
CHAPTER I I I

TR AN SFO R M AT IO N  SEM IGROUPS

M o s t  o f  t h e  m a in  r e s u l t s  o f  t h e  t h e s i s  a r e  i n  t h i s  c h a p t e r .  We

f i r s t  c h a r a c t e r i z e  l o c a l l y  f a c t o r i z a b l e  p a r t i a l  t r a n s f o r m a t i o n  s e m i 

g r o u p s .  T h i s  r e s u l t  i s  a p p l i e d  TO g i v e  c h a r a c t e r i z a t i o n s  o f  l o c a l l y  

f a c t o r i z a b l e  f u l l  t r a n s f o r m a t i o n  s e m ig r o u p s  a n d  l o c a l l y  f a c t o r i z a b l e  

1 - 1  p a r t i a l  t r a n s f o r m a t i o n  s e m ig r o u p s ,  a n d  t o  s h o w  t h a t  f o r  a n y  s e t  X ,  

t h e  s e m ig r o u p  o f  a l l  a lm o s t  i d e n t i c a l  p a r t i a l  t r a n s f o r m a t i o n s  o f  X i s  

l o c a l l y  f a c t o r i z a b l e ,  a n d  t h e n  we h a v e  t h e  f o l l o w i n g  r e s u l t s  a s  c o r o l 

l a r i e s  ะ F o r  a n y  s e t  X ,  t h e  s e m ig r o u p  o f  a l l  a lm o s t  i d e n t i c a l  t r a n s 

f o r m a t i o n s  o f  X a n d  t h e  s e m ig r o u p  o f  a l l  a lm o s t  i d e n t i c a l  1 - 1  p a r t i a l  

t r a n s f o r m a t i o n s  o f  X a r e  l o c a l l y  f a c t o r i z a b l e .

T h r o u g h o u t  t h i s  c h a p t e r ,  t h e  f o l l o w i n g  n o t a t i o n  a r e  a d o p t e d  ะ 

F o r  a  s e t  X ,  l e t

T = t h e  p a r t i a l  t r a n s f o r m a t i o n  s e m ig r o u p  o n  X ,

t h e  f u l l  t r a n s f o r m a t i o n  s e m ig r o u p  o n  X

t h e  s y m m e t r i c  i n v e r s e  s e m ig r o u p  o n  X o r  t h e  1 - 1  p a r t i a l  t r a n s 

f o r m a t i o n  s e m ig r o u p  o n  X

t h e  s e m ig r o u p  o f  a l l  a lm o s t  i d e n t i c a l  p a r t i a l  t r a n s f o r m a t i o n s

o f  X ,  i e . 5

ข ^  = { a  £ T j ,  j | s ( a ) |  < 0๐}  w h e r e  s ( a )  = { x  £ Act I x a  i  x }

t h e  s h i f t  o f  a
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V = t h e  s e m ig r o u p  o f  a l l  a lm o s t  i d e n t i c a l  t r a n s f o r m a t i o n s  o f  X ,  i e . ,
X

vx = {a e $x I |s(a) I < °°} 5

พ = t h e  s e m ig r o u p  o f  a l l  a lm o s t  i d e n t i c a l  1 - 1  p a r t i a l  t r a n s f o r m a -X

t i o n s  o f  X ,  i e . ,

พ = {et e I  I I s( a ) I < ®}9

Gx  = t h e  s y m m e t r i c  g r o u p  ( t h e  p e r m u t a t i o n  g r o u p )  o n  X .

T h e  f i r s t  t h e o r e m  g i v e s  a  c h a r a c t e r i z a t i o n  o f  l o c a l l y  f a c t o r i 

z a b l e  p a r t i a l  t r a n s f o r m a t i o n  s e m ig r o u p s .  T o  p r o v e  t h e  t h e o r e m ,  t h e  

f o l l o w i n g  le m m a  i s  r e q u i r e d  :

3 . 1  L em m a . L e t  X b e  a  s e t  a n d  a ,  3 e T ^ .  I f  a  = 3 y  f o r  som e  Y £ T x ,

t h e n  A a  ÇG A 3  a n d  f o r  X e A c t, XTT = (J y i r  .
a  y£X7Ta

P r o o f  ะ L e t  a ,  3 e T , a n d  a s s u m e  t h a t  a  = 3 y  f o r  som e  Y e T ^ .

T h e n  A a  = A 3 y  ç :  A 3 .  N e x t ,  l e t  X e A a . I f  y  E XTT^ a n d  t  e yTT^,, t h e n

x a  = y a ,  y 3  = t 3 ,  s o  x a  = y a  = y 3 y  = ( y 3 ) y  = ( t 3 ) y  = t 3 y  = t a ,  a n d  h e n c e

t  e XTT . T h i s  p r o v e s  t h a t  บ  VTT - G  Xï ï  . I f  s  e XTT , t h e n  ร e s n ot ' 3  a  a ’  3y e x - iï a
&  บ  y iT g .  H e n c e  XTTa  = บ  vTTg. #

yexTT yEXTTa  a

3 . 2  T h e o r e m . T h e  p a r t i a l  t r a n s f o r m a t i o n  s e m ig r o u p  o n  a  s e t  X i s  

l o c a l l y  f a c t o r i z a b l e  i f  a n d  o n l y  i f  X i s  f i n i t e .

P r o o f  ะ I f  T x  i s  l o c a l l y  f a c t o r i z a b l e ,  t h e n  T j,  i s  f a c t o r i z a b l e  

s i n c e  T h a s  a n  i d e n t i t y ,  s o  X i s  f i n i t e  [ 7 , T h e o re m  3 . 1 ] .

A s s u m e  X i s  a  f i n i t e  s e t .  L e t  a  e E ( T ^ ) .  T o  s h o w  t h a t  a T ^ a  

1ะ H ^ E ( a T x a ) ,  l e t  P e a T ^ a .  I f  p = 0 t h e n  p ะ aO c  H ^ E C a T ^ a ) .  A s s u m e  

p i- 0 . S in c e  P e a T ^ a ,  p = a p a  f o r  som e  P e T ^ .  I t  f o l l o w s  t h a t  Ap  

Q  A a ,  Vp <G V a .  B y  Lem m a 3 . 1 ,  w e  h a v e  t h a t  f o r  e a c h  X e Ap 5 XTT =
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I J  y  TT . F o r  e a c h  a  £ V p , i f  X  £ a p  \  t h e n  ap   ̂ = XTT = U  y i r  
y e x ï ï p  a  p y e x iT p a

= U  y i r  . H e n c e  f o r  e a c h  a  E v p ,  a p  ^  :  U  ^  y ï ï ^ .  S in c e  X i s
y e a p  a  y e a p

1 2 na -1f i n i t e ,  f o r  e a c h  a  e v p , t h e r e  e x i s t  c T ,  c T ,  . . . ,  d a  i n  a p  s u c h

-1
ท

- 1  a  it h a t  ap  = U d l ï ï  i s  a  d i s j o i n t  u n i o n .  T h e r e f o r e  Ap = บ  ap  
i = l  a  a  aeV p

n ,a  i= บ  ( บ  d j ' ï ï  ) w h i c h  i s  a  d i s j o i n t  u n i o n .  B e c a u s e  X i s  f i n i t e ,  
a e V p  i = l  a  a

I Aot/TT^ I = |V a |  < °°. I t  f o l l o w s  t h a t  I A a / ï ï ^  M d \ a  I a* E v p } I = | V a \ V p | .  

T h e n  t h e r e  e x i s t s  a  o n e - t o - o n e  m ap Ip f r o m  t h e  s e t  A a / n  \  { d ^ ï ï ^ l a  e V p }  

o n t o  t h e  s e t  V a W p .  D e f i n e  t h e  m ap B f r o m  Aa i n t o  X a s  f o l l o w s  ะ

= <

T h e n

x 8  = ร

a  i f  X  e d ^T T ^ , a  e V p ,

( XTT ) ijj i f  X e A a  \  บ  d^TT . a  „  a  aa eV p

a  i f  X e d jh r  , a  E V p ,

( xtt^ )  Ip i f  XTT^ e Aa/TT& \  {d ^ T โa  I a  e V p } .

H e n c e  A p  = A a ,  v s  = Va s i n c e  ijj i s  o n t o  5 TT g = ^ a  s i n c e  ^  i s  o n e - t o - o n e .  

T h e r e f o r e  P e H . ( C h a p t e r  I ,  p a g e  8 ) .  s i n c e  V\Jj = V a W p ,  we h a v e  

t h a t  Vp a n d  { ( d \  ) Ip 1 a  e V p , i  = 2 ,  3 ,  . . . ,  ท 3 }  a r e  d i s j o i n t  s e t s .  

D e f i n e  t h e  m ap Y f r o m  V p U ( ( d \ ^ )  ijj I a  E V p , i  = 2 ,  3 ,  . . . ,  ท = }  i n t o  

Vp a s  f o l l o w s  :
a  a

xy  = <
X i f  X e Vp 5

a  i f  X = ( d^TT ) Ip,  a  e Vp 5 i  = 2 ,  3 ,  . . . ,  ท .a  a  ' '  1 '  '  ' a

T h e n  V y  = Vp a n d  A y 'S  V p U V iJ j ç : V a U V a  = V a .  H e n c e  V y  £  A y  a n d  i f  X

e V y ,  t h e n  X e V p ,  s o  x y  -  X .  T h u s  y  e E ( T  ) ( c h a p t e r  I ,  p a g e  7 ) .
“  „  -1 _ -1 _

S in c e  V y = Vp ร  V a  c  A a ,  we h a v e  A y a  = ( V y f j A a ) y  = ( V y ) y  = A y  a n d

x y a  = x y  f o r  a l l  X  e A y  ( b e c a u s e  y a  = y  f o r  a l l  y  £ V a ) .  T h e r e f o r e

y a  = y .  I t  f o l l o w s  t h a t  ( a y a ) ^  = a y a ^ y a  = a y ^ a  = a y a ,  h e n c e  a y a  e E ( a T  a ) ,
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C la im  t h a t  p = g y .  L e t  X  £ Ap , a n d  l e t  a  = x p . T h e n  a  e V p ,

-1 _ >  , ไ
s o  X e XTTp = ap  = บ  d ' ï ï ^ .  I f  X  e d~TT ^9 t h e n  x g  = a  E V p ,  a n d  h e n c e

x g y  = a y  = a  = x p . I f  X E d \ a  f o r  s om e  i  E { 2 ,  3 ,  ท } ,  t h e n  x g y

= ( ( xtt ) Ip ) y = ( ( d S r  ) Ip) y  = a  = x p .  T h i s  s h o w s  t h a t  A p Ç _ A g y  a n d  x p  

= x g y  f o r  e v e r y  X E ip ,  N e x t ,  l e t  y  £ A g y .  T h e n  y g  £ A y  = v p u  
{ ( d S i ^ )  4) I a  E Vp 5 i  = 2 ,  3 ,  ท ^ } .

C a s e  y g  £ V p . T h e n  ( y g ) y  = y g  e V p . F ro m  t h e  d e f i n i t i o n  o f  g ,  y  e d ^T T ^ ,

y g  = a  f o r  som e  a  e v p . s i n c e  d ^ ï ï  Ç ap  ^  5 y  £ a p  a n d  s o  y p  = a .
a  a

H e n c e  y g y  = a y  = a  = y p .

C a s e  y g  = ( d S r  )i{) f o r  som e  a  e V p , i s  ( 2 ,  3 ,  ท ^ } .  T h e n  y iT ^  = d^TT^

s i n c e  Ip i s  o n e - t o - o n e .  H e n c e  y g y  ะ: ( ( y i T ^ ) ^ ) y  -  ( ( d % a ) ^ ) Y = a  ะ: y p  

s i n c e  y  £ d^TT Q  ap

Hence gy = p .  B u t  g £ H^ a n d  ya = Y ,  i t  f o l l o w s  t h a t  p = gy = gaya 
e H^E(aT^a). Hence aTxa = H E(aTxa ) .

T h e r e f o r e ,  t h e  t h e o r e m  i s  p r o v e d .  #

L e t  X b e  a  s e t ,  ร t h e  t r a n s f o r m a t i o n  s e m ig r o u p  ะ/ x  o r  I x , a n d  

a  e E ( s ) .  We k n o w  t h a t  t h e  3C -  c l a s s  o f  T x  c o n t a i n i n g  a ,  H ^  =

{ g  E T x  I Ag ะ: A a ,  v g  = V a  a n d  TT^ = TTg }. I f  A a  = X ,  t h e n  f o r  a l l  g £ H ^ ,

A g  = X . I f  a ' i s  o n e - t o - o n e ,  t h e n  TT^ i s  t h e  i d e n t i t y  r e l a t i o n  o n  A a ,  s o  

f o r  g e H ^ ,  TTg i s  t h e  i d e n t i t y  r e l a t i o n  o n  Ag w h i c h  i m p l i e s  g i s  o n e - t o - o n e .  

H e n c e  Ç  ร .  H e n c e ,  f o r  a  £ ร ,  t h e  -  c l a s s  o f  ร c o n t a i n i n g  a  i s  ■ 

t h e  3C -  c l a s s  o f  T x  c o n t a i n i n g  a .  U s in g  t h i s  r e s u l t  a n d  T h e o r e m  3 . 2 ,  

w e  h a v e  t h e  f o l l o w i n g  c o r o l l a r y .

3 . 3  C o r o l l a r y . L e t  X b e  a  s e t  a n d  l e t  ร b e  *>/ o r  I x> T h e n  t h e  

t r a n s f o r m a t i o n  s e m ig r o u p  ร i s  l o c a l l y  f a c t o r i z a b l e  i f  a n d  o n l y  i f  X i s

f i n i t e .
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P r o o f  ะ I f  s  i s  l o c a l l y  f a c t o r i z a b l e  5 t h e n  ธ i s  f a c t o r i z a b l e  

s i n c e  ร h a s  a n  i d e n t i t y ,  s o  X i s  f i n i t e  [ l ,  C o r o l l a r y  o f  T h e o re m  3 . 1  

a n d  7 ,  T h e o r e m  3 . 2 ] .

A s s u m e  t h a t  X i s  f i n i t e .  L e t  a  e E ( s ) .  T h e n  a  e E ( T ^ ) .

T h e r e f o r e  a T ^ a  = H ^ E (a T y C i)  w h e r e  i s  t h e  a  -  c l a s s  o f  T ^  ( a n d  ร

a l s o )  c o n t a i n i n g  a ,  b y  P r o p o s i t i o n  2 . 1  a n d  T h e o re m  3 . 2 .  T o  s h o w  a S a

= H ^ E O a S a ) ,  l e t  p e ร .  T h e n  a p a  e a T ^ a .  S in c e  a T j ,a  = H ^ E C a T ^ a ) ,  we

h a v e  a p a  = P a y a  f o r  som e  g e a n d  y  £ Tj£ s u c h  t h a t  a y a  e E ( a T ^ a ) .
/ '

B e c a u s e  a p a  e ร a n d  H Q  ร ,  i t  f o l l o w s  t h a t  a y a  = a a y a  = g g a y a  = g a p aa/
e ร w h e r e  g i s  t h e  g r o u p  i n v e r s e  o f  g i n  t h e  g r o u p  H . T h e r e f o r e  a y a  

= a ( a y a ) a  e E ( a S a ) ,  a n d  h e n c e  a p a  e H ^ E ( a S a ) .  T h u s  a S a  = H ^ E ( a S a ) .  

T h e r e f o r e  ร i s  l o c a l l y  f a c t o r i z a b l e .  #

L e t  T  b e  a  s u b s e m ig r o u p  o f  a  s e m ig r o u p  ธ . L e t  e  e E ( T ) .  T h e n  

e  e E ( s ) ,  i s  t h e  m a x im u m  s u b g r o u p  o f  ร h a v i n g  e  a s  i t s  i d e n t i t y  a n d  

H e P iT  i s  a  s u b s e m ig r o u p  o f  T  h a v i n g  e a s  i t s  i d e n t i t y .  I f  Hg D T  i s  a  

s u b g r o u p  o f  T ,  t h e n  i t  b e c o m e s  t h e  m a x im u m  s u b g r o u p  o f  T  h a v i n g  e a s  

i t s  i d e n t i t y  ( s i n c e  e v e r y  s u b g r o u p  o f  T  i s  a  s u b g r o u p  o f  ร ) ,  a n d  i t  t h e n  

f o l l o w s  t h a t  H ^ O T  i s  t h e  i t  -  c l a s s  o f  T  c o n t a i n i n g  e .

3 .4 - L em m a . L e t  X b e  a  s e t  a n d  ร t h e  t r a n s f o r m a t i o n  s e m ig r o u p  บ ^ ,  

o r  พ ^ .  I f  a  i s  a n  i d e m p o t e n t  o f  ร ,  t h e n  H ^ f ไ ร  i s  t h e  i t  -  c l a s s  o f  ธ

c o n t a i n i n g  a  w h e r e  H i s  t h e  i t  -  c l a s s  o f  T  c o n t a i n i n g  a .0i X

P r o o f  ะ A s  m e n t i o n e d  a b o v e ,  t o  s h o w  t h a t  H ท  ธ i s  t h e  -  ------------- a

c l a s s  o f  ร c o n t a i n i n g  a ,  i t  s u f f i c e s  t o  s h o w  t h a t  H ^ n  ร i s  a  s u b g r o u p  

o f  ร .  N o w , ก ร  i s  a  s u b s e m ig r o u p  o f  ร h a v i n g  a  a s  i t s  i d e n t i t y .  L e t  

g E ร .  S in c e  i s  a  s u b g r o u p  o f  T ^  h a v i n g  a  a s  i t s  i d e n t i t y ,

t h e r e  e x i s t s  y  £ s u c h  t h a t  g y  = y  g = a .  S in c e  y ,  g a n d  a  a r e  a l l



28

^  -  r e l a t e d ,  Ay = A3 = Act. T o  s h o w  s (y )  i s  f i n i t e ,  i t  s u f f i c e s  t o  

s h o w  t h a t  s ( y ) \ . s ( s )  i s  f i n i t e  s i n c e  s (y )  Q  ( s (y  ) \  ร ( B ) ) บ  ธ ( B ) a n d

ร ( B )  i s  f i n i t e .  F o r  X e S ( y ) \ S ( B )  ร we h a v e  X e A y  = AB = A a ,  x y  î  X

b u t  xB  = X .  H e n c e  f o r  X e s ( y ) \ ธ ( B ) ,  we h a v e  x a  = x B y  = ( x B ) y  = x y  

i  X . T h u s  ร ( y ) \ s ( s ) c  s ( a ) .  S in c e  S ( a )  i s  f i n i t e ,  s ( y ) \ ร ( ร )  i s  

f i n i t e ,  s o  y  e ร .  T h i s  s h o w s  t h a t  H^ ก  ร i s  a  s u b g r o u p  o f  ร .  T h e r e f o r e  

Ha ก ร  i s  t h e  i t  -  c l a s s  o f  ร c o n t a i n i n g  a .  #

■ G iv e n  a  s e t  X ,  a  t  T j ,  a n d  a  s u b s e t  A  o f  X ,  l e t  a  I A a  n  A
d e n o t e  t h e  r e s t r i c t i o n  o f  a  t o  A a f ) A .  T h e n  f o r  a n y  s e t  X ,  i f  a  £ T  ,X
t h e n  a |  n  e T f o r  a l l  s u b s e t s  A o f  X ; n o t e  t h a t  a  I _  n e e d  n o t  A a I IA X Aa( IA
b e l o n g  t o  T ^ .

3 . 5  L em m a . L e t  X b e  a  s e t  a n d  a ,  B £ T ^ o  I f  A i s  a  s u b s e t  o f  X s u c h

t h a t  “ L n A  ’  e | A B O A  E V  t h e n  (c ‘ l A < .O A ) ( e | A e n A )  = ( “ 8 ) L b O A -

P r o o f  ะ L e t  X  e A ( a | ,  ^ . )  ( 3 1 . ท ^ . ) .  T h e n  X e A a  n  A a n d  — :—  'A a D A  ' A B i 'A

x a  E A B O  A .  s i n c e  X £ A a  a n d  x a  e A B , w e  h a v e  t h a t  X  £ A a B . H e n c e  

X £ A aB  ท  A a n d  x ( a |  4 0  n a >< e 14 6  ก  4 ) = * « e  = X < a 6 ) | 4 0 6 0 4 .

N e x t ,  l e t  y  £ A ( a 3 )  I . 0 ^ . .  T h e n  y  £ AaB  A ,  s o  y  E A a P lA'A a B  H A  J 5 J
a n d  y a  e A B . S in c e  e ^ A  a n l  y  e ^ a r ï A ,  we h a v e  y a  £ Ac H e n c e

y a  £ A B O  A .  T h u s  y  s  < a | 4 0 0 4 ) (  B 14 6 0 4 ) )  a n d  y ( a 8 )  14 0 6 0 4  = y a B

= ( * “ ) ( 6 เ 4 6 ก * ) = ( y ( “ l A a n A ) ) ( B | A B r > A ) = y ( “ 1 Aa ก  A )< 6  1 A B C l A *  •

H e n c e ,  w e h a v e  t h a t  ( a  14 0 0 4 ) ( e I 4 6  ก  4 ) = < « f » l 4 0 6  ก A - *

L e t  X b e  a  s e t  a n d  Y ç  X . T h e n  T y  — T x ’  L e t  a  e T y ’  m <1 Ha  

a n d  H ^  t h e  $  -  c l a s s  c o n t a i n i n g  a o f  T ^  a n d  T y ,  r e s p e c t i v e l y .  T h e n

Ha  = ^  e T x  I AS = A a ,  VB = V a ,  TTg = T T ^ },

H ^  = (B  £ T ^  I AB = A a ,  VB = V a ,  TTg = TT^} .
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c l a s s

3 . 6  T h e o r e m . F o r  a n y  s e t  X ,  t h e  s e m ig r o u p  o f  a l l  a lm o s t  i d e n t i c a l  

p a r t i a l  t r a n s f o r m a t i o n s  o f  X i s  l o c a l l y  f a c t o r i z a b l e .

P r o o f  ะ L e t  X b e  a  s e t  a n d  l e t  a  £ E ( U y ) .  T o  s h o w  t h a t  a U y a

= (H a ก  U y ) E ( a U y a )  w h e r e  i s  t h e  -  c l a s s  o f  T y  c o n t a i n i n g  a ,  l e t

p b e l o n g . t o  U y .  S e t  A = ธ ( a  ) บ  ( ร ( a )  ) a  บ ร ( p  ) บ ( ร  ( P ) )p  . T h e n  I A I < 00

s i n c e  I s ( a )  I < 0๐ a n d  I ร ( p  ) i < 00. L e t  a  = a  I . _ A a n d  p = p i  .1 1 1 1  Aa  r> A Ap n  A

T h e n  A a ,  Ap/ <= A . F o r  X £ A a  = A a H A ,  i f  X  E s ( a ) ,  t h e n  x a  = x a  e ( s ( a ) ) a  

G  A ,  a n d  i f  X t  ธ ( a ) ,  t h e n  xa  = x a  = X £ A .  T h e n  Va  c  A .  S i m i l a r l y ,

Vp £  A .  T h u s  a ,  p £ T ^ .  N ow  V a  Q  V a f l A .  s i n c e  V a  Ç  A a ,  V a P lA

c  A a P lA  = A a .  T h e n  V a  = ( A a  ) a  ะ? ( V a O A ) a  = ( V a O A ) a  = V a f l A  s i n c e

x a  = X f o r  a l l  X £ V a .  H e n c e  V a  = V a  H A .  s i n c e  a  = a  I 1 e a n d  

a 2 = a ,  b y  Lem m a 3 . 5 ,  w e h a v e  t h a t  น '  = ( a  14 a  A H a  I t a  n  f l )  = f | 4c1:2 ก  A 

= a  IA a cIA  = a  e E ( T ^ ) . B y  Lem m a 3 . 5 ,  w e  h a v e  a / p / a/  =

( a l .  /- . ) ( p | .  _ . ) ( a | .  - . )  = ( a p a ) | .  _ s o  A a / p / a /  = A a p a H A .

S in c e  A i s  f i n i t e ,  T ^  i s  l o c a l l y  f a c t o r i z a b l e  b y  T h e o r e m  3 . 2 .  B u t  t h e  

-  c l a s s  o f  T ^  c o n t a i n i n g  a i s  t h e  %  -  c l a s s  o f  T y  c o n t a i n i n g  a  5 

s o  b y  P r o p o s i t i o n  2 . 1 ,  we h a v e  o/ t  a  = H /  E ( a  T ^ a  ) .  T h e n  a / p / a /  =

Xa/ ya /  f o r  som e  X £ H ^  a n d  Y £ T ^  s u c h  t h a t  a 'y a '  £ E ( a / T ^ a /  ) .  s i n c e  

X £ H ^ ' 5 we h a v e  AX = A a1 = A a  ก  A Q  A a ,  v x  = Va = V a  ก  A a n d  TT y  = TT^/ . 

D e f i n e  a  m ap X f r o m  A a  i n t o  X a s  f o l l o w s  ะ

xX
i f  X £ A X ,

X i f  X  £ A a \  A X .
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( V a  ท  A ) บ ( Aa \  A )  = ( V a f V A ) บ (V a  N A )  = V a .  H e n c e  VA = V a .  S in c e  

( A A )Â  = VA a n d  ( a X n a a )X  = ( A a ^ A A ) Â  = A a W A ,  i t  f o l l o w s  t h a t  ( A A )X  

ท  ( A Â \  A A )X  = . T h u s  f o r  X, y  e A A , xÂ  = y X  i m p l i e s  X, y  e AA o r  

X, y  t  A A , a n d  s o  xA  = y A  o r  X = y .  L e t  a ,  b  e A a  = a X b e  s u c h  t h a t  

a a  = b a .  S u p p o s e  a  e A a  ( =  A a O A )  a n d  b  i  A a  . T h e n  a  e A a n d  b  ?! A .

S in c e  V a  A a n d  s ( a )  ç  A ,  we h a v e  t h a t  a a  e A a n d  b a  = b  t  A .

H e n c e  a a  = a a  = b a  = b  w h i c h  i s  a  c o n t r a d i c t i o n .  T h i s  p r o v e s  t h a t  f o r

x , y  e A a ,  x a  = y a  i m p l i e s  e i t h e r  x , y  e A o r  x , y  ?! A ,  a n d  s o  x a ' ะ y a /

o r  x  = y  s i n c e  ร ( a )  Q  A . H e n c e ,  f o r  X, y  e a X = A a ,

N o te  t h a t  AA = AciO A  Ç  A , A a \ A A  = A a \ ( A a O A )  = A a \ A .  S in c e  Va Ç  Aa,

V a \ A  çt  A a \ A .  I f  X e Aa \ A ,  th e n  X t  ร ( a )  s in c e  ร ( a ) c  A,  so X = xa

e V a \ A .  Thus V a \ A  = A a N A .  I t  f o l l o w s  t h a t  vX = V A U ( A a \ A A )  =

( x , y )  e แ <- > xX = yX 
X

<  >  xA  = yA  o r  X = y

< -> xa = ya or  X = V (since TT, = Tโ ' )J A a

<  - >  x a  = y a

< ■ (x ,y )  e TT̂ .

T h e r e f o r e  we h a v e  TT = TT^. H e n c e  X e ( C h a p t e r  I ,  p a g e  8 ) .

C l e a r l y ,  ร (X) = ร ( a ) .  T h e n  I s c  X ) I = | S ( A ) |  $ IA I < “ . T h u s  X ร H n U y .  

S in c e  A y  Q  A ,  we h a v e  t h a t  A y U ( A a p a \ A )  i s  a  d i s j o i n t  u n i o n .  D e f i n e  

t h e  m ap Ÿ f r o m  A y U ( A a p a N A )  i n t o  X a s  f o l l o w s  :

x y
i f  X e A y ,  

i f  X e A a p a  \  A .

T h e n  | s ( ÿ ) |  = I s ( y  ) I < IA I  < 0° ,  s o  y e  บ ^» T o  s h o w  t h a t  a ÿ a  = ( a ÿ a ) 2 , 

f i r s t  n o t e  t h a t  A y H A  = ( A y  บ  ( A a p a  \  A ) ) ท  A = A y H A  = A y s i n c e  A y Ç  A .  

A l s o ,  a | ^ a ^ A ะ  a  e T A ’  a n ^  ï  I A y  = Y E T ^ .  I t  t h e n  f o l l o w s  f r o m  Lem m a  

3 . 5  t h a t  ( a ÿ a ) I A a ÿ a P iA  = a Y a e T A * B u t  (a  Y“ ) 2 = a ' y a  , s o
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( a ÿ a ) |  = ( c o t ÿ o t ) I ) ^  = ( a ÿ a ) ^ l  7 (L em m a  3 . 5 ) .
A a ÿ a O A  A a ÿ a O A  A ( a ÿ a )  ก  A

H e n c e  A a ÿ a O A  = A ( a ÿ a ) ^ 0  A a n d  ( a ÿ a ) |  = ( a ÿ a ) ^ j  . L e t
A a ÿ a O A  A a ÿ a O A

X z A ( a ÿ a ) .  I f  X  E A ,  t h e n  X e A a ÿ a O A ,  s o  x a ÿ a  = x ( a ÿ a ) |
A a y a  O  A

= x ( a ÿ a ) ^ |  _ = x ( a ÿ a ) ^ .  I f  X  ?! A ,  t h e n  X i  s ( a )  s i n c e  ร ( a ) ç  A ,
A a ÿ a  O  A

s o  X = x a  e A ÿ  \  A w h i c h  i m p l i e s  X = x a  = ( x a ) ÿ  Z A a N A ,  h e n c e  X  

= x a ÿ  = ( x a ÿ ) a  = x a ÿ a .  T h u s  x a ÿ a  = x ( a ÿ a ) ^ .  T h i s  p r o v e s  A a ÿ a  G  A ( a ÿ a ) ^  

a n d  x a ÿ a  = x ( a ÿ a ) ^  f o r  a l l  X Z A a ÿ a .  B u t  A ( a ÿ a ) ^  G  A a ÿ a ,  s o  we  

h a v e  a ÿ a  = ( a ÿ a ) ^  Z E ( a T  a ) .

N e x t ,  we c l a im  t h a t  a p a  =  X a ÿ a .  We h a v e  t h a t  a |  ^ 1 A  =  a  5

P I  An  P i  4 = p ' 5 X |  _  = X |  = X ,  ÿ |  _  = ÿ |  = y  a n d  a ,  P ,  A , Y
A p n A  AA O A  AX A ÿ  O  A Ay

a r e  a l l  i n  T . A l s o ,  we h a v e  a p a  = À a y a  . T h e n  b y  Lem m a 3 . 5 ,  w e  g e t  A

( a p a )  เ ^  .^ = apoi = À a y a  = ( X a ÿ a ) |  _ . H e n c e  A a p a O A  = A X a ÿ a O A
a p a  ' A X a ÿ a O A

a n d  ( a p a ) | A a p a n A  = ( X a ÿ a ) I A a p a n A  . L e t  X e A a p a .  I f  X e A ,  t h e n  

X z A a p a O A ,  s o  x a p a  = x X a ÿ a .  I f  X ?! A ,  t h e n  X ?! ร ( a ) ,  X t  ร ( p ) ,

X  z A a  \  A = A a  \  A A , X z A a p a  \  A a n d  h e n c e  x a  = X ,  x a p  = x p  = X ,  xX  = X ,  

x ÿ  = X w h i c h  i m p l i e s  x a p a  = X = x X a ÿ a .  T h i s  p r o v e s  t h a t  A a p a  G A X a ÿ a

a n d  x a p a  = x A a y a  f o r  a l l  X z A a p a .  N e x t ,  l e t  y  z A A a y a .  T h e n  y  z AA

= A a .  I f  y  e A ,  t h e n  y  z A A a y a  O A  = A a p a O A  a n d  t h u s  y a p a  = y A a y a .

A s s u m e  y  ?! A .  T h e n  y  z aX \ A  = A a  \ A ,  s o  y X  = y ,  y a  = y .  T h u s  

y Â a ÿ a  = y ÿ a .  T h e r e f o r e  y  e A ÿ  N A = A a p a  N A  G  A a p a .  H e n c e  y Â a ÿ a  = y ÿ a  

= y a  = y  s i n c e  y  i  ร ( a ) .  A l s o ,  y  z  A a p a  a n d  y a p a  = y p a  = y a  = y  

s i n c e  y  ?! ร ( p ) .  I t  f o l l o w s  t h a t  y X a ÿ a  = y  = y a p a .  H e n c e  w e  n a v e  p r o v e n  

a p a  = X a ÿ a ,  s o  we h a v e  t h e  c l a im .

T h e r e f o r e  a p a  = X a ÿ a  z ( H ^ o  U ^ ) E ( a U y a ) , s o  a U ^ a  G  ( H ^ o  บ ^ ) E ( a U y a ) . 

H e n c e  a U ^ a  = ( H ^ o  ข ^ ) E ( a U j , a ) . T h i s  p r o v e s  t h a t  บ ^  i s  l o c a l l y  f a c t o r i -  

z a b l e  f o r  a n y  s e t  X (L em m a  3 . 4 ) .  #
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L e t  X b e  a  s e t  a n d  ธ t h e  t r a n s f o r m a t i o n  s e m ig r o u p  V o r  พ .X X

L e t  a  £ E ( s ) .  T h e n ,  b y  Lem m a 3 . 4  H ก บ ^  i s  t h e  •̂ ' -  c l a s s  o f  บ x  c o n 

t a i n i n g  a ,  s o  Ha  ก บ x  i s  t h e  m a x im u m  s u b g r o u p  o f  บ c o n t a i n i n g  a .  B u t

ก บ x  = {B  e บx  I A 3  = A a ,  VB = V a ,  7โ0  = TTg} 5 s o  i f  A a  = X ,  t h e n  AB

= X f o r  a l l  B e H ก บ  5 a n d  i f  IT i s  t h e  i d e n t i t y  r e l a t i o n  o n  A a ,  t h e n
Oi X cx

f o r  e a c h  B e H ก บ , , ,  1T „ i s  t h e  i d e n t i t y  r e l a t i o n  o n  AB = A a .  T h e n  
a  X B

H ก บ  x  S Ç บx , s o  ก บ x  i s  t h e  m a x im u m  s u b g r o u p  o f  ธ h a v i n g  a  a s  i t s

i d e n t i t y ,  s o  i t  i s  t h e  ส์J -  c l a s s  o f  ร c o n t a i n i n g  a .  U s in g  t h i s  f a c t ,  

we h a v e  t h e  f o l l o w i n g  c o r o l l a r y .

3 . 7  C o r o l l a r y . F o r  a n y  s e t  X ,  t h e  s e m ig r o u p  o f  a l l  a lm o s t  i d e n t i c a l  

t r a n s f o r m a t i o n s  o f  X a n d  t h e  s e m ig r o u p  o f  a l l  a lm o s t  i d e n t i c a l  1 - 1  p a r 

t i a l  t r a n s f o r m a t i o n s  o f  X a r e  l o c a l l y  f a c t o r i z a b l e .

P r o o f  ะ L e t  X b e  a  s e t  a n d  l e t  ร b e  V x  o r  พ .  T h e n  ร Ç  บ ^ .  

L e t  a  e E ( s ) .  I t  f o l l o w s  f r o m  Lem m a 3 . 4  a n d  T h e o r e m  3 . 6  t h a t  a U ^ a  = 

( H ^ ก บ  x ) E ( a U x a ) . N ow  ก บ x  i s  t h e  $c -  c l a s s  o f  ร h a v i n g  a  a s  i t s

i d e n t i t y . T o  s h o w  a S a  = ( บ ^ ก บ x ) E ( a S a ) , l e t  p £ ร . T h e n  a p a  £ aU x a ,

a n d  h e n c e a p a  = B a y a  f o r  som e  B £ ก บ x  a n d  y  e u x s u c h  t h a t a y a

e E (a U  a ) . I t  f o l l o w s  t h a t  a y a  = a a y a  = B B a y a  = B a p a £ ร w h e r e B i s

t h e  g r o u p  i n v e r s e  o f  B i n  t h e  g r o u p  H ก บ  . H e n c e  a y a  = a ( a y a ) a  £ E ( a S a ) .a  X

T h e r e f o r e  aS a  ç  (H  ก บ  x ) E ( a S a ) . I t  f o l l o w s  t h a t  a S a  = ( H ^ ก บ x ) E ( a S a ) , 

s o  a S a  i s  f a c t o r i z a b l e .  #

h 9

L e t  X b e  a  s e t  a n d  Ç a  c a r d i n a l  n u m b e r ,  1 < ç $ JX I . L e t  

a n d  D ç d e n o t e  t h e  f o l l o w i n g  t r a n s f o r m a t i o n  s e m ig r o u p s  ะ

R = {a £ TÇ X
R, = {a £ T„Ç X
D = {a £ T„X

I V a  I < น ,  

I V a  I $ น ,

I ha I < น ,
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5 £
= { a  £ T ^ 1 1 A a  1 $ O .

T h e n Rç c  Rç a n d  Dç Q  D ç . S in c e  | v a | < 1 A a | f o r  a i l  CI E T ^ ,  i t  f o l l o w s

t h a t D ç ç  R ç a n d  Dç ç  R ç .

L e t  ร b e  R ç 5 R , Dç o r  D ç 5 a n d  l e t  a  e ร .  T h e n  ^ a  "  ( 3  £ T ^  I 

A 3  = A a ,  V3 = V a  a n d  = TT g }, t h e  a  -  c l a s s  o f  c o n t a i n i n g  a .  I t  

f o l l o w s  t h a t  ร ,  s o  i s  a l s o  t h e  4L -  c l a s s  o f  ร c o n t a i n i n g  a .

T h u s  f o r  a  e E ( s ) ,  a S a  i s  f a c t o r i z a b l e  i f  a n d  o n l y  i f  a S a  = H ^ E ( a S a )  

( p r o p o s i t i o n  2 . 1 ) .

3 . 8  T h e o r e m . L e t  X b e  a  s e t  a n d  1 < ç  s  | x | . T h e n  ะ

(1)  R ç i s  l o c a l l y  f a c t o r i z a b l e  i f  a n d  o n l y  i f  K E เพ u {  7f0} , 
w h e r e  เพ d e n o t e s  t h e  s e t  o f  a l l  p o s i t i v e  i n t e g e r s  a n d  f t 0 d e n o t e s  t h e  

c a r d i n a l i t y  o f  a  d e n u m e r a b le  s e t .

( 2 )  R ç i s  l o c a l l y  f a c t o r i z a b l e  i f  a n d  o n l y  i f  Ç e เพ .

P r o o f  ะ ( 1 )  S u p p o s e  (  i s  a  c a r d i n a l  n u m b e r  a n d  $ e เพ บ {  ?<■ 0 } .

T h e n  i f  a  e R , t h e n  V a  i s  a  f i n i t e  s e t .  L e t  a  e E (R  ) .  T h e n  V a  Q  A a

a n d  x a  = X f o r  a l l  X e V a .  T o  s h o w  t h a t  a R ^ a  = H E ( a R „ a )  w h e r e  H i st, a t ,  a

t h e  jC -  c l a s s  o f  T  c o n t a i n i n g  a ,  a n d  h e n c e  o f  R , l e t  P e  R . S e tX ç £,
A = V a  U  ( V a  n  Ap )p  . T h e n  IA I  < » .  L e t  a  = a | A a  0  A a n d  p = p l A p n V a - 

T h e n  A a  Q  A ,  i p  ç  A ,  V a  çv V a  Q  A a n d  Vp = ( V a O A p ) p / = ( V a H A p ) p  Q  A .  

T h e r e f o r e  a ,  p £ T . I f  X E V a ,  t h e n  X E i a f \ A  :  A a  a n d  x a  = x a  = X ,
’ ■ '  ’  " ,  . ไ  1 ’ ’ V  ’

s o  X e V a .  T h u s  Va  = V a .  s i n c e  a  = a ,  ^  A e T a n d  a  = a ,  b y2 A a  n  A A

Lem m a 3.5, we h a v e  â  = a ,  t h e r e f o r e  a  e E ( T ^ ) .  T h u s  V a  Q  A a .  B u t  

A i s  f i n i t e ,  b y  T h e o re m  3.2 a n d  t h e  f a c t  t h a t  t h e  n  -  c l a s s  o f  T ^  c o n 

t a i n i n g  a  i s  t h e  4(i -  c l a s s  o f  T c o n t a i n i n g  a ,  we t h e n  h a v e  a T  a  =X A

H / E ( a T  a ) ,  w h e r e  H / i s  t h e  4L -  c l a s s  o f  T c o n t a i n i n g  a .  T h e r e f o r e  
CL A  OL X

ap'a = Xaya! f o r  som e  À e H / 5 Y e T ^  s u c h  t h a t  a y â  e E ( a T ^ a y) .  T h e n
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VA = V a  = V a ,  AA = Aa/  G  A a ,  a n d  V a W  ç  A aya ^ . S in c e  V a  G  A a  a n d  x a  = X

f o r  a l l  X e V a ,  i t  f o l l o w s  t h a t  A a  -  บ  X ïï i s  a  d i s j o i n t  u n i o n .
x e V a  a

D e f i n e  t h e  m ap À f r o m  A a  i n t o  VA ( =  V a )  b y

x Â  = y  A <  >  X £ y i r  , y  £ V a .

T h i s  i s  w e l l - d e f i n e d  b e c a u s e  V a  = V a  G  A a  = AA a n d  A a  = IJ  y ï ï  i s  a
y e V a  a

d i s j o i n t  u n i o n .  N ow  VA = V a  Q  A a  ะ: AÂ a n d  VA ç  V A . C la im  t h a t  Â E H ^

( t h a t  i s ,  AÂ = A a ,  VA = V a  a n d  TT = TT ) .  F i r s t ,  w e  s h o w  t h a t  Â | .  1 = A .^  a  AA

L e t  X e A A . T h e n  xÂ  = y A  f o r  som e  y  e V a  s u c h  t h a t  X e y7Tct’ so x a

= y a .  S in c e  y  e V a  a n d  X e AA = A a ,  w e  h a v e  xÂ  = yA  = ( y a ) A  = ( x a ) A

= ( x a ) X = x a A  = xX s i n c e A £ H เ a n d  H / i s  a  a  a
g r o u p  h a v i n g  a  a s  i t s

i d e n t i t y . T h u s  Â 1 II< T h i s  i m p l i e s  t h a t VA £  VÂ a n d  h e n c e  VÂ =

VX = V a  =
9

V a .  L e t x l *  x 2 £ A a  = A Â . I f  ( x ^ , x ^ )  £ TT^, t h e n  x ^ a  = x ^ a

= x^a. = ( X 2a ) a ,  s o  we h a v e  x ^ ,  x ^  e ( x ^ a ) - ^  a n d  x^u  e V a  w h i c h  i m p l i e s

X Â = ( x  a ) A  = X Â ,  a n d  h e n c e  ( x  , x  ) £ TT . F o r  t h e  r e v e r s e  i n c l u s i o n ,  
1 2  2 1 2  X

a s s u m e  ( x  . x „ )  e TT . T h e n  X ,  Â = X Â a n d  t h e r e  e x i s t  y „  5 y „  e V a  s u c h  1 2  TJ- 1 2 1 2

t h a t  x^ e y^TT^, ^ 2  e y  2 ^  a . ' us = y^A (from  th e  d e f in i t i o n  o f  Â),
so (yisy2) £ x̂ = v  ท '  Hence xpa = y 1 *  ~  y  1 a  ~ y2a = y2 a = x2 a’ so
( x „ , x „ )  £ IT . H e n c e  we h a v e  t h e  c l a i m .  L e t  Y = Y I » 1-, . T h e n  I v y l1 2  a  1 A y n  V a  1 1

£ [A y / | ^  I Vet I < £ 9 h e n c e  y  £ R . B u t  V a  = V a ,  A y Ç  A y ,  V a y  G  V y  Ç  A ,  

s o  i t  f o l l o w s  t h a t  V a y a  = ( V a y H A a ) a  = ( ( ( V a  n  A y  ) y )  n  A a ) a  Q  

(  ( ( V a  O A y ) y  ) n  A a ) a  = ( V a y O A a ) a  = ( V a y  n ( V a y n A a ) ) a  Q ( V a y  n  ( a  H A a )  ) a  

= ( V a y n A a ) a  = ( V a y n A a ^ a '  = V a y a .  N e x t ,  l e t  X £ A a ya * . T h e n  x a  = x a  

a n d  x a  £ A y ,  s o  x a  = x a  E A y  n  V a -  A yy. T h e r e f o r e  x a y a  = x a y a ,  s o

X £ A a y a .  H e n c e  A a ya *  Ç  A a y a  a n d  xa ya *  = x a y a  f o r  a l l  X E A a y a .  B u t

V a y a  Ç  Vaya * Ç  A a ya * , s o  V a y a  Ç  A a y a .  L e t  y  £ V a y a .  T h e n  y  £ V a y a  

G  A a ya * . T h e r e f o r e  y a y a  = y a y a ; = y  s i n c e  a y a  i s  a n  i d e m p o t e n t .  T h i s  

p r o v e s  t h a t  a y a  £ E ( a R ^ a ) .
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N e x t ,  we s h a l l  s h o w  t h a t  a p a  = A a y a .  L e t  X  £ A a p a .  T h e n

x a  £ V a O A p  = A p ,  x a p  e A a  a n d  x a p  £ ( V a O A p ) p  £  A . T h e r e f o r e  x a p

£ A O A a  = A a  a n d  x a  E V a  :  7 a  t  A a .  I t  f o l l o w s  t h a t  ( x a p ) a  = x a p a  =

xap / a/ = x a a p V  = x a ( a p a )  = x a ( A a y a 7) = ( x a A ) a y a  = x Â ( a y a )  = x X a y a .  T h e

l a s t  e q u a l i t y  f o l l o w s  f r o m  t h e  f a c t  t h a t  A a y a  Ç  A a y a  a n d  t a y a  = t a y a

f o r  a l l  t  £ A a y a 7. N e x t ,  l e t  y  £ A Â a y a .  T h e n  y Â a y a  = y a A a y a  s i n c e

Â £ H . S in c e  ya £ V a  = V a  £  A a  = A A , we h a v e  yaX = yaA £ V A O A a  a

Q. A a O A  = A a7, a n d  s o  y a A a  = y a Â a .  H e n c e  yaAay = yaXay7 e A a O V y

£  A a n A  = A a .  I t  f o l l o w s  t h a t  y Â a y a  = y a Â a y a  = y a A a y a  = y a ( A a y a )

= y a ( a p a )  = y a a p a  = y a p a .  T h i s  p r o v e s  t h a t  a p a  = A a y a ,  s o  a p a  £

H E ( a R ^ a ) .  H e n c e  a R _ a  = H E ( a R ^ a ) .  T h e r e f o r e  R-. i s  l o c a l l y  f a c t o r i -  a K ç a  ç Ç
z a b l e .

C o n v e r s e l y / ,  a s s u m e  Ç i s  a n  i n f i n i t e  c a r d i n a l  n u m b e r  s u c h  t h a t  

£ > & •0 . T h e n  t h e r e  i s  a  s u b s e t  A o f  X s u c h  t h a t  IA I  = H* < Ç . T h e n

T ^  £  R . L e t  1 ^  b e  t h e  i d e n t i t y  m ap  o n  A . T h e n  1 ^  i s  a n  i d e m p o t e n t

o f  R ç . S in c e  T ^ ,  we h a v e  t h a t  l ^ R  1 ^  = T ^ .  B u t  T ^  i s  n o t

f a c t o r i z a b l e  [ 7 , T h e o re m  3 . 1 ] .  T h e r e f o r e  R ç i s  n o t  l o c a l l y  f a c t o r i z a b l e . 

H e n c e  R ç i s  l o c a l l y  f a c t o r i z a b l e  i f  a n d  o n l y  i f  Ç £ N U {  1} .

( 2 )  A s s u m e  Ç £ IM . I f  ç  = IX I  t h e n  Rç = T ^  i s  l o c a l l y  f a c t o 

r i z a b l e  s i n c e  X i s  f i n i t e .  I f  ç < IX I  t h e n  R ç = R ç + ^ i s  l o c a l l y  f a c t o 

r i z a b l e  b y  ( 1 ) .  H e n c e  i f  £ £ JN, t h e n  R ç i s  l o c a l l y  f a c t o r i z a b l e .

C o n v e r s e l y ,  a s s u m e  £ i s  a n  i n f i n i t e ,  c a r d i n a l  n u m b e r .  T h e n  t h e r e  

i s  a  s u b s e t  A o f  X s u c h  t h a t  IA I  = >*•0 ^  £ .  H e n c e  1 , t h e  i d e n t i t y

m ap  o n  A ,  i s  a n  i d e m p o t e n t  o f  R , a n d  T ^ £  R . B u t  l ^ R  1 ^ £  T ^ ,  s o  

l ^ R  1 ^  = T ^ .  S in c e  A i s  i n f i n i t e ,  T ^  i s  n o t  f a c t o r i z a b l e .

T h e r e f o r e ,  t h e  t h e o r e m  i s  p r o v e d .  #
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3 . 9  C o r o l l a r y . L e t  X b e  a  s e t  a n d  1 <  ç $ I X I . T h e n

( 1 )  D ç i s  l o c a l l y  f a c t o r i z a b l e  i f  a n d  o n l y  i f  £ e f r s ]U {  0 } *

( 2 )  Dç i s  l o c a l l y  f a c t o r i z a b l e  i f  a n d  o n l y  i f  ç  E fis) .

P r o o f  ะ L e t  Ç £ K1 U {  ^ } .  L e t  a  e E ( D ç ) .  S in c e  D £  R ,

we h a v e  a  e E (R  ) a n d  a D ^ a  £  a R ^ a .  I f  B e R ^ ,  t h e n  |A a g a |  ^  I Act I < Ç ,

s o  a g a  e D ç a n d  t h u s  a g a  = a ( a g a ) a  e aD g .a „

T h i s  p r o v e s  t h a t  a D ^ a  = a R ^ a  f o r  a l l  a  e E ( D ç ) .  s i m i l a r l y ,  

i f  £ E IN , t h e n  we a l s o  h a v e  a D ^ a  = a R ^ a  f o r  a l l  a  e E (D  ) .  B y  

T h e o r e m  3 . 8 ,  w e h a v e  t h a t  i f  ç  e I N U {  ^ } ,  t h e n  D ç i s  l o c a l l y  f a c t o 

r i z a b l e ,  a n d  i f  E, e N  3 t h e n  D i s  l o c a l l y  f a c t o r i z a b l e .

L e t  Ç a n d  X b e  c a r d i n a l  n u m b e r s ,  Ç i  N U {  A ^ }  a n d  X t  N  •

T h e n  t h e r e  e x i s t s  a  s u b s e t  A  o f  X s u c h  t h a t  IA  j = vY^. T h e n  IA I  < £

a n d  IA I  $ X» T h u s  T ^  ç  DÇ a n d  T ^ c  โ ) - .  L e t  b e  t h e  i d e n t i t y  m ap  

A .  T h e n  1 A £ น ^ )  a n d  h  e E ( D - ) ,  T A> 1 , วิ-5 ! Y

s o  l ^ D ç l ^  = T ^  = l ^ D - 1 ^ .  S in c e  A i s  i n f i n i t e ,  T ^  i s  n o t  f a c t o r i 

z a b l e .  H e n c e  D ç a n d  D -  a r e  n o t  l o c a l l y  f a c t o r i z a b l e .  #

L e t  X b e  a  s e t  3 a n d  l e t  E a n d  M d e n o t e  t h e  s e m ig r o u p  o f  a l l  

m a p p in g s  f r o m  X o n t o  X a n d  t h e  s e m ig r o u p  o f  a l l  1 - 1  m a p p in g s  f r o m  X 

i n t o  X ,  r e s p e c t i v e l y .  T h e n

E ^  = { a  ะ X X I a  i s  o n t o }

= ( a  £ ^  I V a  :  x } ,

M = ( a  ะ X -> X I a  i s  1 - 1 }

= (a  e I I Aa = X}.

N o te  t h a t  G ( t h e  s y m m e t r i c  g r o u p  o n  X )  i s  t h e  u n i t  g r o u p  o f  X
E ^  a n d  o f  M^« I t  i s  e a s i l y  s e e n  t h a t  i f  X i s  f i n i t e ,  t h e n  E ^  = M 

= G ^ .  I f  E x  = Gx  , t h e n  X i s  f i n i t e .  A l s o ,  i f  = G ^ ,  t h e n  X i s  f i n i t e .



3 7

T o  p r o v e  t h i s ,  s u p p o s e  X i s  i n f i n i t e .  L e t  a  £ X . T h e n  | x \ { a } |  = I X I . 

L e t  a  b e  a  1 - 1  m ap  f r o m  X s - { a }  o n t o  x ,  a n d  l e t  3 b e  a  1 - 1  f r o m  x o n t o  

x \ { a } .  T h e n  3 £ M \  G . D e f i n e  t h e  m ap นิ f r o m  X i n t o  X a s  f o l l o w s  :

x a
a  i f  X  = a ,

x a  i f  X t  a .

T h e n  a  i s  o n t o  b u t  n o t  1 - 1 .  T h e r e f o r e  a  £ E ^ \ G y .  H e n c e  t  G ^  

a n d  M t  G . T h i s  p r o v e s  t h a t  E ^  = G ^ i f  a n d  o n l y  i f  X i s  f i n i t e  a n d

M = G i f  a n d  o n l y  i f  X i s  f i n i t e .
X X

L e t  a  £ E (E  ) .  I f  X  £ X ,  t h e n  X £ V a ,  s o  x a  = X .  T h e r e f o r eX

a  i s  t h e  i d e n t i t y  m ap o n  X ,  a n d  h e n c e  E (E  ) = { 1 } .X

L e t  a  £ E (M  ) .  I f  X E X , t h e n  x a  £ V a  a n d  h e n c e  ( x a ) a  = x a ,X

s o  x a  = x  s i n c e  a  i s  1 - 1 .  T h u s  a  i s  t h e  i d e n t i t y  m ap  o n  X ,  h e n c e  

E (M x ) = { 1 } .

3 . 1 0  P r o p o s i t i o n . L e t  X b e  a  s e t  a n d  l e t  ร b e  E x  o r  M ^ . T h e n  ร i s  

l o c a l l y  f a c t o r i z a b l e  i f  a n d  o n l y  i f  X i s  f i n i t e .

P r o o f  ะ A s s u m e  ร i s  l o c a l l y  f a c t o r i z a b l e .  B e c a u s e  G „  i s  t h e  

m a x im u m  s u b g r o u p  o f  ร h a v i n g  1 a s  t h e  i d e n t i t y ,  t h e n  1S 1  = ธ = G ^ i l }

= G ^ . T h e r e f o r e  X i s  f i n i t e .

C o n v e r s e l y ,  i f  X i s  f i n i t e  t h e n  ร = Gx  w h i c h  i s  l o c a l l y  f a c 

t o r i z a b l e  s i n c e  e v e r y  g r o u p  i s  l o c a l l y  f a c t o r i z a b l e .  #

L e t  X b e  a  s e t .  F o r  a  n o n e m p ty  s u b s e t  A  o f  X a n d  f o r  X £ X ,  

l e t  A  d e n o t e  t h e  p a r t i a l  t r a n s f o r m a t i o n  o f  X w i t h  AA = A a n d  VA =X X X

{ x } .  L e t  c  a n d  F d e n o t e  t h e  f o l l o w i n g  t r a n s f o r m a t i o n  s e m ig r o u p s  o nX X

X ะ
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a n d

cx = {Ax I <M A ç  X, X e X} บ {0 } ,  

F x  = {Xx I X e X} i f  X 7* <f>

Fx = {0} i f  X ร * .

L e t  A  a n d  B b e  n o n e m p ty  S 'a b s e ts  o f  X a n d  X ,  y  e X . T h e n

A B X y
i f  X e B , 

i f  X t  B .

H e n c e  A x  = A x  i f  a n d  o n l y  i f  X อ A . T h e n  F x  i s  a  b a n d ,  s o  i t  i s  

l o c a l l y  f a c t o r i z a b l e  b y  P r o p o s i t i o n  2 . 2 .  I f  X e A ,  t h e n  w e  c l e a r l y  

h a v e  A  c A x  = {0 , A }  = { A X H A  5 0} w h ic h  i s  f a c t o r i z a b l e .

H e n c e , we h a v e

3 . 1 1  P r o p o s i t i o n . F o r  a  s e t  X ,  t h e  t r a n s f o r m a t i o n  s e m ig r o u p s  Cx  a n d

F a r e  l o c a l l y  f a c t o r i z a b l e .X
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