
C H A P T E R  I I I

THE COMPLEX SEQUENTIAL WIENER INTEGRAL FOR ANALYTIC 
AND HARMONIC FUNCTIONALS

In th i s  c h ap te r, we e s ta b l is h  an ex is ten ce  theorem  fo r  th e  
complex se q u e n tia l Wiener in te g ra l  fo r  a r e s t r i c t e d  c la s s  o f  a n a ly tic  
and harmonic fu n c tio n a ls .

D e fin itio n  3 .1  A subset E o f c [a ,b ] w i l l  be c a l le d  a u n iv e rsa l n u l l  
s e t  i f  pE i s  a Wiener n u l l  s e t in  c [a ,b ] fo r  each p o s it iv e  r e a l  number p. 
By pE we mean th e  s e t o f a l l  fu n c tio n s  px9 where X e E. A statem ent 
in vo lv ing  an element X e c [ a sb] w il l  be sa id  to  be tru e  alm ost u n iv e r­
s a l ly  ( a .u .)  i f  i t  i s  t r u e  everywhere in  c [a ,b ]  except on a u n iv e rsa l 
n u l l  s e t .  For example, for f ix e d  X in  c  fa *๖ไ , the s e t  o f  p o lygon a l 
f u n c t io n s  X  such  th at x ^ — *  X  i s  a u n iv e r s a l  n u l l  s e t .

Theorem 3«2 Let a =  pe1®, where p > 0 and 0 < 0 < IT A ,  and l e t  A be 
th e  open se c to r  o f complex numbers A such th a t  0 < arg A < 0• Let F(y) 
be a B orel fu n c tio n a l defined  fo r  a l l  y o f  th e  form \ x ( • ) ,where A e A* 
and X e c [ a ,b ] ,  and A* denotes th e  c lo su re  o f A w ith A = 0 om itted . 
Suppose th a t  F a lso  s a t i s f i e s  th e  fo llow ing  fou r c o n d itio n s:

1. F(Ax) i s  an alytic  in  A on A for each X in  c [ a ,b ] .
2. F(Ax) i s  a continuous fu n c tio n  o f A on A* fo r  each X 

in  c [a,b] .
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3. F(ox) and F(a*x) are continuous functions o f X  in the uniform 
topology a .u . in c[a,๖], where a *  = pe1  ̂ and 0 < 0* < e.

L. There i s  an M > 0 such that

|F (e iYx )| ร M

for a l l  X  in  c[a ,h ] and a l l  Y on (0 , 0 ).
Then the seq u en tia l Wiener in teg ra l (with parameter o) e x is t s

on c [a ,๖] and we have 
รพ0

(3 .2 .1 )  I  F(x)dx = I  F(ox)dW(x).c [a , ๖] c[a ,b]

Moreover the follow ing in teg ra ls  e x is t  and are equal 
รพ

(3 .2 .2 )  /  F(x)dx ะะ f  F(Xx)dW(x)c [a ,๖] c [a  ,๖]
wherever X i s  in  the se t  <๖ defined hy

ร  = { X : X 5* 0 , 0 <  arg X < 0 and IXI < p} .

F in a lly , both members o f (3 .2 .2 )  are an alytic  functions o f X on B  and 
thej' approach the members o f (3 .2 .1 )  as X ->■ 0 from in s id e S .

Proof : We note from condition 2 that condition น holds for
0 < Y < 0, and hence we have that for a l l  X in  A* and a l l  X in  c [a ,๖ ] 5

( 3 .2 .3 )  I F( Xx) I = l F(]7 p  - |M X)| = |F (e iy y ) | < M.

Let ร* be the closure o f ร  with the or ig in  om itted.
Since the proof o f th is  theorem i s  very long* i t  w i l l  be convenient 

to  d ivide i t  in to  severa l step s .
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STEP I . For each subdivision  vector T,

(3.2.1*) /  Ka( t ,Ç)f (*t ç )dÇ
En

and

(3 .2 .5 )  f  K(t 9£ )F( Ai{) -)d£
ร " ,s

e x is t  for A e 3* and are an alytic  functions o f A on 3 .

Proof: I t  follow s from lemma 2.5 and (2 .1 .2 )  that the
integrand o f ( 3 .2 .น) i s  measurable in  £ , and in  view o f ( 2 .1 .2 ) , ( 3 .2 .3 )  
s a t i s f i e s  for A e 3  the in e q u a lit ie s

|A|"/(» )"(V T0)...(V V 1)! V t,5)F(*t>5)!

i  M exp
-  Re(x' 2) i l

(3 .2 .6 )
M exp -  Re(a- 2 ) Iท ( { 1-  { 1. 1 )2

1 = 1 2 ( , r  Ti-1>

Since the la s t  member o f (3 .2 .6 )  i s  integrable in  £ over (Rn , ( 3 .2 .น) 
e x is t s  for a l l  A in  3* and a l l  subdivision  vectors T. To show that 
( 3 .2 .น) i s  an a lytic  in  A on 8  1 l e t  A be any closed  tr ia n g le  i n เร . 
Then we have

f  K ,(t ,Ç)f U
3A T

) dA 0
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sin ce  K. (t , ç)F(i{/ ) i s  an alytic  in  X and 3A denotes the boundary o f A.X T
Since (3.2.1+) e x is t s ,

/ , , (  /  | K  ( t , ร ) F U  ) | d O  a x  < «o ù  _ A t , t,
e

thus we can exchange th e  order o f in tegration  by Fubini theorem and get

/  ( /
3A Rท

Kx( t, ç)F (i|»t ç)dÇ)dX

= /  ( / 8 a Kx( T,Ç)F(^T )dx)dç
en

= 0.

Hence, by Morera's theorem we have that (3.2.1+) i s  an an alytic  function  
o f X in<8 .

Next we show that for each T , (3 .2 .5 )  e x is t s  for X e ร* and is  
an an a ly tic  function o f X in  8 .  The argument i s  very sim ilar to  the #
corresponding argument for (3.2.1+). The in eq u a lity  corresponding to
(3 .2 .6 )  i s

> / ( 2 ï ï ) n ( T  1 - 'T 0 ) . . .  ( T n - T n<_ 1 ) I K ( T  1 ร ) F (  Ai|»t  ^ )  I

(3 .2 .7 )
< M exp ? 1 V W 1

i . 1  2<v  V i >

for X in  . Thus both (3.2.1+) and (3 . 2 . 5 ) are an alytic  on 8  .
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STEP II For each X in  8*, ( 3 .2 .น) and (3 .2 .5 )  axe equal, i . e . ,

(3 .2 .8 )  /  Kx(T,Ç)p(*T^)dÇ = f  K(T,Ç)P(X*TjÇ)dÇ.

Proof; By condition 2 and step I ,  the integrand o f ( 3 .2 .น) 
i s  continuous in  X on 8* and i s  integrable in  Ç over ET1. Thus ( 3 .2 .น) 
i s  continuous in  X on « ร , and so does ( 3 .2 .5 ) .  Moreover i f  X e §  and 
X is  r e a l , we may replace ç l y x”^ç in  (3 .2 .5 )  and using (2 .3 .1 )  we 
find  that the expression ( 3 .2 .น) i s  equal to  the expression (3 .2 .5 )  on 
the rea l edge o f ร  . Let L denote the rea l edge o f §  and

f(x )  = / Ka(t ,Ç)F(i|> ç)d€ ,
ล1:

g(X) = f K(t ,Ç)F(Ai|< )dç .
Rn

Thus we have h(x) ะะ ( f -g ) (x )  i s  an a lytic  in  «8 and continuous on «Sul, 
hence by the Schwarz r e f le c t io n  p r in c ip le , h(x) can be extended to  a 
function which i s  an a lytic  iuSULUtS, where 8  denotes the r e f le c t io n  
o f ร  . Since h(X) = 0 for a l l  X in  L and L has a lim it  point in  
^>ULUS , i t  fo llow s that h(x ) ะ: 0 for a l l  X in  S uluS .  Thus we have 
f (X) = g(X) for a l l  X in  8  and hence by the con tin u ity  o f f (x )  and 
g(X ), (3 .2 .8 )  holds for X e 8 * .

STEP III  Let A denote the s lan tin g  edge o f 8  9 and A the se t o f
a l l  X in  §  in  which arg X = 0 5 i . e . ,

A { X : X ^ 0 ,  a r g  X =  0 a n d  I X I  < P y
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and

A* = {X ะ X  ̂ 0 5 arg X = 041 and I XI £  p} .

'ท:eท the fo llow in g in teg ra ls  e x is t  and are equal
s v x

(3 .2 .9 )  /  F(x)dx = /  F(Xx)dW(x)c [a ,๖] c[a,b]

for X e A บ A*.

Proof: For each X eA,

X = J x| e i e  = ( p e i 0 ) = ( ^ - )  a .

Then by the con tin uity  o f F and o f X  and condition 3 we have that

F(Xx) = F (■ -̂ ox)

i s  a continuous function of X  in  the uniform topology a .u . in  c[a,b] . 
S im ilar ly , th is  i s  true for X in A* Thus for each X in  AU A 5 
the seq u en tia l Wiener in teg ra l and ordinary Wiener in teg ra l

(3 .2 .1 0 ) /  F(xx)dx = f  F(Xx)dW(x)c[a,๖] c[a, ๖]
e x is t  and are equal sin ce  the hypotheses of Theorem 2 .7  are s a t is f ie d .  
Thus i f  { t  ̂ } i s  a sequence o f subdivision  vectors for which ||t^|| -*■  0
as k -►  °°, we have the r igh t member o f (3 .2 .8 )  approaching the l e f t  
member of (3 .2 .1 0 ) as T ranges over the sequence {x } . hence, we have 
by (3 .2 .8 )  and (3 .2 .1 0 ) that
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= £im /  K (t ,Ç)F(i}i )dç
I M H >  Bn  x T ’ ç

= £im f  K(t 3 ç )F (à  ̂ )dç
!M h < V  T ,ï

รพ
= /  F(Ax)dxc [a ,๖]

= /  F ( Ax ) dW ( X ) .c[a  3๖]

Thus we have shown that (3 .2 .9 )  holds for A in Au a ". In p articu lar  
( 3 . 2 . 9 ) holds for A =  a  and ( 3 . 2 . 1 ) i s  e stab lish ed .

STEP IV For each A in  ร  3 the follow ing in teg ra ls

(3 .2 .1 1 ) I  F( Ax)dx = I  F( Ax)dW(X)
c [a 3๖ ] c  [a3๖]

e x is t  and are equal. Moreover the r igh t member o f ( 3 . 2 . 1 1 ) i s  an a lytic  
in  ร  and i s  continuous in  A on ร*.

Proof: Let {t^} be a sequence o f subdivision  vectors such that
IItJ I -*• 0 as k 4  to, and define

( 3 . 2 . 1 2 )  f k ( A )  ะ ะ /  K ( r k 3ç )F (A4-T ) d ç .
Rn(k) k ’^

Ly step I and I I 3 the functions f k ( a) are defined and continuous for 
A £ ร* and are an alytic  in  ร . Moreover from ( 3 . 2 , 1 2 ) , ( 2 . 6 . 1 ) , ( 3 . 2 . 3 )

รพx
I  F ( X ) dx
c[a  3๖]

we have for A e
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^ 0 1  -  % K(v 5 )F (iV )dÇ|
= If  F (xx  )dW(x)|  

c [ a , ๖] Tk

ร ร | f (Xx ) I dW( X) 
c [ a ,b ]  k

< °° .

Thus th e  fu n c t io n s  f^ (x )  are u n ifo rm ly  hounded fo r  X E 

from th e  e x is t e n c e  o f  th e  r ig h t  member o f  ( 3 .2 . 1 0 ) ,  i t  
f o r  X in  AU A* we have th e  e x is t e n c e  o f  th e  l im i t

1ร * . M oreover 
f o l lo w s  t h a t

(3 .2 .1 3 ) Him f  (x ) = /  F(Xx)dx.k-x» c[a,b]

Since {f^} i s  a sequence o f an alytic  functions in  ร  and uniformly 
hounded on ร*, i t  follow s that { f  } i s  a normal fam ily, i . e . ,  every sub­
sequence o f {f^} contains a subsequence which converges uniformly on 
compact subsets o f <s . Let K be any compact subset o f <s , and l e t  { f , }

ฯ
be a subsequence o f ( f  }. Then there i s  a subsequence {f*  } o f ( f  }

k kj  kj
such that f  converges uniform ly, say to  g, on K. Hence, g i s  an alytic

ฯ  " "ia  cS and a lso  bounded on <3 .
Let

( 3 .2 . I t )  f ( x )  = /  F(Xx)dW(x) .
c [ a ,b ]

Then i t  f o l lo w s  from c o n d it io n  1,2 and น t h a t  f ( x )  i s  a n a ly t ic  in  •ร and
co n tin u o u s on <?f. By (3 .2 .13 ) , f*  co n v erg es t o  f  on A , and th u s

kj
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f  = g on A*. Since A* has a lim it point in  ร  , f  = g on §  and hence

converges uniformly to  f  on K. Since K i s  arb itrary , we have shown

that every subsequence o f { f  } contains a subsequence which converges 
to  f  uniformly on every compact subsets o f <s . This im plies that {f^} 
converges to  f  on every compact subsets o f ร 3 and hence on (ร since for 
each A in  (ร, {A} i s  compact in  ร .  Thus i t  follow s from (3 .2 . 1I4) that 
(3 -2 .13 ) holds for A in  «ร as w ell as on A. Eut since the lim it o f 
f fc(x) i s  independent o f the choice of {t } 5 i t  follow s from (2 . 1 .1 ) 
that the sequ en tia l Wiener in teg ra l e x is t s  and (3 .2 . 11) holds for A e (ร .

STEF V. The sequ en tia l Wiener in teg ra l in  (3 .2 . 2 ) e x is t s  and i s  an 
an alytic  function o f A in  ร  and (3 .2 .2 ) holds. Moreover both o f members 
of ( 3 . 2 . 2 ) approach the members o f (3 . 2 . 1 ) as A ■ + a  from in sid e  ร .

P roof: I t  read ily  follow s from (2 .1 .1 ) ,  step II and step  IV
that for each A e ร ,

7 X F (x )d x  = £im f  K Jd Ç
c [ a ,b j !M h ° A T ) £  

Rn

— £im ร K (x,ç)F(Xip )dÇ 
Rnll T lh °

รพ
= f F(A x)dxc[a ,b]

= /  F(Ax)dW(x).c[a ,b ]

Thus ( 3 . 2 . 2 ) i s  estab lish ed  and by the con tin u ity  o f the right member 
o f ( 3 . 2 . 2 ) ,  both o f members o f (3 . 2 . 2 ) approach the members of
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(3 = 2 .1 ) as A -*• ฮ from in sid e  ร .
Therefore, by steps 1 3 I I ,  I I I ,  IV and V the theorem i s  proved.

#

Corollary 3 . 3 . The conclusion of the ex isten ce and eq u a lity  o f  the  
members o f ( 3 .2 .2 ) for a l l  À in  ร  and th e ir  a n a ly tic ity  in  ร) and th e ir  
approach to  the right member o f ( 3 .2 . 1 ) as \  a  from in sid e ร  a l l  
remainsvalid i f  F(ax) in  condition 3 o f the hypothesis o f Theorem 3.2 

i s  replaced by F (x).
A reexamination of the proof of Theorem 3.2  on the b asis o f the 

hypothesis o f the above coro llary  v i l l  show that the corresponding 
conclusions hold.

I f  we replace the a n a ly tic ity  o f F(Ax ) in  condition 1 o f the 
hypothesis o f Theorem 3.2  by the harm onicity, then we get the gen era li­
zation  o f Theorem 3.2 sin ce  every an alytic  function i s  harmonic, but 
the converse i s  f a ls e .  For example, l e t  f ( z )  ะะ z where z = x+iy and 
z i s  the conjugate o f z . ,  Then f (z )  i s  harmonic, but not a n a ly tic .

Theorem 3 .^ Let a ะะะ pe1® 9 where p > 0 and 0 < 0 < TT/1+ and le t
A be the open sector  of complex numbers A such that 0 < arg A < 0.
Let H(y) be a Borel function al defined for a l l  y o f the form Ax(. ) ,  
where A e A* and X  e c[a ,bj , and A* denotes the closure o f A with 
A = 0 om itted. Suppose that H a lso  s a t i s f ie s  the fo llow ing four condi­
tio n s  ะ

1. H(Ax) i s  harmonic in  A on A for each X in  c [ a ,b ] .
2. K(Ax) i s  a continuous function o f A on A* for each X  in  c [ a ,b ] .



3 .  H ( c j x ) a n d  H ( c x * x )  a r e  c o n t i n u o u s  f u n c t i o n s  o f  X i n  t h e  u n i f o r m  

t o p o l o g y  a . u .  i n  c [a 3b] 3 w h e r e  a*  =  p e i e  , 0 < 0 <  0 .
น. There i s  an M > 0 such th a t

|H (e i y x ) |  < M

f o r  a l l  X  in  c [ a 5b] and a l l  Y on ( 0 ,0 ) .
Then th e  s e q u e n t ia l  W iener in t e g r a l  (w ith  param eter o )  e x i s t s  on 

c [ a 5b] and we have  
รพ0

( 3 . น .l )  f  H (x)dx = /  H (ax)dW (x).
c[a ,b ] c [a ,b ]

M oreover th e  fo l lo w in g  in t e g r a l s  e x i s t  and are  eq u a l  

SWA
( 3 . น .2 ) /  H (x)dx = /  H(Ax)dV(x)

c [ a ,b ]  c [a ,b ]

w henever A i s  in  th e  s e t  ร  d e f in e d  by

ร  = { A : A 7̂ 0 ,  0 < arg A < 0 5 IAI < p } .

F i n a l l y 3 b oth  members o f  ( 3 ..น.2) are harm onic fu n c t io n s  o f  A on 
and th e y  approach th e  members o f  (3 .น .1 )  as A -+■  a from in s id e  §  .

S in c e  e v ery  com plex fu n c t io n  i s  harm onic i f  and o n ly  i f  i t s  
r e a l  p a r t  and i t s  im agin ary  p a r t are harm onic, we need o n ly  prove  
Theorem 3 . น fo r  a r e a l  harm onic fu n c t io n  H (Ax).

Proof : We divide the proof in to  fiv e  steps:
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STEP I For a l l  X in  A* and a l l  X in  c [a ,๖] 5 ve l e t  H (x9x ) = H (Xx). 
Then f o r  each  X in  c [ a 9h] th e r e  e x i s t s  an a n a ly t ic  fu n c t io n  F (X ,x ) o f  
X on A such th a t  Re [ f (X 9x )] = K ( x , x ) .

P r o o f : S in c e  A i s  s im p ly  c o n n e c te d 5 th e  u n it  d is c  บ ( i . e . 9
บ = D (0 9l ) )  and A are  co n fo rm a lly  e q u iv a le n t ,  and h ence th e r e  i s  a 
o n e-on e conform al mapping 1jj from A o n to  บ .  For each  X  in  c [ a , ๖ ]  9 l e t

H ( z ,x )  = H(i|> 1 ( z ) , x )  (z  e บ ).

Then H ( z ,x )  i s  a r e a l  harm onic fu n c t io n  o f  z on บ and co n tin u o u s in  
z on u (บิ d e n o te s  th e  c lo s u r e  o f  บ ). Thus ( in  บ) 5 H * (z ,x )  i s  th e  
r e a l  p a r t o f  th e  a n a ly t ic  fu n c t io n

(3 .!+ .3 )  F * ( z ,x )  = ~  f  H * (e ^  ,x )d t  (z  e บ ).

For each  X in  c [ a , ๖] 9 l e t

F (X ,x ) = F*( ^ ( X) 9x ) (X e A ).

Then F (X 9x ) i s  a n a ly t ic  in  X on A and we have

R e[F (X ,x )] = R e[F *(4»(X ),x)] = H*(i|>(X)9x )

= H ( r 1 ( ^ ( X ) ) ,x )  = H( X 9x ) .

H ence9 fo r  each  X in  c{]a9b] we have H (X ,x) i s  th e  r e a l  p a r t o f  F (X ,x ) ,  
th e  a n a ly t ic  fu n c t io n  o f  X on A.

STEP I I , F(X sx ) i s  a c o n tin u o u s fu n c t io n  o f  X on A* fo r  each  X in
c [a  9๖] .
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P r o o f For each  z in  บ 5 z = r e 10 9 0 < r < 1 ,  e i s  r e a l ,  we have

from ( 3 .^ .3 )  th a t

F * ( z ,x )  = H * (z ,x )  + iG * (z ,x )

where

H*'z> x > - s - i l - 2 r  c o s ( t - e ) + r
H «(ei,fc,x )d t

a n d

G * ( z , x )  =  -  J  f
•■ «ท 1 -2  r c o s ( t - e ) + r

We s h a l l  show th a t  th e  l i m i t

£,im. F * ( z ,x )
z+ei6

e x i s t s  and i s  c o n tin u o u s on T ,  th e  boundary o f  บ. S in c e  H * (z ,x )  i s  
co n tin u o u s on 0 ,

e x i s t s  and i s  co n tin u o u s on T. Then we need  o n ly  show t h a t ,

fcinn 6 G * (z ,x )
z-̂ -e1

e x i s t s  and i s  co n tin u o u s on T. We d e f in e

£ im ,g  H * (z ,x ) H * ( e i 0 , x )

f ( t  s x )  =  H * ( a i t , x ) "TT <  t  < IT .

T h e n  f ( t , x )  i s  c o n t i n u o u s  o n  [ - T T , ï ï ] .  L e t

^ ( t , x )  = f ( 0 + t ,x )  -  f ( 0 ~ t , x ) .

Thus by c o n d i t io n s 2 and 1+ o f  th e  h y p o t h e s is ,  we have fo r  a l l  z in  G and 
a l l  X  in  c [ a ,b ]  t h a t  th e r e  i s  an M > 0 such th a t
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IH * (z ,x )I < M
and hence

| f ( t 9x ) | < K

fo r  some K > 0» Then we have

G * (z ,x )

1 ^  r  s in  t  
ฉ 0 l - 2 r  co s  t + r 2

f ( t 3x )d t .

S in c e  f ( t , x )  i s  co n tin u o u s on [~TT , tt]  3 fo r  e v e r y  e > 0 th e r e  e x i s t s  
a 6 = 6(e) > 0 such t h a t  i f  | t ^ ”t 0 | < 5 ,  th e n  | f ( t ^ 3x ) -  f ( t 2 !,x)| < e .  
Then fo r  e = ( l - r ) 3 3 th e r e  e x i s t s  a 6 = 6 ( e ) > 0 such  t h a t  i f  
| t 1- t 2 | < 6 3 th en  I f ( t 1 Jx) -  f ( t 2 , x ) |  < E = ( l - r ) 3 , so  t h a t  i f

| t |  < 6 /2  3 th e n  | ( 0 + t ) - ( 0 “t )  = 2 | t |  < 6 ,  and h ence | y ( t , x ) |  =

j f (0 + t 5X) -  f ( 0 - t 5x ) |  < ( l - r ) 3 . Thus

G*( z , X) 1_ J . v  r s in  t
0 l - 2 r  co s  t + r 2

y ( t  ,x )d t

I + I I

and o b ta in
0 ( l - r ) 2

( t , x ) | d t  < r ( l - r )  ~

h en ce £im I 
r+ l

0 . In I I ,  s in c e  l - 2 r  co s  t + r 2 > i+r s i n 2 ( t / 2 )



33

and s in t  = 2sin  ( t /2 ) c o s ( t /2 ) 5

r sin  t
l-2 r  cos t+r \เ)(t  3x) < K c o t ( t /2 )

Since c o t ( t /2 )  i s  integrable on [6 /2 , it]  and r sin  t
l “2r cos t+r

is

continuous on [6 /2 3'ท'] ร i t  follow s that II e x is t s  and is  continuous on 
[6/2 9it] and thus

»

Aim. -T i ez+e
G*(z  sx ) =  A im  ( I + I I )  

r+1
=  A im  I I  

r+1

_ 11 J . ï ï  s in  t
2IT 5/ 2 1-cos t Ÿ(t 3x )d t .

By the same proof as before 5 we have that the la s t  member o f the equa­
l i t i e s  above e x is ts  and is  continuous on [6/2  stt] 3 hence the lim it  
o f G* ( Z , x ) as z -+ e 1  ̂ e x is t s  and i s  continuous for a l l  e1® on Ts 
and thus

AinUg F * (z 3x ) = £i:ทน Q H (Z 3x )+ i A iirn  g G *(z ,x) 
z->ex z+e1 z-+eX

e x is t s  and i s  continuous on T. Then i t  can be extended to  a continuous 
function on บิ, and hence F(Ajx) = F *(^ (A ),x )is a continuous function  
of À on A*.

STEP I I I . F(Ojx) and F(a*3x) are continuous functions o f X in  the
uniform topology a .u . in  c [ a ,b ] .



P ro o f : Let A and A * Le defined as in  step I I I  o f Theorem 3 .2  

Then by the same p roo f as in  step I I I  o f Theorem 3 .2 5 H (X3x ) is  a 
continuous o f X in  the uniform  topology a .u . in  c [a ,๖] fo r  a l l  X in  
A u A *. Thus fo r  each z in  i|>(A)u i|j(A# ) we have H *(z ,x ) = H(|J> ^ ( z ) ,x )  
is  a continuous fu n c tio n  o f X in  the uniform  topo logy a .u . in  c[a ,b ] ร 
and hence F * (z ,x ) is  a lso a continuous fu n c tio n  o f X in  the uniform  
topo logy a .u . in  c [a , ๖] 3 so th a t fo r  each X in  AU A* 3 F (x ,x ) = F*(tj»(x),x) 
is  a continuous fu n c tio n  o f X in  the un ifo rm  topo logy a .u . in  c{ja,๖] .
In  p a r t ic u la r 3 th is  is  tru e  fo r  X = a and X = a *.

3น

STEP IV There is  an M > 0 such th a t

IF (x  3x )I < M

fo r  a l l  X in  A* and a l l  X in  c [a ,๖] .

P ro o f: I t  re a d ily  fo llow s  from ( 3 . น. 3 ) and step I I I  th a t
the re  is  an M > 0 such th a t

|F * (z 5x )| < M

fo r  a l l  z in  บิ and a l l  X  in  c [a 3๖] . Hence 3

|F(X 3x )| = | f # ( < M X ) , x ) |  ร M

fo r  a l l  X in  A* and a l l  X  in  c [a 5b] .

STEP V The sequen tia l Wiener in te g ra l in  ( 3 .น.1) e x is ts  and (3 .น .1)
ho lds. Moreover the in te g ra ls  in  (3 . น.2 ) e x is t and ( 3 . น. 2 ) holds fo r  X 
in  <8. F in a l ly s both members o f (3 . น.2 ) are harmonic func tions o f X on 
<s 3 and they approach the members o f (3 .น .1) as X ■+■ a from in s ide  <B .



Proof : We f i r s t  note th a t since H (x3x) = H(Ax), we have by
v ir tu e  o f a formal formula given by A h lfo rs  fo r  determ in ing a harmonic 
conjugate we can simply drop the comma sign from F (x t,x ).

By step 1 3 I I 3 I I I  and IV , F(Ax) s a t is f ie s  the hypothesis o f 
Theorem 3 .2 , and thus the conclusions o f Theorem 3.2 hold fo r  F.
Since H is  the re a l p a rt o f F, step V fo l lo w s .  £

A reexam ination o f the p roo f o f step I I I  in  Theorem 3 .^ and by 
C o ro lla ry  3 .3 , we ob ta in  the fo llow in g  c o ro lla ry :

C o ro lla ry  3.5 The conclusion o f the existence and e q u a lity  o f the  
members o f ( 3 . ^ . 2 ) fo r  a l l  A in  <s and th e ir  a n a ly t ic i ty  in  ร and th e ir  
approach to  the r ig h t  member o f ( 3 .H .1 ) as A -» a from ins ide  ร  a l l  
remains v a lid  i f  H(ax) in  cond itio n  3 o f the hypothesis o f Theorem 3.1+ 
is  replaced by H (x).
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