CHAPTER IV
GREEN OPERATOR

In this chapter, we study the linear problem (3.1). We introduce the Green
operator associated with the Cauchy problem. Then we prove the boundedness of
the Green operator on weighted Lebesgue spaces with a logarithmic weight.

Let @,t) GLc,(Mn) be a solution of

diu= j SIGY)u(y,t)dy - u(x,b). (4.)
By setting V@ t) = & ,t), V(,t) is a solution of
Vi(x, 1) :J J(xy)v(y.t)dy =3v(x,t) xeRn,t>0 (4.2)

So it suffices to study (4.2) to get the solution of (4.1) in the form
(=)
Definition 4.1. Let T > Oand o G L™p( 2 for some b G R. A function
V:Rn X [0,T) —R is sai<l to be a solution of the homogeneous Cauchy problem
Vt(x, t) — Jf*nJ{x,y)V(y- tdy XGKn0<f<T,
v(x,0) = Uo(x) XG M,

(43)

ifVGce ([0,T);Lc'p(Rn)) and it satisfies the equation

V(x, ) = Uo(X)+ / 3v(x. )ds  ateachif Inand 0<t<T (44
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Lemma 4.2. Assume o GL“D(Rn). TTien ifiere exists VG (7([0. od; L™ p(Rn))
solving the Cauchy problem (4.3) for all t > 0. Moreover,

V(,H)\\p< (In(e + i) IVA*M  »pfor all t > 0.
Proof. Let t G[0,00). We shall prove that there exists a function satisfying
V-1 = »+ 3 (). (45)
Define a sequence (Vk(-, t))kéNby b= »and
VK(-t) = »+ /rt Jufc-: ds = Yk]l !J~3j v Me>1
Since » GL¢'p(Rn) and L¢p(R") is a vector space, we have k(+1f) G L* p(Rn)

forall GN. Furthermore, %*(-£) can be estimated by,

k o j
vk(x,)pfx) = |3 %me.cr)p(f)

3=0"

- 51 71 3«a(x)p(x)]

<§%3N (Ine+ 2)HR-Ibty 0Op
< (In(e + et2) f\ex(ROY) of|p for all X€ R",
Next, we claim the sequence (Vk(-,t)) converges to a solution of (4.5). From the

above calculations, Vk(-:t) = ﬂ,jd 0 converges absolutely and uniformly to a
function V(+,t) by the Weierstrass M-test. So
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v(x,t) = Jim vk(x,t) Ve GKnVf> 0,

Now,  show that Vis a solution of (4.5). first note that v(-,t) G L"'p(IRn)
because of the houndedness of vk(“t). It is clearly that t ->v(’t) is continuous
hence VG C (0, 00) 1L°£p( 1) for all t > 0. Next, consider

Ve - (0% [ 26 )0
Ve t)- (G0 vk )d)- J B )ds

V(e1D) - vkH1, O+ {3vk(, ) - 2v, )d)
<|V(-,0 - Voo @ 101lp+ 3(vke, ) - v ))d

)
< \W(-t) - v K+L{-)\\p + f ”3(\/[(( ) v(, ))”pds
< M- 1) - vkH§ 2\ + | M kg, ) - v(-,)\\pds -> 0.

as k -> oc,
Hence Vis a solution of (4.5) which implies that it is a solution of (4.3) according
to Definition 4.1, Now, we conclude that

oo [,}

l'(’) = Lh—l»li ‘l'k('.’) = Z FJJUO

is a solution of the Cauchy problem (4.3). Mo}eover, from the calculation, the
following estimate holds:

«(-.01l, < ( («+ 2)+“("">IMP 0



21

Theorem 4.3. Assume Ug £ Lp(Rn). Then there exists @,t) £ LfEp( )
solving the Cauchy problem (3.1) for all t > 0. Moreover,

(*Mlip < (In(e + et2))w  Olip for all t > 0.

Proof. By Lemma 4.2, there exists a solution v(-t) £ (1 to the Cauchy
problem (4.3). So by the transfomation = e~lv that relates (3.1) and (4.3), we
have that

oIty =e-iV(e t) =erlY2 N -7
QY (%) 12070

is a solution to the Cauchy problem (3.1). In addition, the boundedness of (+11)
follows from that of V by

(o2%) P=Ve~tv(-,t)\\p
< (In(e + et2)[fe-V A olip
< (\n(e + et2))lole * R - A\ \u Olp.

Next, we estimate the exponential term above. Consider

_ R+R2 B
AL, bt = (L+In(1+ et (2
oR +R% n
= P \Je-\-t2
R2+ 2R
STV
<i+f for some constant C > ()

The last inequality can be justified as follows. Define /. [0. ] ®R by /(x) =
(1+ Cx) —(1 + Kx)", where K > 0'is a constant. We have that / (0) = 0 and
f(x) =c¢ - \D\K(I+Kx)w L Sof (x) > 0 provided ¢ := max {K\b\,\b\K(I +

Hence / is increasing and we obtain f(x) > 0ie (L+ Kx)" <1+ Cx
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for all Xe [0,1]. So we have

H-.0llp= (In(e + ei2)ffoe(l+ -1€ ol
< (In(e +et2))D Oll, where D =¢c
< (\n(e. +et2))w  Olip
The Theorem is proved. I

The Cauchy problem (3.1) has the solution in the form

(1) = G(t)up := e~*j 0] o Vi>0 (4.6)

Definition 4.4. ¢X(i) is called the Green operator for the Cauchy problem (3.1).

Theorem 4.5 (The boundedness of G{t)). Let b6 K. Then there exists a constant
C = C(b. t) such that

(1,<CM, wel?R)

Proof. Already proved in the preceding corollary. 0
Theorem 4.6. {Q(t)}t>01in (4-6) is a uniformly continuous semigroup on L™p(Rn).

Proof. It is clear that G(0) = /. where I is the identity operator on L"'p(Rn).
Now, we show the semigroup property, let ,t £ [0,00). To show Q(t + ) =
G(t)G( ), let G Lff,p(Rn) and we apply the absolutely convergence of the Green
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operator to rearrange terms in the following double series.

k\ Tu

F)VV- UK L
=e u
= e_(H9)

SN 2

=B Y « Bi o)
= e“f »)
0(00(5) -

To prove the uniform continuity of the semigroup, we consicer

100411 = 4+ EM

<lig-"l- M+ o ()
k‘\ (i<\
21 (]iﬂk
NN 4y
<lig-d) - | +e'HB- L
Hence, we have Jg& I0(0 — =0, 50 {0(O}t>0 is a uniformly continuous semi-

group. =
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