
C H A P T E R  I I

THE SEQUENTIAL WIENER INTEGRAL

In the f i r s t  part of th is  chapter, we study the d e fin itio n  
o f the sequ en tia l Wiener in teg ra l with complex parameters. And in  the 
la s t  part o f th is  chapter, we consider the case in  which the parameter 
i s  rea l and p o s it iv e .

In chapter I ,  the Wiener measure with p o s itiv e  rea l parameters 
i s  defined , but i t  i s  not defined for non-real variance parameters.

For defin ing the kernel by (2 . 1 . 2 ) below, we have that

(*) ร  |K (t ,Ç) |  d Ç = { \ a \ 2  Re(o~2 )}
(Rn

and th is  c lea r ly  approaches « with ท i f  Re(c) > 0 and Im(a)  ̂ 0 . For 
each Wiener measurable se t E on c [a ,b ] ,  we define

พ7 (E) = ร  Ka ( t , ç ) d ç
E*

where E* i s  the r e s tr ic t in g  se t o f E. We claim that พ i s  not a 
complex measure on c[a,bj . Suppose on contrary th :a t พ' i s  a complex 
measure on c [ a ,b ] .T h e re fo re , the to ta l  varia tion  o f พ  ̂ i s  f i n i t e , i . e . ,

( * * ) |W J(C [a,bj) < 0 0  •
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For each E £  tRn s we define

พ (E) = f  K: (t 5Ç)dÇ 5
E

thus we have

เพ11! (En) = f  I (T , ç ) I dÇ 
(Rn

(พพ * )  = sup { E I /  K (x,Ç)dÇ I : บ E = IRn} .
ท=1 E ท=1 n

Since เพ l ( c [ a ,๖ ]) = sup{ E I f  K (x ,ç )d ç |:  บ ิ E = c[a ,h]ฮ ท=1 E* a ท=1 n

and E i s  Wiener measurable} 5

i t  follow s from (พ**) that

เพ0 ! ( c [ a ,๖ ]) > /  |Ka (T,Ç)|dÇ
en

for a l l  n e w .  Hence„ we have hy (พ) that

เพ0 ! ( c [a ,ใ)]) * »
which contradicts (พพ). Thus พ is  not a complex measure on c [ a ,๖] ,
so that there i s  no in tegration  theory in the usual measure th eo re tic  
sense i s  p o ssib le  for non-real variances.

Next 9 we sh a ll define the in teg ra l in  the other sense for  
complex parameters.

Let c [a 5๖] denote the space o f rea l continuous functions on the 
in terv a l [a ,๖] which vanish at the in i t i a l  point a , and l e t  C0 [a 9b]



denote the se t o f a l l  polygonal functions contained in  c [a ,๖] . Let o 
be a fixed  non-vanishing complex number such that I arg o| i  ท / น.

Let T = [t , . . .  ,Tn] denote a variable vector o f a variable  
number o f dimensions whose components form a subdivision  o f [a,b] 5 

so that a < T̂ < T < . . .  < Tn - k > and le t  Tq = a. We c a l l  T a 
subdivision  vector and we define the norms o f subdivisions by

1MI = max ( t  -  T ) .
j =l 5 . . .  9ท

Let K = โ£ ^ , . . . 9ÇJ denote an u n restricted  rea l vector , where 
ท i s  determined by T, and le t  £ = 0. Let Ip ( t )  denote an elementบ f  3S
o f whose v e r tic e s  have the ab scissas T and ordinates so
that we have

♦ Tfç (T1 ) = € 1  i  = 0 , 1 , . . .,n

and ç ( t )  i s  lin ea r  on [tl for i  = 1 , . . . , ท. F in a lly , l e t  IRn
denote an n-dimensional Euclidean space and dÇ the element o f volume in  
En , i . e . , d£ = d51 - . .  dç .

Using the above term inology, we now define the sequentia l Wiener 
in teg ra l with parameter o (or รพ1J in te g r a l) for functionals F(x) for 
which the d e fin itio n  has meaning.

D efin ition  2 .1  I f  the lim it e x is t s ,  we define  
รพ0
/  F(x)dx = Aim /  K ( x , ç ) F ( r t  )dç ,

C[a,b] | |t |Po r ท tÇ
(2 .1 .1 )
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where
(2 .1 .2 )  K (T,Ç) =

[ A a 2 )"(T1- t 0 ) . . . ( V V l )J 1/2 exp
i = l  20 1 :

The parameter 0 w i l l  sometimes be c a lled  the standard deviation  parameter.
and 0^ w il l  be ca lled  the variance parameter.

In p a rticu la r , the ex isten ce o f the ร พ in teg ra l o f  F im plies
that F i s  defined over a l l  elements o f C0 [a,b] or at le a s t  over almost
a l l  o f them in the sense that for each X , F(i|/_ _ ) i s  defined for almostT s£
a l l  £ in  Rn . I t  o f course a lso  im plies that K (t 3ç )f (i(> ) i s  integrableT »£
in  £ over IRn for each T .

Example. Let F(x) = x(t , ) .  Then we have from (2 .1 .2 )  that

K ( t ,£) =
[it (2o ) ( t.,“Tq)] 1/2 exp

2
h

2o ( t j - i j )

and F( 4>t ç ) = '('1 (x^) = £1 . Thus according to  (2 . 1 . 1 ) we get
รพ_
f  F(x)dx = Urn /  K / t .ÇÎf U  p)d£ c[a ,b ] IT IK ๐ e

£im

T»£

It Ik 0 f Çiexp
[ t t ( 2 o  ) ( t 1 - ใ : 0 ) ]

ร1 7- --------- -Put ท = —- — —  3 so that £ = o/2 ( t1- t0 )ท1 and
O i/ 2 ( t  - T  )

2
«1

2o (ใ:1- ใ:0 )
d£,

d£. ๐/2 ( ti V  dnl hence



ร — — --------F
a /^ ( Tl - T0 ) 1

exp
2o^ (t^~Tq) j

dÇ-

= “  / 2(t1- T0 ) /  ฦ1 exp(-n^) dn 1
v/irr
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= 0 5

00
sin ce  ร  exp(-n^)dr)^ = 0. Therefore,

_ c o

swo
/  F(x)dx = 0 .c [a ,๖]

D efin ition  2 .2  I f  i s  pure imaginary, the in teg ra l (2 .1 .1 )  w i l l  
he c a lled  a Feynman in te g r a l, and we use the term fp in teg ra l to  denote 
the SWp/^ in te g r a l, where p and Re / Ï  are p o s it iv e . Thus we define

f  SWp / i
(2 .2 .1 )  /  F(x)dx = ร  F(x)dx.

c [a ,๖] c[a  ,๖]

Remark 2 .3
( i )  When the subscript ฮ or p i s  u n ity ,

dropped from the symbol รพa  o r  f  .
( i i )  For each p o s it iv e  number p ,

i t  w il l  u sually  be

( 2 . 3 . 1 )  Kp o ( t , Ç )  = p _ n Ka ( T , p _ 1 Ç ) .

I t  follow s from ( 2 .1 .2 ) ,  since



H

Kpa(T’Ç)
1

[TTn(2p2a2 )n(Tr T 0 ) . . .  (Tn-Tn_ 1 )] 1/2 exp ท น 1-  ( 1. 1 )'
i= l  2p202(x .-T . -1)

= P
[»n(a i2 )n(T1-T0 ) . . .  (Tn-Tn_1 )] 1/2 exp

r Ti - i ' j
- 1 ^2ท ( p - ^ . - p " 1^  1 )

i= l  2a (x i “ Ti - 1 } .

= p"nKa (T,p"1Ç)

( i i i )  For each p o s it iv e  number p 5

(2 .3 .2 )
SWpฮ/  F(x)dx c[a,b]

รพ _
f  F(px)dx
c [a ,b j

where the ex isten ce o f e ith er  member im plies that o f the other. In 
p a rticu la r , from (2 .2 .1 )  we have in the same sense

(2 .3 .3 )  /  F(x)dx
c [a ,b ]

f  F(px)dx.c[a,b]

( 2 . 3 . 2 ) follow s from (2 . 1 . 1 ) and (2 . 3 . 1 ) ร since
รพ

/  ^  F(x)dx = Urn /  K ( t £ ) F U  - )d Ç
c [ a ,๖] H I -0  'n ร » , T ’Ç

« in  /  p ' \ ( T , p ' \ ) F ( 4 i T ) «
enÏK o

= f i m  /  p“nK (t 5ท)F'น  )pndn , (ท = p_1ç)
H T 5 P ท

R

£im /  K ( โ 1 n) F(piJ/ )dn
H t ®  T,n

( ^ =  pij) ) T ,Pn rT ,ท9
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/c[a,bj
F(px)dx.

The rea l sequentia l Wiener in te g r a l. We now consider the case in  which 
a i s  r ea l and p o s it iv e , and we give a se t o f su ff ic ie n t  conditions for  
the ex isten ce  o f the lim it  in  the right member o f (2 . 1 . 1 ) .

D efin ition  2 . h . We say that a functional F(x) i s  continuous in  the  
uniform topology on c[a,b] i f  for each x e c[a ,b ] and £ > 0, there i s  6 > 0 
such that for a l l  y e c[a,b] 5 |F (x )“F(y)| < e whenever j|x~y|| < 6.

Lemma 2.5  Let F(x) be a Borel functional defined on c [a ,b ] . Then
for each Ip r ( t )  e Cn[a,b] 3 H(ç) = F( \ p  ) i s  measurable in  Ç over Rn .

T ช T

Proof ะ Case 1 . I f  F i s  the ch a ra cter istic  function al Xj of 
a Borel subset I o f c [a ,b ]  5 le t  E be a rectangle in  Rn defined by

E = { { x { r 1 ) , . . ' ,  x ( t  )) ะ X  E 1 } .

Thus for each ipT ç ( t )  e CQ[a,b] 5

H(ç)

f 1 i f  < h ,5 (V

(T  ) )  Ii  E



า6

r 1 i f น 1 ,. E
<
. 0 i f น 1 , •••En ) t E

= x-g(ç) i s  measurable in  Ç.

Case 2 . I f  F i s  a simple functional; i . e .  9 i f  F i s  any f in i t e  lin ea r  
combination of ch a ra cter istic  functionals o f d is jo in t  Borel subsets o f 
c[a,b] 9 then by case l s H(£) i s  measurable in K over IRn .

Case 3 - I f  F i s  an extendednon-negative functional on c [a 3b] 9 then 
there e x is ts  a non-decreasing sequence o f non-negative simple functionals  
F  ̂ which converges to  F at each point o f c[a,b] . Hence by case 2 , the 
corresponding sequence of non-negative non-decreasing simple functions 
converges to  H at each point o f Rn 9 so that H i s  measurable in  Ç over Rn .

Case h o F in a lly , i f  F i s  a Borel functional on c [a vb] 9 then F = F+-F 9 
so that we have by case 3 that the corresponding functions H+ and H are 
measurable in  Ç over Rn 9 and hence H = H+-  H i s  measurable in  K over !Rn

Corollary 2 .6  Under the same hypothesis of Lemma 2.5» we have

(2 .6 .1 )  f  F(4* -)K(T,Ç)dÇ = /  F(x )dW(x) 9
1R ท 3 c [a 9b]

where XT denotes the polygonal function which has the same value as X 

at T for i  = 0 91 9. . . 9ท and i s  lin ea r  in between
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xï (v  = x(Ti> i  = 0 ,1 ^ • 9 • j  n

hence i t  follow s from Theorem 1 ( in  ch ap te r I )  th a t  th e  fu n c tio n a l 
F ( x t ) = F ( x ( t ^ )  ,  . . . 9 x ( t 11)) defined  on c [ a 3b] i s  Wiener m easurable 
and (2 .6 .1 )  h o ld s . ^

Theorem 2 .7  Let F(x) be B orel m easurable over c [ a 3b] and continuous 
in  th e  uniform  topology alm ost everywhere ( in  th e  Wiener sense) on th e  
space c [ a 5b] . I f  F i s  bounded on c [ a 3b] 3 th en  th e  r e a l
s e q u e n tia l Wiener in te g ra l  o f F e x is ts  fo r  0 = 1  and equals th e  Wiener 
in te g ra l

Proof : I t  r e a d ily  follow s from c o ro lla ry  2 .6  th a t

/ n  K ( t  , Ç)F(ÿT ^ )d £  = f  ^F(xT)dW(x)

where X T  denotes th e  polygonal fu n c tio n  which has th e  same value as X

(2 .7 .1 )  f  F(x)dxc[a 9b] . /  _ F(x)dw (x).
c [a .b ]

fo r  i  = 0 , 1 , . . . 3ท3 and i s  l in e a r  in  between

XT(โ1 ) = x (x i ) i  = 0 , 1 , . . . ,  ท
( t i -Ti _1 )XT( t )  = ( T ^ - tM T ^  1 ) + ( t-T i  1 )x( t1 )
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By the continuity  o f F and o f X ,  ve have for almost a l l  X  in  c [a ,๖] 5

Aim F(x_ ) = F(x) .
H - 0  t

Since F(x) i s  uniformly hounded and measurable on c[a,๖] and c[a,๖] 
has a f in i t e  Wiener measure, by th e  Dominated Convergence Theorem

f  F(x)dx = Aim f  K(t ,Ç)f ( î  ) dÇ 
c [a , ช ]  แ X  |ko  Rท T ^

-  Aim /  F(x )dW(x)
^ ^ °  c [a ,๖]

= ร  (Aim F(X )) dw(x)
c [a ,๖] Il X IK0

= f  F(x)dW(x)
c [ a , ๖]

Therefore, the theorem is  proved. jj.
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