〈x, y〉 = 1

b
〈ax, y〉 = 1

b

〈
b

b
· ax, y

〉
=

b

b

〈
1

b
ax, y

〉
=
〈a
b
x, y
〉
.

h?Bb K2�Mb i?�i a

b
∈ S- �M/ i?2`27Q`2 Q ⊂ SX hQ b?Qr i?�i R ⊂ S- H2i f �M/ g #2

`2�H@p�Hm2/ 7mM+iBQMb bm+? i?�i f(λ) = λ〈x, y〉 �M/ g(λ) = 〈λx, y〉X "v i?2 T`QT2`iv
a

b
〈x, y〉 =

〈a
b
x, y
〉

- Bi Bb +H2�` i?�i f(λ) = g(λ) 7Q` λ ∈ QX 6m`i?2`KQ`2- #Qi? f �M/
g �`2 +QMiBMmQmb #2+�mb2 f Bb HBM2�` �M/ g Bb � +QKTQbBiBQM Q7 +QMiBMmQmb 7mM+iBQMb



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ry

�b r2 /2}M2 i?2 7mM+iBQM 〈 , 〉X aBM+2 B7 p�Hm2b Q7 irQ `2�H +QMiBMmQmb 7mM+iBQMb
+QBM+B/2 7Q` 2p2`v `�iBQM�H MmK#2`- i?2 p�Hm2b Kmbi +QBM+B/2 7Q` 2�+? B``�iBQM�H
MmK#2` �b r2HHX h?Bb BKTHB2b i?�i f = g 7Q` �HH λ ∈ RX h?2`27Q`2 R ⊂ S- �M/
?2M+2 S = RX Ai bm{+2b iQ b?Qr i?�i

〈ix, y〉 = 1

4

3∑

k=0

ik‖ix+ iky‖2

=
‖ix+ y‖2 + i ‖ix+ iy‖2 − ‖ix− y‖2 − i ‖ix− iy‖2

4

=
|i2| ‖x− iy‖2 + i · |i2| ‖x+ y‖2 − |i2| ‖x+ iy‖2 − i · |i2| ‖x− y‖2

4

=
‖x− iy‖2 + i ‖x+ y‖2 − ‖x+ iy‖2 − i ‖x− y‖2

4

=
i
(
−i ‖x− iy‖2 + ‖x+ y‖2 + i ‖x+ iy‖2 − ‖x− y‖2

)

4

= i〈x, y〉.

>2M+2 〈αx, y〉 = α〈x, y〉 7Q` �HH α ∈ CX UBpV q2 ?�p2

〈x, y〉 = 1

4

3∑

k=0

ik‖x+ iky‖2

=
‖x+ y‖2 + i ‖x+ iy‖2 − ‖x− y‖2 − i ‖x− iy‖2

4

=
‖y + x‖2 + i · i2 ‖y − ix‖2 − ‖y − x‖2 − i · i2 ‖y + ix‖2

4

=
‖y + x‖2 − i ‖y − ix‖2 − ‖y − x‖2 + i ‖y + ix‖2

4

= 〈y, x〉.

>2M+2 〈 , 〉 Bb �M BMM2` T`Q/m+iX

*O ���� 4UFO 0MPG $BSMTTPO XPSLFE PO UVQMFT (aj, bj, cj) PG SFBM OVNCFST UIBU

TBUJTGZ
k∑

j=0

ajb
2
j = 0,

k∑

j=0

ajbjcj = 0 BOE
k∑

j=0

ajc
2
j = 0� 5IFO IF HBWF B HFOFSBMJ[BUJPO

PG UIF +PSEBO�WPO /FVNBOO SFTVMU�

h?2Q`2K kX3X 6Q` � TQbBiBp2 BMi2`;2` k- H2i j = 0, 1, . . . , k �M/ aj )= 0, bj, cj #2



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

RR

`2�H MmK#2`b bm+? i?�i (bi, ci) �M/ (bj, cj) �`2 HBM2�`Hv BM/2T2M/2Mi 7Q` i )= jX A7 X
Bb � MQ`K2/ HBM2�` bT�+2 b�iBb7vBM; i?2 +QM/BiBQM

k∑

j=0

aj‖bjx+ cjy‖2 = 0 7Q` �HH x, y ∈ X,

i?2M i?2 MQ`K QM X Bb BM/m+2/ #v �M BMM2` T`Q/m+iX

)PXFWFS UIF DIBSBDUFSJ[BUJPO PG JOOFS QSPEVDU TQBDFT HJWFO CZ 4UFO 0MPG $BSMT�

TPO OFFET TPNF SFEVOEBOU BMHFCSBJD DPOEJUJPOT BOE JU JT EJGųDVMU UP DPNQVUF UIF

FYQMJDJU WBMVFT PG aj, bj BOE cj � " TQFDJBM DBTF PG 5IFPSFN ��� XJMM CF TUVEJFE JO UIF

OFYU DIBQUFS XIFSF TPNF BMHFCSBJD DPOEJUJPOT BSF SFQMBDFE CZ B CJOPNJBM JEFOUJUZ�



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

*>�Sh1_ AAA

:P_.PL :X CP>LaPLǶa *>�_�*h1_Aw�hAPL P6

ALL1_ S_P.l*h aS�*1a

"T XF NFOUJPOFE JO $IBQUFS ** UIF DIBSBDUSJ[BUJPO PG JOOFS QSPEVDU TQBDFT HJWFO

CZ 4UFO 0MPG $BSMTTPO HFOFSBMJ[FT UIF DIBSBDUFSJ[BUJPO CZ QBSBSFMMPHSBN MBX� )PX�

FWFS JU JT EJGųDVMU UP ųOE UIF FYQMJDJU FYBNQMF GPS UIF DPOEJUJPO� *O UIJT DIBQUFS XF

SFTUBUF UIF SFTVMU XIJDI JT B TQFDJBM DBTF PG 5IFPSFN ��� XIJDI NPUJWBUFT PVS XPSL�

"O JOUFSFTUJOH DIBSBDUFSJ[BUJPO PG JOOFS QSPEVDU TQBDFT XBT JOUSPEVDFE CZ (PS�

EPO (� +PIOTPO JO ����� 5IF DIBSBDUFSJ[BUJPO JT BO FRVBUJPO SFMBUJOH UP B CJOPNJBM

DPFGųDJFOUT BOE JUT QSPPG TIPXT UIBU UIF FRVBUJPO DBO CF SFGPSNFE UP UIF QBSBMMFM�

PHSBN MBX�

h?2Q`2K jXRX A7 X Bb � HBM2�` bT�+2 rBi? MQ`K ‖ · ‖ �M/- 7Q` bQK2 BMi2;2` k " 3-

k∑

t=0

(
k

t

)
(−1)t‖x+ ty‖2 = 0

7Q` �HH x, y ∈ X i?2M
k∑

t=0

(
k

t

)
(−1)t‖x + ty‖2 = 0 7Q` 2p2`v BMi2;2` k " 3 �M/ i?2

MQ`K ‖ · ‖ Bb BM/m+2/ #v �M BMM2` T`Q/m+i QM XX

8F PCTFSWF UIBU UIJT JEFOUJUZ JT B TQFDJBM DBTF PG 5IFPSFN ��� PCUBJOFE CZ TFUUJOH

aj =

(
k

j

)
(−1)j, bj = 1 BOE cj = j GPS j = 0, 1, . . . , k�

S`QQ7X 6Q` k, n ∈ N- r2 /2}M2

Dn
k (x, y) =

k∑

t=0

(
k

t

)
(−1)t ‖x+ (t+ n)y‖2 7Q` �HH x, y ∈ X.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Rj

amTTQb2 k " 3 �M/ D0
k(x, y) = 0 7Q` �HH x, y ∈ XX aBM+2 x+ ny ∈ X 7Q` �HH n ∈ N-

Dn
k (x, y) =

k∑

t=0

(
k

t

)
(−1)t‖x+ (t+ n)y‖2

=
k∑

t=0

(
k

t

)
(−1)t‖(x+ ny) + ty‖2

= D0
k(x+ ny, y)

= 0.

h?Bb K2�Mb i?�i Dn
k (x, y) = 0 7Q` �HH n ∈ NX



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

R9

*QMbB/2` Dn+1
k−1(x, y)−Dn

k−1(x, y)

=
k−1∑

t=0

(
k − 1

t

)
(−1)t‖x+ (t+ n+ 1)y‖2 −

k−1∑

t=0

(
k − 1

t

)
(−1)t‖x+ (t+ n)y‖2

=

(
k − 1

k − 1

)
(−1)k−1‖x+ (k + n)y‖2 +

k−2∑

t=0

(
k − 1

t

)
(−1)t‖x+ (t+ n+ 1)y‖2

−
k−1∑

t=1

(
k − 1

t

)
(−1)t‖x+ (t+ n)y‖2 −

(
k − 1

0

)
(−1)0‖x+ ny‖2

=

(
k − 1

k − 1

)
(−1)k−1‖x+ (k + n)y‖2 +

k−1∑

t=1

(
k − 1

t− 1

)
(−1)t−1‖x+ (t+ n)y‖2

−
k−1∑

t=1

(
k − 1

t

)
(−1)t‖x+ (t+ n)y‖2 −

(
k − 1

0

)
(−1)0‖x+ ny‖2

=

(
k − 1

k − 1

)
(−1)k−1‖x+ (k + n)y‖2 −

(
k − 1

0

)
(−1)0‖x+ ny‖2

+
k−1∑

t=1

[(
k − 1

t− 1

)
(−1)t−1 −

(
k − 1

t

)
(−1)t

]
‖x+ (t+ n)y‖2

=

(
k − 1

k − 1

)
(−1)k−1‖x+ (k + n)y‖2 −

(
k − 1

0

)
(−1)0‖x+ ny‖2

−
k−1∑

t=1

[(
k − 1

t− 1

)
(−1)t +

(
k − 1

t

)
(−1)t

]
‖x+ (t+ n)y‖2

=

(
k − 1

k − 1

)
(−1)k−1‖x+ (k + n)y‖2 −

k−1∑

t=1

(
k

t

)
(−1)t‖x+ (t+ n)y‖2

−
(
k − 1

0

)
(−1)0‖x+ ny‖2

= −
(
k

k

)
(−1)k‖x+ (k + n)y‖2 −

k−1∑

t=1

(
k

t

)
(−1)t‖x+ (t+ n)y‖2

−
(
k

0

)
(−1)0‖x+ ny‖2

= −
k∑

t=0

(
k

t

)
(−1)t‖x+ (t+ n)y‖2

= −Dn
k (x, y).

h?�i Bb Dn+1
k−1(x, y)−Dn

k−1(x, y) = −Dn
k (x, y) = 0 �M/ ?2M+2- Dn+1

k−1(x, y) = Dn
k−1(x, y)



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

R8

7Q` �HH n ∈ NX G2i m #2 � TQbBiBp2 BMi2;2` MQi 2t+22/BM; kX q2 rBHH T`Qp2 i?�i

Dn
k−m(x, y) =

m−1∑

t=0

(
n

t

)
(−1)tD0

k−m+t(x, y) #v mbBM; K�i?2K�iB+�H BM/m+iBQMX

"�b2 +�b2- b2i m = 1X

0∑

t=0

(
n

t

)
(−1)tD0

k−1+t(x, y) =

(
n

0

)
(−1)0D0

k−1+0(x, y) = D0
k−1(x, y) = Dn

k−1(x, y)

h?�i Bb i?2 2[m�iBQM ?QH/b 7Q` m = 1X 6Q` m = 2- r2 ?�p2

Dn+1
k−2(x, y)−Dn

k−2(x, y)

=
k−2∑

t=0

(
k − 2

t

)
(−1)t‖x+ (t+ n+ 1)y‖2 −

k−2∑

t=0

(
k − 2

t

)
(−1)t‖x+ (t+ n)y‖2

=

(
k − 2

k − 2

)
(−1)k−2‖x+ (k − 2 + n+ 1)y‖2 +

k−3∑

t=0

(
k − 2

t

)
(−1)t‖x+ (t+ n+ 1)y‖2

−
k−2∑

t=1

(
k − 2

t

)
(−1)t‖x+ (t+ n)y‖2 −

(
k − 2

0

)
(−1)0‖x+ ny‖2

=

(
k − 2

k − 2

)
(−1)k−2‖x+ (k − 2 + n+ 1)y‖2 +

k−2∑

t=1

(
k − 2

t− 1

)
(−1)t−1‖x+ (t+ n)y‖2

−
k−2∑

t=1

(
k − 2

t

)
(−1)t‖x+ (t+ n)y‖2 −

(
k − 2

0

)
(−1)0‖x+ ny‖2

=

(
k − 2

k − 2

)
(−1)k−2‖x+ (k − 2 + n+ 1)y‖2 −

(
k − 2

0

)
(−1)0‖x+ ny‖2

+
k−2∑

t=1

[
−
(
k − 2

t− 1

)
−
(
k − 2

t

)]
(−1)t−1‖x+ (t+ n)y‖2

= −
(
k − 1

k − 1

)
(−1)k−1‖x+ (k − 1 + n)y‖2 −

(
k − 1

0

)
(−1)0‖x+ ny‖2

−
k−2∑

t=1

(
k − 1

t

)
(−1)t‖x+ (t+ n)y‖2

= −
k−2∑

t=1

(
k − 1

t

)
(−1)t‖x+ (t+ n)y‖2

= −Dn
k−1(x, y)

h?�i Bb Dn+1
k−2(x, y) − Dn

k−2(x, y) = −Dn
k−1(x, y) 7Q` n = 0, 1, 2, . . .X am#biBimiBM;



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Re

n #v n − 1- r2 ;2i Dn
k−2(x, y) − Dn−1

k−2(x, y) = −Dn−1
k−1(x, y) 7Q` �HH n " 2X h?2M

Dn
k−2(x, y) = Dn−1

k−2(x, y) − Dn−1
k−1(x, y)X "v `2+m``2M+2 `2H�iBQM �M/ Dn

k−1(x, y) =

D0
k−1(x, y) 7Q` n = 0, 1, 2, . . .-

Dn
k−2(x, y) = Dn−1

k−2(x, y)−D0
k−1(x, y)

= Dn−2
k−2(x, y)−Dn−2

k−1(x, y)−D0
k−1(x, y)

= Dn−2
k−2(x, y)− 2D0

k−1(x, y)

= Dn−3
k−2(x, y)−Dn−3

k−1(x, y)− 2D0
k−1(x, y)

= Dn−3
k−2(x, y)− 3D0

k−1(x, y)

XXX

= Dn−(n−1)
k−2 (x, y)− (n− 1)D0

k−1(x, y)

= Dn−n
k−2 (x, y)−Dn−n

k−1 (x, y)− (n− 1)D0
k−1(x, y)

= D0
k−2(x, y)− nD0

k−1(x, y).

h?�i Bb Dn
k−2(x, y) = D0

k−2(x, y) − nD0
k−1(x, y)X aBM+2

(
n

1

)
= n- Dn

k−2(x, y) =

1∑

t=0

(
n

t

)
(−1)tD0

k−2+t(x, y)X h?mb Dn
k−m(x, y) =

m−1∑

t=0

(
n

t

)
(−1)tD0

k−m+t(x, y) ?QH/b

7Q` m = 2X q2 MQr bmTTQb2 i?�i Dn
k−m(x, y) =

m−1∑

t=0

(
n

t

)
(−1)tD0

k−m+t(x, y) Bb i`m2

7Q` m = k − 1X h?�i Bb-

Dn
1 (x, y) =

k−2∑

t=0

(
n

t

)
(−1)tD0

1+t(x, y).



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Rd

6Q` m = k- r2 ?�p2

Dn
0 (x, y) = Dn−1

0 (x, y)−Dn−1
1 (x, y)

=
[
Dn−2

0 (x, y)−Dn−2
1 (x, y)

]
−Dn−1

1 (x, y)

=
[
Dn−3

0 (x, y)−Dn−3
1 (x, y)

]
−Dn−2

1 (x, y)−Dn−1
1 (x, y)

XXX

= Dn−(n−1)
0 (x, y)−Dn−(n−1)

1 (x, y)− . . .−Dn−2
1 (x, y)−Dn−1

1 (x, y)

= D1
0(x, y)−D1

1(x, y)− . . .−Dn−2
1 (x, y)−Dn−1

1 (x, y)

=
[
D0

0(x, y)−D0
1(x, y)

]
−D1

1(x, y)− . . .−Dn−2
1 (x, y)−Dn−1

1 (x, y)

= D0
0(x, y)−D0

1(x, y)−D1
1(x, y)− . . .−Dn−2

1 (x, y)−Dn−1
1 (x, y)

= D0
0(x, y)−

k−2∑

t=0

(
0

t

)
(−1)tD0

1+t(x, y)−
k−2∑

t=0

(
1

t

)
(−1)tD0

1+t(x, y)− . . .

−
k−2∑

t=0

(
n− 2

t

)
(−1)tD0

1+t(x, y)−
k−2∑

t=0

(
n− 1

t

)
(−1)tD0

1+t(x, y)

= D0
0(x, y)−

k−2∑

t=0

[(
0

t

)
+

(
1

t

)
+ . . .+

(
n− 2

t

)
+

(
n− 1

t

)]
(−1)tD0

1+t(x, y)

= D0
0(x, y)−

k−2∑

t=0

(
n

t+ 1

)
(−1)tD0

1+t(x, y)

= D0
0(x, y)−

k−1∑

t=1

(
n

t

)
(−1)t−1D0

t (x, y)

=

(
n

0

)
(−1)0D0

0(x, y) +
k−1∑

t=1

(
n

t

)
(−1)tD0

t (x, y)

=
k−1∑

t=0

(
n

t

)
(−1)tD0

t (x, y).

q2 ?�p2 i?�i Dn
k−m(x, y) =

m−1∑

t=0

(
n

t

)
(−1)tD0

k−m+t(x, y) Bb i`m2 7Q` m = kX "v

K�i?2K�iB+�H BM/m+iBQM- Dn
k−m(x, y) =

m−1∑

t=0

(
n

t

)
(−1)tD0

k−m+t(x, y) 7Q` m ! kX

>2M+2 Dn
0 (x, y) =

k−1∑

t=0

(
n

t

)
(−1)tD0

t (x, y) 7Q` n = 0, 1, 2, . . .X "v /2}MBiBQM- Dn
0 (x, y) =



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

R3

‖x+ ny‖2X h?mb

‖ 1
n
x+ y‖2 =

(
1

n2

)
‖x+ ny‖2

=
1

n2

k−1∑

t=0

(
n

t

)
(−1)tD0

t (x, y)

=
k−1∑

t=0

(
n

t

)
(−1)t

n2
D0

t (x, y).

q2 ?�p2 i?�i HBK
n→∞

‖ 1
n
x+ y‖2 = ‖y‖2X >2M+2

‖y‖2 = HBK
n→∞

‖ 1
n
x+ y‖2

= HBK
n→∞

k−1∑

t=0

(
n

t

)
(−1)t

n2
D0

t (x, y)

= HBK
n→∞

[
D0

0(x, y)/n
2 −

((
n

1

)/
n2

)
D0

1(x, y) +

((
n

2

)/
n2

)
D0

2(x, y)

−
((

n

3

)/
n2

)
D0

3(x, y) + . . .+

((
n

k − 1

)/
n2

)
(−1)k−1D0

k−1(x, y)

]

= HBK
n→∞

[
1

n2
D0

0(x, y)−
1

n
D0

1(x, y) +
n(n− 1)

2! · n2
D0

2(x, y)−
n(n− 1)(n− 2)

3! · n2
D0

3(x, y)

+ . . .+
n(n− 1) · · · (n− k + 1)

(k − 1)! · n2
D0

k−1(x, y)

]
.

aBM+2 HBK
n→∞

‖ 1
n
x + y‖2 2tBbib- i?Bb 7Q`+2b D0

l (x, y) = 0 B7 3 ! l ! k − 1X h?2`27Q`2

‖y‖2 =
1

2

[
‖x+ 2y‖2 − 2 ‖x+ y‖2 + ‖x‖2

]
7Q` �HH x �M/ y BM XX *QMbB/2`BM; a =

x+ y �M/ b = y- i?2 2[m�iBQM #2+QK2b 2 ‖b‖2 = ‖a+ b‖2 − 2 ‖a‖2 + ‖a− b‖2X

0O UIF PUIFS IBOE EPFT UIF FRVBUJPO
k∑

t=0

(
k

t

)
(−1)t‖x + ty‖2 = 0 IPME GPS

FWFSZ JOOFS QSPEVDU TQBDF 8F OPX MFU X CF BO JOOFS QSPEVDU TQBDF BOE B OPSN



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

RN

‖·‖ PO X JT JOEVDFE CZ UIF JOOFS QSPEVDU 〈·, ·〉� 5IFO GPS x, y ∈ X BOE k ∈ N

k∑

t=0

(
k

t

)
(−1)t ‖x+ ty‖2 =

k∑

t=0

(
k

t

)
(−1)t〈x+ ty, x+ ty〉

=
k∑

t=0

(
k

t

)
(−1)t [〈x, x+ ty〉+ 〈ty, x+ ty〉]

=
k∑

t=0

(
k

t

)
(−1)t

[
〈x, x〉+ 〈x, ty〉+ 〈x, ty〉+ 〈ty, ty〉

]

=
k∑

t=0

(
k

t

)
(−1)t

[
‖x‖2 + t〈x, y〉+ t〈y, x〉t2 ‖y‖2

]

= ‖x‖2
k∑

t=0

(
k

t

)
(−1)t + [〈x, y〉+ 〈y, x〉]

k∑

t=0

(
k

t

)
(−1)tt

+ ‖y‖2
k∑

t=0

(
k

t

)
(−1)tt2.

$POTJEFSJOH UIF CJOPNJBM FYQBOTJPO (a + b)k =
k∑

t=0

(
k

t

)
ak−tbt XIFSF a = 1 BOE

b = −1 XF IBWF

k∑

t=0

(
k

t

)
(−1)t =

k∑

t=0

(
k

t

)
1k−t(−1)t = [1 + (−1)]k = 0.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ky

5IFO UIF ųSTU UFSN ‖x‖2
k∑

t=0

(
k

t

)
(−1)t = 0� 'PS UIF TFDPOE UFSN XF IBWF UIBU

k∑

t=0

(
k

t

)
(−1)tt =

k∑

t=0

(−1)t
(
k

t

)
t

=
k∑

t=1

(−1)t
(
k

t

)
t

=
k∑

t=1

(−1)t
k!

(k − t)!t!
t

=
k∑

t=1

(−1)t
k · (k − 1)!

(k − t)!((t− 1)!

= k
k∑

t=1

(−1)t
(
k − 1

t− 1

)
.

4JNJMBSMZ XF IBWF
k∑

t=1

(−1)t
(
k − 1

t− 1

)
= 0� 4JODF [〈x, y〉+ 〈y, x〉]

k∑

t=0

(
k

t

)
(−1)tt =

k [〈x, y〉+ 〈y, x〉]
k∑

t=1

(−1)t
(
k − 1

t− 1

)
 UIF TFDPOE UFSN CFDPNFT [FSP� )FODF JU TVG�

ųDFT UP WFSJGZ UIBU UIF MBTU UFSN JT BMTP [FSP UP TIPX UIF DPOWFSTF PG 5IFPSFN ���

JT USVF� )PXFWFS UIF QSPPG PG
k∑

t=0

(
k

t

)
(−1)tt2 = 0 JT OPU PCWJPVT� 8F OPX TUVEZ

TPNF CJOPNJBM JEFOUJUJFT GPS UIF TBLF PG UIF BCPWF PCTFSWBUJPO BOE HFSBMJ[BUJPO PG

UIF DIBSBDUFSJ[BUJPO HJWFO CZ (PSEPO (� +PIOTPO
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"ALPJA�G *>�_�*h1_Aw�hAPLa P6 ALL1_

S_P.l*h aS�*1a

*O UIJT DIBQUFS XF QSFTFOU B DPOEJUJPO HFOFSBMJ[JOH UIF SFTVMU PG (PSEPO (�

+PIOTPO� 'JSTU XF OFFE UP QSPWF TPNF CJOPNJBM JEFOUJUJFT XIJDI BSF VTFE GPS

WFSJGZJOH UIBU UIF BMHFCSBJD DPOEJUJPOT TVQQPTFE CZ 4UFO 0MPG $BSTTPO BSF TBUJTųFE�

5IFO XF TIPX UIBU UIF DPOEJUJPO JT B DIBSBDUFSJ[BUJPO PG JOOFS QSPEVDU TQBDFT�

G2KK� 9XRX 6Q` �M BMi2;2` n " 0 �M/ � `2�H MmK#2` x-

n∑

i=0

(−1)i
(
n

i

)
(x− i)n = n!.

S`QQ7X 6Q` 2�+? MQM@M2;�iBp2 BMi2;2` n- /2}M2 fn : R → R #v

fn(x) =
n∑

i=0

(−1)i
(
n

i

)
(x− i)n 7Q` x ∈ R.

Ai Bb 2�bv iQ b22 i?�i f0(x) = (−1)0
(
0

0

)
(x− 0)0 = 1 = 0! hQ b?Qr i?�i fn(x) = n!

7Q` �HH n " 0- H2i k #2 � MQM@M2;�iBp2 BMi2;2` bm+? i?�i fk(x) = k! 7Q` 2p2`v x ∈ RX



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

kk

*QMbB/2`BM; fk+1(x) =
k+1∑

i=0

(−1)i
(
k + 1

i

)
(x− i)k+1X h?2M

d

dx
fk+1(x) =

d

dx

k+1∑

i=0

(−1)i
(
k + 1

i

)
(x− i)k+1

= (k + 1)
k+1∑

i=0

(−1)i
(
k + 1

i

)
(x− i)k

= (k + 1)
k∑

i=0

(−1)i
(
k + 1

i

)
(x− i)k + (k + 1)(−1)k+1

(
k + 1

k + 1

)
(x− (k + 1))k

= (k + 1)
k∑

i=0

(−1)i
(
k

i

)(
1 +

i

k + 1− i

)
(x− i)k

+ (k + 1)(−1)k+1

(
k + 1

k + 1

)
(x− (k + 1))k

= (k + 1)fk(x) + (k + 1)
k∑

i=0

(−1)i
(
k

i

)
i

k + 1− i
(x− i)k

+ (k + 1)(−1)k+1

(
k + 1

k + 1

)
(x− (k + 1))k

= (k + 1)fk(x) + (k + 1)
k∑

i=1

(−1)i
(

k

i− 1

)
(x− i)k

+ (k + 1)(−1)k+1

(
k + 1

k + 1

)
(x− (k + 1))k

= (k + 1)fk(x) + (k + 1)
k∑

i=1

(−1)i
(

k

i− 1

)
(x− i)k

+ (k + 1)(−1)k+1

(
k

k

)
(x− (k + 1))k

= (k + 1)fk(x) + (k + 1)
k+1∑

i=1

(−1)i
(

k

i− 1

)
(x− i)k

= (k + 1)fk(x) + (k + 1)
k+1∑

j=0

(−1)j+1

(
k

j

)
(x− j − 1)k r?2`2 j = i− 1

= (k + 1)fk(x) + (k + 1)fk(x− 1)

= (k + 1)k!− (k + 1)k!

= 0.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

kj

h?Bb BKTHB2b i?�i fk+1(x) Bb +QMbi�MiX aQ

fk+1(x) = fk+1(k − 1)

=
k+1∑

i=1

(−1)i
(
k + 1

i

)
(k + 1− i)k+1

=
k∑

i=1

(−1)i
(
k + 1

i

)
(k + 1− i)k+1

=
k∑

i=1

(−1)i
(k + 1)!

i!(k + 1− i)!
(k + 1− i)k+1

=
k∑

i=1

(−1)i
(k + 1)!

i!(k − i)!
(k + 1− i)k

= (k + 1)
k∑

i=1

(−1)i
k!

i!(k − i)!
(k + 1− i)k

= (k + 1)fk(k + 1)

= (k + 1)k!

= (k + 1)!

h?2`27Q`2 fn(x) = n! 7Q` �HH x ∈ R 7Q` �HH n " 0X

*Q`QHH�`v 9XkX 6Q` �M BMi2;2` n " 0 �M/ � `2�H MmK#2` x-

n∑

i=0

(−1)i
(
n

i

)
(x− i)m = 0

r?2`2 0 ! m < nX

S`QQ7X G2i n #2 � MQM@M2;�iBp2 BMi2;2`- 0 ! m < n �M/ x ∈ RX h?2M m = n − j

7Q` bQK2 1 ! j ! nX 6`QK H2KK� 9XR- r2 /2}M2 fn(x) =
n∑

i=0

(−1)i
(
n

i

)
(x − i)nX

.Bz2`2MiB�iBM; j iBK2b- r2 ;2i

f (j)
n (x) = n(n− 1) · · · [n− (j − 1)]

n∑

i=0

(−1)i
(
n

i

)
(x− i)n−j.
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aBM+2 fn(x) Bb +QMbi�Mi- f (j)
n (x) = 0 �M/ ?2M+2

n∑

i=0

(−1)i
(
n

i

)
(x − i)n−j = 0 7Q` �HH

x ∈ RX h?2`27Q`2
n∑

i=0

(−1)i
(
n

i

)
(x− i)m = 0 r?2`2 0 ! m < nX

h?2Q`2K 9XjX G2i X #2 � MQ`K2/ HBM2�` bT�+2X G2i k " 3 �M/ m � TQbBiBp2 BMi2;2`
bm+? i?�i 2m < kX A7

k∑

j=0

(
k

j

)
(−1)j ‖x+ jmy‖2 = 0

7Q` �HH x, y ∈ X- i?2M X Bb �M BMM2` T`Q/m+i bT�+2 �M/ ?2M+2- 7Q` l, n ∈ N-
l∑

j=0

(
l

j

)
(−1)j ‖x+ jny‖2 = 0 7Q` �HH x, y ∈ XX

S`QQ7X 6Q` �M BMi2;2` k " 3 �M/ m � TQbBiBp2 BMi2;2` bm+? i?�i 2m < k- �bbmK2

i?�i
k∑

j=0

(
k

j

)
(−1)j ‖x+ jmy‖2 = 0 7Q` �HH x, y ∈ XX *QKT�`BM; rBi? h?2Q`2K kX3-

r2 ?�p2 ai =

(
k

j

)
(−1)j- bj = 1 �M/ cj = jm 7Q` j = 0, 1, . . . , kX h?2M

k∑

j=0

ajb
2
j =

k∑

j=0

(
k

j

)
(−1)j-

k∑

j=0

ajbjcj =

(
k

j

)
(−1)jjm- �M/

k∑

j=0

ajc
2
j =

(
k

j

)
(−1)jj2mX Ai Bb 2�bv

iQ b22 i?�i (bi, ci) �M/ (bj, cj) �`2 HBM2�`Hv BM/2T2M/2Mi 7Q` i )= j bBM+2 bj = 1 7Q`

�HH j = 0, 1, . . . , kX "v +Q`QHH�`v 9Xk-
k∑

j=0

ajb
2
j = 0-

k∑

j=0

ajbjcj = 0- �M/
k∑

j=0

ajc
2
j = 0X

>2M+2 X Bb �M BMM2` T`Q/m+i bT�+2X
JQ`2Qp2`- 7Q` p2+iQ`b x, y BM �M BMM2` T`Q/m+i bT�+2 X-

l∑

j=0

(
l

j

)
(−1)j ‖x+ jny‖2 =

l∑

j=0

(
l

j

)
(−1)j〈x+ jny, x+ jny〉

=
l∑

j=0

(
l

j

)
(−1)j ‖x‖2 + 2

l∑

j=0

(
l

j

)
(−1)jjn〈x, y〉

+
l∑

j=0

(
l

j

)
(−1)jj2n ‖y‖2

bBM+2 i?2 MQ`K QM X Bb /2}M2/ #v ‖x‖ =
√

〈x, x〉 7Q` �HH x ∈ XX "v +Q`QHH�`v 9Xk-



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

k8

l∑

j=0

(
l

j

)
(−1)j ‖x+ jny‖2 = 0 7Q` �HH x, y ∈ X 7Q` l " 3 �M/ 2n < lX

'JOBMMZ XF PCTFSWF UIBU 5IFPSFN ��� HFOFSBMJ[FT UIF SFTVMU PG +POITPO BOE BMTP

QSFTFOUT UIF FYQMJDJU DPOEJUJPO PG UIF DIBSBDUFSJ[BUJPO PG $BSMTTPO�
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amTH2K2Mi�`BQX k	����
 ���ı����

<�> $BSMTTPO 4�0�� 0SUIPHPOBMJUZ JO OPSNFE MJOFBS TQBDFT �`FBp 7ƺ` J�i2K�iBFX
�	�
	����
 ���ı����

<�> +PIOTPO (�(�� *OOFS QSPEVDUT DIBSBDUFSJ[FE CZ EJGGFSFODF FRVBUJPOT S`Q+X
�K2`X J�i?X aQ+X jd	����
 ���ı����

<�> ,PCBM ,� ÇFNSM 1�� (FOFSBMJ[FE $BVDIZ GVODUJPOBM FRVBUJPO BOE DIBSBDUFSJ[B�
UJPOT PG JOOFS QSPEVDU TQBDFT �2[X J�i?X 9j	����
 ���ı��� �

<�> ,VCSVTMZ $�4�� h?2 1H2K2Mib Q7 PT2`�iQ` h?2Q`v 4QSJOHFS�7FSMBH /FX :PSL

�����



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

kd

oAh�

/BNF .S� 4BSBOZBDIBLSJ 3PFLSJU

%BUF PG #JSUI "QSJM � ����

1MBDF PG #JSUI -PQCVSJ 5IBJMBOE

&EVDBUJPO #�4D� 	.BUIFNBUJDT
	'JSTU $MBTT )POPVST


4SJOBLIBSJOXJSPU 6OJWFSTJUZ ����

4DIPMBSTIJQ 4DJFODF "DIJFWFNFOU 4DIPMBSTIJQ PG 5IBJMBOE 	4"45



	COVER (THAI)
	COVER (ENGLISH)
	ACCEPTED
	ABSTRACT (THAI)
	ABSTRACT (ENGLISH)
	ACKNOWLEDGEMENTS
	CONTENTS
	CHAPTER I INTRODUCTION
	CHAPTER II PRELIMINARIES
	CHAPTER III GORDON G. JOHNSON'S CHARACTERIZATION OF INNER PRODUCT SPACES
	CHAPTER IV BINOMIAL CHARACTERIZATIONS OF INNER PRODUCT SPACES
	REFERENCES
	VITA



