
CHAPTER I
INTRODUCTION AND PRELIMINARIES

1.1 Introduction
O ver th e  p a s t  fifty  yea rs, th e r e  h ave  b e e n  n u m erou s w ork s on  co n tin u e d  frac
t io n  e x p a n s io n s . In 2 0 07 , A . H. Fan, B . พ .  W a n g  an d  J. พ น  [10] in tro d u ced  
a  c la ss  o f  c o n tin u e d  fra c tio n  e x p a n sio n s  in  th e  fie ld  o f real n u m b ers, ca lled  O p- 
p e n h e im  c o n tin u e d  fra ctio n  ex p a n sio n s . In th e  fie ld  o f  p -a d ic  n u m b ers, th ere  are  
tw o  w e ll-k n o w n  c o n tin u ed  fra c tio n  e x p a n sio n s , d u e  r e sp e c t iv e ly  to  R u b a n  [23] an d  
S ch n e id er  [25] s in ce  1970. In th e  fie ld  o f  form al L a u ren t ser ies  in  X - 1 , a R u b a n  
c o n tin u e d  fra c tio n  e x p a n s io n  w a s s tu d ie d  b y T . C h a ich a n a , V . L a o h a k o so l an d  A . 
H a rn ch o o w o n g  [7] in  2 0 06 . In C h a p ter  II, w e d e v ise  an  a lg o r ith m  for c o n s tr u c tin g  
c o n tin u e d  fra c tio n  e x p a n s io n s  o f  e le m e n ts  in  a d isc r e te  I io n -a rch im ed ea n  v a lu ed  
fie ld . T h is  a lg o r ith m  em b ra ces  a lm o st  a ll k n ow n  co n tin u e d  fr a c tio n  e x p a n s io n s  as 
sp e c ia l c a ses .

In 1987 , V . L a o h a k o so l an d  p . U b o lsr i [15] d er iv ed  so m e  c r ite r ia  for a lg eb ra ic  
in d e p e n d e n c e  o f  e le m e n ts  in  th e  field  o f  p -a d ic  n u m b ers. S im ila r  cr ite r ia  in th e  
fie ld  o f  form al L a u ren t ser ie s  in  X - 1  w ere e s ta b lish e d  b y  T . C h a ic h a n a  an d  V . 
L a o h a k o so l, [6 ], in  2 0 07 . In  C h a p ter  III, a n a lo g o u s  cr ite r ia  are d er iv ed  in  th e  
fu n c t io n  fie ld  w ith  r e sp e c t  to  a  p r im e-a d ic  v a lu a tio n  an d  w e u se  th e m  to  o b ta in  
su ffic ien t c o n d it io n s  for a lg eb ra ic  an d  lin ear in d e p e n d e n c e  o f  e le m e n ts  rep resen ted  
b y  c o n tin u e d  fra c tio n  ex p a n sio n s .

In F fy( ( x - 1 ) ) , th e  fie ld  o f  form al L a u ren t ser ies in  X - 1  over a  f in ite  b a se  fie ld  o f  q 
e le m e n ts , w h ere  q is a  p r im e p ow er, le t  [1] :=  x q' —X, d 0 :=  1 , di :=  \i \d \_  1 (?' >  1 ), 
an d  le t
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th e  e x p o n e n t ia l e le m e n t  for F ?[a:]. For b rev ity , p u t e : =  e ( l ) .  In 1992 , D . T h a k u r  
[29] sh o w ed  th a t  e ( z )  h a s  a  c o n tin u e d  fra c tio n  e x p a n s io n  w ith  an  in te r e s t in g  p a t
tern . In  C h a p te r  IV , w e g e n e r a liz e  th e  r e su lt  o f T h a k u r  b y  g iv in g  th e  e x p lic it
R u b a n  c o n tin u e d  fr a c tio n  e x p a n s io n s  for e le m e n ts  in  F g ( ( x - 1 )) o f  th e  form  - - - - - - ,

J  (^')
w h ere  m  e  N  a n d  f ( x )  is a  n o n c o n s ta n t  m o n ic  p o ly n o m ia l over a  f in ite  fie ld  F g 
s a t is fy in g  f ( x )  I [1 ].

T o  p rov e  m a in  r e su lts  in  C h a p te r  IV , o n e  n e e d s  th e  F o ld in g  L em m a . In th e  
fin a l c h a p te r , C h a p te r  V , a  g en er a liz e d  F o ld in g  L e m m a  a n d  a  g e n e r a liz e d  3 -tier  
F o ld in g  L e m m a  are g iv e n  a n d  so m e  e x a m p le s  are o b ta in e d  b y  a p p ly in g  th e se  
lem m a s.

1.2 Preliminaries
In th is  se c t io n , w e c o lle c t  b a s ic  d e fin it io n s  a n d  r e su lts , g iv e n  m a in ly  w ith o u t  
p roo fs , a n d  g iv e  b r ie f  b a ck g ro u n d  m a te r ia ls  n eed ed . T h e  first s u b se c t io n  d ea ls  
w ith  v a lu a t io n  a n d  r e la te d  c o n c e p ts . D e ta ils  a n d  p roo fs  can  b e  fo u n d  in  M cC a rth y  
[17] a n d  B a c h m a n  [2], A  p r in c ip a l re su lt  is T h e o r e m  1 .14 , w h ich  sh o w s h ow  to  
rep resen t e le m e n ts  in  c o m p le te  d isc r e te  n o n -a r c h im e d e a n  v a lu ed  fie ld s  o f form al 
L a u ren t ser ie s . T h e  se c o n d  su b se c t io n  d ea ls  w ith  c o n tin u e d  fr a c tio n  e x p a n s io n s  
a n d  th e ir  n o ta t io n .

1.2.1 Valuation
Definition 1.1. A  v a lu a t io n  on  a  fie ld  K  is a  m a p  I -1 ะ K  —» R  w ith  th e  fo llo w in g  
p rop erties:

( i )  for a ll Q €  K ,  |o:| >  0  an d  |tt| =  0  if a n d  o n ly  if  a  =  0 ,
(a ) for a ll a, เ3 £ K , \a/3\ =  |a | |/3 | ,
( to) for a ll a ,p  G K , |a +  (3\ <  |a| +  \p\.

T h e r e  is  a lw a y s  a t  le a s t  o n e  v a lu a t io n  on  K 1 n a m ely , th a t  g iv e n  b y  s e t t in g  
|a |  =  1 if  a  G K  \  { 0 }  a n d  |0 | =  0. T h is  v a lu a t io n  is c a lle d  th e  t r iv ia l  v a lu a tio n
on  K .
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Definition 1.2. A valuation I • I on a field K  is non-archimedean  if the condition 
( in )  in Definition 1.1 is replaced by a stronger condition, called the s trong triangle  
inequali ty

I a  + p\  < max {|a|, |/3|} , for all a, เ3 £ K .

Any other valuation on K  is called archimedean.

A valued field (K , I • I) is a field K  equipped with a valuation I • I on K .  If the 
valuation is non-archimedean, then K  is called a non-archimedean valued field. 

Examples of valuations are as follows:
Example 1.3.

(1) The usual absolute value I • I is an archimedean valuation on Q.
(2) Let p  be a prime number. By the Fundamental Theorem of Arithmetic, 

each a £ Q \  {0} can be written uniquely in the form

a —
a
b

where r'p(a) £ Z, a, b £ z  (6 > 0), gcd(a, b) ะ= 1 and p  \ ab. 
Define I • Ip : Q —+ M by

|aIp = if a  0 and |0|p = 0.
Then I ■ Ip is a non-archimedean valuation on Q  and called the p-ad ic  valuation.

(3) Consider the field F ( x )  of rational functions over a field F.  Let ท(x) be 
an irreducible polynomial in F[x]. Any a  £ F ( x )  N  {0} can be written uniquely
as

Q =  7r(x)1' ’' ^ a(x)
b(x)

where I'n(a) £ z , a(x)  and b(x) are relatively prime elements of F[x], b(x)  is a 
nonzero monic polynomial and ท(x) \  a(x)b(x) .
Define I - (71-: F ( x )  —» R by

a\v = 2- I/A«)deg^) if Q ^  0 and เอน = 0.
Then I • In- is a non-archimedean valuation on F ( x )  and called the 7T-adic valuation.

(4) Define I • loo on F ( x )  by, for all f ( x ) ,  g (x )  £ F[x] \  {0} 1
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Z M  = 2deg/-degg and loj^ = 0.
9 W  oc

Then I • loo is a non-archimedean valuation on F(x) and called the degree valuation.

Theorem 1.4. Let (K, I • I) be a non-archimedean valued field and a, (3 G K .
If |o r |  ะ\เ3\, then

\a + 0\ = max {|a|, \0\) .
From a non-archimedean valuation I • I on a field K, we define V  : K  —> RU{oo}

by
น(a) = — log2 |a| if a  0 and 1/(0) = oo.

With the convention oo + a = oo = a + oof or a l l aGRU {oo} and oo > a for all 
a G R, the properties of I • I translate to

(i)' for all a G K, น(a) € M บ {oo} and v(a) = oo if and only if a = 0, 
{ท)' for all a, (3 G K, v{otf3) = n(a) + i/(/?),
(ill)' for all a, (3 G K, บ(a + 0) > min {1/(0), !/(/?)} with equality when v(a)

m -

A mapping V  : K —* R บ {oo} satisfies (i) — (Hi) is called an exponential 
valuation of K  corresponding to the valuation I • I.

Definition 1.5. A non-archimedean valuation I • I is called a discrete valuation 
if น(K  \  {0}) is a discrete subgroup of the additive group of real numbers, i.e., 
v(K  \  {0}) = {0} or น(K  \  {0}) is an infinite cyclic subgroup of (R, +).

Two kinds of examples of discrete valuations are as follows:
Example 1.6.

(1) The p-adic valuation, I - Ip, is a discrete non-archimedean valuation on Q.
(2) The 7T-adic valuation, I - 171., and the degree valuation, I - loo, are discrete 

non-archimedean valuations on F(x).

The concepts of convergence and completeness of our mentioned fields are 
defined in the usual ways.
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Definition 1.8. Let (AT, I ■ I) be a valued field. A sequence {an} of elements of K  
converges to a in K  if for any £ > 0 there is an integer N  such that |an — a I < £ 
whenever ท > N.
Definition 1.9. The field K  is called complete with respect to the valuation I - I 
if every Cauchy sequence in K , with respect to I • I, has a limit in K.
Definition 1.10. A field K  with valuation I • I is a completion of a field K  with
M  if

(1) K  is an extension of K 1
(2) K  is complete with respect to I • I which is a prolongation of I • I over K,
(3) every element of K  is a limit of some Cauchy sequence in K.

Example 1.11.
(1) In the case of Q, with the usual absolute value, its completion is the field 

R of real numbers.
(2) In the case of (Q, I - Ip), its completion is the field of p-adic numbers

(Qp. I - Ip)-
(3) In the case of {F(x), I - เท.), its completion is (F ((ท(x))), I - เท) the field 

of formal Laurent series in 7โ(x) or the function field with respect to the n-adic 
valuation.

(4) In the case of (F(x), I - loo), its completion is (F((l/x)), I - loo) the field 
of formal Laurent series in l /x  or the function field with respect to the degree 
valuation.
Definition 1.12. Let (K , I • I) be a non-archimedean valued field.

(1) The set o := {a € K  : \a\ < 1} is a ring, called the valuation ring of
( t f . l - D -

(2) The set V  :=  {a  G K  : |a| < 1} is the unique maximal ideal of o .

(3) The field o /V  is called the residue class field of (K 11 - I).

Definition 1.7. Let ( K ,  I • I) be a valued field. A sequence {a„} of elements of
K  is a C a u c h y  se q u e n c e  in K  if for any £  > 0 there is an integer N  such that
Ia n —  a m I < £  whenever m , n >  N.
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E xam ple 1.13. In  th e  c a se  o f  th e  fie ld  o f  p -a d ic  n u m b ers , w e  g e t

0 = { ^ e Q :  (a,b) =  h p \ b }  1
V  =  เ ^  G Q : (a,b)  =  1, p I a, p  \  6 เ =  pO,

an d  th e  res id u e  c la ss  fie ld  is o / p O  =  { 0 , 1 , . . .  , p  — 1 } .

E le m e n ts  in  a  fie ld  c o m p le te d  w ith  resp e c t  to  a  d isc r e te  n o n -a r c h im e d e a n  va l
u a t io n  ca n  b e  u n iq u e ly  rep resen ted  v ia  ser ies  e x p a n s io n s  as s ta te d  in  th e  n e x t  
th e o r e m , se e  e .g . [17].

T heorem  1.14. L e t K  be a c o m p le te  f ie ld  w i th  re sp e c t to  a d is c r e te  n o n -a r c h im e d e a n  
v a lu a tio n  I • |. F o r  ea ch  in te g e r  m  le t  Tm be a n  e le m e n t  o f  K  s u c h  th a t  บ (tv,1) =  rn . 
L e t A be a c o m p le te  s e t  o f  r e p r e s e n ta t iv e s  in  o o f  th e  e le m e n ts  o f  o jv , th a t  I S ,  A 
c o n s is ts  o f  e x a c tly  o n e  e le m e n t  f r o m  each  o f  th e  r e s id u e  c la s se s  o f  V in  o. T h e n  
e v e r y  a  G K  \  { 0 }  ca n  be w r i t te n  u n iq u e ly  in  th e  fo r m

w h ere  r  =  y ( tt) , C; G A f o r  each  i ,  a n d  cr ^  0 .

E xam ple 1.15.
(1 ) In th e  c a se  th a t  T,11 =  p m , m  G 7L, p  is  a  p r im e  n u m b er  a n d  A  =  

{ 0 , 1 , . . .  , p  — 1 } , w e  h av e  a  u n iq u e  r e p r e se n ta tio n  o f  a n y  e le m e n t  in  th e  p -a d ic  
n u m b er  fie ld  Qp o f  th e  form

w h ere  r  G Z , C j  G { 0 , 1 , . . .  , p  — 1} for ea ch  i  a n d  cr 0.
( 2 ) A n  e le m e n t Tm =  x ~ rn in  F ( ( l / x ) )  an d  th e  s e t  A =  F  g iv e  a  r e p r e se n ta tio n  

o f an  e le m e n t in  F ( (  1 / x ) )  o f  th e  form

a =

I= r
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where r £ Z, C i £ F for each i and cr 7̂  0.
(3) An element rm = a;m in F((x)) and the set A  = F  give a representation of 

an element in F((x)) of the form

£ > ‘ 1

where r £ Z, C i £ F for each i and cr /  0.

1.2.2 Continued fraction expansions
A finite or infinite expansion of shape

do +
b 1

CL\ +
ท2 +

CLn — 1 ”t

is called a continued fraction expansion. The quantities cij and bi may be taken 
to be integers, real or complex numbers, functions or elements in a field, and 
called the partial numerators and partial denominators1 respectively. When all 
bi — 1 (i > 1), it is usually referred to as a regular or simple continued fraction 
expansion.

For convenience we shall generally denote the above continued fraction expan
sion by

1 bi b2 bn 11
a 0 +  — 7  7 " --------- • 1 ( 1-1)ท 1 +  ท 2 +  ท ท +

which was introduced by Rogers [22] in 1907.
In addition, one also finds in this thesis the notation

[do; bi, ai] b2, a2; ■ ■ ■ ; bn, an]. . .].
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A terminating or finite continued fraction expansion

ท 0 +
&1

ท1+ ฝิ2 +
Cn
Dr,

is called the ท1,'' convergent of the continued fraction expansion (1.1). 
From the definition of a continued fraction expansion we have

Co
D~o
Ci

ท0
T

b i  ท0ท1  + ■  b \—- ะ= a0 + — = ----—
บ \  ท1
c 2

=  ท0 +
bi =  a  0 +

b\a2

CL I + ท1ท2 + b2
ท 0ท 1ฝ ิ2  +  CL()b 2 +  b \ ü 2 

ท1ท2 +  b 2

a2C\ + b2Co 
a2D\ +  b2Dv

a2

For all ท > 2, assume that

C n  — CLn C n —i  “l-  bn C n —2 and Dn cinDn—\ d" bnDn_2 ( 1.2)

Then, for all ท > 2,
CVi onCn—i "F bnCn-2
Dn anDn_i "F bnDn—2

Relationships (1.2) were first established by Wallis [35] and were considered 
in detail by Euler [9]. Euler was the first person who used continued fraction 
expansion.

Following Euler, we put C -1 = 1 and D -1 = 0 in order to make (1.2) valid for 
ท =  1.
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