
CHAPTER IV
GREEN OPERATOR

In this chapter, we study the linear problem (3.1). We introduce the Green 
operator associated with the Cauchy problem. Then we prove the boundedness of 
the Green operator on weighted Lebesgue spaces with a logarithmic weight.

Let น(■ , t) G Lç ,/J(Mn) be a solution of

dtu=ะ f  J(x,y)u(y, t)dy -  u(x,t).  (4.1)jR"
By setting V(•■  t) = ê  น(■ , t), V(•, t) is a solution of

Vt(x, t) = j  J(x,y)v(y.t )dy = 3v(x,t) x e R n, t > 0  (4.2)

So it suffices to study (4.2) to get the solution of (4.1) in the form

น(•, L) = น(-. เ).

D e fin it io n  4 .1 . Let T  > 0 and น0 G L™'p(พ 1) for some b G R. A function 
V : Rn X [0, T) —» R is sai<l to be a solution of the homogeneous Cauchy problem

vt(x, t) — f  J{x , y)v(y. t)dy X G Kn, 0 < f < T,
J*n (4.3)

v(x,0)  =  Uo(x) X G Mn.

if V G c  ([0,T) ; L ç 'p(Rn)) and it satisfies the equation

v(x, เ) = Uo(x) + /  3v(x. ร)ds at each i £ l n and 0 < t < T. (4.4)
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L em m a  4 .2 . Assume น0 G L“ ’p(Rn). TTien i/iere exists V G (7([0. cxd); L ^ ’p(Rn)) 
solving the Cauchy problem (4.3) for all t > 0. Moreover,

v(,t)\ \p < (ln(e + ei2))IV A<*M พน»พp for all t > 0.

Proof. Let t G [0, oo). We shall prove that there exists a function satisfying

v(-, t) = น» + 3น(-, ร)dร. (4.5)

Define a sequence (Vk(-, t))k€N by V» = น» and
rt k '  jj

Vk(-,t) =  น»+ / Jufc- 1  ds =  Y ]  -~3j v0 Vfc > 1.

Since น» G L ç 'p(Rn) and L ç ’p(R") is a vector space, we have นk(•1 £) G L“ ’p(Rn) 
for all G N. Furthermore, ?;*,(-,£) can be estimated by,

vk(x,t)p{x)I =

-  5 1  7Ï |3J«0(x)p(x)|

< ^ 2  ~f\ (ln(e + ๗2)) |b| HR-1 b, t y  พน0พp3 = 0 J'
< (ln(e + et2) f \ é x(Rb'l) แน0 ||p for all X € R".

Next, we claim the sequence (Vk(-,t)) converges to a solution of (4.5). From the
t jabove calculations, Vk(-:t) = —-.jdน0 converges absolutely and uniformly to a3=0 J'

function V(•, t) by the Weierstrass M-test. So
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v(x,t)  = lim vk(x,t) Væ G Kn,Vf > 0.k —>๐๐
Now, พล show that V is a solution of (4.5). พล first note that v(-,t) G L ^ 'p(IRn) 
because of the boundedness of vk(‘,t). It is clearly that t เ-> v(’,t) is continuous 
hence V G c ([0, oo) 1 L°£'p(พ 1)) for all t > 0. Next, consider

V(•, t) -  (น0+ [  Zv(-, ร)dร)
J  0 P

v{-, t) -  (ufc+i(-, t) -  3vk(-, ร)dร) -  J  Zv(-, ร)ds

[v(•11) -  vk+1(■ , t)} + {3vk(-, ร) -  Zv(•, ร)dร)

< ||v(-,0 -  Vfc+ 1  (■ 10llp+ 3 (vk(•, ร) -  v{-, ร))dร
<  \ \ v ( - , t )  - v k + 1 { - , t ) \ \ p +  f  ||3(vfc(-, ร) -  V (-, ร))||p d s

< I\v{-,t) -  vk+1{■ 1 t)\\p + I  M  11vk(■ , ร) -  v(-,s)\\pds -> 0.

as k -> oc.
Hence V is a solution of (4.5) which implies that it is a solution of (4.3) according 
to Definition 4.1. Now, we conclude that

is a solution of the Cauchy problem (4.3). Moreover, from the calculation, the 
following estimate holds:

« (-.o il, <  (๒ (« + ๗ 2) ) '+ “ (" " >  I M P □
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T h e o r e m  4 .3 . Assume Uq £ L ^ ’p(Rn). Then there exists น(■ , t) £ Lf£’p ( พ 1) 
solving the Cauchy problem (3.1) for all t > 0. Moreover,

แพ(•^)lip < (ln(e + et2))w แน0lip for all t > 0.

Proof. By Lemma 4.2, there exists a solution v(-,t) £ ’(พ 1) to the Cauchy
problem (4.3). So by the transfomation น = e~lv that relates (3.1) and (4.3), we 
have that

น(•1t) = e- iV(•, t) = erl Y 2  ^  ง-7ฆ0
J=0 J '

is a solution to the Cauchy problem (3.1). In addition, the boundedness of น(•11) 
follows from that of V by

พ(•1*)แ P = \\e~tv(-,t)\\p
< (ln(e +  et2)) |f,|e -V Â  แน0lip
< (\n(e + et2)) lble ^ R^ - ^ \ \ u 0\\p .

Next, we estimate the exponential term above. Consider

A(ท., b,t) = ( 1 + In ( 1 +

< 1 +

< 1 +

2 R + R2 
\Je-\-t2 
R2 +  2R

2 R + R2
\J e + t2 

2 \  in

\ / l  +  t'2
พ

< i  + £

I b\

for some constant c > 0.
The last inequality can be justified as follows. Define / :  [o. l] —■> R by / (x) = 
(1 + Cx) — (1 + K x )^ ,  where K  > 0 is a constant. We have that / (0) = 0 and 
f ( x )  = c -  \b\K(l + K x ) w 1. So f  (x) > 0 provided c  := max {K\b\,\b\K(l + 

Hence /  is increasing and we obtain f (x )  > 0 i.e. (1 + K x ) ^  < 1 + Cx
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for all X e [0,1]. So we have

H - ,0 l lp =  (ln(e + ei2)) |fc|e(1+พ - 1)É พนoil,
< (ln(e + et2))'h' D แน0II, where D = ec
< (\n(e. + et2))w แน0lip-

The Theorem is proved. □

The Cauchy problem (3.1) has the solution in the form

น(•, t) = G(t)up := e~* น0 Vi > 0. (4.6)j=0 J
D e fin it io n  4.4. ç?(i) is called the Green operator for the Cauchy problem (3.1).

T h e o r e m  4.5 (The boundedness of G{t)). Let b 6 K. Then there exists a constant 
c = C(b. t) such that

แร((พ], < C M , vv-e L?’'(R").
Proof. Already proved in the preceding corollary. □

T h e o r e m  4.6. {Q(t)}t>0 in (4-6) is a uniformly continuous semigroup on L™’p(Rn).

Proof. It is clear that G(0) = /. where I is the identity operator on L ^ 'p(Rn). 
Now, we show the semigroup property, let ร, t £ [0,oo). To show Q(t +  ร) = 
G(t)G (ร), let น G Lff ,p(Rn) and we apply the absolutely convergence of the Green
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operator to rearrange terms in the following double series.

k\ T u

-แ+ร) V '  V -  t lร1‘- 1k\ 1 ^  
= e u

°° t i (  °°
= « - Ê ^  « - Ê«=0 V fc=i

=  e “‘ £  พ » )

= e_(f+5)

(*-*■ )!

0 ( 0 0 ( 5)น-

To prove the uniform continuity of the semigroup, we consider

110(0-/11 =

< l ie - ' / - /II +

*~lI + ÈM
( Q ) k

< I I ^ / - / | |  + E

^  k\
Oliair

k=\
21 II-Ïlife
k=1 fc!

< lie-4/  -  /แ + e'11311 -  1.

Hence, we have lim II0 (0  — <->0+ = 0, so {0(O}t>o is a uniformly continuous semi-
□group.
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