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ïììĊęǰ� 

ïìîĈǰ 

 

  éĆÜìĊęìčÖÙîìøćïÖĆîéĊüŠćǰÖćøÿĎïïčĀøĊęĕöŠđóĊ÷ÜĒêŠđðŨîĂĆîêøć÷êŠĂÿč×õćó×ĂÜêîđĂÜǰĒêŠ÷ĆÜđðŨîĂĆîêøć÷êŠĂÙî

øĂï×šćÜ×ĂÜñĎšÿĎïïčĀøĊęéšü÷ǰĒúą÷ĆÜđðŨîĂĆîêøć÷êŠĂÿĆÜÙöēé÷øüöĔîøą÷ą÷ćüǰĔîßŠüÜĕöŠÖĊęðŘìĊęñŠćîöćîĆÖüĉÝĆ÷Āúć÷ǰėǰÙî

ĕéšđÿîĂĒïïÝĈúĂÜìćÜÙèĉêýćÿêøŤđóČęĂøąïčúĆÖþèąóùêĉÖøøöÖćøÿĎïïčĀøĊęǰēé÷đøĉęöìĊęǰCastillo-Garsow ĒúąÙèąǰ<�>ǰ

ĕéšîĈđÿîĂĒïïÝĈúĂÜéĊđìĂøŤöĊîĉÿêĉÖ×ĂÜÙîÿĎïïčĀøĊęǰÝćÖîĆĚîǰSharomi Ēúąǰ(VNFMǰ<�>ǰĕéšóĆçîćĒïïÝĈúĂÜéĊđìĂøŤ

öĊîĉÿêĉÖîĊĚǰîĆęîÙČĂǰÿĈĀøĆïđüúćǰ 0t t  óüÖđ×ćĕéšĒ÷ÖðøąßćÖøìĆĚÜĀöéǰ � �N  đðŨîǰ�ǰðøąđõì�ǰñĎšìĊęĕöŠđÙ÷ÿĎïïčĀøĊęǰ

(potential smokers; P ), ñĎšìĊęÖĈúĆÜÿĎïïčĀøĊę (current smokers; S ), ñĎšìĊęđúĉÖÿĎïïčĀøĊęßĆęüÙøćüǰ(smokers who 

temporarily quit smoking; tQ ) ĒúąñĎšìĊęđúĉÖÿĎïïčĀøĊęĂ÷ŠćÜëćüøǰ(smokers who have quit smoking 

permanently; pQ ) ēé÷ĒïïÝĈúĂÜ×ĂÜÙîÿĎïïčĀøĊęǰ<�>ǰàċęÜöĊÿööêĉåćîéĆÜîĊĚ 

  �� c  ÙČĂǰÝĈîüîđÞúĊę÷×ĂÜÙîìĊęÝąóïđÝĂÖĆîêŠĂĀîċęÜĀîŠü÷đüúć 

  �� P  ÙČĂǰĂĆêøćÖćøđÖĉé×ĂÜðøąßćÖøìĆĚÜĀöé 

  �� iP  ÙČĂǰĂĆêøćÖćøêć÷×ĂÜðøąßćÖøĒêŠúąðøąđõì 

�� J  ÙČĂǰĂĆêøćÖćøđúĉÖÿĎïïčĀøĊę×ĂÜñĎšìĊęÖĈúĆÜÿĎïïčĀøĊę 

�� D  ÙČĂǰĂĆêøćÖćøÖúĆïöćÿĎïïčĀøĊęĂĊÖÙøĆĚÜ×ĂÜñĎšìĊęđúĉÖÿĎïïčĀøĊęßĆęüÙøćü 

�� V  ÙČĂǰĂĆêøćÖćøđúĉÖÿĎïïčĀøĊęĂ÷ŠćÜëćüø×ĂÜñĎšìĊęđúĉÖÿĎïïčĀøĊę 

��ǰ q  ÙČĂǰÙüćöîŠćÝąđðŨîìĊęÝąÿĎïïčĀøĊęĀúĆÜÝćÖóïđÝĂÖĆïñĎšìĊęÿĎïïčĀøĊę×ĂÜñĎšìĊęĕöŠđÙ÷ÿĎïïčĀøĊę 

ÿćöćøëđ×Ċ÷îĕéšéĆÜîĊĚ 

> @1( ) ( ) ( ) ( )dP t P t P t S t dtP E / � � , 

� �2( ) ( ) ( ) ( ) ( )tdS t S t P t S t Q t dtP J E D � � � �ª º¬ ¼ , 

� � � �3( ) ( ) 1 ( )t tdQ t Q t S t dtP D J V � � � �ª º¬ ¼ , 

4( ) ( ) ( )p pdQ t Q t S t dtP JVª º � �¬ ¼ , 

 

	���
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ēé÷ìĊę (0) 0P t , (0) 0S t , (0) 0tQ t , (0) 0pQ t ,  0/ !  Ēúąǰ 1 2 3 40 , , , , , , , 1P P P P D E J V� �  

đöČęĂǰ : ,cq
N

E   Ēúąǰ : NP/   

  ĒöšüŠćĒïïÝĈúĂÜéĊđìĂøŤöĊîĉÿêĉÖ×ĂÜÙîÿĎïïčĀøĊęÿćöćøëïŠÜïĂÖĒîüēîšöóùêĉÖøøö×ĂÜðøąßćÖøìĊęÿĎïïčĀøĊęǰĒêŠ

ÖĘëČĂüŠćóćøćöĉđêĂøŤìĊęÖĈĀîé×ċĚîîĆĚîĕöŠĕéšÙĈîċÜëċÜÙüćöñĆîñüî×ĂÜÿĉęÜĒüéúšĂöǰàċęÜìĈĔĀšđÖĉé×šĂÝĈÖĆéïćÜĂ÷ŠćÜĔîÖćø

ÿøšćÜĒïïÝĈúĂÜøąïïîĉđüýìćÜÙèĉêýćÿêøŤǰēé÷đöČęĂđøĘüǰėǰîĊĚ Zhang ĒúąÙèąǰ<�>ǰĕéšđÿîĂøąïïÿöÖćøđßĉÜ

ĂîčóĆîíŤÿēêĒÙÿêĉÖǰ(stochastic differential equations, 4%&T) éĆÜêŠĂĕðîĊĚ 

> @1 1 1( ) ( ) ( ) ( ) ( ) ( )dP t P t P t S t dt P t dB tP E V / � � � , 

� �2 2 2( ) ( ) ( ) ( ) ( ) ( ) ( )tdS t S t P t S t Q t dt S t dB tP J E D V � � � � �ª º¬ ¼ , 

� � � �3 3 3( ) ( ) 1 ( ) ( ) ( )t t tdQ t Q t S t dt Q t dB tP D J V V � � � � �ª º¬ ¼ , 

4 4 4( ) ( ) ( ) ( ) ( )p p pdQ t Q t S t dt Q t dB tP JV Vª º � � �¬ ¼ , 

ēé÷ìĊęǰ 0iV t  đðŨîÙŠćÙÜìĊęǰĒúąǰ ( ),iB t 1,..., 4i   đðŨîÖøąïüîÖćøüĊđîĂøŤǰ	8JFOFSǰQSPDFTT
 ìĊęđðŨîĂĉÿøąêŠĂÖĆîǰ

ÿĈĀøĆïĔîēÙøÜÜćîîĊĚǰđøćÝąðøĆïêĆüĒïï×ĂÜǰZhang ĒúąÙèąǰ<�>ǰĔĀšÿöïĎøèŤöćÖ×ċĚîǰēé÷ÝąýċÖþćøąïïǰ4%&Tǰ

×šćÜêšî ĔîÖøèĊìĊęÖøąïüîÖćøüĊđîĂøŤ ( ),iB t 1,..., 4i   ĕöŠđðŨîĂĉÿøąêŠĂÖĆîǰđîČęĂÜÝćÖēé÷ìĆęüĕððøąßćÖøìĆĚÜǰ� 

ðøąđõìîĆĚîöĊÙüćöÿĆöóĆîíŤÖĆîǰÙüćöĒðøðøüîĔîĒêŠúąÖúčŠöðøąßćÖøÖĘîŠćìĊęÝąđÖĊę÷ü×šĂÜÖĆîéšü÷ǰêĆüĂ÷ŠćÜđßŠîǰñĎšìĊęđúĉÖ

ÿĎïïčĀøĊęĂ÷ŠćÜëćüøǰ ( )pQ  ĂćÝēîšöîšćüĔĀšñĎšìĊęÖĈúĆÜÿĎïïčĀøĊęǰ ( )S  đúĉÖÿĎïïčĀøĊęǰ 

  đóČęĂĔĀšÿąéüÖ÷ĉęÜ×ċĚî đøćÝąĔĀš 

     1( ) ( ),x t P t       2 ( ) ( ),x t S t       3 ( ) ( ),tx t Q t       4 ( ) ( )px t Q t   

îĆęîÙČĂ 

 � � � �1 1 1 1 2 1 1 1( ) ( ) ( ) ( ) ( )dx t x t x t x t dt x t dB tP E V / � � �  

� �� � � �2 2 2 1 2 3 2 2 2( ) ( ) ( ) ( ) ( ) ( )dx t x t x t x t x t dt x t dB tP J E D V � � � � �  

� � � �� � � �3 3 3 2 3 3 3( ) ( ) 1 ( ) ( )dx t x t x t dt x t dB tP D J V V � � � � �  

� � � �4 4 4 2 4 4 4( ) ( ) ( ) ( )dx t x t x t dt x t dB tP JV V � � �  

	���
 

ēé÷ìĊęǰ � � ,iB t 1,..., 4i   đðŨîÖøąïüîÖćøüĊđîĂøŤìĊęĕöŠđðŨîĂĉÿøąêŠĂÖĆîǰàċęÜöĊđöìøĉÖàŤÙüćöĒðøðøüîÙüćöĒðøðøüî

øŠüöǰ	variance-covariance matrix) đðŨîéĆÜîĊĚ 
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12 13 14

12 23 24

13 23 34

14 24 34

1
1

1
1

U U U
U U U
U U U
U U U

ª º
« »
« »
« »
« »
¬ ¼

 

ēé÷ìĊęǰ 12 ,U 13,U 14 ,U 23,U 24 ,U > @34 1,1U � �  

  îĂÖÝćÖîĊĚǰÖćøðøąöćèÙŠćóćøćöĉđêĂøŤĔîøąïï 4%&s đðŨîĀĆüĔÝÿĈÙĆâĂĆîĀîċęÜÿĈĀøĆïÖćøîĈêĆüĒïïǰ4%&s 

ĕððøą÷čÖêŤĔßšÖĆï×šĂöĎúÝøĉÜđóČęĂĔĀšĕéšöćàċęÜÙŠćóćøćöĉđêĂøŤ×ĂÜ×šĂöĎúÿĈĀøĆïÖćøîĈĕðĔßšĔî×ĆĚîêĂîêŠĂǰėǰĕðǰéĆÜîĆĚîǰ

ēÙøÜÜćîîĊĚĕéš×÷ć÷ĒîüÙĉé×ĂÜǰZhang ĒúąÙèąǰ<�>ǰöćóĆçîćêŠĂ÷ĂéÿĈĀøĆïêĆüēöđéúǰ	���
ǰĔîÖøèĊìĊęÙüćö

ĒðøðøüîĕöŠđðŨîĂĉÿøąêŠĂÖĆî 
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ïììĊęǰ� 

ÙüćöøĎšóČĚîåćî 

 

ïìîĉ÷ćöǰ��� êĆüĒðøÿčŠöǰ X  ÝąëĎÖđøĊ÷ÖüŠćǰöĊÖćøĒÝÖĒÝÜðÖêĉéšü÷ÙŠćđÞúĊę÷ǰ P  ĒúąÙüćöĒðøðøüîǰ 2V  àċęÜđ×Ċ÷î

Ēìîéšü÷ǰ � �2,X N P V�  ëšćôŦÜÖŤßĆîÙüćöĀîćĒîŠî×ĂÜÙüćöîŠćÝąđðŨî×ĂÜ X  ÙČĂ 

  � �
� �2

221 ,
2

x

f x e
P
V

SV

�
�

       x�\  

ëšćǰ � �0,1X N�  ĒúšüđøćÝąÖúŠćüüŠćǰ X  öĊÖćøĒÝÖĒÝÜðÖêĉöćêøåćî 

 

ïìîĉ÷ćöǰ���ǰĔĀšǰ I  đðŨîđàê÷ŠĂ÷×ĂÜǰ\ , ÖúčŠö×ĂÜêĆüĒðøÿčŠöǰ^ `t t I
X

�
 ÝąđøĊ÷ÖüŠćÖøąïüîÖćøÿēêĒÙÿêĉÖ 

 

ïìîĉ÷ćöǰ��� ĔĀšǰ^ `t t I
X

�
 đðŨîÖøąïüîÖćøÿēêĒÙÿêĉÖïîðøĉõĎöĉÙüćöîŠćÝąđðŨîǰ � �,, P: ��  ÿĈĀøĆïĒêŠúąǰZ�:  

ôŦÜÖŤßĆîǰ � � :X IZ o< \  ÝąëĎÖđøĊ÷ÖüŠćđðŨîìćÜđéĉîêĆüĂ÷ŠćÜǰ(sample path) ×ĂÜǰ^ `t t I
X

�
 

 

ïìîĉ÷ćöǰ��� êĆüĒðøÿčŠö X  ĒúąǰY  ÝąëĎÖđøĊ÷ÖüŠćđðŨîĂĉÿøąêŠĂÖĆî ëšćÿĈĀøĆïìčÖïĂđøúđàêǰ A  Ēúąǰ B  Ĕîǰ\   

   � � � � � �,P X A Y B P X A P Y B� �  � �  

 

ïìîĉ÷ćöǰ��5 ÖøąïüîÖćøüĊđîĂøŤïîßŠüÜđüúćǰ > @0,T  ÙČĂÖøąïüîÖćøÿēêĒÙÿêĉÖ ^ ` > @0,t t T
W

�
 ìĊęÿĂéÙúšĂÜđÜČęĂîĕ×ǰ

êŠĂĕðîĊĚ 

�� 0 0W   éšü÷ÙüćöîŠćÝąđðŨîǰ� 

�� ÿĈĀøĆïǰ 0 s t Td � d   ĕéšüŠćǰ � �0,t sW W N t s� ��   

�� ÿĈĀøĆïǰ 0 s t u v Td � d � d  ĕéšüŠćǰ t sW W�  Ēúąǰ v uW W�  đðŨîĂĉÿøąêŠĂÖĆî 

�� ^ ` > @0,t t T
W

�
 öĊìćÜđéĉîêĆüĂ÷ŠćÜìĊęêŠĂđîČęĂÜ 
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ïìîĉ÷ćöǰ��6 ÿöÖćøđßĉÜĂîčóĆîíŤÿēêĒÙÿêĉÖǰēé÷ìĆęüĕðĒúšüÝąëĎÖđ×Ċ÷îĔîøĎð 

 � � � �� � � �� � � �, , ,dX t f t X t dt g t X t dW t �       0 t Td d  	���
 

   0X x  

đöČęĂǰ f  Ēúąǰ g  đðŨîôŦÜÖŤßĆîÙŠćÝøĉÜ×ĂÜǰ t  Ēúąǰ ,tX  tW  đðŨîÖøąïüîÖćøüĊđîĂøŤ Ēúąǰ x�\  

ÿöÖćøǰ	���
ǰđðŨîÿĆâúĆÖþèŤìĊęĒìîÿöÖćøđßĉÜðøĉóĆîíŤ 

  � � � � � �� � � �� � � �
0 0

0 , ,
t t

X t X f s X s ds g s X s dW s�  �³ ³            	���
 

ēé÷ðøĉóĆîíŤìćÜéšćî×üćöČĂ×ĂÜÿöÖćøǰ	���
ǰëĎÖêĊÙüćöĒïïðøĉóĆîíŤøĊöĆîîŤÿćöĆâĒúąðøĉóĆîíŤĒïïĂĉēê <�> 

 

ìùþãĊïìǰ��7 ÿĎêø×ĂÜĂĉēêǰ(Itô Formula) 

      � � � � � � � �d t t dt t d t �X u v W   

ĔĀšǰ � � � � � �� �1 , ,
T

nt X t X t !X  àċęÜÿĈĀøĆïđüÖđêĂøŤǰu  öĉêĉ � �tu  Ēúąǰ n mu  đöìøĉÖàŤ � �tv  Ã�¥�̧É� � �tW  đðŨî

ÖøąïüîÖćøüĊđîĂøŤǰm  öĉêĉ Ēúą � � � � � �� �1, , ,..., ,pg t x g t x g t x  đðŨîôŦÜÖŤßĆîÝćÖǰ> @0, nf u\ ëċÜǰ p\  ìĊę

ĂîčóĆîíŤĂĆîéĆïìĊęǰ�ǰĒúąǰ�ǰêŠĂđîČęĂÜ ÝąĕéšüŠćǰ � � � �� �, ,t g t tZ  Y X  đðŨîÖøąïüîÖćøĂĉēêàċęÜ 

� � � �� � � �� � � � � �� � � � � �
2

,

1, , ,
2

k k k
k i i j

i i ji i j

g g gdY t t t dt t t dX t t t dX t dX t
t x x x

w w w
 � �

w w w w¦ ¦X X X  

ìčÖǰ 1, ,k p !  

ēé÷ìĊęǰ ,i j ijdW dW dtG�   0i idW dt dt dW�  �   Ēúąǰ 0dt dt�   

 

üĉíĊÖćøĂĂ÷đúĂøŤ-öćøč÷ćöć (Euler-Maruyama mathod) 

  ÿĈĀøĆïÿöÖćøđßĉÜĂîčóĆîíŤÿēêĒÙÿêĉÖ 

 � � � �� � � �� � � �, , ,dX t f t X t dt g t X t dW t �       0 t Td d  	���
 

đøćÝąĒïŠÜđüúćĔîßŠüÜǰ > @0,T  ĂĂÖđðŨîǰ N  ßŠüÜǰìĊęĒêŠúąßŠüÜöĊÙüćöÖüšćÜđìŠćÖĆîǰ 

ĔĀšǰ nt n '  0, ,n N�  !  đöČęĂǰ
T
N

'   

ĔĀšǰ nx  đðŨîñúđÞú÷đßĉÜêĆüđú××ĂÜÿöÖćøǰ	���
ǰìĊęđüúćǰ nt  ēé÷ĔßšÿĎêø×ĂÜĂĂ÷đúĂøŤ-öćøč÷ćöć 

    � � � �1 , ,n n n n n n nx x f t x g t x W�  � ' � '  

đöČęĂǰ � �0,nW N' '�  Ēúąǰ 0 0x X  
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ïììĊęǰ� 

ÖćøðøąöćèÙŠćóćøćöĉđêĂøŤ 

 

 ĔĀšǰ^ `, 0

n
ix N N  

 đðŨî×šĂöĎú×ĂÜÝĈîüîñĎšìĊęĕöŠđÙ÷ÿĎïïčĀøĊę, ñĎšìĊęÖĈúĆÜÿĎïïčĀøĊę, ñĎšìĊęđúĉÖÿĎïïčĀøĊęßĆęüÙøćüǰĒúąñĎšìĊęđúĉÖ

ÿĎïïčĀøĊęĂ÷ŠćÜëćüøĔîĒêŠúąßŠüÜđüúćïîßŠüÜǰ > @0,T  ÿööêĉĔĀš×šĂöĎúöćĒïïđüúćĀŠćÜđìŠćǰėǰÖĆî đßŠîǰ t'  � üĆî       

đøćêšĂÜÖćøÝąðøąöćèÙŠćóćøćöĉđêĂøŤǰ ,/ 1,P 2 ,P 3,P 4 ,P ,D ,E ,J ,V 1,V 2 ,V 3,V 4 ,V 12 ,U 13,U 14 ,U 23,U

24 ,U 34U  

  ÝćÖÿöÖćø 	���
ǰ 

� � � �1 1 1 1 2 1 1 1( ) ( ) ( ) ( ) ( )dx t x t x t x t dt x t dB tP E V / � � �  

� �� � � �2 2 2 1 2 3 2 2 2( ) ( ) ( ) ( ) ( ) ( )dx t x t x t x t x t dt x t dB tP J E D V � � � � �  

� � � �� � � �3 3 3 2 3 3 3( ) ( ) 1 ( ) ( )dx t x t x t dt x t dB tP D J V V � � � � �  

� � � �4 4 4 2 4 4 4( ) ( ) ( ) ( )dx t x t x t dt x t dB tP JV V � � �  

ēé÷ìĊęǰ � � ,iB t 1,..., 4i   đðŨîÖøąïüîÖćøüĊđîĂøŤìĊęĕöŠĂĉÿøąêŠĂÖĆîǰàċęÜöĊđöìøĉÖàŤÙüćöĒðøðøüîÙüćöĒðøðøüîøŠüö

đðŨîéĆÜîĊĚ 

12 13 14

12 23 24

13 23 34

14 24 34

1
1

1
1

U U U
U U U
U U U
U U U

ª º
« »
« »
« »
« »
¬ ¼

 

ĔĀšǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

12 13 141 1

12 23 242 2

13 23 343 3

14 24 344 4

10 0 0 0 0 0
10 0 0 0 0 0

10 0 0 0 0 0
10 0 0 0 0 0

U U UV V
U U UV V
U U UV V
U U UV V

ª ºª º ª º
« »« » « »
« »« » « »6  
« »« » « »
« »« » « »

¬ ¼ ¬ ¼¬ ¼

 

                        

2
1 12 1 2 13 1 3 14 1 4

2
12 1 2 2 23 2 3 24 2 4

2
13 1 3 23 2 3 3 34 3 4

2
14 1 4 24 2 4 34 3 4 4

V U V V U V V U V V
U V V V U V V U V V
U V V U V V V U V V
U V V U V V U V V V

ª º
« »
« » 
« »
« »
« »¬ ¼

 

ēé÷ÖćøĒ÷ÖĒïïēßđúÿÖĊĚ (Cholesky decomposition) ÝąĕéšüŠćöĊđöìøĉÖàŤ 
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1

2 3

4 5 6

7 8 9 10

0 0 0
0 0

0

a
a a

A
a a a
a a a a

ª º
« »
« » 
« »
« »
¬ ¼

 

ìĊę TA A6  �  

  ÝćÖÿöÖćøǰ	���
ǰÿćöćøëÝĆéøĎðĔĀöŠĕéšǰéĆÜîĊĚ 

� � � �� �1 1 1 1 2 1 1 1( ) ( ) ( ) ( ) ( )dx t x t x t x t dt x t a dW tP E / � � �  

� �� � � � � �� �2 2 2 1 2 3 2 2 1 3 2( ) ( ) ( ) ( ) ( ) ( )dx t x t x t x t x t dt x t a dW t a dW tP J E D � � � � � �  

� � � �� � � � � � � �� �3 3 3 2 3 4 1 5 2 6 3( ) ( ) 1 ( ) ( )dx t x t x t dt x t a dW t a dW t a dW tP D J V � � � � � � �  

� � � � � � � � � �� �4 4 4 2 4 7 1 8 2 9 3 10 4( ) ( ) ( ) ( )dx t x t x t dt x t a dW t a dW t a dW t a dW tP JV � � � � � �  

	���
 

ēé÷ìĊęǰ � � ,iW t 1,..., 4i   đðŨîÖøąïüîÖćøüĊđîĂøŤìĊęđðŨîĂĉÿøąêŠĂÖĆî 

   

  êŠĂöćǰđøćÝąìĈÖćøðøąöćèÙŠćóćøćöĉđêĂøŤǰēé÷ÝąđøĉęöÝćÖÖćøðøąöćèÙŠćÿĆöðøąÿĉìíĉĝÙüćöĒðøðøüîǰîĆęî

ÙČĂǰ 1a , 2 10,...,a a ēé÷ÖćøĔßšÿĎêø×ĂÜĂĉēêǰ	*U¶ǰ'PSNVMB
ǰÝąĕéšüŠć 

� �2
1 1log ( ) ( ) ( ) ( )
( ) 2 ( )i i i i

i i

d x t dx t dx t dx t
x t x t

 � �        1,..., 4i�   

îĆęîÙČĂ 

� �2
1 1 2 1 1 1

1

1log ( ) ( ) ,
( ) 2

d x t x t a dt a dW t
x t

P E
§ ·/

 � � � �¨ ¸
© ¹

 

� � � � � �2 23
2 2 1 2 3 2 1 3 2

2

( ) 1log ( ) ( ) ( ) ,
( ) 2

x td x t x t a a dt a dW t a dW t
x t

P J E D
§ ·

 � � � � � � � �¨ ¸
© ¹

 

� � � � � � � �2 2 22
3 3 4 5 6 4 1 5 2 6 3

3

( ) 1log ( ) ( ) (1 ) ,
( ) 2

x td x t a a a dt a dW t a dW t a dW t
x t

P D J V
§ ·

 � � � � � � � � � �¨ ¸
© ¹

 

� � � � � � � � � �2 2 2 22
4 4 7 8 9 10 7 1 8 2 9 3 10 4

4

( ) 1log ( )
( ) 2

x td x t a a a a dt a dW t a dW t a dW t a dW t
x t

P JV
§ ·

 � � � � � � � � � �¨ ¸
© ¹
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ÿĈĀøĆïǰ 0t !  Ýąĕéš 

� �2
1 1 1 2 1 1 10 0

1

1log ( ) log (0) ( ) ,
( ) 2

t t
x t x x s a ds a dW s

x s
P E

§ ·/
 � � � � �¨ ¸

© ¹
³ ³  

� � � � � �2 23
2 2 2 1 2 3 2 1 3 20 0 0

2

( ) 1log ( ) log (0) ( ) (s) ,
( ) 2

t t tx sx t x x a a ds a dW s a dW s
x s

P J E D
§ ·

 � � � � � � � � �¨ ¸
© ¹
³ ³ ³  

� �2 2 22
3 3 3 4 5 60

3

(s) 1log ( ) log (0) ( ) (1 )
(s) 2

t xx t x a a a ds
x

P D J V
§ ·

 � � � � � � � �¨ ¸
© ¹
³  

               � � � � � �4 1 5 2 6 30 0 0
,

t t t
a dW s a dW s a dW s� � �³ ³ ³  

� �2 2 2 22
4 4 4 7 8 9 100

4

(s) 1log ( ) log (0)
(s) 2

t xx t x a a a a ds
x

P JV
§ ·

 � � � � � � �¨ ¸
© ¹
³  

                � � � � � � � �7 1 8 2 9 3 10 40 0 0 0

t t t t
a dW s a dW s a dW s a dW s� � � �³ ³ ³ ³  

 

ēé÷ÙčèÿöïĆêĉ×ĂÜÖćøĒðøñĆîÖĈúĆÜÿĂÜǰ(the properties of the quadratic variation) ÝąĕéšüŠć 

> @1 1log , log ( )x x t  

2 2
1 2 1 1 2 10 0

1 1

1 1( ) , ( ) ( )
( ) 2 ( ) 2

x s a ds x s a ds t
x s x s

P E P E
ª º§ · § ·/ /

 � � � � � �« »¨ ¸ ¨ ¸
© ¹ © ¹¬ ¼
³ ³
< <

 

    � � � � � �2
1 2 1 1 1 1 1 1 10 0 0 0

1

12 ( ) , ( ) , ( )
( ) 2

x s a ds a dW s t a dW s a dW s t
x s

P E
ª º§ ·/ ª º� � � � �« »¨ ¸ « »¬ ¼© ¹¬ ¼
³ ³ ³ ³
< < < <

 

đîČęĂÜÝćÖ 

� � � � ,i idW t dW t dt�   � � 0,idW t dt�   � � 0idt dW t�   1,..., 4,i�    

    � � � � 0i jdW t dW t�   ,i j� z  Ēúąǰ 0dt dt�   

îĆęîÙČĂ 

� �2
1 1 1 1 10 0

1

1( ) , ( ) 0,
( ) 2

x s a ds a dW s t
x s

P E
ª º§ ·/

� � �  « »¨ ¸
© ¹¬ ¼
³ ³
< <

 

2 2
1 1 1 1 1 10 0

1 1

1 1( ) , ( ) 0,
( ) 2 ( ) 2

x s a ds x s a ds
x s x s

P E P E
ª º§ · § ·/ /

� � � � � �  « »¨ ¸ ¨ ¸
© ¹ © ¹¬ ¼
³ ³
< <
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Ēúą 

� � � � 2
1 1 1 1 10 0

, ( )a dW s a dW s t a tª º  « »¬ ¼³ ³
< <

 

éĆÜîĆĚî ÝąĕéšüŠć 

> @ 2
1 1 1log , log ( )x x t a t  

  ĔîìĈîĂÜđéĊ÷üÖĆîǰÝąĕéšüŠć 

> @1 2 1 2log , log ( )x x t a a t  

> @ 2 2
2 2 2 3log , log ( )x x t a t a t �  

> @1 3 1 4log , log ( )x x t a a t  

> @2 3 2 4 3 5log , log ( )x x t a a t a a t �  

> @ 2 2 2
3 3 4 5 6log , log ( )x x t a t a t a t � �  

> @1 4 1 7log , log ( )x x t a a t  

> @2 4 2 7 3 8log , log ( )x x t a a t a a t �  

> @3 4 4 7 5 8 6 9log , log ( )x x t a a t a a t a a t � �  

> @ 2 2 2 2
4 4 7 8 9 10log , log ( )x x t a t a t a t a t � � �  

                                      

đöČęĂǰ ,n of 0t' o ēé÷ìĊęǰ t n t '  ÝąĕéšüŠć 

� � � �� �� � � � � �� �� �
1

1 1log log 1 log log 1 log , log ( )
n

i i j j i jx t x t x t x t x x t
n t tN

N N N N
 

ª º' � � ' ' � � ' o ¬ ¼' ¦        

^ `, 1, 2,3,4i j� �  
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 éĆÜîĆĚîǰđøćÝąĕéšÿöÖćøðøąöćèÙŠćǰ 1 2 10, ,...,a a a  éšü÷ǰ 1 2 10ˆ ˆ ˆ, ,...,a a a  éĆÜîĊĚ 

� �2 2
1, 1, 1 1

1

1 ˆlog log
n

x x a
T N N

N
�

 

�  ¦  

� �� �1, 1, 1 2, 2, 1 1 2
1

1 ˆ ˆlog log log log
n

x x x x a a
T N N N N

N
� �

 

� �  ¦  

� �2 2 2
2, 2, 1 2 3

1

1 ˆ ˆlog log
n

x x a a
T N N

N
�

 

�  �¦  

� �� �1, 1, 1 3, 3, 1 1 4
1

1 ˆ ˆlog log log log
n

x x x x a a
T N N N N

N
� �

 

� �  ¦  

� �� �2, 2, 1 3, 3, 1 2 4 3 5
1
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43 34a a  

22

3, 1 3, 1 2, 12 3 3 3
44 3 5 6

1 2 2, 1 2 2, 1 2 3, 1

1
n x x xv v va b b b

v x v x v x
N N N

N N N N

� � �

 � � �

ª § ·§ · § · § ·
« � � � � �¨ ¸¨ ¸ ¨ ¸ ¨ ¸¨ ¸ ¨ ¸ ¨ ¸¨ ¸« © ¹ © ¹ © ¹© ¹¬

¦  

                   

2

3, 1 2, 13 3
8 9

2 2, 1 2 3, 1

1
x xv vb b

v x v x
N N

N N

� �

� �

º§ ·§ · § · »� � � �¨ ¸¨ ¸ ¨ ¸¨ ¸ ¨ ¸¨ ¸ »© ¹ © ¹© ¹ ¼
 

2, 1 3, 1 2, 13 3 3
45 6 5 6

1 2 3, 1 2 2, 1 2 3, 1

1 1
n x x xv v va b b b

v x v x v x
N N N

N N N N

� � �

 � � �

ª § ·§ · § · § ·
 � � � �« ¨ ¸¨ ¸ ¨ ¸ ¨ ¸¨ ¸ ¨ ¸ ¨ ¸¨ ¸« © ¹ © ¹ © ¹© ¹¬
¦  

                  2, 1 3, 1 2, 13 3 3
9 8 9

2 3, 1 2 2, 1 2 3, 1

1 1
x x xv v vb b b

v x v x v x
N N N

N N N

� � �

� � �

º§ ·§ · § · § ·
� � � � � »¨ ¸¨ ¸ ¨ ¸ ¨ ¸¨ ¸ ¨ ¸ ¨ ¸¨ ¸»© ¹ © ¹ © ¹© ¹¼
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2, 1 3, 1 2, 13 34
46 10 8 9

1 2 4, 1 2 2, 1 2 3, 1

1 1
n x x xv vva b b b

v x v x v x
N N N

N N N N

� � �

 � � �

ª º§ ·§ · § · § ·
« � � � � »¨ ¸¨ ¸ ¨ ¸ ¨ ¸¨ ¸ ¨ ¸ ¨ ¸¨ ¸« »© ¹ © ¹ © ¹© ¹¼¬

¦  

51 15a a  

52 25a a  

53 35a a  

54 45a a  

2 2

2, 1 2, 12 23 3
55 6 9

1 2 3, 1 2 3, 1

1 1
n x xv va b b

v x v x
N N

N N N

� �

 � �

ª º§ · § ·« » � � �¨ ¸ ¨ ¸¨ ¸ ¨ ¸« »© ¹ © ¹ ¼¬
¦  

2, 1 2, 134
56 10 9

1 2 4, 1 2 3, 1

1 1
n x xvva b b

v x v x
N N

N N N

� �

 � �

ª º§ ·§ · § ·
« � � »¨ ¸¨ ¸ ¨ ¸¨ ¸ ¨ ¸¨ ¸« »© ¹ © ¹© ¹¼¬

¦  

61 16a a  

62 26a a  

63 36a a  

64 46a a  

65 56a a  

2

2, 12 4
66 10

1 2 4, 1

1
n xva b

v x
N

N N

�

 �

ª º§ ·« » �¨ ¸¨ ¸« »© ¹ ¼¬
¦  

 

1, 1, 1 1, 1, 1 2, 2, 12 32
1 1 2 32

1 1, 1 1, 1 2, 1 1, 1 2

1 n x x x x x x bbc b b b
t x x x x v

N N N N N N

N N N N N

� � �

 � � � �

ª § ·§ ·� � �
 � � � � � �¨ ¸¨ ¸« ¨ ¸¨ ¸' «¬ © ¹© ¹

¦  

                     1, 1, 1 2, 2, 1 3, 3, 1 54
4 5 6

1, 1 2, 1 3, 1 1, 1 2

x x x x x x bbb b b
x x x x v

N N N N N N

N N N N

� � �

� � � �

§ ·§ ·� � �
� � � � �¨ ¸¨ ¸¨ ¸¨ ¸
© ¹© ¹

 

                     1, 1, 1 2, 2, 1 3, 3, 1 4, 4, 1 7 8
7 8 9 10

1, 1 2, 1 3, 1 4, 1 1, 1 2

x x x x x x x x b bb b b b
x x x x x v

N N N N N N N N

N N N N N

� � � �

� � � � �

º§ ·§ ·� � � �
� � � � � � »¨ ¸¨ ¸¨ ¸¨ ¸»© ¹© ¹¼
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1, 1, 1 1, 1, 1 2, 2, 12 1
2 1 2 3 2 3

1 1, 1 1, 1 2, 1 2

1 n x x x x x x vc b b b b b
t x x x v

N N N N N N

N N N N

� � �

 � � �

ª § ·� � � § ·
 � � � �¨ ¸« ¨ ¸¨ ¸' « © ¹¬ © ¹

¦  

                   1, 1, 1 2, 2, 1 3, 3, 1 1
4 5 6 4 5

1, 1 2, 1 3, 1 2

x x x x x x vb b b b b
x x x v

N N N N N N

N N N

� � �

� � �

§ ·� � � § ·
� � � �¨ ¸¨ ¸¨ ¸© ¹© ¹

 

        1, 1, 1 2, 2, 1 3, 3, 1 4, 4, 1 1
7 8 9 10 7 8

1, 1 2, 1 3, 1 4, 1 2

x x x x x x x x vb b b b b b
x x x x v

N N N N N N N N

N N N N

� � � �

� � � �

º§ ·� � � � § ·
� � � � � »¨ ¸¨ ¸¨ ¸© ¹»© ¹ ¼

 

� � � �1, 1, 1 1, 1, 1 2, 2, 12
3 1 2, 1 2 3 2 2, 1 3 1, 1

1 1, 1 1, 1 2, 1

1 n x x x x x x
c b x b b b x b x

t x x x
N N N N N N

N N N
N N N N

� � �
� � �

 � � �

ª§ · § ·� � �
 � � � �«¨ ¸ ¨ ¸¨ ¸ ¨ ¸' «© ¹ © ¹¬

¦  

        � �1, 1, 1 2, 2, 1 3, 3, 1
4 5 6 4 2, 1 5 1, 1

1, 1 2, 1 3, 1

x x x x x x
b b b b x b x

x x x
N N N N N N

N N
N N N

� � �
� �

� � �

§ ·� � �
� � � �¨ ¸¨ ¸
© ¹

 

          � �1, 1, 1 2, 2, 1 3, 3, 1 4, 4, 1
7 8 9 10 7 2, 1 8 1, 1

1, 1 2, 1 3, 1 4, 1

x x x x x x x x
b b b b b x b x

x x x x
N N N N N N N N

N N
N N N N

� � � �
� �

� � � �

º§ ·� � � �
� � � � � »¨ ¸¨ ¸ »© ¹ ¼

 

1, 1, 1 2, 2, 1 3, 13
4 2 3 3

1 1, 1 2, 1 2 2, 1

1 n x x x x xvc b b b
t x x v x

N N N N N

N N N N

� � �

 � � �

ª§ ·§ ·� �
 � � �«¨ ¸¨ ¸¨ ¸¨ ¸' «© ¹© ¹¬

¦  

  1, 1, 1 2, 2, 1 3, 3, 1 3, 1 2, 13 3
4 5 6 5 6

1, 1 2, 1 3, 1 2 2, 1 2 3, 1

1
x x x x x x x xv vb b b b b

x x x v x v x
N N N N N N N N

N N N N N

� � � � �

� � � � �

§ ·§ · § · § ·� � �
� � � � � �¨ ¸¨ ¸ ¨ ¸ ¨ ¸¨ ¸ ¨ ¸ ¨ ¸¨ ¸© ¹ © ¹ © ¹© ¹

            

1, 1, 1 2, 2, 1 3, 3, 1 4, 4, 1 3, 1 2, 13 3
7 8 9 10 8 9

1, 1 2, 1 3, 1 4, 1 2 2, 1 2 3, 1

1
x x x x x x x x x xv vb b b b b b

x x x x v x v x
N N N N N N N N N N

N N N N N N

� � � � � �

� � � � � �

º§ ·§ · § · § ·� � � �
� � � � � � � »¨ ¸¨ ¸ ¨ ¸ ¨ ¸¨ ¸ ¨ ¸ ¨ ¸¨ ¸»© ¹ © ¹ © ¹© ¹¼

 

1, 1, 1 2, 2, 1 3, 3, 1 2, 13
5 4 5 6 6

1 1, 1 2, 1 3, 1 2 3, 1

1 1
n x x x x x x xvc b b b b

t x x x v x
N N N N N N N

N N N N N

� � � �

 � � � �

ª§ ·§ ·� � �
 � � � �«¨ ¸¨ ¸¨ ¸¨ ¸' «© ¹© ¹¬

¦  

                     1, 1, 1 2, 2, 1 3, 3, 1 4, 4, 1 2, 13
7 8 9 10 9

1, 1 2, 1 3, 1 4, 1 2 3, 1

1
x x x x x x x x xvb b b b b

x x x x v x
N N N N N N N N N

N N N N N

� � � � �

� � � � �

º§ ·§ ·� � � �
� � � � � »¨ ¸¨ ¸¨ ¸¨ ¸ »© ¹© ¹ ¼

 

1, 1, 1 2, 2, 1 3, 3, 1 4, 4, 1 2, 14
6 7 8 9 10 10

1 1, 1 2, 1 3, 1 4, 1 2 4, 1

1 1
n x x x x x x x x xvc b b b b b

t x x x x v x
N N N N N N N N N

N N N N N N

� � � � �

 � � � � �

ª º§ ·§ ·� � � �
 � � � � �« »¨ ¸¨ ¸¨ ¸¨ ¸' « »© ¹© ¹ ¼¬

¦  
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éĆÜîĆĚîǰđøćÝąĕéšÖćøðøąöćèÙŠćóćøćöĉđêĂøŤìĊęđĀöćąÿčéēé÷ÖćøĔßšÖã×ĂÜÙøćöđöĂøŤĔîÖćøĒÖšøąïïÿöÖćø

đßĉÜđÿšîǰéĆÜîĊĚ 

1
ˆˆ ,ˆ
D
D

/          2
1

ˆ
ˆ ,ˆ

D
D

P          3
ˆˆ ,ˆ
D
D

E          4
ˆ

ˆ ,ˆ
D
D

D          5
3

ˆ
ˆ ,ˆ

D
D

P          6
4

ˆ
ˆ ˆ

D
D

P   	���
 

 

ēé÷ìĊę 

1 12 16

2 22 26
1

6 62 66

ˆ ,

c a a
c a a

D

c a a

 

!
!

# # #
!

       

11 1 16

21 2 26

61 6 66

ˆ ,i

a c a
a c a

D

a c a

 

! !
! !

# # #
! !

       

12 15 1

22 25 2
6

62 65 6

ˆ ,

a a c
a a c

D

a a c

 

"
"

# # #
!

 

11 12 16

21 22 26

61 62 66

ˆ

a a a
a a a

D

a a a

 

!
!

# # #
!

                             
thi column
n

 

Ēúą 

� � 3 4
3 4

2 2

ˆ ˆˆ ˆ ,Q QJ P D P
Q Q

 � �           4 4

2

ˆˆ ,
ˆ
P QV
J Q

           31
2 1

2 2 2

ˆ
ˆ ˆˆ ˆ QQP P D J

Q Q Q
/

 � � �  	���
 

 

  ÿĈĀøĆïÖćøìéÿĂïÖćøĀćÙŠć×ĂÜóćøćöĉđêĂøŤǰđøćÝąìĈÖćøÝĈúĂÜêĆüĒïïǰ	���
ǰđóČęĂđðŨî×šĂöĎúÝĈúĂÜÿĈĀøĆï

ÖćøĀćÙŠćóćøćöĉđêĂøŤǰĒúšüìéÿĂïðøąÿĉìíĉõćóēé÷ÖćøđðøĊ÷ïđìĊ÷ïÖĆïÙŠćóćøćöĉđêĂøŤÝøĉÜìĊęĔßšĔîÖćøÝĈúĂÜǰàċęÜÝą

ĒÿéÜñúĔîïìêŠĂĕð 
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ïììĊęǰ� 

ÖćøÝĈúĂÜÿöÖćøđßĉÜĂîčóĆîíŤÿēêĒÙÿêĉÖ 

 

   đøćÝąÝĈúĂÜÿöÖćøđßĉÜĂîčóĆîíŤÿēêĒÙÿêĉÖǰ	���) ēé÷ĔßšüĉíĊÖćøĂĂ÷đúĂøŤ-öćøč÷ćöćàċęÜöĊßŠüÜ÷ŠĂ÷ÖüšćÜǰ

0.001,'  [0,1000]t�  ēé÷đøćÝąĔĀšǰ 13,U 14U  öĊÙŠćđðŨîïüÖǰĒúąǰ 12 ,U 23,U 24 ,U 34U  öĊÙŠćđðŨîúï đîČęĂÜÝćÖñĎšìĊę

ÖĈúĆÜÿĎïïčĀøĊęÝąđðŨîĒïïĂ÷ŠćÜĔĀšñĎšĂČęîĂ÷ćÖÿĎïïčĀøĊęêćöéšü÷  

  éĆÜîĆĚîǰđøćÝąĔĀšóćøćöĉđêĂøŤöĊÙŠćéĆÜêŠĂĕðîĊĚ  

200,/   

0.15,D   

2 0.2,V   

14 0.05,U   

1 0.1,P   

0.01,E   

3 0.1,V   

23 0.05,U  �  

2 0.2,P   

0.3,J   

4 0.1,V   

24 0.05,U  �  

3 0.15,P   

0.4,V   

12 0.1,U  �  

34 0.005U  �  

4 0.1,P   

1 0.2,V   

13 0.025,U   
	���
 

ĒúąÙŠćđøĉęöêšîǰ 1(0) 250,x  2 (0) 700,x  3 (0) 450,x  4 (0) 400x   ēé÷ÖćøđðøĊ÷ïđìĊ÷ïÝĈîüîðøąßćÖøìĆĚÜǰ�ǰ

ðøąđõìǰĒúąðøąßćÖøìĆĚÜĀöéǰéĆÜøĎðǰ���  

 

 

 

 

 

 

 

 

 

 

 

   

 

 

øĎðǰ���  
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  êŠĂöćǰđøćÝąđðøĊ÷ïđìĊ÷ïÿöÖćøđßĉÜĂîčóĆîíŤÿēêĒÙÿêĉÖǰ	���) ÖĆïÿöÖćøéĊđìĂøŤöĊîĉÿêĉÖǰ	���
ǰĒúąđóČęĂìĊęÝąĀć

ÝĈîüîðøąßćÖøĒêŠúąðøąđõìĔĀšĔÖúšđÙĊ÷ÜÙŠćìĊęĒìšÝøĉÜǰđøćÝċÜĀćÙŠćđÞúĊę÷ÝćÖÖćøÝĈúĂÜÿöÖćøđßĉÜĂîčóĆîíŤÿēêĒÙÿêĉÖ 

���ǰÙøĆĚÜǰéĆÜøĎðǰ��� 

 

 

 

 

 

 

ÝćÖøĎðǰ���ǰÝąđĀĘîüŠćÙŠćđÞúĊę÷ìĊęĕéšöĊÙüćöĔÖúšđÙĊ÷ÜÖĆïÙŠćìĊęöćÝćÖÿöÖćøéĊđìĂøŤöĊîĉÿêĉÖǰ	���
 ìĊęĕöŠöĊÖćøøïÖüî 

 

 

 

 

 

 

 

 

 

 

   

 

 

 

øĎðǰ��� 
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 ÿčéìšć÷îĊĚǰđøćÝąðøąöćèÙŠćóćøćöĉđêĂøŤēé÷ĔßšÿöÖćø 	���

ǰ	���

ǰ	���

ǰ	���
ǰàċęÜĔßš×šĂöĎúÝćÖÖćøÝĈúĂÜ

éšü÷óćøćöĉđêĂøŤĔîÿöÖćøǰ	���) ÝąĕéšÙŠćðøąöćèĒêŠúąÙøĆĚÜǰéĆÜîĊĚ 

óćøćöĉđêĂøŤ 
ÙŠćðøąöćè 

ÙøĆĚÜìĊęǰ� ÙøĆĚÜìĊęǰ� ÙøĆĚÜìĊęǰ� ÙøĆĚÜìĊęǰ� ÙøĆĚÜìĊęǰ� 

/̂  �������� �������� �������� �������� �������� 

1P̂  ������ ������ ������ ������ ������ 

2P̂  ������ ������ ������ ������ ������ 

3P̂  ������ ������ ������ ������ ������ 

4P̂  ������ ������ ������ ������ ������ 

D̂  ������ ������ ������ ������ ������ 

Ê  ������ ������ ������ ������ ������ 

Ĵ  ������ ������ ������ ������ ������ 

V̂  ������ ������ ������ ������ ������ 

1V̂  ������ ������ ������ ������ ������ 

2V̂  ������ ������ ������ ������ ������ 

3V̂  ������ ������ ������ ������ ������ 

4V̂  ������ ������ ������ ������ ������ 

12Û  -������ -������ -������ -������ -������ 

13Û  ������ ������ ������ ������ ������ 

14Û  ������ ������ ������ ������ ������ 

23Û  -������ -������ -������ -������ -������ 

24Û  -������ -������ -������ -������ -������ 

34Û  -������ -������ -������ -������ -������ 
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óćøćöĉđêĂøŤ 
ÙŠćðøąöćè 

ÙøĆĚÜìĊęǰ� ÙøĆĚÜìĊęǰ� ÙøĆĚÜìĊęǰ� ÙøĆĚÜìĊęǰ� ÙøĆĚÜìĊęǰ�� 

/̂  �������� �������� �������� �������� �������� 

1P̂  ������ ������� ������ ������ ������ 

2P̂  ������ ������ ������ ������ ������ 

3P̂  ������ ������ ������ ������ ������ 

4P̂  ������ ������ ������ ������ ������ 

D̂  ������ ������ ������ ������ ������ 

Ê  ������ ������ ������ ������ ������ 

Ĵ  ������ ������ ������ ������ ������ 

V̂  ������ ������ ������ ������ ������ 

1V̂  ������ ������ ������ ������ ������ 

2V̂  ������ ������ ������ ������ ������ 

3V̂  ������ ������ ������ ������ ������ 

4V̂  ������ ������ ������ ������ ������ 

12Û  -������ -������ -������ -������ -������ 

13Û  ������ ������ ������ ������ ������ 

14Û  ������ ������ ������ ������ ������ 

23Û  -������ -������ -������ -������ -������ 

24Û  -������ -������ -������ -������ -������ 

34Û  -������ -������ -������ -������ -������ 
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  ÙŠćđÞúĊę÷×ĂÜÙŠćðøąöćèóćøćöĉđêĂøŤÝćÖÖćøÝĈúĂÜǰ��ǰÙøĆĚÜ îĈöćđðøĊ÷ïđìĊ÷ïÖĆïÙŠćÝøĉÜǰóøšĂöìĆĚÜÙĈîüèÙŠć

Ùüćöñĉéóúćéǰabsolute error and relative error ĒÿéÜéĆÜêćøćÜêŠĂĕðîĊĚ  

óćøćöĉđêĂøŤ ÙŠćðøąöćè ÙŠćÝøĉÜ abs-err rel-err 

/̂  �������� ��� ������ ������ 

1P̂  ������ ��� ������ ������� 

2P̂  ������ ��� ������ ������ 

3P̂  ������ ���� ������ ������ 

4P̂  ������ ��� ������ ������ 

D̂  ������ ���� ������ ������ 

Ê  ������ ���� ������ ������ 

Ĵ  ������ ��� ������ ������ 

V̂  ������ ��� ������ ������ 

1V̂  ������ ��� ������ ������ 

2V̂  ������ ��� ������ ������ 

3V̂  ������ ��� ������ ������ 

4V̂  ������ ��� ������ ������ 

12Û  -������ -��� ������ ������ 

13Û  ������ ����� ������ ������ 

14Û  ������ ���� ������ ������ 

23Û  -������ -���� ������ ������ 

24Û  -������ -���� ������ ������ 

34Û  -������ -����� ������ ������ 

 

ÝćÖêćøćÜÝąđĀĘîĕéšüŠćǰÙŠćðøąöćèóćøćöĉđêĂøŤìĊęĕéšĔîÖćøìéÿĂïöĊÙüćöĒöŠî÷ĈǰđðŨîÖćø÷Čî÷ĆîÙüćöëĎÖêšĂÜ×ĂÜÿĎêø

ĒúąüĉíĊÖćøìĊęĔßšĔîÖćøÙĈîüèìĊęĕéšđÿîĂĕüšĔîïìÖŠĂîĀîšćîĊĚ 
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Background and Rationale 

 As we all know, smoking is not only harmful to human health, but it also does harm to a smoker’s 

whole family. In the long run, smoking also harm to the whole society. In recent years, several researchers 

have proposed some mathematical models to characterize smoking behavior. First, Castillo-Garsow et al 

[1] presented a deterministic smoking model, then Sharomi and Gumel [2] further developed the 

deterministic model. For fixed time ݐ ൒ 0, they separated the total population ܰ into four classes: potential 

smokers ܲ(ݐ), current smokers ܵ(ݐ), smokers who temporarily quit smoking ܳ௧(ݐ), and smokers who have 

quit smoking permanently ܳ௣(ݐ). The smoking model [2] can be written as 
 

(ݐ)ܲ݀  = ܰߤ] െ (ݐ)ଵܲߤ െ  ,ݐ݀[(ݐ)ܵ(ݐ)ܲߚ

(ݐ)ܵ݀ = [െ(ߤଶ + (ݐ)ܵ(ߛ + (ݐ)ܵ(ݐ)ܲߚ +  ,ݐ݀[(ݐ)௧ܳߙ

݀ܳ௧(ݐ) = [െ(ߤଷ + (ݐ)௧ܳ(ߙ + 1)ߛ െ  ,ݐ݀[(ݐ)ܵ(ߪ

݀ܳ௣(ݐ) = ൣെߤସܳ௣(ݐ) +  ,ݐ൧݀(ݐ)ܵߪߛ

 

where ܲ(0) > 0, ܵ(0) > 0, ܳ௧(0) > 0, ܳ௣(0) > 0 and 0 < ,ߤ ,ଵߤ ,ଷߤ,ଶߤ ,ߚ,ߙ,ସߤ ߪ,ߛ < 1. 
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  Although deterministic smoking model can characterize the dynamical behavior of the smoking 

population in some way, it assumes that parameters are deterministic irrespective of environmental 

fluctuations, which imposes some limitations in mathematical modeling of ecological systems. Recently, 

X. Zhang et al [3] proposed the following system of stochastic differential equations (SDEs) 

  

(ݐ)ܲ݀  = ܰߤ] െ (ݐ)ଵܲߤ െ ݐ݀[(ݐ)ܵ(ݐ)ܲߚ + ݀(ݐ)ଵܲߪ ଵܹ(ݐ), 

(ݐ)ܵ݀ = [െ(ߤଶ + (ݐ)ܵ(ߛ + (ݐ)ܵ(ݐ)ܲߚ + ݐ݀[(ݐ)௧ܳߙ + ݀(ݐ)ଶܵߪ ଶܹ(ݐ), 

݀ܳ௧(ݐ) = [െ(ߤଷ + (ݐ)௧ܳ(ߙ + 1)ߛ െ ݐ݀[(ݐ)ܵ(ߪ + ݀(ݐ)ଷܳ௧ߪ ଷܹ(ݐ), 

݀ܳ௣(ݐ) = ൣെߤସܳ௣(ݐ) + ݐ൧݀(ݐ)ܵߪߛ + ݀(ݐ)ସܳ௣ߪ ସܹ(ݐ), 

(1) 

where ߪ௜ > 0 are constants and ௜ܹ(ݐ), ݅ = 1,… , 4, are independent standard Brownian motions. 

 In this work, we will study the system of SDEs (1) in the case that the standard Brownian 

motions, ௜ܹ(ݐ), ݅ = 1,… , 4, are dependent as a more general model. The dependent condition is considered 

in this work because we think that the four classes are related to each other in general. For example, the 

smokers who have quit smoking permanently ܳ௣(ݐ) can also motivate the current smokers ܵ(ݐ) to quit 

smoking.  

 Moreover, parameter estimation for stochastic differential equations has been a topic of interest in 

recent years. We will simulate the data in order to analyse the behavior of the stochastic smoking model 

and estimate the parameters by using maximum likelihood estimation based on simulated data. 

Objectives  

1. To develop the stochastic smoking model by adding dependent noises 

2. To estimate the parameters in stochastic smoking model with dependent noises 

Scope 

1. The SDE model in this work is given by the equation (1). 
2. We will use maximum likelihood estimation for estimating the parameters. 

3. We will use Euler–Maruyama method for the simulation. 
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Project Activities 

1. Review basic knowledge and articles on SDEs which are related to our project 

2. Defend the project proposal 

3. Perform parameter estimation and simulation 

4. Conclude results and write a report 
 

Research Plan 

Project Activities 
Month, 2019 Month, 2020 

Jul. Aug. Sep. Oct. Nov. Dec. Jan. Feb. Mar. Apr. 

1. Review basic knowledge and articles 

on SDEs which are related to our project 

          

2. Defend the project proposal           

3. Perform parameter estimation and 

simulation 

          

4. Conclude results and write a report            
 

Benefits 

The benefits to the student who implements this project are as follows. 

1. Obtain the skills to search for information and to improve thinking process 

2. Gain knowledge in SDE and know how to implement a numerical method for a certain system of 

SDEs 

The benefits for users of this project are as follows. 

1. Obtain the general model for smoking behavior based on stochastic with dependent noises 

Equipment 

1. Computer 

2. Paper 

3. Printer 

4. Software  
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Budget 

1. Paper A4  600  Baht. 

2. Printer ink 2,500  Baht. 

3. Stationery 400  Baht. 

4.    Photocopy  1,500 Baht. 
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