CHAPTER V
LOCAL WELLPOSEDNESS OF SEMILINEAR
EQUATION

In this section we prove the local (in time) existence and uniqueness of so-
|utions to the Cauchy problem (1.2) on weighted Lebesque spaces by applying
the Banach fixed-point theorem. Consider the Cauchy problem (1.2) and assume

06 L™p{

Definition 5.1. Let 6eM,cr>0.p>l and 0:Rn— be a given function,
A function : Rn X[0,T) -» KIS a solution of the Cauchy problem (1.2) if
GC([0,T) ;Lq'p{Rn)) and it satisfies, forany X G "land | G [0, T) the equation

) =Cftuo+J Git- r)ine+ M))X-, r))p

Theorem 5.2. Letp > 1,fj >0 and bGR be such that b> ------ Assume that
0G L&'p{Rn) and o> 0. Then there exists To > 0 such that he &auchy problem
(12) has a unique non-negative solution G ([0, To); L™ p{Rn)).

Proof. Let T >0 be a sufficiently small number to be specified.
We define the Banach space

Xr:=C{[0,T):L"p{ )

equipped with the norm K1 = Séh. v
We define the operator T on X[ by

Tu{-t) = u0+J Gt- r)(In(e + -2)7{ (wr))pdr £G[0,T).



Let GXt,i 6R" andtG[0.T).
Let us verify that T is a self-map on Xt-

Stepl Verify Tu(-.t) is bounded on IR". We notice that if b > | then
bp>h+a

p(x) \Tu(x, t)
=p(x) (a®) o(x) +J C(t-T)((In(e+\x\2)))a(u(x,T))rdT"

< pOx)}Ct )UO{X)) +p(x) Qr Git- r)(in(e + ba2))a( (x,t)
< 10(0wollp +  V)X)Gt - T)((Ine + W2))Y{ (x,r))p|cr
< (In(e + eA))H IKIlpa- i) Gt - r\/\g%{ (Ine + [x|2))ath( (x:T))p}dr
<(netet))B ol + /0 (In(e + e(t - r)2 MX%QH{ (In(e + W\2))o( (x,T))p}dr
<(Ine +eA)l ol + [ (In(e+e(t- r)2))k sup {(In(fi + [x[2))bir(x, r))}pdr
<(He +et2)"IM, + I\n(e +eft - 1)) rjlljrfr

( )" M +Aln(et  eid)4 ., Oll'dr

<(Infe +ei2)4 IKIl, +Aln(e+  et2)™l|<*,, 4

<(In(e + etZM , + M rT(l,(fi+ «r2)4

<(Ine +el2

SOwe get
[Te( O, < K (e + €T2))4 (feoll, + Tl ) 1

and hence, ill particular, \Tu(-,t)\\p < oc. Also, Tu(-,L) G
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Step 2 Verify that t ~ Tu(-,t) is continuous on [0,T)
Let :te [0,T). WLOG, <t Consider

WTu(;t)-Tu(; ) p
<\\(C(t)ud- Qs)uo)\\p
+  G(t- nN(ln(e + -2)0(itd Ir))pdr - / g(s- r)(In(e+ (+1r)) pdr

< VGE)-QE) )\ 1.
+ ] G- n(in(e+ H2)T (thpdt - I G( -r)(in(e+  (o1r))pr
=[+]].

Now, We estimate 1.

= J G- e+ 1 (r)pdr- 3 o —t)ine+\y ( (1 e
JGt )(In(e + M2)7(n(-, T))pdr
+JGt r)(In(e + \W2)a( (-, r))pdr - JG{ r)(In(e + - 2)1( ( T))pdr
J (@t- - (- r)inte +1R)T (n)pdr
+J 6 ne + o)A ¢ ry)por
<Gt 1)- Gs- T (s 1Y (o)
" Glt- Niine + HR)E (n)
—WWXTI0 WG (t-T)-g(s-T)Nd, T+ £ Gt- r)(In(e + H)a((-, )Y dr
<owd \et-r) - 1)[jdr + W\gr (Ine + eT2))W(t- ).
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Takingt— , / = 0and I -0 and hence
[Tu(-si)-Tu(-,«)[,->0.
Sot +>Tu(-,t) is continuous.

Now we show that T is a self-map and a contraction map on some closed
subspace of X t- Let 0> 0 be sufficiently large number to specified. Define

Xj-={ GXf  £1fi 4§

Then Xj, is a closed subspace of Xt, hence it is a complete metric space.

We find a pair T.5such that T is a self-map on Xj. Let G x". It suffices to
verify that |[7Ti|A < - By Step 1, we have that there exists a constant K such
that

WTulWt < A'(In(e + e r2)lFL(iM 1, + T INI'r)
= K(In(e + eT2)ld I oll, + K(In(e + eT2))wT6p.

To obtain the result, we have to choose T and 0> 0 so that
Al (e + eTfI INH, < f and A(Jn(e + eT2f'T < —B (5.1)
For hxed T =1 we have that there exists 6 > 0 such that

K(\n(e +eT2)W Oll, = K(In(2e))i# ofjp (5.2)
< 59

Since lim(In(e + et2))\oh = 0. there exists ™ > 0 such that

K(Ine + eT2)TL< pn (54)
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In this step, we take T = min {L.Ti}. Hence, (5.2) and (5.4) hold for this T. Now,
we show that T is a contraction map on x*. Let .v € Xj- Then

\Tu - TviXe
= sup f G- r)(In(e + [2)4(( (-1)p- ( o)l dr

0<t<T Jo

-y LA TIH0Me M @“(e.t))e- (v(-t))p)l| dr
<sup f G-t sup(ln(e+ @[2))or+tMu(x, t))p - (v(x, r))p|dr

0<t<T Jo
<Psup |G- 1) sup(in(e + - [x[2)).p

{ule 1)) V(v(x, t))p-Llufx, 1) - v(x, )| dr
=P S<ltJETJf \GL - t) sup(ln(e+ X|2))b(p L(In(c + [*2))6

{ () V(v(x, 1))p u(x, £) —vix, )| dr
<P sup G(t t) supﬁ)l(ln(e+ £2)6 (xr)- v(x,n|dr
<P upJJ WG(f-r) AL (o) - Ve r)| dr

O<t<r

<2p PK J[ (In(e + e(t —t)2)™ llit—W\\x dr  for some constant K

<5pKJ Vine+ef2)B - x7dr
<205p~K{\nfe + eT2)T - vIt.

The map T is a contraction provided
206p~1K{\n(e +eT2) fIT < L (5.5)
Again, since lim(In(e + et2))\oh = 0, there exists T2> 0 such that

1
(In(e + eT2))IHT2 < 26K



Therefore, we choose To = min {L. T|.T2} and we have that
L 1<{In(e + eT@))pT0< K{In(e + e(I)2))I‘\§1)vzap~|.
2. K(In(e + eT@)" < K{\n(e +eT2))A < )

3 (In(e + eT2))TO< (In(e + eT2))T2 < 205-TK

So we have already found To that makes (5.1) and (5.5) holds simultaneously and
hence T is a contraction on Xj. Hence we have that T has a unique fixed point
GX] by applying the Banach fixed-point theorem. I
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