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ĂYดรYเรüัต ถนัดกิจĀิรัญ. fk ĀนšาY

กลไพŠขĂงมารŤตินการŤดเนĂรŤเปŨนกลไพŠคณิตýาÿตรŤที่เกŠาแกŠ ที่ใชšคüามรูšในเรื่Ăงเลขฐาน

และการจัดเรียงมาÿรšางกลไพŠ üิธีการเลŠนกลไพŠ คืĂ ใĀšผูšÿังเกตเลืĂกจำไพŠที่ตšĂงการ Āลังจาก

นั้นแบŠงไพŠเปŨนĀลาย ๆ กĂง แลšüผูšÿังเกตชี้กĂงที่มีไพŠที่เลืĂก ทำเชŠนนี้Āลาย ๆ ครั้ง ÿุดทšายไพŠ

ที่เลืĂกจะÿามารถไปปรากฏในตำแĀนŠงที่ตšĂงการ เนื่ĂงจากกลไพŠขĂงการŤดเนĂรŤและกลไพŠ

Ăื่นที่ไดšถูกขยายตามมานั้นยังไมŠครĂบคลุมในบางกรณี จึงมีคüามนŠาÿนใจที่จะýึกþาเงื่Ăนไขที่

ทำใĀšกลไพŠมีผลเฉลยและüิธีการเลŠนแบบตŠาง ๆ ขĂงปŦญĀานั้น กลไพŠนี้มี k พารามิเตĂรŤ ไดšแกŠ

จำนüนกĂงที่แบŠงไพŠ จำนüนไพŠในแตŠละกĂง และจำนüนรĂบที่จัดเรียงไพŠ ในโครงงานนี้เราไดš

ÿรšางโปรแกรมÿำเร็จรูปที่ÿามารถตรüจÿĂบปŦญĀาขĂงการŤดเนĂรŤÿำĀรับชุดพารามิเตĂรŤที่

กำĀนดüŠามีผลเฉลยĀรืĂไมŠมีผลเฉลย ยิ่งไปกüŠานั้นÿำĀรับชุดพารามิเตĂรŤที่มีผลเฉลยเราจะไดš

üิธีการเลŠนทั้งĀมดÿำĀรับปŦญĀานั้นดšüย เราไดšใĀšขšĂคาดการณŤขĂงเงื่ĂนไขคüามÿัมพันธŤขĂง

พารามิเตĂรŤที่ทำใĀšการเลŠนกลไพŠแบบการŤดเนĂรŤมีผลเฉลยĀรืĂไมŠมีผลเฉลยĂีกดšüย

ภาคüิชา คณิตýาÿตรŤและüิทยาการ

คĂมพิüเตĂรŤ
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kYlS 7Cu M �N0 K. anN N UaR<a�L Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y lf
kYll 7Cu M �N0 N . anN K UaR<a�L Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y le
kYlk 7Cu K. anN M �N0 N UaR<a�L Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y le



+@�Uj3a B

BMi`Q/m+iBQM
i@3 ;3a<RNN3 kAUCI3 UaR$I3L )9* Cc � L�j@3L�jC,�I ,�a0 jaC,G. s@C,@ s�c

UaRURc30 CN S4SkY ?RI0 � 03,G R8 27 ,�a0c �N0 j@3 UaR$I3L Cc jR G33U ja�,G R8 j@3
IR,�jCRN R8 j@3 ,�a0 j@�j s�c c3I3,j30 CN j@3 $3<CNNCN<Y �j ~acj. � cU3,j�jRa c3I3,jc
�Nw ,�a0 CN � 03,G. L3LRaCy3c Cj �N0 c@n}3c j@3 03,G �c Ln,@ �c 03cCa30Y i@3 L�A
<C,C�N ,a3�j3 j@a33 8�,3AnU UCI3c R8 NCN3 ,�a0c $w 03�ICN< j@3 jRU ,�a0c a3cU3,jCq3Iw
RNjR j@3 I38j. LC00I3. j@3N aC<@j UCI3 �N0 a3U3�jCN< nNjCI �II j@3 ,�a0c �a3 <RN3Y MRs.
@3 <3jc 3 UCI3c R8 ,�a0cY M3uj. j@3 U�ajC,CU�Nj URCNjc jR s@C,@ UCI3 ,RNj�CNc j@3 ,@RA
c3N ,�a0Y �8j3a j@�j. j@3 L�<C,C�N <�j@3a �II j@Rc3 UCI3c �N0 Unj j@3 ,@Rc3N UCI3 jR
j@3 LC00I3Y i@3 UaR$I3L CNqRIq3c 0CcjaC$njCN< j@3c3 ,�a0c sCj@ j@Cc c�L3 UaR,3cc 3

jCL3cY 7CN�IIw. j@3 L�<C,C�N ,�N L�G3 j@3 LC00I3 R8 j@3 03,G jR $3 j@3 ,@Rc3N ,�a0Y

BN S4O9. /C,GcRN <3N3a�ICy30 ;3a<RNN3 3AUCI3 UaR$I3L. ,�II30 ;3a<RNN3 NA
UCI3 UaR$I3L )k*Y r3 ,�N U3a8RaL j@3 jaC,G sCj@ �Nw nn ,�a0c $w 0RCN< j@3 cCLCI�a
UaR,30na3 �c j@3 ;3a<RNN3 3AUCI3 UaR$I3LY i@3 U�,G Cc 03�Ij CNjR n UCI3c R8 nn−1

,�a0c 3�,@ �N0 s3 0R j@3 a3cj�,GCN< UaR,30na3 n jCL3cY MRj cnaUaCcCN<Iw. j@3 ,@Rc3N
,�a0 c@�II �UU3�a �j j@3 LC00I3 R8 j@3 03,GY

/naCN< j@3 U�cj ,3Njnaw j@3 jaC,G s�c CN,In030 CN $RRGc RN a3,a3�jCRN�I L�j@A
3L�jC,cY BN K�j@3L�jC,c. K�<C, �N0 Kwcj3aw. K�ajCN ;�a0N3a 3qRIq30 ;3a<RNN3
3AUCI3 UaR$I3L jR j@3 leA,�a0 jaC,G ):*Y BN @Cc jaC,G. Cj Cc cCLCI�a jR j@3 ;3a<RNN3 3A
UCI3 UaR$I3L. $nj �j j@Cc jCL3. j@3 cU3,j�jRa ,�N ,@RRc3 j@3 URcCjCRN. c�w x. $3js33N
1 �N0 27 �j s@C,@ @3 s�Njc j@3 ,@Rc3N ,�a0 jR ~N�IIw �UU3�aY �8j3a U3a8RaLCN< j@3
;3a<RNN3 UaR,30na3 sCj@ 3 UCI3c �N0 3 jCL3c �cc3L$Iw a3cj�,G30 CN �Nw Ra03a j@3
L�<C,C�N s�Njc. j@3 xth ,�a0 R8 j@3 03,G Cc a3q3�I30 jR $3 j@3 ,@Rc3N ,�a0Y BN <3NA
3a�I. s3 ,�N 03�I � U�,G R8 �Nw nk ,�a0c CNjR n UCI3c �N0 a3U3�j j@Cc UaR,30na3 k

jCL3cd s3 ,�N UI�,3 j@3 ,@Rc3N ,�a0 �j �Nw 03cCa30 URcCjCRN CN j@3 03,G )l*Y



l

BN lzSz. #RIG3a <3N3a�ICy30 j@Cc jaC,G $w ncCN< a�0Cu cRaj )S*Y mcCN< � LCu30
a�0Cu ,RNq3acCRN. wRn ,�N 0R ;�a0N3aȕc jaC,G sCj@ � 03,G R8 �Nw NnL$3a R8 ,�a0c
wRn sCc@ $w 03�ICN< j@3 03,G CNjR 8�,jRac R8 j@3 NnL$3a R8 ,�a0c CN j@3 03,GY 7Ra
3u�LUI3. 8Ra � 03,G R8 54 = 6 × 3 × 3 ,�a0c. s3 ,�N U3a8RaL $w 03�ICN< j@3 ,�a0c
CNjR 6 UCI3c 8Ra j@3 ~acj aRnN0. �N0 3 UCI3c 8Ra j@3 c3,RN0 �N0 j@Ca0 aRnN0cY vRn ,�N
�IcR U3a8RaL j@3 jaC,G $w 03�ICN< j@3 ,�a0c CNjR 3, 9 �N0 2 UCI3c 8Ra j@3 ~acj. c3,RN0
�N0 j@Ca0 aRnN0c. a3cU3,jCq3IwY

BN j@Cc UaRE3,j. s3 ,�II j@3 UaR$I3L j@�j s3 ~N�IIw Unj j@3 ,@Rc3N ,�a0 jR j@3
LC00I3 Ȓ;3a<RNN3ȕc UaR$I3Lȓ. j@3 UaR$I3L j@�j s3 ,�N Unj j@3 ,@Rc3N ,�a0 jR j@3
URcCjCRN j@�j j@3 cU3,j�jRa 03cCa3c Ȓ;�a0N3aȕc UaR$I3Lȓ. jR @Cc @RNRa. j@3 UaR$I3L
j@�j ,�N $3 U3a8RaL30 $w 03�ICN< nN3\n�I ,�a0c CN 3�,@ aRnN0 Ȓ#RIG3aȕc UaR$I3LȓY
MRj3 j@�j. 8Ra ;3a<RNN3ȕc UaR$I3L �N0 ;�a0N3aȕc UaR$I3L. 3�,@ UCI3 Lncj @�q3 j@3
c�L3 @3C<@j CN 3q3aw cCN<I3 aRnN0Y

Bj Cc CNj3a3cjCN< jR ~N0 j@3 03,G sCj@ j@3 cCy3 Rj@3a j@�N nk ,�a0c j@�j s3 ,�N
U3a8RaL K�ajCN ;�a0N3aȕc ,�a0 jaC,G sCj@Rnj LCu30 a�0Cu L3j@R0Y 7Ra 3u�LUI3. s3
,�N U3a8RaL j@3 #RIG3aȕc jaC,G sCj@ 52 ,�a0c $w 03�ICN< j@3 03,G CNjR 4 UCI3c �N0 13

UCI3cY ?Rs3q3a. Cj c33Lc @�a0 jR 03�I j@3 03,G CNjR 13 UCI3c �N0 Cj 0R3c NRj cRnN0
ICG3 L�<C,Y i@nc. �c � a3�IAsRaI0 U3a8RaL�N,3. s3 s�Nj jR 03�I ,�a0c CNjR � ~u30
NnL$3a R8 UCI3c. c�w 4Y MRs. s3 s�Nj jR GNRs @Rs L�Nw jCL3c j@�j s3 N330 jR 0R
j@3 a3cj�,GCN< UaR,30na3 jR <n�a�Nj33 j@�j s3 ,�N ~N�IIw Unj j@3 ,@Rc3N ,�a0 8aRL
j@3 cU3,j�jRa jR j@3 ,@Rc3N URcCjCRNY

BN j@Cc UaRE3,j. s3 s�Nj jR UaRqC03 �N CNcj�Nj UaR<a�L s@C,@ ,�N j3II s@3j@3a �
;�a0N3aȕc UaR$I3L sCj@ <Cq3N U�a�L3j3ac s@C,@ �a3 j@3 NnL$3a R8 UCI3c. j@3 NnL$3a
R8 ,�a0c CN 3�,@ UCI3c �N0 j@3 NnL$3a R8 aRnN0c jR a3cj�,G j@3 UCI3c Cc �$I3 jR $3
U3a8RaL30 Ra NRjY B8 Cj Cc. �II URccC$I3 s�wc jR U3a8RaL j@3 ;�a0N3aȕc jaC,G �a3 �IcR
UaRqC030Y r3 @RU3 j@�j j@Cc CNcj�Nj UaR<a�L ,�N $3 � jRRI jR @3IU cjn0w j@3 ;�a0N3aȕc
UaR$I3LY



k

BN +@�Uj3a BB. cRL3 Ua3ICLCN�aC3c �N0 NRj�jCRNc j@�j s3 nc3 �a3 UaRqC030Y i@3
�I<RaCj@L 8Ra ~N0CN< j@3 cRInjCRN. �N0 ;�a0N3aȕc jaC,G cRInjCRN CNcj�Nj UaR<a�L �a3
UaRqC030 CN +@�Uj3a BBBY r3 �IcR c@Rs j@3 a3cnIj R8 cRL3 CNj3a3cjCN< ,�c3c CN +@�Uj3a
BpY 7CN�IIw. ,RN,IncCRN �N0 0Cc,nccCRN �a3 UaRqC030 CN +@�Uj3a pY



+@�Uj3a BB

T`2HBKBM�`B2b
BN j@Cc ,@�Uj3a. s3 <Cq3 cRL3 CIIncja�jCRNc R8 j@3 ;�a0N3aȕc ,�a0 jaC,GY r3 �IcR

UaRqC03 03~NCjCRNc �N0 NRj�jCRNc j@�j s3 nc3 j@aRn<@Rnj j@Cc sRaGY

lYS MnL$3a #�c3c

i@3 LRcj ,RLLRNIw nc30 NnL$3a cwcj3L Cc 03,CL�I. GNRsN �c $�c3 10Y i@3
UI�,3 q�In3 R8 3�,@ 0C<Cj Cc � URs3a R8 j3N- 100, 101, 102, 103, �N0 cR RN. s@C,@ L3�Nc
j@�j. cj�ajCN< 8aRL j@3 aC<@j LRcj 0C<Cj. j@3 ~acj 0C<Cj Cc sRaj@ 1. j@3 2nd 0C<Cj sRaj@
10. j@3 3rd 0C<Cj sRaj@ 100. j@3 4th 0C<Cj sRaj@ 1000 �N0 cR RNY i@3 $�c3 NnL$3a Cc
saCjj3N �c � cn$c,aCUjY 7Ra 3u�LUI3. 237 Cc a3�0 �c 23 $�c3 7. s@C,@ Cc 17 CN $�c3 10Y
MRaL�IIw. s3 0R NRj N330 jR saCj3 j@3 $�c3 NnL$3a 8Ra $�c3 10Y

BN j@3 ;�a0N3aȕc UaR$I3L sCj@ 27 ,�a0c. s3 N330 jR ,RNq3aj 8aRL � a3<nI�a
NnL$3a CN $�c3 10 jR � j3aN�aw NnL$3aY i@3 UI�,3 q�In3 R8 3�,@ 0C<Cj R8 � j3aN�aw
NnL$3a Cc � URs3a R8 j@a33. s@C,@ Cc 30, 31, 32, 33. �N0 cR RNY BN j@3 ~acj cj3U. 0CA
qC03 wRna 03cCa30 NnL$3a $w 3 jR <3j � a3L�CN03aY M3uj. a3U3�j j@Cc UaR,30na3 $w
0CqC0CN< j@3 Ua3qCRnc \nRjC3Nj $w 3Y +RNjCNn3 a3U3�jCN< j@Cc 0CqCcCRN UaR,3cc nNjCI
wRna \nRjC3Nj NnL$3a $3,RL3c y3aRY i@3 �Ncs3a Cc j@3 a3L�CN03ac ,RII3,j30 8aRL
j@3 I�cj a3L�CN03a jR j@3 ~acj RN3Y i�$I3 lYS c@Rsc �N 3u�LUI3 R8 ,RNq3ajCN< 125 CN
$�c3 10 jR 111223Y

i�$I3 lYS- +@�N<CN< 125 jR $�c3 3

/CqCcCRN [nRjC3Nj `3L�CN03a V/C<CjW TI�,3 p�In3
125
3 41 2 30

41
3 13 2 31

13
3 4 1 32

4
3 1 1 33

1
3 0 1 34
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r3 ,�N �IcR ,RNq3aj � NnL$3a 8aRL $�c3 10 jR �Nw $�c3 nY i@3 UI�,3 q�In3 R8
3�,@ 0C<Cj Cc n0, n1, n2, n3 �N0 cR RNY r3 ,�N 8RIIRs j@3 c�L3 UaR,3cc 8Ra � j3aN�aw
NnL$3a. $nj s3 RNIw N330 jR ,@�N<3 j@3 0CqCcRa 8aRL 3 jR nY 7Ra 3u�LUI3. s3 ,�N
,RNq3aj 22 CN $�c3 10 jR 1124Y i�$I3 lYl c@Rsc 03j�CIc R8 j@Cc 3u�LUI3Y

i�$I3 lYl- +@�N<CN< 22 jR $�c3 4

/CqCcCRN [nRjC3Nj `3L�CN03a V/C<CjW TI�,3 p�In3
22
4 5 2 40

5
4 1 1 41

1
4 0 1 42

lYl +R03c 8Ra T3a8RaLCN<

T3a8RaLCN< j@3 RaC<CN�I 27A,�a0 ;�a0N3aȕc jaC,G 03U3N0c RN $�c3 j@a33 �aCj@A
L3jC, )f*Y 7Cacj. s3 cn$ja�,j j@3 03cCa30 URcCjCRN ,@Rc3N 8aRL j@3 cU3,j�jRa $w 1 �N0
,RNq3aj j@�j a3cnIjCN< NnL$3a CNjR � j@a33 0C<Cj NnL$3a CN $�c3 3Y r3 sCII ,�II j@Cc
$�c3Ak NnL$3a � Ȓ,R03ȓY M3uj. s3 03,R03 3�,@ 0C<Cj CN j@3 ,R03 cj�ajCN< 8aRL aC<@j
jR I38j jR U3a8RaL j@3 ;�a0N3aȕc jaC,G CN 3�,@ aRnN0 $w UI�,CN< j@3 CN0C,�j30 UCI3
V8aRL j@3 cU3,j�jRaW CN j@3 CNj3aUa3j30 URcCjCRNY B8 j@3 0C<Cj Cc 0. j@3 ,@Rc3N UCI3 <R3c
RN jRU VNRN3 �$Rq3 CjWd C8 Cj Cc 1. j@3 ,@Rc3N UCI3 <R3c �j j@3 LC00I3 VRN3 cj�,G �$Rq3
CjWd C8 Cj Cc 2. j@3 ,@Rc3N UCI3 <R3c �j j@3 $RjjRL VjsR cj�,Gc �$Rq3 CjWY T3a8RaLCN<
j@3 jaC,G �,,Ra0CN< jR j@Cc cja�j3<w sCII ~N�IIw $aCN< j@3 ,@Rc3N ,�a0 jR j@3 03cCa30
URcCjCRNY i�$I3 lYk c@Rsc �II ,Raa3cURN0CN< U�Cac R8 03cCa30 URcCjCRNc �N0 ,R03c 8Ra
U3a8RaLCN<Y

i�$I3 lYk- +R03c 8Ra U3a8RaLCN< j@3 RaC<CN�I ;�a0N3aȕc ,�a0 jaC,G

TRcCjCRN S l k : 9 f e 4 O

+R03 0003 0013 0023 0103 0113 0123 0203 0213 0223

TRcCjCRN Sz SS Sl Sk S: S9 Sf Se S4

+R03 1003 1013 1023 1103 1113 1123 1203 1213 1223

TRcCjCRN SO lz lS ll lk l: l9 lf le

+R03 2003 2013 2023 2103 2113 2123 2203 2213 2223
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lYk p�aC�$I3c �N0 +RN0CjCRNc

/3~NCjCRN lYkYSY 7Ra � ;�a0N3aȕc UaR$I3L. s3 03~N3 U�a�L3j3ac M,N,K �c 8RIA
IRsc-
M Cc j@3 NnL$3a R8 03�ICN< UCI3c CN 3�,@ aRnN0.
N Cc j@3 NnL$3a R8 ,�a0c CN 3�,@ 03�ICN< UCI3. �N0
K Cc j@3 NnL$3a R8 03�ICN< aRnN0cY

/3~NCjCRN lYkYlY 7Ra � ;�a0N3aȕc UaR$I3L sCj@ <Cq3N U�a�L3j3ac M,N,K. I3j x $3
j@3 03cCa30 URcCjCRN ,@Rc3N $w � cU3,j�jRa �j j@3 $3<CNNCN< R8 j@3 U3a8RaL�N,3Y

MRj3 j@�j �II URccC$I3 URcCjCRNc R8 x �a3 1st, 2nd, ...,MN thY r3 ,�N ,RNq3aj x
CNjR � ,R03 8Ra U3a8RaLCN< $w cn$ja�,jCN< Cj $w 1 �N0 ,RNq3ajCN< j@3 a3cnIj CNjR � K

0C<Cj NnL$3a CN $�c3 M Y MRj3 j@�j j@Cc ,�N $3 0RN3 RNIw s@3N MN ≤ MK �N0 s3
sCII �ccnL3 j@Cc ,RN0CjCRNY

/3~NCjCRN lYkYkY 7Ra � <Cq3N ,R03. I3j li $3 j@3 ith 0C<Cj CN j@3 ,R03 V8aRL j@3 aC<@jW.
8Ra i = 1, 2, ...,K. CY3Y. j@3 <Cq3N ,R03 Cc lK ...l2l1 CN $�c3 M Y

`3L�aGY i@3 CNj3aUa3j�jCRN R8 j@3 q�In3 R8 li Cc j@�j CN aRnN0 i. �8j3a 03�ICN< c3U�A
a�j30 UCI3c. s3 sCII Unj �Nw li UCI3c �$Rq3 j@3 ,@Rc3N UCI3 8aRL j@3 cU3,j�jRaY MRj3
j@�j j@3 NnL$3a R8 03�ICN< aRnN0c. K. Cc j@3 NnL$3a R8 0C<Cjc R8 j@3 ,R03Y /3,R0CN<
� ,R03. s3 cj�aj 8aRL j@3 LRcj aC<@j 0C<Cj �N0 LRq3 8Ras�a0 jR j@3 I38j �N0 3N0 �j
j@3 LRcj I38j 0C<CjY

2u�LUI3 lYkY:Y T3a8RaLCN< sCj@ 64 ,�a0c. s3 03�I ,�a0c CNjR M = 4 UCI3c CN 3�,@
aRnN0Y i@nc. j@3 U�a�L3j3a N = 16Y bnUURc3 j@�j j@3 ,@Rc3N URcCjCRN x = 20Y �j
~acj. s3 3uU�N0 x − 1 = 20 − 1 = 19 CN $�c3 4 s@C,@ Cc 1034Y i@nc. j@3 U�a�L3j3a
K Cc kY BN j@3 ~acj aRnN0. s3 Unj j@3 ,@Rc3N UCI3 jR j@3 $RjjRL Vl1 = 3W. CY3Y. j@3a3
�a3 3 UCI3c Rq3a j@3 ,@Rc3N UCI3Y BN j@3 c3,RN0 aRnN0. j@3 ,@Rc3N UCI3 <R3c jR j@3
jRU Vl2 = 0W. �N0 CN j@3 ~N�I aRnN0. j@3 ,@Rc3N UCI3 <R3c jR j@3 c3,RN0 Ra03a Rnj R8
8Rna Vl3 = 1WY 7RIIRsCN< �II R8 j@3c3 cj3Uc. s3 ,�N ~N�IIw LRq3 j@3 ,@Rc3N ,�a0 jR
URcCjCRN x = 20Y



e

Q$qCRncIw. CN 3�,@ aRnN0 R8 U3a8RaLCN<. s3 c3U�a�j3 j@3 03,G CNjR LCNRa UCI3c
sCj@ j@3 c�L3 NnL$3a R8 ,�a0cY i@3 NnL$3a R8 U3a8RaLCN< ,�a0c Cc MN . s@Rc3
8RaL Cc LRa3 <3N3a�I j@�N MK Y BN j@Cc UaRE3,j. s3 8R,nc RN c3�a,@CN< 8Ra cRL3
cRInjCRNc R8 j@3 ;�a0N3aȕc UaR$I3L sCj@ MN ,�a0c j@�j ,�N $3 03�Ij CNjR M UCI3c.
sCj@ N ,�a0c 3�,@ �N0 K aRnN0c R8 a3cj�,GCN< j@Rc3 M UCI3cY

/3~NCjCRN lYkY9Y H3j a0 $3 j@3 cj�ajCN< URcCjCRN R8 j@3 ,@Rc3N ,�a0 CN j@3 03,GY

MRjC,3 j@�j �II URccC$I3 q�In3c R8 a0 �a3 1, 2, ...,MN Y

/3~NCjCRN lYkYfY 7Ra � ;�a0N3aȕc UaR$I3L sCj@ U�a�L3j3ac M,N,K. s3 ,�II � <Cq3N
,R03 8Ra U3a8RaLCN< � Ȓnc�$I3 ,R03ȓ. C8 j@3a3 3uCcjc �N x ∈ {1, 2, ...,MN} cn,@ j@�j
8Ra 3q3aw a0 ∈ {1, 2, ...,MN} s@3N s3 U3a8RaL j@3 ;�a0N3aȕc jaC,G �,,Ra0CN< jR
j@�j <Cq3N ,R03 sCj@ j@3 cj�ajCN< URcCjCRN a0. j@3 ,@Rc3N ,�a0 ~N�IIw �UU3�ac �j j@3
URcCjCRN xY

/3~NCjCRN lYkYeY 7Ra � ;�a0N3aȕc UaR$I3L sCj@ U�a�L3j3ac M,N,K. C8 8Ra 3q3aw 03A
cCa30 URcCjCRN x ∈ {1, 2, ...,MN} s3 ,�N ~N0 � nc�$I3 ,R03 jR U3a8RaL j@3 ;�a0N3aȕc
jaC,G j@�j ~N�IIw Unj �Nw ,@Rc3N ,�a0 8aRL j@3 cU3,j�jRa jR j@3 URcCjCRN x. j@3N s3
c�w j@�j j@Cc ;�a0N3aȕc UaR$I3L Cc ȒcRIq�$I3ȓY Qj@3asCc3. s3 c�w j@�j j@3 ;�a0N3aȕc
UaR$I3L Cc ȒnNcRIq�$I3ȓY

2u�LUI3 lYkY4Y T3a8RaLCN< sCj@ � 03,G R8 12 ,�a0c. s3 ,�N U3a8RaL j@3 ;�a0N3aȕc
jaC,G CN c3q3a�I s�wcY 7Ra 3u�LUI3. s3 ,�N ,RNcC03a j@3 ;�a0N3aȕc UaR$I3L sCj@
U�a�L3j3ac M = 2, N = 6,K = 4d M = 3, N = 4,K = 3d Ra M = 4, N = 3,K = 2Y

SY TaR$I3L 1- M = 2, N = 6,K = 4

i�$I3 lY: c@Rsc �II URccC$I3 x j@�j ,�N $3 0RN3 sCj@CN K = 4 aRnN0c sCj@ cRL3
,Raa3cURN0CN< ,R03cY i�$I3 lY9 c@Rsc U3a8RaLCN< sCj@ ,R03 00002. 00012.
�N0 00102Y BN i�$I3 lY9. j@3 ~acj ,RInLN a3Ua3c3Njc j@3 CNCjC�I URcCjCRN R8 j@3
,@Rc3N ,�a0d j@3 c3,RN0. j@Ca0. 8Raj@ �N0 ~8j@ ,RInLNc a3Ua3c3Nj j@3 URcCjCRN R8
j@3 ja�,GCN< ,�a0 �8j3a a3cj�,GCN< j@3 03,G CN aRnN0 S. l. k �N0 :. a3cU3,jCq3IwY



4

i�$I3 lY:- +R03 8Ra M = 2, N = 6,K = 4

TRcCjCRN VxW S k : f e O Sz Sl

+R03 00002 00112 01002 01112 10002 10112 11002 11112

i�$I3 lY9- �II CNCjC�I URcCjCRNc �a3 U3a8RaL30 sCj@ ,R03c 00002. 00012. �N0 00102. a3cU3,jCq3Iw
8aRL I38j jR aC<@j. 8Ra j@3 ;�a0N3aȕc UaR$I3L sCj@ U�a�L3j3ac M = 2, N = 6,K = 4

1 1 1 1 1
2 1 1 1 1
3 2 1 1 1
4 2 1 1 1
5 3 2 1 1
6 3 2 1 1
7 4 2 1 1
8 4 2 1 1
9 5 3 2 1
10 5 3 2 1
11 6 3 2 1
12 6 3 2 1

0 0 0 0

1 7 4 2 1
2 7 4 2 1
3 8 5 3 2
4 8 5 3 2
5 9 6 3 2
6 9 6 3 2
7 10 7 4 2
8 10 7 4 2
9 11 8 4 2
10 11 8 4 2
11 12 9 5 3
12 12 9 5 3

1 0 0 0

1 1 7 4 2
2 1 7 4 2
3 2 7 4 2
4 2 7 4 2
5 3 8 4 2
6 3 8 4 2
7 4 8 4 2
8 4 8 4 2
9 5 9 5 3
10 5 9 5 3
11 6 9 5 3
12 6 9 5 3

0 1 0 0

i@Cc UaR$I3L c33Lc jR $3 cRIq�$I3 $3,�nc3 j@3w @�q3 16 0C{3a3Nj s�wc R8
U3a8RaLCN< �N0 s3 RNIw N330 Encj 12 URcCjCRNc 8Ra xY bnaUaCcCN<Iw. Cj Cc nNA
cRIq�$I3Y bRL3 03cCa30 URcCjCRNc ,�NNRj $3 0RN3 sCj@CN K = 4 aRnN0cY 7Ra
CNcj�N,3. s3 ,�NNRj U3a8RaL j@3 jaC,G 8Ra x = 2Y i@nc. j@Cc ;�a0N3aȕc UaR$I3L
Cc nNcRIq�$I3Y i@Cc Cc $3,�nc3 cRL3 ,R03c �a3 NRj nc�$I3Y 7Ra 3u�LUI3. U3aA
8RaLCN< sCj@ ,R03 00012 Ra 00102 ,�NNRj a3�aa�N<3 �II CNCjC�I URcCjCRNc jR j@3
03cCa30 URcCjCRN x = 2Y ?3N,3. ,R03c 00012 �N0 00102 �a3 NRj nc�$I3 ,R03cY

lY TaR$I3L 2- M = 3, N = 4,K = 3

i�$I3 lYf c@Rsc �II URccC$I3 x. j@�j ,�N $3 0RN3 sCj@CN K = 3 aRnN0cY

i�$I3 lYf- +R03 8Ra M = 3, N = 4,K = 3

TRcCjCRN S l k : 9 f e 4 O Sz SS Sl

+R03 000 010 012 021 100 110 112 121 200 210 212 221

001 022 101 122 201 222



O

2q3aw 03cCa30 URcCjCRN x @�c � ,R03 jR U3a8RaLY KRa3Rq3a. cRL3 x ,�N $3
U3a8RaL30 CN c3q3a�I s�wcY 7Ra 3u�LUI3. x = 1 ,�N $3 U3a8RaL30 sCj@ ,R03
0003 Ra 0013Y i@nc. j@Cc ;�a0N3aȕc UaR$I3L Cc cRIq�$I3Y

kY TaR$I3L 3- M = 4, N = 3,K = 2

i�$I3 lYe c@Rsc �II URccC$I3 x j@�j ,�N $3 0RN3 sCj@CN K = 2 aRnN0cY

i�$I3 lYe- +R03 8Ra M = 4, N = 3,K = 2

TRcCjCRN S k : f e O Sz Sl

+R03 00 03 10 13 20 23 30 33

�j j@3 URcCjCRN x = 2, 5, 8, 11 ,�NNRj $3 0RN3 sCj@CN K = 2 aRnN0cY i@nc. j@Cc
;�a0N3aȕc UaR$I3L Cc nNcRIq�$I3Y

lY: rRI8a�L H�N<n�<3

i@3 rRI8a�L H�N<n�<3 )e* Cc � <3N3a�I LnIjCAU�a�0C<L ,RLUnj�jCRN�I I�NA
<n�<3 03q3IRU30 $w rRI8a�L `3c3�a,@ �N0 Cc j@3 UaR<a�LLCN< I�N<n�<3 R8 j@3
L�j@3L�jC,�I cwL$RIC, ,RLUnj�jCRN UaR<a�L K�j@3L�jC,� �N0 j@3 rRI8a�L TaRA
<a�LLCN< +IRn0Y Bj 3LU@�cCy3c cwL$RIC, ,RLUnj�jCRN. 8nN,jCRN�I UaR<a�LLCN<.
�N0 anI3A$�c30 UaR<a�LLCN< �N0 ,�N 3LUIRw �a$Cja�aw cjan,jna3c �N0 0�j�Y rRIA
8a�L K�j@3L�jC,� Vncn�IIw j3aL30 K�j@3L�jC,�W Cc � LR03aN j3,@NC,�I ,RLUnjCN<
cwcj3L cU�NNCN< LRcj �a3�c R8 j3,@NC,�I ,RLUnjCN<. CN,In0CN< N3na�I N3jsRaGc. L�A
,@CN3 I3�aNCN<. CL�<3 UaR,3ccCN<. <3RL3jaw. 0�j� c,C3N,3. qCcn�ICy�jCRNc. �N0 Rj@A
3acY i@3 cwcj3L Cc nc30 CN L�Nw j3,@NC,�I. c,C3NjC~,. 3N<CN33aCN<. L�j@3L�jC,�I.
�N0 ,RLUnjCN< ~3I0cY Bj s�c ,RN,3Cq30 $w bj3U@3N rRI8a�L �N0 Cc 03q3IRU30 $w
rRI8a�L `3c3�a,@ R8 +@�LU�C<N. BIICNRCcY i@3 rRI8a�L H�N<n�<3 Cc j@3 UaR<a�LA
LCN< I�N<n�<3 nc30 CN K�j@3L�jC,�Y



+@�Uj3a BBB

;�`/M2`ȕb i`B+F T`Q;`�K
H3jȕc 0Ccc3,j aRn<@Iw �$Rnj @Rs jR U3a8RaL ;�a0N3aȕc jaC,G CN RN3 <�L3 sCj@

U�a�L3j3ac M,N,KY r3 @�q3 M ,@RC,3c jR Unj j@3 ,@Rc3N UCI3 CN 3�,@ aRnN0. �N0
s3 @�q3 K aRnN0 jR U3a8RaL j@3 ;�a0N3aȕc jaC,Gd j@nc. j@3 LRcj URccC$I3 s�wc jR
U3a8RaL �a3 MK Y 7Ra 3�,@ NnL$3a CN {1, 2, ...,MK} a3Ua3c3NjCN< 3�,@ URccC$I3 s�w.
s3 ,�N ~N0 � ,Raa3cURN0CN< ,R03 jR U3a8RaL j@3 jaC,G $w cn$ja�,jCN< Cj $w S �N0
,RNq3ajCN< j@3 a3cnIj 8aRL $�c3 10 jR $�c3 M jR <3j � ,R03 lK lK−1...l2l1Y i@3 ,R03
sCII c@Rs nc @Rs jR a3�aa�N<3 j@3 Ra03a R8 j@3 ja�,GCN< UCI3 CN 3�,@ aRnN0Y B8 s3
GNRs �II nc�$I3 ,R03c. s3 ,�N cCLnI�j3 U3a8RaLCN< CN 3q3aw URcCjCRNY QN3 ,R03 R8
U3a8RaLCN< c@RnI0 LRq3 j@3 ja�,GCN< ,�a0 jR RNIw RN3 03cCa30 URcCjCRN x NR L�jj3a
s@�j j@3 cj�ajCN< URcCjCRN ao R8 j@3 ja�,GCN< ,�a0 CcY

7aRL j@3 $3<CNNCN<. j@3 ja�,GCN< ,�a0 ,�N $3 c@n}30 jR �Nw URcCjCRN R8 j@3
s@RI3 03,GY i@3a3 �a3 ja3L3N0Rnc ,�c3c jR <3N3a�j3Y ?Rs3q3a. ncCN< ,RLUnj3a
UaR<a�LLCN< ,�N 0R @nN0a30c R8 ,�c3c CN � c3,RN0Y i@3 Rq3aqC3s R8 Rna �I<RaCj@L
Cc �c 8RIIRscY

SY BNUnj j@3 q�In3 R8 M,N,K �N0 ,@3,G 8Ra q�IC0Cjw R8 j@Rc3 U�a�L3j3acY

lY 7CN0 �II MK URccC$I3 ,R03cY

kY `nN � IRRU Rq3a �II URccC$I3 ,R03c jR ~N0 �II nc�$I3 ,R03c

:Y B8 3q3aw x ,�N $3 L�j,@30 $w � nc�$I3 ,R03. j@3 UaR$I3L Cc cRIq�$I3Y B8 NRj. Cj
Cc nNcRIq�$I3Y

`3L�aGY i@3 NnL$3a R8 URccC$I3 $3<CNNCN< URcCjCRNc Cc MN Y
i@3 NnL$3a R8 URccC$I3 U3a8RaLCN< ,R03c Cc MK Y



SS

kYS +RN0CjCRNc �N0 K�CN `3cnIj 8Ra Qna TaR<a�L

kYSYS +RN0CjCRNc RN U�a�L3j3ac M,N,K

T�a�L3j3ac M,N,K Lncj c�jCc8w cRL3 ,RN0CjCRNc CN Ra03a jR <3j � URccC$I3
cRIq�$I3 UaR$I3LY

SY M,N,K ∈ N. M ≥ 2

`3,�II j@�j M Cc j@3 NnL$3a R8 UCI3c. N Cc j@3 NnL$3a R8 ,�a0c CN 3�,@ UCI3.
�N0 K Cc j@3 NnL$3a R8 U3a8RaLCN< aRnN0cY Q$qCRncIw. M,N,K @�q3 jR $3
URcCjCq3 CNj3<3acY �IcR. j@3 NnL$3a R8 UCI3c Lncj $3 <a3�j3a j@�N S jR ,a3�j3 �
L�<C,Y

lY MN ≤ MK Ra 3\nCq�I3NjIw N ≤ MK−1

Q$c3aq3 j@�j j@3 NnL$3a R8 URccC$I3 03cCa30 URcCjCRNc Cc MN �N0 j@3 NnL$3a
R8 URccC$I3 U3a8RaLCN< ,R03c Cc MK Y BN �N C03�I cCjn�jCRN s@3N �II URccC$I3
,R03c jR U3a8RaL j@3 jaC,G �a3 nc�$I3Y i@3N. s3 @�q3 � L�U 8aRL 3�,@ URccC$I3
,R03 jR �N x ∈ {1, 2, ...,MN}Y bnUURc3 MN > MK Y i@3N. j@3a3 sCII $3 �N x

s@C,@ 0R3c NRj @�q3 � nc�$I3 ,R03 jR U3a8RaLY i@nc. j@3 UaR$I3L sCj@ j@Cc
c3j R8 U�a�L3j3ac M,N,K Cc nNcRIq�$I3Y ?3N,3. MK Lncj $3 <a3�j3a j@�N Ra
3\n�I jR MN Y

kYSYl M3s URcCjCRN �8j3a U3a8RaLCN< j@3 jaC,G RN3 aRnN0

r3 sCII ,a3�j3 �N 3\n�jCRN 03c,aC$CN< �II URccC$I3 URcCjCRNc R8 j@3 ja�,GCN<
,�a0 �8j3a RN3 aRnN0 R8 U3a8RaLCN<Y H3j nc a3,�II � UaR,30na3 jR U3a8RaL j@3 jaC,G CN
3�,@ aRnN0Y 7CacjIw. s3 c3U�a�j3 MN ,�a0c CNjR M UCI3cY ?3N,3. j@3 ja�,GCN< ,�a0
cj�ajCN< �j URcCjCRN a. CN j@�j aRnN0. sCII $3 �j j@3 URcCjCRN

⌈ a

M

⌉
R8 � LCNRa UCI3 �8j3a

03�ICN< j@3 ,�a0cY M3uj. s3 a3�aa�N<3 j@3 Ra03a R8 j@3 ja�,GCN< UCI3 �,,Ra0CN< jR �
0C<Cj l CN � ,R03Y i@3N. l Cc j@3 NnL$3a R8 UCI3c �$Rq3 j@3 ja�,GCN< UCI3Y bCN,3 3�,@
LCNRa UCI3 @�c N ,�a0c. s3 ,�N ,RN,In03 j@�j j@3 NnL$3a R8 ,�a0 �$Rq3 j@3 ja�,GCN<
UCI3 Cc lN Y



Sl

2u�LUI3 kYSYSY bnUURc3 j@�j s3 U3a8RaL RN3 aRnN0 sCj@ 27 ,�a0c ncCN< U�a�L3j3ac
M = 3 �N0 N = 9Y

7C<na3 kYS- �N 3u�LUI3 R8 U3a8RaLCN<- $38Ra3 03�ICN< ,�a0c )4*

�ccnL3 j@�j j@3 ,@Rc3N ,�a0 Cc Q♠Y �c wRn ,�N c33 8aRL 7C<na3 kYS. j@3 URcCjCRN �j
j@3 $3<CNNCN< Cc j@3 2nd 8aRL j@3 jRU R8 j@3 03,G s@3N j@3 03,G 8�,3c 0RsNY i@3N.
s3 03�Ic j@Cc 03,G CNjR 3 UCI3cY

7C<na3 kYl- �N 3u�LUI3 R8 U3a8RaLCN<- �8j3a 03�ICN< ,�a0c )4*

7aRL 7C<na3 kYl. j@3 URcCjCRN R8 j@3 ja�,GCN< ,�a0 CN j@3 c3U�a�j30 UCI3 Cc NRs j@3
1stY BN Rj@3a ,�c3c. 2♣ �N0 Q♥ �IcR <R jR j@3 1std 10♥, Q♣ �N0 3♠ <R jR j@3 2nd. �N0



Sk

cR RNY QN j@3 Rj@3a @�N0. s3 @�q3 � L�U f 8aRL � cj�ajCN< URcCjCRN jR � URcCjCRN
R8 j@3 ja�,GCN< ,�a0 RN j@3 LCNRa UCI3. c�w. {1, 2, 3} → {1}. {4, 5, 6} → {2}. YYY .
{25, 26, 27} → {9}Y i@nc. j@3 8nN,jCRN f Cc <Cq3N $w f(a) =

⌈ a

M

⌉
. s@3a3 a Cc j@3

URcCjCRN 8aRL j@3 $3<CNNCN< R8 j@�j aRnN0 �N0 M Cc j@3 NnL$3a R8 c3U�a�j30 UCI3c.
s@C,@ Cc 3 CN j@Cc 3u�LUI3Y

7C<na3 kYk- � 3u�LUI3 R8 U3a8RaLCN<- �8j3a U3a8RaLCN< j@3 jaC,G RN3 aRnN0 )4*

�8j3as�a0c. cnUURc3 j@�j j@3 0C<Cj CN � ,R03 R8 j@�j aRnN0 Cc l = 1d j@nc. s3 a3�aa�N<3
j@3 03,G $w UnjjCN< j@3 Q♠ȕc UCI3 jR j@3 c3,RN0 UI�,3Y i@Cc L3�Nc j@�j j@3a3 Cc S
UCI3 �$Rq3 j@3 Q♠ȕc UCI3Y MRs. j@3 N3s URcCjCRN R8 Q♠ CN j@3 03,G Cc j@3 URcCjCRN
CN � c3U�a�j30 UCI3 s@C,@ Cc

⌈
2

3

⌉
�00CN< nU sCj@ j@3 NnL$3a R8 ,�a0c �$Rq3 Cj s@C,@

Cc j@3 NnL$3a R8 UCI3VcW �$Rq3 Cj jCL3c j@3 NnL$3a R8 ,�a0c CN 3�,@ UCI3Y i@nc. j@3
N3s URcCjCRN Cc

⌈
2

3

⌉
+ 1(9) 5 10th �c s3 ,�N c33 8aRL 7C<na3 kYkY

BN <3N3a�I. j@3 N3s URcCjCRN R8 j@3 ,@Rc3N ,�a0 Cc <Cq3N $w j@3 8RIIRsCN< 8RaA
LnI�Y

H3LL� kYSYlY 7Ra 3�,@ aRnN0 i ∈ {1, 2, ...,K}.
I3j Ps $3 j@3 cj�ajCN< URcCjCRN R8 j@3 ja�,GCN< ,�a0.

Pe $3 j@3 URcCjCRN �8j3a U3a8RaLCN< j@3 jaC,G RN3 aRnN0. �N0
li $3 j@3 q�In3 R8 j@3 ith 0C<Cj CN j@3 ,R03Y

i@3N.
Pe =

⌈
Ps

M

⌉
+ liN.



S:

`3L�aGY r3 �ccna3 j@�j j@Cc 8RaLnI� 8Ra Pe <Cq3c � q�IC0 q�In3 8Ra j@3 URcCjCRN R8 �
,�a0 CN j@3 03,G. CY3Y 1 ≤ Pe ≤ MN Y iR c33 j@Cc. �ccnL3 j@�j 1 ≤ Ps ≤ MN Y i@3N.

1

M
≤ Ps

M
≤ N

1 =

⌈
1

M

⌉
≤

⌈
Ps

M

⌉
≤ *N+ = N

1 + liN = ≤
⌈
Ps

M

⌉
+ liN ≤ N + liN

1 ≤ Pe ≤ MN

$3,�nc3 0 ≤ li ≤ M − 1 8Ra �II i = 1, 2, . . . ,KY

kYSYk K�CN i@3Ra3L

i@3 URccC$CICjw R8 j@3 ja�,GCN< ,�a0 URcCjCRN �8j3a c@n}CN< j@3 03,G ,�N $3 �j
j@3 1st, 2nd, ..., Ra MN th URcCjCRNY `3,�II j@�j a0 Cc j@3 cj�ajCN< URcCjCRN R8 j@3 ,@Rc3N
,�a0 CN j@3 03,GY MRjC,3 j@�j �II URccC$I3 q�In3c R8 a0 �a3 1, 2, ...,MN Y

/3~NCjCRN kYSYkY rCj@ j@3 cj�ajCN< URcCjCRN a0 �N0 � <Cq3N ,R03 R8 U3a8RaLCN<. s3
03~N3 ai jR $3 j@3 URcCjCRN R8 j@3 ja�,GCN< ,�a0 �8j3a U3a8RaLCN< CN aRnN0 i 8Ra �II
i = 1, 2, ...,KY

/3~NCjCRN kYSY:Y rCj@ � <Cq3N ,R03 R8 U3a8RaLCN<. 03~N3 I0 = 1 �N0 E0 = MN .
�N0 8Ra �II i = 0, 1, ...,K − 1. s3 03~N3 a3,nacCq3Iw

Ii+1 =

⌈
Ii
M

⌉
+ liN �N0 Ei+1 =

⌈
Ei

M

⌉
+ liN Y

`3L�aGY Ii �N0 Ei a3Ua3c3Nj j@3 URcCjCRN R8 j@3 ja�,GCN< ,�a0 �8j3a U3a8RaLCN< CN
aRnN0 i sCj@ a0 = 1 �N0 a0 = MN . a3cU3,jCq3IwY 7Ra � nc�$I3 ,R03. s3 Lncj @�q3
j@�j IK 5 EK Y 7Ra j@3 ,�c3 j@�j s3 ,RNcC03a30 jR $3 � nc�$I3 ,R03. U3a8RaLCN< 8aRL
I0 Ra E0 c@RnI0 <Cq3 j@3 c�L3 URcCjCRN R8 x. CY3Y. C8 s3 cj�aj 8aRL I0 �N0 E0. �8j3a
K aRnN0c R8 U3a8RaLCN<. IK �N0 EK Lncj $3 3\n�IY r3 sCII c@Rs j@�j 8Ra � nc�$I3
,R03 cj�ajCN< 8aRL �Nw URcCjCRN a0 sCII 3q3Njn�IIw 3N0 nU �j IK 5 EK �c s3IIY

i@3Ra3L kYSY9Y Ii ≤ ai ≤ Ei 8Ra �II i = 0, 1, 2, . . . ,KY



S9

TaRR8Y r3 sCII UaRq3 $w CN0n,jCRNY +I3�aIw. I0 = 1 ≤ a0 ≤ MN = E0Y 7Ra 3�,@
i = 0, 1, ...,K − 1. �ccnL3 j@�j Ii ≤ ai ≤ EiY i@3N. $w H3LL� kYSYl s3 @�q3 j@�j

Ii
M

≤ ai
M

≤ Ei

M⌈
Ii
M

⌉
≤

⌈ ai
M

⌉
≤

⌈
Ei

M

⌉

⌈
Ii
M

⌉
+ liN ≤

⌈ ai
M

⌉
+ liN ≤

⌈
Ei

M

⌉
+ liN

Ii+1 ≤ ai+1 ≤ Ei+1

MRj3 j@�j 8Ra � nc�$I3 ,R03. s3 Lncj @�q3 j@�j aK = x V8Ra cRL3 xW 8Ra �Nw
CNCjC�I URcCjCRN a0 ∈ {1, 2, . . . ,MN}Y 7aRL i@3Ra3L kYSY9. s3 @�q3 j@�j 8Ra � nc�$I3
,R03 IK = aK = EK Y i@nc. s3 <3j j@3 L�CN a3cnIj 8Ra Rna UaR<a�L �c j@3 8RIIRsCN<
,RaRII�awY

+RaRII�aw kYSYfY i@3 <Cq3N ,R03 Cc nc�$I3 C8 �N0 RNIw C8 IK = EK Y BN cn,@ ,�c3. j@3
,Raa3cURN0CN< 03cCa30 URcCjCRN 8Ra j@3 nc�$I3 ,R03 Cc x = IK VRa 3\nCq�I3NjIw EKWY

iR ,@3,G C8 � UaR$I3L Cc cRIq�$I3. s3 ,�N ,a3�j3 � ,RLUnj3a UaR<a�L jR anN �
IRRU jR ,@3,G 8Ra 3q3aw cj�ajCN< URcCjCRN s@3j@3a s3 ,�N ~N0 � nc�$I3 ,R03 jR U3aA
8RaL Ra NRjd �N0 j@3N ,@3,G C8 3q3aw 03cCa30 URcCjCRN ,�N $3 U3a8RaL30 $w � nc�$I3
,R03Y 7aRL +RaRII�aw kYSYf. s3 ,�N ,RNcjan,j � UaR<a�L j@�j ,�N anN cC<NC~,�NjIw
8�cj3a j@�N j@3 R$qCRnc ,@RC,3 R8 UaR<a�L L3NjCRN30 �$Rq3 $w G33UCN< ja�,G R8 RNIw
jsR c3\n3N,3c R8 URcCjCRNc. (Ii)Ki=0 �N0 (Ei)Ki=0. cCN,3 3�aIC3a s3 @�0 jR ,I�aC8w 3q3aw
a0 ∈ {1, 2, ...,MN}Y

kYl Qna TaRURc30 TaR<a�L

r3 L�G3 �N CNcj�Nj UaR<a�L ncCN< K�j@3L�jC,� s@C,@ ,�N j3II s@3j@3a �
;�a0N3aȕc UaR$I3L sCj@ <Cq3N U�a�L3j3ac Cc cRIq�$I3 Ra nNcRIq�$I3Y KRa3Rq3a. 8Ra �
cRIq�$I3 UaR$I3L. j@3 UaR<a�L ,�N c@Rs �II URccC$I3 s�wc jR U3a8RaL j@3 ;�a0N3aȕc
jaC,GY 7C<na3 kY: Cc j@3 �Rs ,@�aj R8 Rna UaR<a�L s@C,@ Cc 03c,aC$30 �c 8RIIRscY



Sf

7C<na3 kY:- i@3 �Rs ,@�aj 8Ra Rna UaR<a�L



Se

kYlYS BNUnj U�a�L3j3ac K. M. F

7C<na3 kY9- BNUnj U�a�L3j3ac M,N,K

7Cacj R8 �II. s3 cj�aj sCj@ ,I3�aCN< �II q�aC�$I3Y i@3N. j@3 UaR<a�L sCII c@Rs jsR
URUAnU sCN0RscY i@3 ~acj sCN0Rs a3LCN0c nc jR CNUnj j@3 U�a�L3j3ac M,N,Kd s3
Ua3cc j@3 QF $njjRN �N0 j@3N j@3 c3,RN0 URUAnU sCN0Rs sCII �IIRs nc jR CNc3aj j@3
q�In3c R8 M,N,KY MRs. j@3 UaR<a�L G33Uc j@3 q�In3 R8 M,N,K �c � cjaCN<Y

7C<na3 kYf- TRUAnU sCN0RsVSW

7C<na3 kYe- TRUAnU sCN0RsVlW- CNUnj sCN0Rs



S4

kYlYl +@3,G j@3 ,RN0CjCRNc RN U�a�L3j3ac K. M. F

7C<na3 kY4- +@3,G j@3 ,RN0CjCRNc RN U�a�L3j3ac

�8j3a s3 Ua3cc QF. j@3 UaR<a�L ,RII3,jc j@3 q�In3c R8 M,N,K CN j@3 q�aC�$I3c
m,n, k. a3cU3,jCq3IwY i@3 UaR<a�L sCII ,RNq3aj j@3 cjaCN< jR �N 3uUa3ccCRN R8 j@3
NnL$3a. �N0 NRs s3 ,�N m,n, k jR ,�I,nI�j3 �N0 UaR,330 Rna �I<RaCj@LY i@Cc $IR<
R8 ,R0CN< ,@3,G j@3 $�cC, ,RN0CjCRNc R8 M,N,K 8aRL 3.1.1 s@C,@ �a3 �c 8RIIRscY

SY �II CNUnjc Lncj $3 CNj3<3acY

lY M ≥ 2, N > 0 �N0 K > 0Y

kY MN ≤ MK Y

B8 RN3 q�In3 R8 j@3 U�a�L3j3ac M,N,K Cc NRj ,RN8RaL30 jR ,RN0CjCRN 1, 2 Ra 3. j@3N
j@3 UaR<a�L sCII URU nU � 03j3,jCN< sCN0Rs �N0 CN8RaL nc jR CNUnj N3s M,N,KY



SO

7C<na3 kYO- /3j3,jCN< �II CNUnjc �a3 NRj �N CNj3<3a

7C<na3 kYSz- /3j3,jCN< M Ra N Ra K ≤ 0

7C<na3 kYSS- /3j3,jCN< MN ≤ MK

kYlYk +a3�j3 �II URccC$I3 ,R03c jR U3a8RaL

7C<na3 kYSl- 7CN0CN< �II ,R03c

case Cc � c3j R8 jnUI3c j@�j ,RII3,jc �II URccC$I3 U3a8RaLCN< ,R03cY i@3 c�LUI3 cU�,3
8Ra a3�aa�N<CN< j@3 ,@Rc3N UCI3 Cc 0, 1, ...,M − 1Y +RLCN< jR j@3 3q3Nj R8 ~N0CN< �II
URccC$I3 ,R03c. 3�,@ 0C<Cj R8 � ,R03 sRnI0 wC3I0 0, 1, ..., �N0 M − 1Y T3a8RaLCN< K

aRnN0c N330c K 0C<Cjc R8 � ,R03d j@nc. case @�c MK L3L$3acY



lz

2u�LUI3 kYlYSY 7Ra M = 3,K = 2. s3 @�q3
case = {{0, 0}, {0, 1}, {0, 2}, {1, 0}, {1, 1}, {1, 2}, {2, 0}, {2, 1}, {2, 2}}Y

kYlY: `nN � IRRU Rq3a �II URccC$I3 ,R03c jR ~N0 �II nc�$I3 ,R03c

7C<na3 kYSk- 7CN0CN< �II nc�$I3 ,R03c

Ë rs = List[ ]. Ua3U�a3 3LUjw ICcj 8Ra nc�$I3 ,R03cY

Ë rf = List[ ]. Ua3U�a3 3LUjw ICcj 8Ra nNnc�$I3 ,R03cY

Ë pstart = 1 = I0

Ë pend = mn = E0

Ë (new)pstart =
⌈pstart

m

⌉
+ ln

Ë (new)pend =
⌈
pend
m

⌉
+ ln

+R0CN< CN j@Cc c3,jCRN Cc � cCLnI�jCRN R8 U3a8RaLCN< �II URccC$I3 ,R03c 8Ra
3q3aw a0 ∈ {1, 2, ...,MN}Y ?Rs3q3a. 8aRL i@3Ra3L kYSY9. Cj cn|,3c jR U3a8RaL RNIw
2 URcCjCRNc. I0 �N0E0d CN j@Cc ,RNj3uj. j@3w �a3 pstart �N0 pend. a3cU3,jCq3IwY i@3 IRRU
Cc anN j@aRn<@ � q�aC�$I3 j = 1, 2, ...,K s@C,@ a3Ua3c3Njc j@3 U3a8RaLCN< aRnN0 �N0 �
q�aC�$I3 i = 1, 2, ...,MK s@C,@ a3Ua3c3Njc 3�,@ URccC$I3 ,R03c Ra03a30 CN � LRNRjRN3



lS

CN,a3�cCN< L�NN3a. CY3Y. i = 1 a3Ua3c3Njc j@3 ,R03 000...0M . i = 2 a3Ua3c3Njc j@3 ,R03
000...1M . �N0 cR RNY BN IRRU j. pstart �N0 pend sCII $3 a3,RLUnj30 jR G33U j@3 q�In3c
8Ra Ij �N0 Ej Y �8j3a j@3 ~N�I aRnN0 R8 IRRUCN<. pstart �N0 pend sCII G33U j@3 q�In3c
8Ra IK �N0 EK . a3cU3,jCq3IwY

kYlY9 +I�ccC8w nc�$I3 Ra nNnc�$I3 ,R03c

7C<na3 kYS:- mc�$I3 ,R03 �N0 nNnc�$I3 ,R03 ,@3,GCN<

7aRL +RaRII�aw kYSYf. IK R8 j@3 nc�$I3 ,R03 Lncj 3\n�I EK Y BN j@Cc ,RNj3uj. C8
pstart = pend. Cj sCII $3 ,RNcC03a30 � nc�$I3 ,R03 �N0 Cj sCII $3 �UU3N030 jR rs.
Rj@3asCc3 Cj Cc �N nNnc�$I3 ,R03 �N0 Cj sCII $3 �UU3N030 jR rf Y i@3 ICcjc 8Ra $Rj@
GCN0c R8 ,R03c sCII $3 0CcUI�w30. cRaj30 $w j@3 q�In3c R8 IK �N0 0CcjaC$nj30 CNjR
cn,,3cc a3cnIjc �N0 8�CI a3cnIjc. 3Y<Y. {10, 10, {0, 3}} ∈ rs. s@C,@ L3�Nc IK = 10 = EK

�N0 � ,R03 jR U3a8RaL j@3 jaC,G Cc 30M d �N0 {7, 8, {1, 2}} ∈ rf . s@C,@ L3�Nc IK =

7 ,= 8 = EK . �N0 j@3 ,R03 21M Cc NRj � nc�$I3 ,R03Y



ll

kYlYf K�j,@ 3�,@ nc�$I3 ,R03 jR j@3 ,Raa3cURN0CN< 03cCa30 URcCjCRN

7C<na3 kYS9- K�j,@ j@3 ,R03 jR j@3 03cCa30 URcCjCRNVSW

Ë tposition = List[Position] Ua3U�a3c � ICcj R8 03cCa30 URcCjCRNc 8Ra j@3 a3cnIjCN<
j�$I3Y

Ë tcode = List[{code}] Ua3U�a3c � ICcj R8 ,R03c 8Ra j@3 a3cnIjCN< j�$I3Y

Ë HRRU i sCII ,a3�j3 j@3 ith 03cCa30 URcCjCRN �N0 �UU3N0 Cj jR tpositionY

Ë listcode = List[ ] Ua3U�a3c � ICcj ,RII3,jCN< �II ,R03cY

7C<na3 kYSf- K�j,@ j@3 ,R03 jR j@3 03cCa30 URcCjCRNVlW



lk

MRs. 8Ra � nc�$I3 ,R03. IK = EK Y i@3 q�aC�$I3 i a3Ua3c3NjCN< j@3 03cCa30 URA
cCjCRN x sCII anN j@aRn<@ 1, 2, ...,MN Y 7Ra 3�,@ i. s3 sCII ,@3,G s@3j@3a j@3 q�aC�$I3
pstart Cc 3\n�I jR iY QN j@3 Rj@3a @�N0. s3 ,@3,G C8 IK 5 xY B8 j@3w �a3 L�j,@30. j@3
UaR<a�L sCII a3q3ac3 j@3 ,R03d 8Ra 3u�LUI3. 8aRL 1202 jR 2021. $3,�nc3 U3a8RaLCN<
8aRL j@3 ,R03 CN $�c3 M . s3 sCII $3<CN CNj3aUa3jCN< j@3 ,R03 8aRL j@3 LRcj aC<@j
0C<CjY i@3 L�j,@30 U�Ca sCII $3 �UU3N030 jR listcode 8aRL j@3 1st URcCjCRN jR j@3
MN th URcCjCRNY i@3 UaR<a�L sCII anN j@aRn<@ 3q3aw ,�c3 �N0 U�Ca RN3 $w RN3 nNjCI
j@3a3 Cc NR L3L$3a I38j CN rsY i@3N. j@3 ICcj ,RII3,jCN< �II ,R03c Cc a3�0w jR �UU3�a
CN j@3 a3cnIj j�$I3Y MRs. s3 <3j

Ë tpostion 5 {position, 1, 2, ...,mn}

Ë tcode 5 {{Ȓcodeȓ}, {1stcode}, ..., {MN thcode}}

�j ~acj. s3 c3j isfindall = ȒY ȓY B8 �II nc�$I3 ,R03c ,�N $3 U�Ca30 sCj@ �II x. s3
c3j �NRj@3a q�In3 isfind = ȒY ȓY B8 NRj. s3 c3j isfind = ȒNȓY �8j3a anNNCN< j@aRn<@
�II ,�c3c. C8 isfind = ȒNȓ. s3 c3j isfindall = ȒNȓ. s@C,@ L3�Nc j@�j j@3 UaR<a�L
,�NNRj ~N0 � U3a8RaLCN< ,R03 8Ra cRL3 xY

kYlYe +@3,G s@3j@3a j@3 ;�a0N3aȕc UaR$I3L Cc cRIq�$I3 Ra NRj �N0 c@Rs j@3
a3cnIj

7C<na3 kYSe- b@Rs � a3cnjICN< j�$I3

B8 isfindall = ȒNȓ. s3 ,a3�j3 j@3 sCN0Rs c�wCN< j@�j M,N,K Cc ȒnNcRIq�$I3ȓY
B8 NRj. s3 ,a3�j3 j@3 sCN0Rs c�wCN< j@�j M,N,K Cc ȒcRIq�$I3ȓY #Rj@ R8 j@3c3 sCNA
0Rsc @�q3 � $njjRN s@C,@ �IIRsc ,IC,GCN< jR c@Rs a3cnIjc �c � j�$I3 ,a3�j30 8aRL
tposition �N0 tcodeY



l:

7C<na3 kYS4- bRIq�$I3 URUAnU sCN0Rs

7C<na3 kYSO- mNcRIq�$I3 URUAnU sCN0Rs

kYk bRL3 2uU3aCL3Njc

i@3 $�c3 UaR<a�L ,�N sRaG 8Ra �Nw c3j R8 U�a�L3j3ac M,N,K U3a83,jIwY ?RsA
3q3a. Cj Cc <RR0 �N0 8�cj RNIw C8 Cj ,�NNRj $3 <Cq3N L�Nw c3jc R8 U�a�L3j3ac �j RN,3Y
�8j3a B jaw cRL3 R8 U�a�L3j3ac M,N,K. B sCc@ B @�q3 �N Rq3aqC3s UaR<a�L jR c33
j@3 a3I�jCRNc@CU R8 M,N,K. s@3a3 B LC<@j ~N0 cRL3 ,RN0CjCRNc RN j@3 U�a�L3j3ac
j@�j L�G3 j@3 ;�a0N3aȕc UaR$I3L cRIq�$I3 Ra nNcRIq�$I3Y i@3N. �N 3uja� UaR<a�L
�UU3�acY 7C<na3 kYlz c@Rsc ,RLL�N0 8nN,jCRN N�L3 �c ȒbRIq3aȓY



l9

7C<na3 kYlz- 2uja� UaR<a�L

ȒbRIq3aȓ ,RLL�N0 Cc \nCj3 cCLCI�a jR ,R0CN< CN kYl. 3u,3Uj j@�j ,@3,GCN< M,N,K

,RN0CjCRNc 8aRL 3.2.1 �N0 3.2.2 Cc <RN3 �N0 j@3 I�cj $IR< 8aRL 3.2.7 Cc ,@�N<30 jR j@3
a30 $IR,GY BNcj3�0 R8 URUUCN< nU j@3 sCN0Rs. C8 j@3 UaR<a�L ,�NNRj ~N0 j@3 ,R03 jR
3q3aw x. s3 @�q3 j@�j result Cc 3\n�I jR MN LCNnc j@3 NnL$3a R8 03cCa30 URcCjCRNc.
x. j@�j @�q3 � nc�$I3 ,R03Y MRs. result sCII G33U j@3 NnL$3a R8 x j@�j ,�NNRj $3
U3a8RaL30Y B8 j@3 ;�a0N3aȕc UaR$I3L sCj@ � c3j R8 U�a�L3j3ac M,N,K Cc cRIq�$I3.
result sCII G33U j@3 q�In3 Y Y QN j@3 Rj@3a @�N0c. j@3 a3cnIjCN< j�$I3 sCII 0CcUI�w �
NnL$3a. C8 Cj Cc �N nNcRIq�$I3 ,�c3d �N0 Cj sCII 0CcUI�w Y . C8 Cj Cc � cRIq�$I3 ,�c3Y B
03,C03 jR cCLnI�j3 j@Cc 3uja� UaR<a�L 8Ra cRL3 3uU3aCL3Njc �c 8RIIRscY



lf

kYkYS 7Cu K �N0 F. anN M

7Ra �Nw <Cq3N q�In3c R8 M UCI3c �N0 K aRnN0c. Cj Cc CNj3a3cjCN< jR c3�a,@ 8Ra
q�In3c R8 N ,�a0c j@�j ,�N L�G3 j@3 ;�a0N3aȕc UaR$I3L cRIq�$I3Y 7Ra �Nw <Cq3N ~u30
q�In3c R8 M �N0 K. j@Cc UaR<a�L sCII cRIq3 8Ra N ∈ {1, 2, ..., N0} s@3N s3 CNUnj j@3
j@a3c@RI0 N0Y

7C<na3 kYlS- 7Cu M �N0 K. anN N UaR<a�L

Ë vRn CNUnj m �N0 k �c ~u30 q�aC�$I3c. �N0 n �c � anNNCN< q�aC�$I3 cj�ajCN<
8aRL 1 jR N0 $w wRnac3I8 $3@CN0 j@3 3\n�I cC<NY MRj3 j@�j j@Cc UaR<a�L sCII
NRj 03j3,j s@3j@3a wRna CNUnjc �a3 CN�UUaRUaC�j3 q�aC�$I3cY

Ë tn Cc � ICcj 8Ra c@RsCN< �II q�In3c R8 N Y

Ë tr Cc � ICcj Ua3U�a30 8Ra �II a3cnIjcY

Ë HRRU d- �8j3a cRIq30 $w bRIq3a ,RLL�N0. j@3 a3cnIj sCII $3 �UU3N030 jR trY

kYkYl 7Cu K �N0 M. anN F

7Ra � <Cq3N NnL$3a R8 03,G j@�j sCII 03�Ij CNjR M UCI3c �N0 3�,@ UCI3 @�q3
N ,�a0c. Cj Cc CNj3a3cjCN< jR c3�a,@ 8Ra j@3 NnL$3a R8 aRnN0c. K. j@�j ,�N L�G3 j@3
;�a0N3aȕc UaR$I3L cRIq�$I3Y 7Ra �Nw <Cq3N ~u30 q�In3c R8 M �N0 N . j@Cc UaR<a�L
sCII cRIq3 8Ra K = {1, 2, ...,K0} s@3N s3 CNUnj j@3 j@a3c@RI0 s@3N s3 CNUnj j@3
j@a3c@RI0 K0Y



le

7C<na3 kYll- 7Cu M �N0 N . anN K UaR<a�L

i@Cc UaR<a�L Cc j@3 c�L3 �c 3.3.1. RNIw ,@�N<3 anNNCN< q�aC�$I3 8aRL n jR kY

kYkYk 7Cu F. anN K �N0 M

7Ra �Nw <Cq3N NnL$3a R8 aRnN0. K. Cj Cc CNj3a3cjCN< jR c3�a,@ 8Ra M �N0 N j@�j
,�N U3a8RaL j@3 ;�a0N3aȕc UaR$I3LY 7Ra �Nw <Cq3N ~u30 q�In3c R8 K. j@Cc UaR<a�L
sCII cRIq3 8Ra M = {1, 2, ...,M0} �N0 N = {1, 2, ..., N0} s@3N s3 CNUnj j@3 j@a3c@RI0
M0 �N0 N0Y

7C<na3 kYlk- 7Cu K. anN M �N0 N UaR<a�L

i@Cc UaR<a�L Cc 3uj3N030 8aRL 3.3.1 $w �00CN< �NRj@3a IRRU 8Ra anNNCN< M Y

i@3 3uja� UaR<a�L Cc <RR0 8Ra �N Rq3aqC3sY ?Rs3q3a. 8Ra j@3 U�a�L3j3ac
M,N,K. cRIqCN< 8Ra � ,R03 jR U3a8RaL j@3 ;�a0N3aȕc jaC,G cjCII N330c jR nc3 j@3
L�CN UaR<a�LY



+@�Uj3a Bp

`2bmHib
:YS 7Cu K �N0 F. anN M

i@3 8RIIRsCN< a3cnIjc �a3 8aRL 3.3.1Y

VCW M = 2

�W K = 2

$W K = 3

,W K = 4

0W K = 5



lO

VCCW M = 3

�W K = 2

$W K = 3

,W K = 4

VCCCW M = 4

�W K = 2

$W K = 3



kz

,W K = 4

VCqW M = 5

�W K = 2

$W K = 3



kS

:Yl 7Cu K �N0 M. anN F

i@3 8RIIRsCN< a3cnIjc �a3 8aRL 3.3.2Y

VCW M = 3, N = 3

�W K = 2- bRIq�$I3

$W K = 3- bRIq�$I3

,W K = 4- bRIq�$I3



kl

VCCW M = 3, N = 7

�W K = 3- mNcRIq�$I3

$W K = 4- bRIq�$I3

VCCCW M = 4, N = 3

�W K = 2- mNcRIq�$I3



kk

$W K = 3- bRIq�$I3

,W K = 4- bRIq�$I3



k:

VCqW M = 4, N = 13

�W K = 3- mNcRIq�$I3

$W K = 4- bRIq�$I3



k9

:Yk 7Cu F. anN K �N0 M

i@3 8RIIRsCN< a3cnIjc �a3 8aRL 3.3.3Y

:YkYS F 5 l

VCW M = 2, N = 2- bRIq�$I3

VCCW M = 3

�W N = 2- bRIq�$I3

$W N = 3- bRIq�$I3 Vi@3 a3cnIj j�$I3 Cc CN :YlVCW�W

VCCCW M = 4

�W N = 2- bRIq�$I3



kf

$W N = 3- mNcRIq�$I3 Vi@3 a3cnIj j�$I3 Cc CN :YlVCCCW�W

,W N = 4- bRIq�$I3

VCqW M = 5

�W N = 2- bRIq�$I3

$W N = 3- bRIq�$I3

,W N = 4- mNcRIq�$I3

0W N = 5- bRIq�$I3



ke

VqW M = 6

�W N = 2- bRIq�$I3

$W N = 3- bRIq�$I3

,W N = 4- bRIq�$I3

0W N = 5- mNcRIq�$I3



k4

3W N = 6- bRIq�$I3

VqCW M = 7

�W N = 2- bRIq�$I3

$W N = 3- bRIq�$I3



kO

,W N = 4- bRIq�$I3

0W N = 5- mNcRIq�$I3

3W N = 6- mNcRIq�$I3



:z

8W N = 7- bRIq�$I3

:YkYl F 5 k



:S

VCW M = 2

�W N = 2- bRIq�$I3

$W N = 3- mNcRIq�$I3

,W N = 4- bRIq�$I3

VCCW M = 3

�W N = 2- bRIq�$I3

$W N = 3- bRIq�$I3 Vi@3 a3cnIj j�$I3 Cc CN :YlVCW$W

,W N = 4- bRIq�$I3



:l

0W N = 5- bRIq�$I3

3W N = 6 - bRIq�$I3

VCCCW M = 4

�W N = 2- bRIq�$I3

$W N = 3- bRIq�$I3 Vi@3 a3cnIj j�$I3 Cc CN :YlVCCCW$W

,W N = 4- bRIq�$I3



:k

0W N = 5- bRIq�$I3

3W N = 6- bRIq�$I3

8W N = 7- bRIq�$I3



::

<W N = 8- bRIq�$I3

@W N = 9- mNcRIq�$I3



:9

VCqW M = 5

�W N = 13- bRIq�$I3

$W N = 14- mNcRIq�$I3

,W N = 15- bRIq�$I3



+@�Uj3a p

+QM+HmbBQM �M/ /Bb+mbbBQM
BN j@Cc UaRE3,j. s3 UaRqC03 �N CNcj�Nj UaR<a�L �c � jRRI jR cjn0w ;�a0N3aȕc

UaR$I3LY i@3 UaR<a�L ,�N j3II s@3j@3a � ;�a0N3aȕc UaR$I3L sCj@ <Cq3N U�a�L3j3ac
Cc cRIq�$I3 Ra nNcRIq�$I3Y 7Ra � cRIq�$I3 UaR$I3L. �II URccC$I3 s�wc jR U3a8RaL j@3
;�a0N3aȕc jaC,G �a3 UaRqC030Y r3 �IcR UaRqC03 k 3uja� UaR<a�Lc 8Ra �N Rq3aqC3s R8
cRIq�$I3 ,�c3c �N0 nNcRIq�$I3 ,�c3cY ;Cq3N j@3 NnL$3a R8 UCI3c �N0 j@3 NnL$3a R8
,�a0c CN 3�,@ UCI3. j@3 ~acj UaR<a�L ,�N <Cq3 cRL3 q�In3c R8 j@3 <Cq3N NnL$3a R8
aRnN0c j@�j L�G3 j@3 ;�a0N3aȕc UaR$I3L cRIq�$I3 Ra nNcRIq�$I3Y ;Cq3N j@3 NnL$3a
R8 UCI3c �N0 j@3 NnL$3a R8 aRnN0c. j@3 c3,RN0 UaR<a�L ,�N <Cq3 cRL3 q�In3c R8
j@3 <Cq3N NnL$3a R8 ,�a0c CN 3�,@ UCI3 j@�j L�G3 j@3 ;�a0N3aȕc UaR$I3L cRIq�$I3 Ra
nNcRIq�$I3Y ;Cq3N j@3 NnL$3a R8 aRnN0c R8 U3a8RaLCN<. j@3 UaR<a�L ,�N <Cq3 cRL3
q�In3c R8 j@3 <Cq3N NnL$3a R8 UCI3c �N0 cRL3 q�In3c R8 j@3 <Cq3N NnL$3a R8 ,�a0c
CN 3�,@ UCI3 j@�j L�G3 j@3 ;�a0N3aȕc UaR$I3L cRIq�$I3 Ra nNcRIq�$I3Y KRa3Rq3a. 8Ra
3�,@ nNcRIq�$I3 UaR$I3L. j@3 NnL$3a R8 03cCa30 URcCjCRN x j@�j ,�NNRj $3 U3a8RaL30
�a3 �IcR UaRqC030Y

7aRL Rna L�CN a3cnIj. 8Ra �Nw M,N,K ∈ N. M ≥ 2. s3 ,�N ,RN,In03 ,RN0CA
jCRNc 8Ra j@3 U�a�L3j3ac j@�j L�G3 j@3 ;�a0N3aȕc UaR$I3L cRIq�$I3 Ra nNcRIq�$I3 �c
8RIIRscY

VCW N > MK−1

i@3 ;�a0N3aȕc UaR$I3L Cc nNcRIq�$I3Y i@Cc Cc 0Cc,ncc30 CN 3.1.1Y �,,Ra0CN<
jR Rna a3cnIjc. s3 ,RNE3,jna3 j@3 NnL$3a R8 nNnc�$I3 URcCjCRNc CN 3�,@ ,�c3 Cc
MN Y

VCCW N = MK−1

i@3 ;�a0N3aȕc UaR$I3L Cc cRIq�$I3Y 7Ra j@3 NnL$3a R8 03,G Cc 3u�,jIw MK .
j@Cc ,RN0CjCRN @�q3 $33N a3q3�I CN K�j@3L�jC,c +�a0 iaC,Gc )l*Y 7naj@3aLRa3.
s3 GNRs � s�w jR U3a8RaL j@3 03cCa30 URcCjCRN x $w ,RNq3ajCN< x− 1 jR $�c3



:e

M �c � K 0C<Cj U3a8RaLCN< ,R03Y

VCCCW N < MK−1

7aRL Rna 3uU3aCL3Njc. s3 ,RNE3,jna3 j@3 8RIIRsCN< a3cnIjcY

�W B8 N = MK−1 − 1. j@3N j@3 ;�a0N3aȕc UaR$I3L Cc nNcRIq�$I3Y KRa3Rq3a.
j@3 NnL$3a R8 nNnc�$I3 URcCjCRNc CN cn,@ ,�c3 Cc M(MK−1−3). 8Ra 3q3aw
MK−1 ≥ 3Y

$W B8 M Cc �N 3q3N NnL$3a �N0 N ≤ MK−1

2
. j@3N j@3 ;�a0N3aȕc UaR$I3L Cc

cRIq�$I3Y

,W B8 M Cc �N0 R00 NnL$3a �N0 N ≤
⌊
MK−1

2

⌋
+1. j@3N j@3 ;�a0N3aȕc UaR$A

I3L Cc cRIq�$I3Y KRa3Rq3a. C8 M Cc 0CqCcC$I3 $w k �N0 N ≤
⌊
MK−1

2

⌋
+ 2.

j@3N j@3 ;�a0N3aȕc UaR$I3L Cc cRIq�$I3Y

7Ra
⌊
MK−1

2

⌋
< N < MK−1. LRcj c3jc R8 U�a�L3j3ac M,N,K �a3 nNcRIq�$I3Y

?Rs3q3a. j@3a3 �a3 cRL3 CNj3a3cjCN< ,�c3c j@�j �a3 cRIq�$I3Y i@3 a3I�jCRNc@CU ,RNA
0CjCRN j@�j L�G3c j@Rc3 c3jc R8 U�a�L3j3ac cRIq�$I3 cjCII a3L�CNc RU3N 8Ra 8njna3
sRaGcY

�Ij@Rn<@ s3 @�q3 �N 3�cw s�w jR U3a8RaL j@3 ;�a0N3aȕc jaC,G 8Ra � 03,G R8 cCy3
nk. s3 0C0 NRj cjn0w �$Rnj @Rs jR U3a8RaL j@3 jaC,G 8Ra � U3acRN s@3N s3 �,jn�IIw
<3j j@3 03cCa30 URcCjCRN 8aRL � cU3,j�jRa CN a3�I IC83 s@3N s3 �,jn�IIw <3j j@3 03cCa30
URcCjCRN 8aRL � cU3,j�jRa. cCN,3 s3 N330 � ,RLUnj3a jR j3II nc j@3 ,R03 jR U3a8RaLY
r3 @RU3 j@�j j@Cc CNcj�Nj UaR<a�L �N0 j@3 �NjC,CU�j30 ,RN0CjCRNc ,�N $3 nc38nI 8Ra
cjn0w j@3 ;�a0N3aȕc UaR$I3L CN 8njna3 sRaGcY
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�UU3N0Cu B

i@3 TaRE3,j TaRURc�I R8 ,Rnac3 lkzSkOO

TaRE3,j TaRURc�I

�,�03LC, v3�a lzS4

TaRE3,j iCjjI3 Vi@�CW การขยายรูปแบบกลไพŠขĂงมารŤตินการŤดเนĂรŤ

TaRE3,j iCjjI3 V2N<ICc@W �N 2uj3NcCRN R8 K�ajCN ;�a0N3aȕc +�a0 iaC,G
TaRE3,j �0qCcRa `�ws�j i�N�0GCj@CanN T@Y/Y
#w �j@Cc� H�nN<q�anNwRR B/ 94kk99lelk

K�j@3L�jC,c. /3U�ajL3Nj R8 K�j@3L�jC,c �N0
+RLUnj3a b,C3N,3 7�,nIjw R8 b,C3N,3.
+@nI�IRN<GRaN mNCq3acCjw

�YS #�,G<aRnN0 �N0 `�jCRN�I3

i@3 ;3a<RNN3 pAUCI3 UaR$I3L )9* s�c ~acj UaRURc30 $w ;3a<RNN3 CN S4SkY �j
~acj. � cU3,j�jRa c3I3,j �Nw ,�a0 CN � 03,G. L3LRaCy3c Cj �N0 c@n}3c j@3 03,G �c Ln,@
�c 03cCa30Y r3 ,a3�j3c j@a33 8�,3AnU UCI3c R8 NCN3 ,�a0c. 03�ICN< j@3 jRU ,�a0 RNjR
j@3 I38j. LC00I3. j@3N aC<@j 03,G �N0 a3U3�jCN< nNjCI �II j@3 ,�a0c �a3 <RN3Y MRs s3
<3j 3 UCI3c ,�a0Y M3uj. j@3 U�ajC,CU�Nj j@3N URCNjc jR s@C,@ UCI3 ,RNj�CNc j@3 ,@Rc3N
,�a0Y i@3 UaR$I3L CNqRIq3c 0CcjaC$njCN< j@3c3 ,�a0c a3U3�j30 j@Cc c�L3 UaR,3c3c
L�Nw jCL3cY 7CN�IIw. s3 ,�N L�G3 j@3 LC00I3 R8 j@3 03,G jR $3 j@3 ,@Rc3N ,�a0Y
/naCN< j@3 U�cj ,3Njnaw j@3 jaC,G s�c CN,In030 CN $RRGc RN a3,a3�jCRN�I L�j@3L�jC,cY
BN K�j@3L�jC,c. K�<C, �N0 Kwcj3aw ):*. K�ajCN ;�a0N3a 3qRIq30 ;3a<RNN3 UAUCI3
UaR$I3L jR j@3 27 ,�a0 jaC,GY BN @Cc jaC,G Cc ICG3 j@3 ;3a<RNN3 UAUCI3 UaR$I3L. $nj
j@Cc jCL3 j@3 cU3,j�jRa ,�N ,@RRc3 j@3 URcCjRN $3js33N 1 �N0 27 R8 03,G j@�j j@3w
s�Nj j@3 ,@Rc3N ,�a0 jR $3 V,�II j@Cc NnL$3a nWY �8j3a j@3 UaR,30na3 sCj@ 3 UCI3c



9z

�N0 3 jCL3c �cc3L$Iw. s3 ,�N a3q3�Ic j@3 Nj@ ,�a0 jR $3 URcCjCRN R8 j@3 ,@Rc3N ,�a0
CN j@3 U�,G3j R8 27Y

/C,GcRN )k* <3N3a�ICy30 27 ,�a0 jaC,G jR j@3 jaC,G 8Ra �Nw 03,G nn ,�a0c s@C,@
j@3 U�,G Cc 03�Ij CNjR n UCI3c R8 nn−1 ,�a0c 3�,@Y 7CN�IIw. �8j3a j@3 nth jCL3c UaR,30na3
j@3 ,�a0 c3I3,j30 sCII $3 j@3 nth 8aRL j@3 jRUY KRa3Rq3a. CN <3N3a�I. C8 wRn 03�I �
U�,G R8 nk ,�a0c CNjR n UCI3c �N0 a3U3�j j@Cc UaR,30na3 k jCL3c. wRn ,�N UI�,3 j@3
,�a0 �j �Nw 03cCa30 URcCjCRN CN j@3 03,GY `3,3NjIw. #RIG3a )S* <3N3a�ICy30 j@Cc jaC,G
$w ncCN< a�0Cu cRajY mcCN< � LCu30 a�0Cu wRn ,�N 0R ;3a<RNN3ȕc jaC,G sCj@ � 03,G
R8 �Nw ,�a0c wRn sCc@Y 2u�LUI3. 54 ,�a0c. ~acj jCL3. j@3 U�,G Cc 03�Ij CNjR 6 UCI3c.
c3,RN0 jCL3c �N0 j@Ca0 jCL3c Cc 03�Ij CNjR 3 UCI3cY bR. Cj Cc CNj3a3cjCN< jR ~N0 j@3
Rj@3ac NnL$3a R8 03,G s@C,@ NRj CN 8RaL R8 nk ,�a0c j@�j ,�N UI�w K�ajCN ;�a0N3aȕc
,�a0 jaC,G sCj@Rnj LCu30 a�0Cu L3j@R0Y

�Yl Q$E3,jCq3c

iR c3�a,@ 8Ra cRL3 cRInjCRN R8 NnL$3a R8 ,�a0c VMN ,�a0cW j@�j ,�N 03�Ij jR
M UCI3c �N0 M ,�a0c 3�,@ �N0 NnL$3a R8 jCL3c VK jCL3cW jR 0R j@3 UaR,30na3 s@C,@
,�N UI�w K�ajCN ;�a0N3aȕc ,�a0 jaC,GY

�Yk b,RU3

BN j@Cc cjn0w. s3 RNIw ,RNcC03a � NnL$3a R8 U�,G3j R8 ,�a0 sCj@ ,RLURcCj3
NnL$3a �N0 j@3 LCNCLnL NnL$3a R8 jCL3c j@�j ,�N UI�w K�ajCN ;�a0N3aȕc ,�a0
jaC,GY

�Y: TaRE3,j �,jCqCjC3c

SY bjn0w K�ajCN ;�a0N3aȕc ,�a0 jaC,G �N0 Rj@3a a3I�j30 cjn0w 8aRL )9*. )f* �N0
Rj@3aY

lY b3I3,j j@3 c,RU3 8Ra cjn0w �N0 ,RNcC03a �I<RaCj@L R8 K�ajCN ;�a0N3aȕc ,�a0
jaC,GY



9S

kY raCj3 ,R03 CN K�j@3L�jC,� UaR<a�LY

:Y raCj3 � a3URajY

9Y Ta3c3Nj j@3 UaRE3,jY

�Y9 /na�jCRNc

SY bjn0w K�ajCN ;�a0N3aȕc ,�a0 jaC,G �N0 Rj@3a a3I�j30 cjn0wY

lY b3I3,j j@3 c,RU3 8Ra cjn0w �N0 ,RNcC03a �I<RaCj@L R8 K�ajCN ;�a0N3aȕc ,�a0
jaC,GY

kY raCj3 ,R03 CN K�j@3L�jC,� UaR<a�LY

:Y raCj3 � a3URajY

9Y Ta3c3Nj j@3 UaRE3,jY
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�Yf #3N3~jc

SY i@3 $3N3~jc 8Ra cjn03Nj s@R CLUI3L3Nj j@Cc UaRE3,jY

Ë H3�aN �N0 nN03acj�N0 cRajCN< �I<RaCj@LY

Ë BLUaRq3 K�j@3L3jC,� ,R0CN< cGCIIY

lY i@3 $3N3~jc 8Ra nc3ac R8 j@3 UaRE3,jY

Ë FNRs @Rs jR UI�w ;�a0N3aȕc jaC,G sCj@ Rj@3ac NnL$3a R8 ,�a0cY

Ë mN03acj�N0 L�j@3L�jC,c �8j3a � L�<C, jaC,GY

�Ye 2\nCUL3Nj

SY +RLUnj3a
CY KC,aRcR8j sRa0
CCY �0R$3 T/7
CCCYrRI8a�L K�j@3L�jC,�

lY /3,G R8 ,�a0c



9k

#CR<a�U@w
�j@Cc� H�nN<q�anNwRR
bjn03Nj B/- 94k k99le lk
TI�,3 R8 #Caj@- #�N<GRG. i@�CI�N0
7C3I0 R8 bjn0w- K�j@3L�jC,c
/3U�ajL3Nj R8 K�j@3L�jC,c �N0 +RLUnj3a b,C3N,3
7�,nIjw R8 b,C3N,3. +@nI�IRN<GRaN mNCq3acCjw
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