CHAPTER III
NONLOCAL OPERATOR

In this chapter, we let J(x.y) satisfy (H1)-(H4) and investigate the linear non-
local equation. We prove an estimate involving power weight functions. Then
we transform the Cauchy problem of the homogeneous equation into an easy one.
Specifically, we study the problem

 dt —I[R)J(x,y)u(y,,t)dy —u(x,t)  VxEJRn,i>0 31)

(x.0) = Uo(x) VX £ Kn

where o GL“ PR .
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Hence, we obtain the result that & W'z <14 RHR2

Lemma 3.2. LetX,y£ IR" and R >0. If ) —yI< i? then
In(e + ]x2) 1 ( 2R+R2
In(e + [yj2) - 1+ \
Proof. Let x,y £ M be such that \x —yI< R. Then
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So we have the conclusion as desired.
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Proposition 3.3. Letx,y £R", DER and R > 0. If X —}\ <R, then

(1 *M))"-»»

Proof. Letx,y £ Rnand b£ R. Assume that [x . yl< R. By Lemma 32, we
have that

1 In(et+]a?[2) [ 2R +R2
1+1(1+2)- (M1 - +nv+r
Ifb>0, then
(EIS)
M Nk
If6< 0, then

o(x) = [ hife + W2\
PEy; \nfe + [2[2)J

(05— 7Y .
Hence, we have that for any b£ R,
H'H + ) )
Now, we define a nonlocal operator 3 on L (Rn) by
(= R dteylinlydy — Vipe Le'pR")
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Proposition 3.4. 3 is a self-map on L¢'p(Rn).

Proof. Let Ip€ L¢',p(Rn). First, we will verify that 3C is continuous. Let X€ R"
and (xk) be a sequence converging to X Since

J(xk,y)ip(y) -> Jxy)ip(y) 8 -» 00,
k)il < 0xky)  forall GN,

& J(xk,y) -> Halloo J(x,y) ~ as -> 00,
J(xk,y) < a{y) forall k e N,

by the Generalized Dominated Convergence Theorem and the assumptions of J,
Wwe have

Jisy ¢'0(c) iy | {rkcy)yity)dy

/_%Jxkymy
/ Y)ilpy)dy
= 7

This conclude 3G Is continuous on Rn.



12

Finally, we prove that HJ’llp < oo.
Consider,

X0V = 3 gy POADEY) m{y)dy
< S Jn PXIHXYV
= sudrS [Bmp{x xy) tp(y \dy
= sup Jmep | {y p{y

<IN squL o) xy)dy

<lcl AR, b) ngtjﬁJ[HWy

<\m oX(R,b).
0 [3V3llp = sup \p(x)Zfj{x)\ < oo which means de G L¢,p(Rn) and hence J is a
map from L ¢ p(Mn) into Z/£p(Rn). [

In addition, we demonstrate that Band the self-compositions of u are bounded
linear operators on L¢p( ).

Proposition 3.5. is a bounded linear operator on L¢'p(R”).

Proof. Let and v be in Lff'p(Rn) and ¢ GR. To show 3(cu + v) = cju + On, let
r £R", We have

O+ (0 =) I y) (culy) + viy) O
=J )+ vy
= Jyuly)dy+ [ I0cyv(-y)dy

—c$u(x) +3v(x)
= CZU + 3v(x).
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Hence 3(cu+Vv) = cfju+"v which means 3 is linear. The boundedness part follows
from Theorem 34. 0

Convention 3.6. pk = é'?k)_ .03=J0 andT =/

Theorem 3.7. For each k £ N,  is a bounded linear operator on the weight
Lebesgue space L¢p( 0. Moreover. |3 < (In(e + et2))*X(R, b, t)k.

To prove Theorem 3.7, we need some estimation of the ratio involving logarith-
mic functions.
For t > 0, define pt :R" —R hy

PL(X) = (Infe + 12+ 1i]2)6 Vi £ Rn.

Proposition 3.8, Let XXJ £ Rn.t > 0 and R be afixed positive real number. If
- Y\ <R then

where MR.b.t) := AL + In"1 + y o1
Proof. The proof is the same as that of Proposition 3.3 by simply replacing e with
e+ t2 T

Lemma 3.9. Lett> 0 and be R. Then
J[unJ(x. y)pt(y)dy <\(R. bt)p,(x) VifR"
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Proof. Let t > 0and X £ Rn. Consider

JknJ{X’Y)(\njBJr 12+ W\2))dy
A\ b
Jy)line + 2+ et M6+ 125 Xy,

< (ufe+t2+ |a:|))b Jbxr) Hx, y)(lAIhQ((e:gi |II ];;)// y

2R+R?2
< (Infe + 12+ D)E!_J{xy) L+ In "+ Sy

<(Ee+12+ )1 +In(l+ )
= AR,D,1)( Infe + 2+ [x]))b

The proof is completed.
Lemma 3.10. For all X£ Knand for all t > 0,

£ pfx) - In(etef2flp(x)
Proof. Let X£ Rnand t > 0. If b> 0, then we have

Pt(x) < (In((lI + f)(fi+ M2))\
p(X) y o In(e+xj2)
In(l +1t2) \ b

(1 Ine+ |x|2

¢ (1 Inﬁ ¥ t21y

(In(e + et2))
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If b <0, then and we have

- (0« ) S

(Ine + 2+ |x[2)
=y In(e+ [x2

< (In(e + et2)) b.

Thus, we have Pt(x) < (In(e + €i2))" p(x) for all X GRnand all t > 0. By the

same argument, it is easy to show the another side of inequality is true. ]
Corollary 3.11. For all XGRn. J!nng,y)ﬁM\dy < X(R,b,t)m.

Proof. Let X GRnbe arbitrary. We have

[ Hxy) o !B{X,R )xy) #/p*x
J{x,y)
* BR)
i) MH.U)dy

<N%bt

The proof is complete. m
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Poof of Theorem 3.7. Let k e N.ip e L"b(Mn) and X € Rn. By mathematical
induction, we can show that zk is a linear map. Now, we notice that

2kip(x) = {5, J(¢.X])3k-lp(xl )
[ 30X0) £ I(xLXazk 200l

/k Jxxnj Jx1,x2)... f I{xk-2,xk- 1)Zi>(xk- J)dxk- 1

" Vi
/ﬁ,,Jx,X| R» /ﬁ) (xk-Uxk)ifxhdxk...dx1
We estimate the composition of X
If b> 0 then
0ZE = a0 J(x X} Hckel k) Ak)dsk ..o

<p()fJxxu -RJ{k \I]%Xk LXK
E}Jxx J[RJ{Xhls ika)r X i | dxkrnndxs

: n(e + et2
<w0tpp() [ I Xi)-..[ Idel.x o (Pt{Xk))””dxk onl

< (In(e + ei2)H |IUl pX) [ J(x,xJ).. &n J{xk 2-xk- 1 f ’b'.IXka-l...ohi

< (Infe + e2)f e pl) f, I(x.xi). Jankgxk2“Xl;<b)l dxk-2.10h

Ine + ei))BIVIp) I I ( x , x -
e + ef2)) | A(ii6, chlIIVILJ[R J(x,xJ) chi

Av l]

)
e +ef2) ™ A(fi, b H)k~1Niplp [ J(x,XD)\(R,b,t)dxi
JA\{R:bt)k N p.



If h< 0 then
IOZA0N = pl) f J06 ...y Tk XK .
<P fr 0. f, T0dei 210 Ip{xkﬁ()%\ k. . dx

<p()k (X,Xi). [?)JXkIXk Ipxk)pp\% dxk...dx1
< \\Hpp(x jQJxm \;Jxklxkplkkdxk ax1

< (Infe + ef2))H HVIIppE) . I(xXi)... L, Ik 2,xk-1)74

< .({R]J(x,xl)X(FE,[K))QB X

<AEM)*-1MpP(z) 7[r,, J(X’Xi)ﬁiﬂfd“

< (Ine + ef2)“AGTM)' M .

Hence, ||3fdjis bounded for all k € N.
Moreover we also have  “ll'< (In(e + ef2)) g X(R, b t)k.

..
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