
C H A P T E R  III
IN D E P E N D E N C E

A criterion for linear independence of continued fraction expansions over the ratio

nal numbers was derived by J. Hancl [11] in 2002. As to algebraic independence, 

sufficient conditions were given in [1], [3] and [14]. C riteria for algebraic indepen

dence of elements in the field of p-adic numbers were derived by V. Laohakosol 

and p. Ubolsri [15] in 1987. In 2007, similar criteria in the field of formal Laurent 

series in x ~ l were established by T. Chaichana and V. Laohakosol, [6 ].

In this chapter, criteria for algebraic and linear independence of elements in 

F ( ( n ( x ) ) ) ,  as expounded in Example 2.13 of Chapter 2, are given in the first 

section. In the second section, we use this criteria to derive sufficient conditions 

for algebraic and linear independence of elements represented by JR-continucd 

fraction expansions.

3.1 C rite r ia
In this section, we start w ith  definitions.

D e fin it io n  3.1. Let E  be an extension field of a field K  and « 1 , « 2 , . . . , « 77 £ F. 

Then « 1, « 2, • • •, « 71 are a l g e b r a i c a l l y  i n d e p e n d e n t  over K ,  if  for all / (T i, T2, . . . ,  T n ) E 

K [ T U T '2, . . . ,  Tn] 1
/ («1, tt2, . . .  1 « 71) =  0 ==► /  =  0.

D e fin it io n  3.2. Let E  be an extension field of a field K  and « 1, « 2, . . . , « 71 e F. 

Then « 1, « 2, . . . , « 71 are l i n e a r l y  i n d e p e n d e n t  over K ,  i f  for all ท!, o2, . . .  1 a n E  K

CL\OL\ T  ct2« 2 T  • • • T  Q71 « 71 =  0 V CL\ =  น2 =  =  a n =  0.

Let F  be a field and let ท ( x )  be a monic irreducible polynomial in F [ x ] ,  In



25

order to prove the main results we need Uchiyama’s Theorem ([31]) states as 

follows:

T h e o re m  3.3. L e t  a  be a n  e l e m e n t  o f  F  ((n (x))) a l g e b r a i c  o f  d e g r e e  m >  2 o v e r  

F ( x ) .  T h e n  t h e r e  i s  a  c o n s t a n t  K  >  0 s u c h  t h a t

\ C - D c \ ,  (3 .1 )

f o r  a l l  p a i r s  o f  p o l y n o m i a l s  c ,  D  E F [ x ]  w i t h  M  >  0, w h e r e

M  :=  max { |C |o o ,  |£> |oo} .

I f  F  i s  o f  c h a r a c t e r i s t i c  g r e a t e r  t h a n  z e r o ,  t h e  i n e q u a l i t y  (3.1) c a n n o t  be i m p r o v e d  

i n  g e n e r a l .

The following main results give criteria for algebraic and linear independence.

T h e o re m  3.4. L e t  f t i , t t 2 , . . . , a n E F  { { T t ( x ) ) )  X { 0 } . A s s u m e  t h a t  t h e r e  a r e  

p o l y n o m i a l s  C V j, D n j ( 7^ 0) E F[x] ( N e  N, j  =  1 ,2 , . . . ,  ท) s u c h  t h a t

DflTjOij c TVj 1 ATv 1J :—  max {|C(Vj| 00, 1 F  N g  I ๐0 )  ̂ oo ns  ̂ oo,

a n d

lim
N —ÏOO

C n j -  1
F>N, j- i 7T

•D/Vj 7T

=  0 ( j  =  2 , . . . ,  ท) (3.2)

p r o v i d e d  ท  >  2. A s s u m e  f u r t h e r  t h a t  f o r  e a c h  p o s i t i v e  r e a l  n u m b e r  E ,  t h e r e  i s  a n  

N 0 =  N 0 ( E )  E N s u c h  t h a t

a j  -
D n j

T h e n  a \ ,  a.2 , ■ ■

* “  (Myv,1 M „,2 --- M N d ) E (7V -  N o ' j  =

, a n a r e  a l g e b r a i c a l l y  i n d e p e n d e n t  o v e r  F ( x ) .

1 , 2 , . . . ,  ท ). (3.3)

P r o o f .  We proceed by induction on ท.
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For ท — 1, suppose that 0t \ is algebraic of degree m  >  1 over F ( x ) .
I f  m  — 1, then a y  =  —  for some P ,  Q  e  F [ x ]  \  {0 } . For all N  6  N, by the productQ
formula, we get

ท , เ ท  _ ท  I c« ,1<?I.' _1
0 / | D K ila , =  |Q|~ -  1

We also have

ID Nty P  -  C N ' i Q \ o o  <  max { |D iv , iP |o o ,  |C w ,iQ |o o }  <  M N>1K ,

K  :=  max {|P|oo, IQloo} . Then

p v . ia i  -  CN ,1 ! 77 >  Miv 1 1 7 QI^ =  /<โ 1 :=  k \ Q \ „

By (3.3), there is an N y  =  N i ( 2 )  such that, for all N  >  N y ,

K y
M .N,  1

<  |F>iv,i<ai —  C n ,\\77 =  | P at,i U a y  -
C N -

' N ,  1

< I-P/v.i Itt <  1
—  M l ,  —  M l ,  :7T ï l : z v , l  i v i / v , l

which is a contradiction.

For m  >  1, by Theorem 3.3, for p ( ( n ( x ) ) )  there is a constant K 2 >  0 such 

that

\ D N , y a y  -  C N 1y 171. >  ^ ■ท21 - for all N e  N.

By (3.3), there is an N 2 =  iV2(m +  1) such that, for all N  >  N 2,

M ^ y  -  |Z)A' i a i  “  C/V’lljr -  ไ พ ิเ t 1" -  M ™ }1 ’

which is a contradiction. Thus, O'! is transcendental, and we are done in the case 

ท =  1 .

Now consider ท >  1. Assume the assertion of the theorem holds up to ท — 

1, but is false for ท. Then there would exist a polynomial f  ( T y , T 2 , . . .  , T n ) e  

F [ x } [ T y , T 2 , . . . , T n ] \  { 0 } of minimal tota l degree such that /  (« 1 , a 2 , . . . ,  a n) =  0 .
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Expanding /  about (a i, Ct2 , . . . ,  a n) , we get

/  (T1; T2, . . . ,  Tr1) = J 2  V )  {Tx -  « 1r  . . .  (Tn -  a np  1
(*')

where {น) =  {นI, น2, . . . ,  นท), and

1 d l'1+U2+'" + ''n f  ( Oh . a o .............ท ' ' )
h{v) :=  / V l ’"2 "n) =  {น1 +  น2 +  ■ - ■  +  นท)'. d T Ï 'd T ?  .••  d T ^

Clearly,
^ (อ,...,0) =  /  (« Il «2, • • • 1 «ท) =  0.

Set

ท น  { T \ , T 2 , . .  . , T n ) :=  - ^ r f  ( T U T 2 , . . .  , T ท) ,

H i :=  h (0,...,0,1,0,...,0) for 1 =  1 , 2 , ท,

where the digit 1 is at the i th position. Observe that Tn occurs in / .  Thus, 
H n (Ti ,T2, . . .  ,r„) 7É 0 and ทท = ทท { a i , a 2, .. . , « 71) .

Next, we show that Hn 7̂  0. Suppose not. If Tn occurs in H n (T i,, T2, . . . ,  Tn) , 
then («!, « 2, .. •, a ,1) is a root of a nonzero polynomial whose degree is lower than 
that of / ,  which is a contradiction. Thus, Tn does not occur in ทท (Ti, T2, . . . ,  Tn). 
This means that « 1 , a 2, . . . ,  a n_i are algebraically dependent, contradicting the 
induction hypothesis. Thus, Hn 7̂  0.

For j  = 1 , 2 , . . . ,  ท, let
S i W  =  ^  - a , -

Since D t f j c t j  7  ̂ C jv j ,  we get |5„(yv)|7r 7̂  0 . Now

=  E  ^  (พ ) +  E  V ) * i ( w r  - - - <5ท
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=  รท( N )  ( ( H  +  • • • +  H n J n- l(/v )
'ร ท ( N )  n~ L รท ( N )

By hypotheses (3.2) and (3.3), we see that

+ « ■ ท )+  0 ( 1 « « ) 1  j )

+ '  ■ ■ + + O  < |« A 0 I„ )' ร ท ( N )

< max

รท ( N )

( H  & i ( N ) rr ร ท - !  (AO
l  1 รท ( N )

, . . . 1
ท n _ 1

7T

, 0 ({รท( A O ü }  - 0  as N - *  oo,

=  |<5ท(พ)#ท|„ ^  0.

which yields, when N  is large enough,

r {  Cn, 1 Cn ,2 Cn,ท
v^w , 1 ’ ^JV,2 ’ ’ -Dyv.n ,

Let 7711,7722, •••1 7??n be the degrees of /  in 7\, T2, . . . ,  T n , respectively. Then

Cn, 1 Cn,ว. Cn,ท
D mN\ D 7 r - i r s r j  ( 5 7-1 J • • • 1D n , 1 -Dtv,2

เ ^ )  e F [ i ]  X {0 },

and so

0 < ก ”น ก ”!2
u N , l u N ,2

n m i  ก ท ! 2 u  N, \ u  N,2 '

. ท "»" fu  N,ท J
C n ,i C n , 2
■D/V.1 ’ Æyv,2 ’

CW,1

c V,ท

O'Æ E  ' ‘ผ  (

D n ,ท

V1 /  / 'L';
a i

'  พ, 1

N,2
-  a  2

'N, 2

''2 a TV,ท
-  a r

'AT, ท

^  h ^ D ^ r ' D N ï ' ' 2 - - - ^ ท-1'" ( ^ , 1  -  a iD tf, 1r  - - - (Civ,ท -  0cn D N , n T  
(” )

tax { Ih [u)D ™ y '  . . • D ^ ~ Vn { C N ,1 -  ttiD jv ,i)" ]- . • - (CW.n -  a n D  N,ท) 1'’1

j  - - - r n M o o  n  mf x  เ ^ }  I

เ;ท max 1 1 V )  I oo n  mf x  { 1 ’ I aJ I œ }  I

< max
พ ี

< max
พ ี

< M ™  1 - - - AL™:

K M Ï Ï \ M ™ I . . .  AL™;,

where LL :=  max(1/) j|h („ ) |00]))[“= 1 maXj { l ,  | a j | ^ } |  is a positive constant inde-
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pendent of AT.

By the product formula, we get

/ C]V,1 c 1พ, 2
JN , 1 'พ ,'2

a iv,ท
’ Dพ,71

>

>

nmi 7~)7ท2 UN,\UN,2 ■ ••DSTn/l  ̂Cn ,1 Cn ,2 Cn ,ท
^ พ,1 1 -0พ,2 ’ Dn, ท

r>mi LA 771212 ' ■ - 0 » ; . / 1 Cn,2
\DN, 1 ’ L)yv,2 ’

C/V,ท 
’ £*พ,ท

Choosing E  =  max {m i, m2, . . . ,  m n} +  1, by (3.3), there exists Â 3 =  N$(E) such 

that for all TV >  AT3)

K M y y i y 2 - . . M y n
< f Cyv.i C'jv,2 c.พ,n

D n ,1 ’ £*1V,2 ’ ’ D  N ,ท

=  เฟ้ท(TV )/fn |51.

เ^ ท L

(M/v,iMjv,2 • - • M n ,ท ) E

l.e.,
M^7mi • •. A/fL“พ,1 J1/'พ ,2 1V1 พ,ท>

E - m n

oo as N  —> oo,

which is a contradiction. □

T heorem  3.5. Lei O il, c*2, . . . ,  tt„ € F (('ท (x))) \  {0}. Assume that there are 
polynomials CjVj, D N J {y  0) (Ai € N, j  =  1 , 2 , . . . ,  ท) in F[x\ such that

F พ1 jO j 7* Cjv.j! MiN ,j * max {|C/v,j|oo5 l-LTjVjloo) * oo (JS* AT * oo,

suc/i that if n > 2 ,

limN —>oo

CVj — 1 N j —1

? พ,.?-1
«2 - f i v j

D n j

=  0 ( j  =  2 , . . . ,  ท). (3.4)
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A s s u m e  f u r t h e r  t h a t  t h e r e  i s  a  p o s i t i v e - v a l u e d  f u n c t i o n  g  o f  n a t u r a l  a r g u m e n t ,  w i t h

g ( N ) — » ๐0  a s  N  —* ๐0 ,

a n d  t h e r e  i s  a n  N o  =  iV o(ฐ )  €  N  s u c h  t h a t

1

71 ~~ M/V.1 M f f '2  - - - M N ^ g ( N )
{ N  >  N o ,  j  =  1 , 2 , . . . , ท ) . (3.5)

T h e n  1, « 1, « 2 ) • . ■ ,  «ท are l i n e a r l y  i n d e p e n d e n t  o v e r  F ( x ) .

P r o o f .  Suppose tha t 1, « 1, « 2 , . . . ,  «ท are linearly dependent over F ( x ) .  Then there 

are Al, A i , . . . ,  An+1  € F[x] not all zero such that

A 71+1 +  j4n«n +  • • • +  A\01\ =  0.

W ithout loss of generality assume that ,4n 7  ̂ 0, for otherwise there is 1 <  k  <  ท  

such that Ak 7  ̂ 0  and we can replace An by Ak- Let

f { T 1, T2, . . . ,  Tn) : =  T n+1 +  A„Tn +  • ■ • +  i4 iT 1 6  i ?[:r][T i,T2, . . .  , Tn],

Then

Set

f { T \ , T 2 , . . . , Tn) =  A n ( T n — «ท) +  • • • +  A i(T i —  « 1).

^ (AO :=  ^ 1  -  a? for j  =  1 , 2 , . . . ,  ท.

Since 7  ̂ CjVj, we get เส์ท(A 00  7  ̂ 0. Now

/  ( ( K O r  ■ . . , ^ )  = K ( N ) ( An +  A nJ ^ N f  +  ■ ■ ■  +  a A W
-D/v, 1 Tbv,2 ’ -CV,ท * n ( A 0 A ( iV )

By hypothesis (3.4), we see that

A 1*"-- !( y  I I , - i , * i ( y
n_1 Sn(N) + + l 5n(N) <  max A Sn-l(N)

ท —  1 ' 6n(N) Ai S i (AO
<5„(A0
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0 as TV —* oo,

which yields, when TV is sufficiently large,

C m , 1 C m , 2 c v ,71/
i W D พ , 2  ’ ’ £ * พ . ท

=  K { N ) A nl  + 0.

We have

D N<1D N,2 • .. D N,nf  I § ^ ,  . . . ,§ ^ น  e F[x] X  {0},■ CVi ’ D m ,2 ’ ’ £>N  ,Tl

and so

0 < D m, \Dm,2 - - - £>พ,71 /  

D m,I D m,2

/ c y 1 C'a',2 Cjv.H \
น พ , 1 ใO ’ D m ,ท )

ท f ,  ^ พ,71 A 1 1 1 fe w ,!
TVw,ท ร — —1----- «ท I +  • • • +  Vlj I yr--------- ou

1  \ L > N ,ท /  V  ' พ ,  1

—  { ID M ,\  ' ' ' Dพ , j - 1 - D j v j + i  - - - DNnAj (CmJ  — o 7 / Z , v , 7))00}

< Mjv,i - • • M m j - i M m j + i - • - M ^n  max ( l ^ C / v j l 00 1 l-AjCkj-D^jl }
1 <  j  < 7 1

<  AZyv,i - - - A ' l N , j - iM M , :j M N , j+ i  - - - AZ พ,71 m ax { I l o o  11̂ . 7cv?I๐0 }

=  ^ % !  M jv,2 - - ■ A4 m ,ท,

where K  maxi<j<71 { |A j |o0 , 1.4 j or j 100 } is a positive constant independent of TV.
By the product formula, we get

/
CV,1 cv,2 c y „

' ' พ ,  1 พ , 2 ’ D พ , ท
>

>

D n , \ D m .2 - - - -D/v,ท /  

D m , \ D m ,2 - - - -£>พ,„ /

Cv,! Cat,2

^ พ , 1 พ , 2

c y 1 Cat,2

c y „
" ’ D N ,ท

C 'N ^n

, D m , 1 ’ D M ,2 ’ 
> (A AZพ,lAZพ,2 - - - AZพ,71) 1 .

D N,ท

Then, by (3.5), for TV sufficiently large,

1

ATAZพ, iMjv,2 • - • AZพ,, < / c  พ ,  1 c v , 2

' ’ พ , 1 £ > พ , 2

C พ . ,

’ ï> N .Tl
<

\Anl
AZพ,i A4m ,2 • ■ • AZพ,n g (TV) ’
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i.e.,

\ A n \v >  — > oo as A  -> oo,

which is a contradiction. □

3.2 A pplications
In this section, we apply Theorems 3.4 and 3.5 to derive sufficient conditions for 

elements in F  ( ( ท ( x ) ) )  X  {0 } represented by JR-continued fraction expansions of 

Example 2.13 in Chapter 2 to be algebraically and linearly independent over F ( x ) .  

After that, criteria for algebraic and linear independence of /T-adic Ruban and ท-  

adic Schneider continued fraction expansions are given in Subsections 3.2.1 and 

3.2.2, respectively.

Throughout we assume (without loss of generality) that |q |w <  1. For N  G N, 

let
Cn _  bi 62 6/v
D ]\r  ท 1 +  Cl 2 +  c iv

be the N th convergent of the JR-continued fraction expansion of a. By Proposi

tions 2.3 and 2.4, we have

I 17r Id l in ',  I CJj 171- — |6 iÛ 2 <l3 (2 ^ 2), I j 7T ' | น1น2 * * * Œ'Z I7T ( l  ^ 1)>

which implies that \D i\n = a \C i
b 1

> \Ci\n for all i  >  1 . Since c  1\  1 Djv do not 

y the results of Theorems 3.4 and 3.5, we neednecessarily belong to F [x ] , to app 

to convert the JR-continued fraction expansion of Example 2.13 in Chapter 2 into 

an equivalent continued fraction expansion.

Throughout, we focus only on the case when the sequence { 6 j }  is a subset of

| a  =  ~ ^ r  J--------b - ^ -  +  Co +  C\TX H----- +  c s n s G F  { ( ท ( x ) ) )  X {0 } :

r, ร G N บ {0 } , Ci G F [x], degc, <  deg7r | .
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For each i  E  N, write

- A  น / _ Aa t :=  — -  and 01 :=  — ^-,

where ท 1 e N บ { 0 }, 7ท 1 e z, and a-, 6 - 6  F[.t ] are both relatively prime to 7r(:r), 

so that

k u  =  1 =  เ^น , laiU =  2n' deg7r, N .  =  2m*degT

From the ab-condition, we have Hi >  m i  for a lH  >  1. I t  is convenient to introduce 

an associated JR-continued fraction expansion

where

7i 72 ___ 7i_
/?1+ $2+ A +

(3.6)

ท 1 — 777-1
7i+l =

/ /  ท 1 + ท 1 + 1 —  F * i+ 1
t'i + l 7* 7 P i =  a[  for all i  E N.

Clearly, the partia l numerators 7 i and the partial denominators Pi  of the associated 

continued fraction expansion (3.6) are in F[x] and 17,1^ > 2deg7r for all i  >  1. For 

N e  N, we sim ilarly define the N th convergent of (3.6) to be

where

C n  _  7i 72 I n
F ar P i +  P 2 +  P n

c_1 — 1, Co =  0 , ci+1 =  P i + i C i  +  7i+ iC j_ i for all i  >  0 

F _1 =  0 , F 0 =  1, F j + 1 =  P i + iT>i +  7i+ i F j _ 1 for all i  >  0.

The JR-continued fraction expansion (2.10) and its associated continued fraction
Q  C n

expansion (3.6) are equivalent in the sense tha t — —  =  — —  for all N e  N, which
D n  T jv

can be shown by induction. Clearly, Cat and V N  are in F[x].

Now, we consider two sets of relationships between 7 i and Pi  as follows:

(1)
\PiPi+i\oo >  |7i+i|oo for a lH  >  1, (3.7)
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which is equivalent to lojai+i (00 > l&t+i100 for all i >  1;

(2)

I72I00 > \P2PP00 and
พ ! loo > IÆ 3 7 2 I0 0 , เ74/?2น  > l / V f t l o o ,  |7 i + 2& |o o  >  l / W h + i l o o  for all i > 3,

(3.8)

which are equivalent to 

I&2I00 > เท2ท! |oo and
Î 3̂1 |oo 7" เท3̂2เ๐๐, |̂ 4ท2เ๐๐ 7* เท4̂3เ00, |̂ 1+2ท1เ0๐ ^ เท!+2̂ i-t-l 1๐0 for all 2 7[ 3.

(3.9)

R e m a rk  3 .6 . From condition (3.8), we get |7i+i|oo >  \P iP i+ i\oo for all i > 1, 
which implies that the two classes do not overlap.

Under the above set up, the next lemmas summarize basic properties of C/v 
and P/v, whose inductive proofs are omitted.
Lem m a 3 .7 . If (3.7) holds, then

(i) |Ci|oo =  |7i|ooi |C/v|oo =  |"Ti/?2 ■ ■ ■ Pn \oo for all N  > 2;
(ท) \VN\00 =  \P1P2 - - -Pn \oo for all N  > 1.

L em m a 3 .8 . If  (3.8) holds, then 
( i )  \Ci\oo = I71I00, IC2I00 =  |/?27i |oo and for a ll  i  >  1

|f^2£+ l 100 =  เ7 2 ^+ 1 7 2 £ -1  - • -7 3 7 1  loo , \p2l+2.\oo =  เ72«+272^ • • ■ ๆA p 2 l l \o a \

(ท) j p  11๐0 I Pi I ๐0, IP21๐๐ 1721 ๐๐ and foi all I  ^  1
| ^ 2M -l|o o  =  |7 2 M - l7 2 £ - l  • • • 7 3 /^ 1 )00, \F>2e+2 \oo =  เ72^+ 2 7 2 ^  • • • 7 472เ๐0-

From the preceding discussion, let Ctj € tt(x )F  [[7t(x)]] \  {0} (j  =  1 , 2 ,k)  
with infinite associated JR-continued fraction expansions

_ 7i j  7 2 j  7 i,j
J P i j +  p 2 ,i +  P i,j +
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and, for all N  G N, let their corresponding ./Vth convergents be

Cn j  _  7 i , j  7 2  j  7 AQj
T^N,j P i ,j+  P2J + Pn j

I f  the requirement (3.7) or (3.8) holds for each j  G {1 ,2 , . . . ,  A:}, then Lemma 3.7 

or 3.8 yields

Myvj =  max {|Cjvj|oo, \ V N j loo} — > ๐0  as N  — >■ ๐๐.

Since each associated JR-continued fraction expansion is infinite, we infer that

Cjvq — V Nj a j  0 for all j  =  1 , 2 , . . . ,  A: and TV G N.

I f  the condition (3.7) is replaced by the condition (3.8), we still get the same 

results. We begin w ith criterion for algebraic independence. Again, we are under 

the same set up.

T heorem  3.9. A s s u m e  t h a t

I. t h e  c o n d i t i o n  (3.7) ( o r  (3.8)) i s  f u l f i l l e d  f o r  e a c h  j  G { 1 , 2 , . . . .  k }  ;

II.  t h e  l i m i t i n g  v a l u e s

l im l î f f r ; 1 r 'เ ‘; ‘ เ ท 11' '1' ท , 0 ' * 1, ' !1 =  0 0 = 2 , 3 , . . ., /, -)  (3.I—KX) \Ol jO2j  f y + l  j  17T I — 1 2+1 j —1 เ7โ

h o l d  a n d

III .  t h e r e  e x i s t s  g  : N — > z w i t h  g ( i ) — ร' ๐0 as ï — > 00  s u c h  t h a t

:iU  I ^  (M , i M <i2 - - - M i j ) 9®  ( i  G N, j  =  1, 2 , . . .  1 À:). (3.11) 
- - - Oi+ljU

T h e n  0L\, 0เ2 , ■ ■ ■ , Ofc are a l g e b r a i c a l l y  i n d e p e n d e n t  o v e r  F ( x ) .

P r o o f .  For a fixed E  >  0, from g ( i )  — ► oo as i  — > oo, there is A 0 G N such that 

for all N  > Aro, we have #(Af) > £ . For j  G {1 ,2 , . . . ,  /c} and N  >  N o ,  applying
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(3.11), we get

CNJ C NJ
3 V nô ท a J

U N .J

<

<

\ b l j b 2j  ' ■ ■ b  I\f 
เ^ พ  j-Dyv+1 j'Itt 

1

( M N 11M N 12 - - - M N , f N) 
1

- - - M/Vj) £ •

From (3.10), for j  >  2, we get

C n j -  1 7■'̂รุ
C?c

a j _ i  V n  โ - ! 7T _ u N , i - 1
c

a, —  _  
J p

N , j
N , j

c,
( i j  —  ^J D

N , j
N , j

\bi j- ib2j - i  - - • &7V+lj-iU 
j - l ^ j v  + l j - lU  

KJ1 j fe2,j - - • l̂V + 1 j  17T
I j  T h v +  1 j  I 7T

0 as TV —> oo.

Noting (3.12) and (3.13), Theorem 3.4 yields the desired result.

As for linear independence, we have the following result. 

T h eorem  3.10. Assume that

I. the condition (3.7) (o r (3.8)) is fulfilled for each j  G { 1 ,2 , . . . ,  

II. the limiting values

l im  l^ 1 • • • bj+ 1 , j  — 1 17T I D j j D j  + l , j \ ■ท _  „ (■  n  ท
l & i . A r - '& m p M A j m A + i j - i k  u  '

(3.12)

(3.13)

□

, k )  (3.14)

hold and



37

III .  t h e r e  e x i s t s  g  : N — > 7L w i t h  g ( i ) — » oo a s  i  — > oo s u c h  t h a t

น >  9(i) (M . 1M . 12. . .  M l d ) ( i e N ,  j  =  l , 2 ....... fc).
Pi jÛ2j ■ ■ ' fri+ljlTT

(3.15)

T h e n  1, « 1 , £*2 , . . . ,  c*fc are l i n e a r l y  i n d e p e n d e n t  o v e r  F ( x ) .  

P r o o f .  From (3.15), for j  >  1 and TV e N, we get

O ii
d/v,j

F > N j
(X j -

CWj

<

D n ,j
\b1 j b 2 j  * * ■ h jV -f- 1 , j  j 7T

I T F v j  F  N + 1 J 17T 

1

g { N )  { F I n <i M n ,2 • • • M jv j)  

For j  >  2 and applying (3.14), we get

^7 — 1
C/Vj-

2>WJ-

C n j -

' N j - l

Cn j Cjv,j

a j V n j ท
a j  ทU N j TT

1*1j — 1^2 j —1 • - ’ .̂/V-f-1 j  — 1 17T

\D m, ] - \D n +\ j - l | i r

I&1 jb 2,j - - - &yv+ij j 7T

\ D n , ] D n + \  1 j \ n  

0 as TV —* oo.

(3.16)

(3.17)

Noting (3.16) and (3.17), Theorem 3.5 yields the desired result.

3.2.1 T he  7T-adic R u b an  con tinued  frac tio n  expansion
The 7T-adic Ruban continued fraction expansion of Q e n ( x ) F  [[7r(x)]] \  {0 } is of 

the form
J .___ 1_ J _

Cll+ น2+ Qj +
a =
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where the a f s  are nonconstant elements in the set of head parts. This is a JR- 

continued fraction expansion w ith all bi =  1. To apply Theorems 3.9 and 3.10 to 

7T-adic Ruban continued fraction expansions, since \bi\n =  1 =  |6 j|oo for all î £ N, 

we obtain:

C o ro lla ry  3.11. L e t  Ctj =  — ;----- ---— -  ••- ( j  — 1 ,2 , . . .  1 k )  be k  i n f i n i t e
a i j+  a  2 j+  cp j+

n - a d i c  R u b a n  c o n t i n u e d  f r a c t i o n  e x p a n s i o n s  a n d  u s e  t h e  p r e c e d i n g  n o t a t i o n  a n d  

r e s t r i c t i o n s .  A s s u m e  t h a t

I. t h e  c o n d i t i o n  (3.7) ( o r  (3.8)) IS f u l f i l l e d  f o r  e a c h  j  £ { 1 ,2 , . . . ,  k } ;  

II.  t h e  l i m i t i n g  v a l u e s

JJ IF ) i 17J.
i —>oo \ D i J —I D i + \ J —1 \n O '=  2,31.. . ,* : )

h o l d  a n d

III.  t h e r e  e x i s t s  g  : N  —> R  w i t h  g ( i ) — > oo a s  i  — > ๐0 s u c h  t h a t

(3.18)

D i j D i + i j l n  >   ̂ ( i  £ N, j  =  1, 2 , . . .  1 k ) .  (3.19)

T h e n  on, « 2 ) . . . ,  Ofc are a l g e b r a i c a l l y  i n d e p e n d e n t  o v e r  F ( x ) .

C o ro lla ry  3.12. L e t  Ctj — - - - - -  — ;-----  ••- ( j  — 1 , 2 , . . . .  k )  be k  i n f i n i t e
ท1 j +  a-2 j +  U ij+

7T - a d i c  R u b a n  c o n t i n u e d  f r a c t i o n  e x p a n s i o n s  a n d  u s e  t h e  p r e c e d i n g  n o t a t i o n  a n d  

r e s t r i c t i o n s .  A s s u m e  t h a t

I. t h e  c o n d i t i o n  (3.7) ( o r  (3.8)) i s  f u l f i l l e d  f o r  e a c h  j  £ { 1 ,2 , . . . ,  k } ;  

II. t h e  l i m i t i n g  v a l u e s

l im I - A + i u k  =  0
i —»oo j —1 17T

( j  =  2 ,3 , . . . ,  A')

hold and
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I II .  t h e r e  e x i s t s  g  : N — » R w i t h  g ( i )  — > oo a s  i  — > 0 ๐ s u c h  t h a t

\ D i tj D i + i j \ n >  g ( i )  ( M i ' i M i ; 2 • - - M j j )  (i e N, j  =  1 , 2 , ,  k) .  (3.20)

T h e n  1 ,C*1 , CÜ2, ■ ■ ■ , c t k  a r e  l i n e a r l y  i n d e p e n d e n t  o v e r  F ( x ) .

The following are some examples.

E xa m p le  3.13. Let /  : N — ► R> 1 be a real valued function w ith  f ( i )  — > ๐0  as 

i — > CO and let {ท ) }  1 > 1 and 1 be sequences of positive integers such that

ท 1 >  ท 1 and n i + 1 >  2 f ( i )  (ท!1+  ท 2 +  - - - +  ท)) for all i  e  N. (3.21)

Let ( X \  and « 2  be nonzero elements in F  ((7r(x))) having infinite 7T-adic Ruban 

continued fraction expansions of the form

where

1 1 1

J ai j F  a2,j +  a i j F
( i  GN, j  =  1 , 2 ),

a it 1 =  - 4 ,  ai,2 =  ~  and c_i, d - i  e f  \  { 0 } .

Then « 1  and <น2 are algebraically independent over F ( x ) .

P r o o f .  For j e N, we have

I I 2n)deg7r =  la,- i l r 117T ^  I oo ’
n n r l  1/7. J  — on.degTT I 1-1
3/I1Q Iz,217T ^  เ^ 'i,2 |o o  •

From (3.21), we get ท ) + 1 > ท) and ท 1+ 1 > ท 1 for all i  € N.

We obtain

K i O u l o o  =  2 < - n * - n 'i> d e g ’ r <  1 , เ ^ , 1 !00 =  2 ^ n ) deg7r >  2 “ "< + 2 duร 7r =  | a i + 2 i1 10 0 ,
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an d

K 2a112!00 =  2(~n2_ni)deg -  < 1, เ^ ,2!00 =  2 ~Uideg7r >  2-"-+2deg-  =  |ai+2,2|00

and so Qi and a 2 satisfy (3.9) which is equivalent to (3.8).

By Proposition 2.4, for all i  G N, we get

|A , iU  =  2 (n>+^+-'+"'.)deร - and I A , 2 น =  2 (ni+7l2+" +n‘)dcร - . (3.22)

By the hypotheses (3.21) and (3.22), we see that

I z?i,2 -A+1,2 17T 2 (2ni+2712+'+2rl!+n*+i)deร-
I A ,1 A + i . i U  2 (2ท,1 + 2ท24 f 2n '+ n '+ 1) deg-TT

SO « 1  and « 2  satisfy (3.18). 

Note that, for i  G N,

71,1 =  n  \  7 i + i , i  =  7T
ท ,+ท ,, Pi , \  '̂—i:

and

71 ,2  =  7Tท1 7t+l,2 =  7rni+ ทแ-1 Pi,2 d —i,

SO

| 7 i , i |o o  =  2 n ' i de<* ' 1 |7 t+ i , i |o o  =  2 ^ n >+ n ' + ^ deg- ,  Ip ,LI 1๐0 =  1,

and

เ71,2เ๐0 =  2 n id e g - ,  |7 i + 112!00
_  2 (ni+fii+i) deg7T I / î,21 ๐0 =  1-

By Lemma 3.8, we get

\ | C j 1 loo =  2(n'l+4+-+^)degrr if 1 is 0 d d
M i,1 =  < _

[|A ,i|o o  =  2 ("'i+" 2+-+^>deร-  i f  ร่ is even,
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{
|C; 2!00 =  2 ( m + ^ + "+ " .) d e g T T  if  i  is odd 

\D i 121oo =  2 (ni+Tl2+" +ni)deg7r if  i is even.

Next, we would like to show that a i and 0-2 satisfy (3.19). By (3.21), for all 

i  G N, we get

lA . lA + u U  =  2 (2ni+2n2H l-2n(+n(+1) deg 7T

>  2">+ideg7r

> 2"i+l deë7r

>  2  / ( ') ( n i + n 2~t-----1-«() deg 7T

and

an d

| - D ' 2 .D  _ |_ 1  2 ! _  2  ( 2 ท 1 + 2 ท 2 4 ------- h 2 n , + n i + i ) deg7T

^„ 2  (2ท1+2ท2-( de g 7r+ 2 /(i) (ท 1+7!2H l-n,) degTT

2 2 / ( i ) ( n 1+ n 2H-----hn ,)deg îr

2 / พ ( ท 1 + ท 24-----เ-ท ,+ ท 1 + ท 24-----hni)deg7T

=  (M i ,1 M i 12) ^ .

Now, all the hypotheses of Corollary 3.11 are verified. This implies that a i and 

a 2 are algebraically independent over F ( x ) .  □

E xam ple 3 .14. As in the previous example, if  the condition (3.21) is replaced 

by

ท'1 >  Hi and 7i j+ 1  >  ท,1+  ท 2 +  • • • +  n) for all i  e N.

Then l , a i  and Q2 are linearly independent over F ( x ) .

P r o o f .  It  suffices to show that « 1  and a 2 satisfy (3.20).
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Define g : N —> IR by g(i) =  2 (ni+n2+-"+"*)deร7,’ for ail i G N. Since ท; G N for ail 
i G N, g(i) —>•๐๐ as i —» oo. Consider

|A , lA + l , lU  =  2 (27lî +2n2 + " ■ +2n> +"•+1 )deg *

_  2 b 4 + n 2 + ' + U + n t + i ) d e ร 7,' M  1 1 

^  2 (Tii+n.2H--- hni)dcg7T^

=  9 { ï)M i,u

and

I A , 2 A+1,2 U
_  2 (2« l + 2n 2H-----1-2ท*+ท;+ 1) deg7T

_  2  (Til + n 2H-----l-n<) deg7r-f(ni+n2H---- h rii+ n i+ i) deg 77

> <7(i)2 (n i+ n 2H----hni+nl+ท2-\----- bnp deg7T

=  </(d (M fiiM fi2) .

By Corollary 3.12, we have l ,a i  and «2 are linearly independent over F(x). □

3.2.2 The 7T-adic Schneider continued fraction expansion
The 7T-adic Schneider continued fraction expansion of a  G ท(x)F  [[7r(x)]] \  {0} is 
of the form

_  Jh_ _^2_ bjน1 + ท2ร“ aiT
where the partial denominators and numerators are as the following:

a, G F[.r] \  {0}, deg a; < deg7T, bi =  TTSi, Si G N for all i > 1

and each bi is uniquely determined form a  and previously known a j  1 bj (j < i).
For all i G N, we have |6i171. =  2 ~Sldeg7r — 1 I 0̂1 and by Proposition 2.4, we 

get I A U  =  |น1ท2 - - - a, น =  1. Apply Theorems 3.9 and 3.10 to 7T-adic Schneider 
continued fraction expansions, we get Corollaries 3.15 and 3.16 as follows:
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C orollary 3.15. Let 0Cj =  —^-— — -----------------  (j =  1, 2 , . . .  1 k) be k infinite
O ij+  d2j- \ -  a i , j F

n-adic Schneider continued fraction expansions and use the preceding notation and 
restrictions. Assume that

I. the condition (3.7) (or (3.8)) IS fulfilled for each j  G { 1 ,2 , . . . ,  k };

II. the limiting values

Urn 1. . ' 7 7 ^ :  พ ’ 1̂ ๐ - - 0  ช - 2 , 3 , . . . , * )  (3-23)2—+๐๐ — \ * ■ ’ frj-j-lj—11๐๐

hold and

III. there exists g : N — > R with g(i) —> oo as i — > ๐0 such that

\bi,jb:2,j - - - 6,+ijloo > (Mi,iM;,2 - - - M itJ)9{i) (i G N, j  =  1 ,2 , . . . ,  k). (3.24)

Then a i, 0 21. . . ,  Ckfc are algebraically independent over F(x).

C orollary 3.16. Le/, a,- =  ——----- - - - ——  ■ ■ - (j =  1, 2 ,. . . 1 k) be k infinitea -[ j+  0,2, j  F  a i , j F
n-adic Schneider continued fraction expansions and use the preceding notation and 
restrictions. Assume that

I. the condition (3.7) (or (3.8)) IS fulfilled for each j  G { 1 ,2 , . . . ,  k}; 

II. the limiting values

lim Ifri,A, •••&*+Ml°° =  0
w o o  |0 i j _ i 02 j _ i  - - - O î + l j - l | o o

( j  =  2 , 3 , . . . ,  L)

hold and

III. there exists g : N —i- R with g(i) —> ๐0 as i —>๐๐ such that

I&1 j&2j - - - bi+1Jloo > 5(0  (M i,1M i,2 - - - M ij) (i G N, j  = 1 ,2 , . . . ,  k).
(3.25)

77ien 1, a i, a 2, . . .  1 Qffc are linearly independent over F(x).
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R em ark 3.17. For the -K-adic Schneider continued fraction expansion, its asso
ciated continued fraction expansion is identical with itself, that is

7i =  bi and Si — a,- for all i € N.

Next, we illustrate some examples.

E xam ple 3 .18. Let /  : N —» ]R> 1 be a real valued function with f( i)  —> oo as 
i —> oo and let {m j}^  1 and {77it}f>1 be sequences of positive integers such that

{
2f(i){m[ + m :i + -----1- m(_2 +  mf) if i is odd
2/ (i)(m 2 +  ๓ 4 +  • • • +  m -_2 +  m'j) if i is even.

(3.26)
Let Qfi and 0 เ2  be nonzero elements in F ((tt(x ))) having infinite 7T-adic Schneider 
continued fraction expansions of the form

J ^2 ,j bij
Ol j +  น2 j +  Qij +

( * e N ,  j  =  1,2),

where

ai,i) ût,2 G F  \  {0} , bi% 1 =  7Tm '  and bit2 =  7Tm *.

Then «1 and a 2 are algebraically independent over F(.x). 

Proof. For j s  N, we have

I 1 17T I ^Z,2 17T 1  --- \^ i ,  1 I OO ---  |® 1,2เ001

=  *" =  \b1,1!

and |tt =  2 _m’deg7r =  |6j12!TO1 -

From (3.26), we get m i+1 > m- and m1+1 > n ii  for all I e  N.
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We obtain

l& i+ i . i lo o  =  2 m ^ deg7r >  1 =  \ a l + 111 a  1;, 1 น

|6 i+ 2 , i a d o o  =  2 m*+2deg77 >  2 m*+1 deg7r =  |a t+ 2,16 i+ 1,1 !00,

and

l^ i+ 1 ,2  loo =  2 m ,+ ldeg7r >  1 =  \ a t+ 1 ,2 a.i 12 |oo,

|6i+212Oi12|oo =  2m,+2deg77 > 2” li+1 deg77 =  jai+2,2bi+1,2!00

and so ft! and 0 . 2  satisfy (3.9) which equivalent to (3.8).
By the hypothesis (3.26), we get

เ พ - พ . ,  =  2 ^ น 1 as ๛  001
l&l,1&2,1 - - - b i + l , x|oo 2 (m l + m 2+ " ' + m * + l)deg7r

so Q'l and «2 satisfy (3.23). 
Note that, for i € N,

๙ II ะ* toi,l — 1̂,17

and

'ticII<N 2,2 =  &i,2 ไ

so
น., 1 _  nm'degTT1 / 2,1 1๐0 ^ 7 |/̂ 2,1 1๐0 17

and
น. J _  nrrii deg IT 1 fz,2|oo A 7 |/̂ 1,2เ๐0 1*

By Lemma 3.8, for i £ N, we get

IQ.iloo =  2 <m'i+m3+■■ ■+๓น -,-"1'*)d<*ร" if ; is odd
|A,i|oo =  2(m’+m«+-"+m'-*+,n*)deg,r if i is even,
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and

Mi,2 = |^,2เ00 _  2 ( m i + m 3H-----(-m ,-2+ n ii) deg7T

|^,2เ0๐ _  2 ( m 2 + ”i4H-----hrrii-2+ m j) deg'7T

if i is odd 
if i is even.

Next, we would like to show that «1 and a 2 satisfy (3.24). By (3.26), for all 
i e  N, we get

I & U & 2 . 1  - - - 6 i + l , l | o o  =  2 ^ พ + ■ •■ พ.+1) d e g .

>  2 m i+ ideg7T

>  2  "‘, + 1 deg TV

1[ 2 2f(i)(m[ + m'.i + - +  2+ m () deg7T if i is odd

ฯ 1 2 2/ ( i )(" l2 + m 4 +  - ■ +m(_2+ deg7T if i is even

=  M i i {i)

>

and

1̂ 1,2̂ 2,2 -

>

I, I __ o ( m i+ m 2H-----t-mi+ i)deg7r
* 0i+l,21๐๐

2 m i + l deg 7T

2 2 /( i) (m '1+ n i 3 + - + m ' _ 2+m ')deg7T ■ js  0 ^ J

22/({)(7ท 2+1ท4+- •+ m '_ 2+ m ')d egrr •£ js  e v e 11

2  / (t )(m j+ m 3-t hra,_2 +  rrij +  m i+ m H ----e m ,_ 2+ m i) deg JT

2  / ( i)(m 2+ m 4d-----f m i_ 2 + m t +m2+rrt4-t-----t-m ,_2+ m i) deg7T

= (Mi,1Mi,2)/w

if z is odd 
if i is even

Now, all the hypotheses of Corollary 3.15 are verified. This implies that a.\ and 
a 2 are algebraically independent over F(x). □
E xam ple 3 .19. As in the previous example, if the condition (3.26) is replaced
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by

ไท'{ > rrii and ไทi+1 >  < ไท1 +  ไท'3 
1 '

+  - ■ - +  m'_2 +  m] if i is odd
1 ไท2 +  m 4 +  - ■ - +  ไทi- 2 + if Ï is even.

Then l , a i  and Of2 are linearly independent over F ( x ) .

Proof. It suffices to show that CÜ1 and «2 satisfy (3.25).
Define g : N —» M by

{
2 ( m 2 + m 4 + • • • + m j _ i ) d e g 7 r  j f  j  j s  0 ( I d

2 ( m i + m 3 + - + m i _ i ) d e g r r  i f  j i s  e v e n

Since ไทi £ N for all X £ N, g(i) —* ๐0 as i —> oo. For i £ N, consider

I V 1 V i
■ ■ h 1 , I 9  (m 'j+m '2+•••+™ ' 1) deg 7TV i + l , l  loo  —  ^

>

2  (rn 1+m ร-]---- f m t + m 2+ m 4 4------ 1+ m 4+ 1) deg7T

2  (m 2+ m 4 d----l-rfij+ m 1+m.jH-----(-7(14_  1+  m i+1) deg ฬ

2  (m j+ m jH ----f-rrij+m 2+ m4H------|-m i_ i)d e g 7 r  i f

2  (m 2 + m 4 H----h m ^ + m i+ m sH ------t-m i_ i)d e g 7 r  i f

if i is odd 
if i is even

i is odd 
i is even

=  1,

and

IV2V 2 ■ • • bi+1,21 oo
_  2 ("U+m2d---hmj+i)deg7T

>

!

I

2 (m i+ r r i3 H ----- h m j+ m 2 + m 4H----- h m ,_ i+ m t + i)  deg7T if j is odd
2  ( m 2 + m 4 H----- h m i + m i + m j H ----- h m i _ i + m , + i )  deg7T i f  j  i s  e v e n

2  ( m i + m 3d----- h r o ;+ m 2+ m 4 d ----- t-m i-x + m j+ r r ijH ----- \-mi_2 + m .)  deg 7T

2  (m 2 +m4H----- h m i+ r r i i+ m 3H----- h m i_ i+ m 2 + m 4 H----- hm 4_ 2 + m 4) deg 7T

if i is odd 
if I is even
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=  g { i)  (M u M i12) .

By Corollary 3.16, we have 1, 0:1 and o 2 are linearly independent over F(x). □
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