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*OUFSTFDUJWF QPMZOPNJBMT PG UIF GPSNT (x3 − n)(x2 + 3t) BOE (x3 − n)(x2 + 3m2)

.S� 8BDIJSBXJU $IBJGPOHTSJ

" 1SPKFDU 4VCNJUUFE JO 1BSUJBM 'VMųMMNFOU PG UIF 3FRVJSFNFOUT

GPS UIF %FHSFF PG #BDIFMPS PG 4DJFODF 1SPHSBN JO .BUIFNBUJDT

%FQBSUNFOU PG .BUIFNBUJDT BOE $PNQVUFS 4DJFODF

'BDVMUZ PG 4DJFODF $IVMBMPOHLPSO 6OJWFSTJUZ
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üßĉøüĉì÷Ť ĕß÷ôĂÜýøĊ� óĀčîćöĂĉîđêĂøŤđàÖìĊôĔîøĎðĒïï (x3 − n)(x2 + 3t) Ēúą (x3 − n)(x2 +

3m2)� 	*/5&34&$5*7& 10-:/0.*"-4 0' 5)& '03.4 (x3−n)(x2+3t) "/% (x3−n)(x2+

3m2) 


Ă�ìĊęðøċÖþćēÙøÜÜćîĀúĆÖ� ýćÿêøćÝćø÷Ť éø� ÷ýîĆîêŤ öĊöćÖ
 �� Āîšć�

ÖĈĀîéĔĀš f(x) đðŨîóĀčîćöēöîĉÖìĊęöĊÿĆöðøąÿĉìíĉĝđðŨîÝĈîüîđêĘö đøćÖúŠćüüŠć f(x) öĊÿöïĆêĉ

ĂĉîđêĂøŤđàÖìĊô ÖĘêŠĂđöČęĂ f(x) ĕöŠöĊøćÖÙĈêĂïìĊęđðŨîÝĈîüîđêĘö ĒêŠ öĊøćÖÙĈêĂïïîöĂéčēúm ÿĈĀøĆï

ÝĈîüîîĆïm ĔîÖćøìĈēÙøÜÜćîÙøĆĚÜîĊĚ đøćĕéšýċÖþćóĀčîćöìĊęöĊÿöïĆêĉĂĉîđêĂøŤđàÖìĊôĔîøĎðĒïï (x3−

n)(x2 + 3t) Ēúą (x3 − n)(x2 + 3m2) đöČęĂ n đðŨîÝĈîüîîĆïìĊęĕöŠÿćöćøëĀćøéšü÷ÖĈúĆÜÿćö×ĂÜ

ÝĈîüîđêĘöúÜêĆü t đðŨîÝĈîüîîĆïÙĊę Ēúą m đðŨîÝĈîüîđêĘö
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10-:/0.*"-4 0' 5)& '03.4 (x3 − n)(x2 + 3t) "/% (x3 − n)(x2 + 3m2) �
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 �� QQ�

-FU f(x) CF B NPOJD QPMZOPNJBM XJUI JOUFHFS DPFGųDJFOUT� 8F TBZ UIBU f(x) JT

JOUFSTFDUJWF JG f(x) EPFT OPU IBWF BO JOUFHFS SPPU CVU EP IBWF B SPPU NPEVMPm GPS BMM

m ∈ N� *O UIJT XPSL
 XF TUVEZ JOUFSTFDUJWF QPMZOPNJBMT PG UIF GPSN (x3 − n)(x2 +3t)

BOE (x3 − n)(x2 + 3m2) XIFSF n JT B DVCJD GSFF QPTJUJWF JOUFHFS
 t PEE BOE m JT BO

JOUFHFS�

%FQBSUNFOU � .BUIFNBUJDT BOE $PNQVUFS 4DJFODF � 4UVEFOUĴT 4JHOBUVSF � � � � � � � � � � � � � � � �

'JFME PG 4UVEZ � � .BUIFNBUJDT � � "EWJTPSĴT 4JHOBUVSF � � � � � � � � � � � � � � � � � � � � � � � � � � � �

"DBEFNJD :FBS � � � � � ���� � � � � �
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"DLOPXMFEHFNFOUT

* XPVME MJLF UP FYQSFTT NZ TQFDJBM UIBOLT PG HSBUJUVEF UP NZ BEWJTPS
 1SPGFTTPS :PU�

TBOBO .FFNBSL
 1I�%� XIP HJWFT NF BO PQQPSUVOJUZ UP EP UIJT QSPKFDU� *U BMTP IFMQT

NF JO EPJOH B MPU PG SFTFBSDI BOE * DPNF UP LOPX BCPVU TP NBOZ OFX UIJOHT * BN SF�

BMMZ UIBOLGVM UP UIFN� "MTP
 * XPVME MJLF UP FYQSFTT NZ UIBOLT UP QSPKFDU DPNNJUUFF�

1SPGFTTPS 1BUBOFF 6EPNLBWBOJDI
 1I�%� BOE "TTJTUBOU 1SPGFTTPS 5FFSBQIPOH 1IPOH�

QBUUBOBDIBSFPO 
 1I�%� GPS UIFJS HSFBU TVHHFTUJPOT BOE DPNNFOUT� 'JOBMMZ
 * XPVME MJLF

UP UIBOL NZ QBSFOUT BOE GSJFOET XIP IFMQT NF B MPU JO ųOBMJ[JOH UIJT QSPKFDU XJUIJO

UIF MJNJUFE UJNF GSBNF�

8BDIJSBXJU $IBJGPOHTSJ
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$POUFOUT
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"CTUSBDU	5IBJ
 JW

"CTUSBDU	&OHMJTI
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"DLOPXMFEHFNFOUT WJ

$POUFOUT WJJ

� 1SFMJNJOBSJFT �

��� #BDLHSPVOE � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

��� 0CKFDUJWF � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� .BJO 3FTVMUT �

��� 4PNF MFNNBT � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

��� *OUFSTFDUJWF QPMZOPNJBMT � � � � � � � � � � � � � � � � � � � � � � � � � �

#JCMJPHSBQIZ �

"QQFOEJY ��
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1SFMJNJOBSJFT

��� #BDLHSPVOE

-FU f(x) CF B QPMZOPNJBM XJUI JOUFHFS DPFGųDJFOUT� 8F TBZ UIBU f(x) JT JOUFSTFDUJWF

JG f(x) EPFT OPU IBWF BOZ JOUFHFS SPPU CVU EP IBWF B SPPU NPEVMP m GPS BMM m ∈ N�

5IJT LJOE PG QPMZOPNJBM QSPWJEFT B DPVOUFSFYBNQMF UP UIF MPDBM�HMPCBM QSJODJQMF�

/BNFMZ
 UIFSF FYJTUT B QPMZOPNJBM JO Z[x] XIJDI IBT B SPPU MPDBMMZ NPEVMP m GPS BMM

m ∈ N CVU EPFT OPU IBWF B HMPCBMMZ SPPU JO Z. *U GPMMPXT #SBOEM FU BM� <2> UIBU f(x)

DBOOPU CF JSSFEVDJCMF PWFS Q TJODF JO UIJT DBTF UIFSF NVTU CF B QSJNF p GPS XIJDI

f(x) ≡ 0 (mod p) JT JOTPMWBCMF� $POTFRVFOUMZ
 BO JOUFSTFDUJWF QPMZOPNJBM IBT BU

MFBTU UXP JSSFEVDJCMF GBDUPST PWFS Q� )ZEF FU BM� [3] HBWF B DIBSBDUFSJ[BUJPO GPS B

DVCJD GSFF n TVDI UIBU (x3 − n)(x2 + 3) JT BO JOUFSTFDUJWF QPMZOPNJBM CZ VTJOH POMZ

FMFNFOUBSZ OVNCFS�UIFPSFUJD UFDIOJRVFT BWBJMBCMF JO VOEFSHSBEVBUF DPVSTF� 5IFJS

NBJO SFTVMU JT BT GPMMPXT�

5IFPSFN �� -FU n CF B DVCJD GSFF JOUFHFS� 5IFO f(x) = (x3−n)(x2+3) JT JOUFSTFDUJWF

JG BOE POMZ JG n JT DPOHSVFOU UP 9k + 1 BOE FWFSZ QSJNF GBDUPS PG n JT DPOHSVFOU UP 1

NPEVMP 3�

8F OFYU EJTDVTT TPNF PG )ZEFĴT UPPMT� -FU p CF BO PEE QSJNF
 a, b BOE c CF

JOUFHFST
 BOE
(

∗
p

)
CF UIF -FHFOESF TZNCPM EFųOFE CZ

(
a

p

)
=






1, JG p ! a, BOE x2 ≡ a (mod p) JT TPMWBCMF,

−1, JG p ! a, BOE x2 ≡ a (mod p) JT JOTPMWBCMF,

0, JG p | a.



�

5P EFUFSNJOF UIF -FHFOESF TZNCPM
 XF VTVBMMZ VTF�

1SPQPTJUJPO �� 	2VBESBUJD SFDJQSPDJUZ MBX
 *G p BOE q BSF EJTUJODU QPTJUJWF PEE QSJNFT


UIFO (
p

q

)(
q

p

)
= (−1)

p−1
2

q−1
2 .

1SPQPTJUJPO �� -FU p CF B QPTJUJWF PEE QSJNF� 5IFO

(
−3

p

)
=






1, JG p ≡ 1 (mod 3),

−1, JG p ≡ 2 (mod 3),

0, JG p = 3.

1SPPG� -FU p CF B QPTJUJWF PEE QSJNF� *G p = 3
 UIFO
(

−3
p

)
= 0� /PX XF BTTVNF UIBU

p $= 3. #Z 1SPQPTJUJPO �
(−3

p

)
=

(−1

p

)(3
p

)
= (−1)

p−1
2 ·

(p
3

)
(−1)

p−1
2 =

(p
3

)
.

5IFO
(

p
3

)
= 1 JG p ≡ 1 (mod 3) BOE

(
p
3

)
= −1 JG p ≡ 2 (mod 3)�

-FU m BOE n CF QPTJUJWF JOUFHFST BOE a BO JOUFHFS TVDI UIBU gcd(a,m) = 1� 8F

TBZ UIBU a JT BO n−UI QPXFS SFTJEVF m JG UIF DPOHSVFODF xn ≡ a (mod m) JT TPMWBCMF�

5P EFUFSNJOF JG a JT BO n�UI QPXFS SFTJEVF NPEVMP m
 XF VTF UIF OFYU FMFNFOUBSZ

QSPQPTJUJPO JO CBTJD OVNCFS UIFPSZ�

1SPQPTJUJPO �� 4VQQPTF m JT B OVNCFS IBWJOH QSJNJUJWF SPPUT BOE MFU a ∈ Z CF TVDI

UIBU gcd(a,m) = 1 BOE n ∈ N. 5IFO a JT BO n�UI QPXFS SFTJEVF PG m JG BOE POMZ JG

a
φ(m)

d ≡ 1 (mod m) XIFSF d = gcd(n,φ(m))�

'JOBMMZ
 UP MJGU PVS TPMVUJPOT NPEVMP pj UP TPMVUJPO NPEVMP pj+1 XIFSF j ∈ N BOE

p JT B QSJNF
 XF NVTU VTF UIF GPMMPXJOH )FOTFMĴT MFNNB�

-FNNB �� 	)FOTFMĴT -FNNB
 -FU f(x) ∈ Z[x]� -FU p CF B QSJNF BOE MFU r CF B

TPMVUJPO PG UIF DPOHSVFODF f(x) ≡ 0 (mod p)� *G p EPFT OPU EJWJEF f ′(r)
 UIFO UIF

DPOHSVFODF f(x) ≡ 0 (mod pk) JT TPMWBCMF GPS BMM k ∈ N�

8F BMTP OFFE BOPUIFS SFųOFE WFSTJPO PG )FOTFMĴT MFNNB QSFTFOUFE XJUI QSPPG

BT GPMMPXT�



�

-FNNB �� 	3FųOFE )FOTFMĴT -FNNB
 -FU f(x) ∈ Z[x] BOE j ∈ N� 4VQQPTF UIBU UIFSF

JT BO a ∈ Z TVDI UIBU f(a) ≡ 0 (mod pj)
 pτ‖f ′(a) BOE j ≥ 2τ+1� *G b ≡ a (mod pj−τ )


UIFO f(b) ≡ f(a) (mod pj) BOE pτ‖f ′(b)� .PSFPWFS
 UIFSF JT B VOJRVF t NPEVMP p

TVDI UIBU f(a+ tpj−t) ≡ 0 (mod pj+1). 5IFSFGPSF
 f(x) ≡ 0 (mod pk) JT TPMWBCMF GPS

BMM k ∈ N.

1SPPG� 8F CFHJO XJUI UIF 5BZMPSĴT FYQBOTJPO PG f(b)

f(b) = f(a+ tpj−τ ) ≡ f(a) + tpj−τf ′(a) (mod p2j−2τ ).

)FSF UIF NPEVMVT JT EJWJTJCMF CZ pj+1
 CFDBVTF 2j−2τ = j+(j−2τ) ≥ j+1. )FODF


f(a+ tpj−τ ) ≡ f(a) + tpj−τf ′(a) (mod pj+1).

4JODF CPUI UFSNT PO UIF SJHIU IBOE TJEF BSF EJWJTJCMF CZ pj 
 UIF UFSN PO UIF MFGU TJEF

JT EJWJTJCMF CZ pj � 8IFO XF EJWJEF UISPVHI CZ pj XF ųOE
f(a+ tpj−τ )

pj
≡ f(a)

pj
+ t

pj−τf ′(a)

pj
≡ f(a)

pj
+ t

f ′(a)

pτ
(mod p).

4JODF UIF DPFGųDJFOU t JT SFMBUJWFMZ QSJNF UP p TP UIFSF JT B VOJRVF t NPEVMP p GPS

XIJDI UIF SJHIU TJEF JT EJWJTJCMF CZ p� 5P ųOJTI UIF QSPPG
 XF OPUF UIBU f ′(x) JT B

QPMZOPNJBM XJUI JOUFHFS DPFGųDJFOUT TP UIBU

f ′(a+ tpj−τ ) ≡ f ′(a) (mod pj−τ )

GPS BOZ JOUFHFS t� #VU j − τ ≥ τ +1, TP UIJT DPOHSVFODF IPMET NPEVMP pτ+1� 4JODF pτ

FYBDUMZ EJWJEFT f ′(a)
 XF DPODMVEF UIBU pτ FYBDUMZ EJWJEFT f ′(a+ tpj−τ ).

��� 0CKFDUJWF

)ZEF FU BM� <2> HBWF BO JOųOJUFMZ GBNJMZ PG QPMZOPNJBMT UIBU BSF JOUFSTFDUJWF BOE VTFE

POMZ UFDIOJRVFT BWBJMBCMF JO BO VOEFSHSBEVBUF DPVSTF JO OVNCFS UIFPSZ� )FODF


XF BSF JOUFSFTUJOH JO JOUFSTFDUJWF QPMZOPNJBMT PG UIF GPSN (x3 − n)(x2 + 3t) BOE

(x3 − n)(x2 + 3m2) XIFSF t BOE m BSF QPTJUJWF JOUFHFST�

*O UIF OFYU DIBQUFS
 XF QSPWJEFT TPNF MFNNBT JO PSEFS UP QSPWF PVS NBJO SFTVMUT

JO 4FDUJPO 2.1 BOE QSFTFOU PVS NBJO SFTVMUT JO 4FDUJPO 2.2� 8F ųOE OFDFTTBSZ BOE

TVGųDJFOU DPOEJUJPOT GPS JOUFSTFDUJWF QPMZOPNJBMT PG UIFTF GPSNT� 5IJT BMMPXT VT UP

EFUFSNJOF UXP JOųOJUF GBNJMJFT PG JOUFSTFDUJWF QPMZOPNJBMT�



�

$IBQUFS �

.BJO 3FTVMUT

*O UIJT DIBQUFS
 XF QSFTFOU PVS NBJO SFTVMUT PO JOUFSTFDUJWF QPMZOPNJBMT� 8F TUVEZ

QPMZOPNJBMT PG UIF GPSN (x3 −n)(x2 +3t) BOE (x3 −n)(x2 +3m2) XIFSF n JT B DVCJD

GSFF QPTJUJWF JOUFHFS BOE t BOEm BSF QPTJUJWF JOUFHFST� 8F PCUBJO B DIBSBDUFSJ[BUJPO PG

n TVDI UIBU UIFTF QPMZOPNJBMT BSF JOUFSTFDUJWF TJNJMBS UP )ZEFĴT� 8F CFHJO XJUI TPNF

MFNNBT JO UIF ųSTU TFDUJPO BOE XF QSPWF PVS NBJO UIFPSFNT JO UIF MBUFS TFDUJPO�

��� 4PNF MFNNBT

8F DPMMFDU TPNF MFNNBT UIBU XJMM CF SFQFBUFEMZ VTFE JO UIF QSPPG PG PVS NBJO SFTVMUT

JO UIJT TFDUJPO� 8F BMTP MJTU TPNF SFNBSLT JO UIF GPMMPXJOH UXP MFNNBT� 5IFJS QSPPGT

BSF FMFNFOUBSZ�

-FNNB �� -FU n CF B QPTJUJWF JOUFHFS BOE MFU p CF B QSJNF� *G FWFSZ QSJNF GBDUPS PG

n JT DPOHSVFOU UP 1 NPEVMP p
 UIFO n ≡ 1 (mod p).

1SPPG� "TTVNF UIBU FWFSZ QSJNF GBDUPS PG n JT DPOHSVFOU UP 1NPEVMP p� -FU p1, p2, . . . , pt
CF UIF QSJNF GBDUPST PG n� 5IFO GPS FBDI i ∈ {1, 2, ..., t}
 pi = 1+kip GPS TPNF JOUFHFS

ki� 5IVT


n =
t∏

i=1

(1 + kip)
ai ≡ 1 (mod p)

GPS TPNF a1, a2, . . . , at ∈ N.

-FNNB �� -FU g(x), h(x) ∈ Z[x]
 BOE p B QSJNF� *G g(x)h(x) JT JOUFSTFDUJWF BOE

g(x) ≡ 0 (mod pk) EPFT OPU IBWF B TPMVUJPO GPS TPNF k ∈ N
 UIFO h(x) ≡ 0 (mod pl)

IBT B TPMVUJPO GPS BMM l ∈ N�



�

1SPPG� 4VQQPTF UIBU g(x) ≡ 0 (mod pk) BOE h(x) ≡ 0 (mod pl) BSF JOTPMWBCMF GPS

TPNF k, l ∈ N� 4JODF g(x)h(x) JT JOUFSTFDUJWF
 TP g(x)h(x) ≡ 0 (mod pk+l) NVTU IBWF

B TPMVUJPO
 TBZ w� #Z UIF BTTVNQUJPO
 pk ! g(w) BOE pl ! h(w)
 TP pk+l ! g(w)h(w)
 B

DPOUSBEJDUJPO�

��� *OUFSTFDUJWF QPMZOPNJBMT

*O UIJT TFDUJPO
 XF XJMM QSPWF PVS NBJO SFTVMUT XIJDI BSF TJNJMBS UP )ZEFĴT� 8F SFNBSL

UIBU UIF $IJOFTF SFNBJOEFS UIFPSFN BMMPXT VT UP XPSL POMZ PO UIF FYJTUFODF PG

TPMVUJPOT NPEVMP FWFSZ QSJNF QPXFS JOTUFBE�

5IFPSFN �� -FU n CF B DVCJD GSFF JOUFHFS HSFBUFS UIBO 1 BOE t BO PEE QPTJUJWF

JOUFHFS� 5IFO UIF QPMZOPNJBM f(x) = (x3 − n)(x2 + 3t) JT JOUFSTFDUJWF JG BOE POMZ JG

n ≡ 1 (mod 9) BOE FWFSZ QSJNF GBDUPS PG n JT DPOHSVFOU UP 1 NPEVMP 3�

1SPPG� "TTVNF UIBU n ≡ 1 (mod 9) BOE FWFSZ QSJNF GBDUPS PG n JT DPOHSVFOU UP 1

NPEVMP 3� -FU p CF B QSJNF� 8F DPOTJEFS UISFF DBTFT � p ≡ 1 (mod 3)
 p ≡ 2 (mod 3)

BOE p = 3
 SFTQFDUJWFMZ�

$BTF 1� p ≡ 1 (mod 3)� 4P UIF -FHFOESF TZNCPM
(

−3
p

)
JT 1. 4JODF t JT BO PEE

QPTJUJWF JOUFHFS
 XF IBWF
(

−3t

p

)
=

(
3t−1

p

)(
−3
p

)
= 1. *U GPMMPXT UIBU UIF DPOHSVFODF

x2 + 3t ≡ 0 (mod p) IBT B TPMVUJPO
 TBZ u� 4JODF p ! 3
 p ! u� 5IFSFGPSF
 p ! 2u BOE

2u = g′(u) XIFSF g(x) = x2 + 3t� #Z )FOTFMĴT MFNNB
 x2 + 3t ≡ 0 (mod pk) IBT B

TPMVUJPO GPS BMM k ∈ N�

$BTF 2� p ≡ 2 (mod 3). 4JODF FWFSZ QSJNF GBDUPS PG n JT DPOHSVFOU UP 1NPEVMP 3
 p ! n


TP np−1 ≡ 1 (mod p) CZ 'FSNBUĴT MJUUMF UIFPSFN� #Z 1SPQPTJUJPO �
 UIF DPOHSVFODF

x3 − n ≡ 0 (mod p) IBT B TPMVUJPO
 TBZ v� 4JODF p ! n 
 p ! v� "MTP p ! 3
 TP p ! 3v2 BOE

3v2 JT UIF EFSJWBUJWF PG x3 − n BU x = v� #Z )FOTFMĴT MFNNB
 x3 − n ≡ 0 (mod pk)

IBT B TPMVUJPO GPS BMM k ∈ N�

$BTF 3� p = 3� 4JODF n ≡ 1 (mod 9), XF IBWF n ≡ 1, 10, 27 (mod 33)� /PUF UIBU

13 ≡ 1, 43 ≡ 10, 73 ≡ 19 NPEVMP 33
 TP x3 ≡ n (mod 33) JT TPMWBCMF� .PSFPWFS


UIF EFSJWBUJWF PG x3 − n
 XIJDI JT 3x2
 FWBMVBUFE BU 1, 4
 BOE 7 FRVBMT 3, 12, BOE 21


SFTQFDUJWFMZ BOE JT EJWJTJCMF CZ 3 BOE OPU EJWJTCMF CZ PUIFS QPXFST PG 3 JO BMM DBTFT�



�

4P XF BQQMZ UIF SFųOFE )FOTFMĴT MFNNB XJUI j = 3, τ = 1, BOE DPODMVEF UIBU

x3 − n ≡ 0 (mod 3k) JT TPMWBCMF GPS BMM k ∈ N� 5IFO
 f(x) ≡ 0 (mod pj) JT TPMWBCMF

GPS BMM QSJNFT p BOE j ∈ N�

)FODF
 CZ UI $IJOFTF SFNBJOEFS UIFPSFN
 f(x) ≡ 0 (mod m) JT TPMWBCMF GPS FBDI

m ∈ N� 5IJT FTUBCMJTIFT UIF JOUFSTFDUJWF QSPQFSUZ PG f(x)�

$POWFSTFMZ
 TVQQPTF UIBU f(x) = (x3−n)(x2+3t) JT JOUFSTFDUJWF� -FU p CF B QSJNF

TVDI UIBU p | n� 8F XJMM QSPWF UIBU f(x) DBOOPU CF JOUFSTFDUJWF XIFO p ≡ 2 (mod 3)

BOE p = 3. 4P
 XF DBO DPODMVEF UIBU p ≡ 1 (mod 3).

$BTF �� p ≡ 2 (mod 3) 8F TIPX UIBU x2 + 3t ≡ 0 (mod pc) JT JOTPMWBCMF GPS TPNF

c ∈ N� 4JODF t JT BO PEE QPTJUJWF JOUFHFS
 t = 2s + 1 GPS TPNF s ∈ N ∪ {0}� 5IFO

3t = 32s+1 ≡ 3 (mod 23)� /PUF UIBU BMM TRVBSFT NPEVMP 8 BSF 0, 1 BOE 4� 5IVT


x2 + 3t ≡ 0 (mod 23) EPFT OPU IBWF B TPMVUJPO� /FYU
 XF BTTVNF UIBU p $= 2� 4P
(

−3
p

)
= −1. 4JODF t JT BO PEE QPTJUJWF JOUFHFS
 XF IBWF

(
−3t

p

)
= −1
 TP x2 + 3t ≡

0 (mod p) EPFT OPU IBWF B TPMVUJPO� )FODF
 x2 + 3t ≡ 0 (mod pc) JT JOTPMWBCMF GPS

TPNF c ∈ N� #Z -FNNB �
 x3 − n ≡ 0 (mod pk) IBT B TPMVUJPO GPS BMM k ∈ N, TP

x3 − n ≡ 0 (mod p3) IBT B TPMVUJPO
 TBZ v� 4JODF p | n, XF IBWF p | v. *U GPMMPXT UIBU

p | v3, BOE TP p3 | n XIJDI DPOUSBEJDUT n JT B DVCJD GSFF JOUFHFS�

$BTF 2� p = 3. 4VQQPTF UIBU x2 + 3t ≡ 0 (mod 3t+1) IBT B TPMVUJPO
 TBZ w� 5IFO

3t | w2
 TP w2 = h · 3t GPS TPNF h ∈ N� 4JODF 3 | w
 XF MFU w = 3aM GPS TPNF

a,M ∈ N BOE 3 ! M � 5IFO w2 = 32aM2� 4JODF 3 ! M 
 2a JT UIF IJHIFTU QPXFS PG

3 UIBU EJWJEFT w2� 8F XJMM TIPX UIBU 3 | h� *G 3 ! h
 UIFO t JT UIF IJHIFTU QPXFS PG

3 UIBU EJWJEFT w2
 TP t = 2a XIJDI JT JNQPTTJCMF XIFSF t JT BO PEE QPTJUJWF JOUFHFS�

5IVT
 3 | h� 4JODF w2 = h · 3t, 3t+1 | w2� #VU 3t+1 | w2 + 3t
 TP 3t+1 | 3t XIJDI JT B

DPOUSBEJDUJPO� )FODF
 x2 + 3t ≡ 0 (mod 3t+1) EPFT OPU IBWF B TPMVUJPO�

"TTVNF UIBU x3 − n ≡ 0 (mod 3k) EPFT OPU IBWF B TPMVUJPOT GPS TPNF k ∈ N�

*U GPMMPXT CZ -FNNB � UIBU f(x) = (x3 − n)(x2 + 3t) ≡ 0 (mod 3k+t+1) EPFT OPU

IBWF B TPMVUJPOT XIJDI JT B DPOUSBEJDUJPO CFDBVTF f(x) JT JOUFSTFDUJWF� 5IVT
 x3−n ≡

0 (mod 3k) IBT B TPMVUJPO GPS BMM k ∈ N� 4P x3 − n ≡ 0 (mod 33) IBT B TPMVUJPO
 TBZ

z� 5IFO 3 | z CFDBVTF 3 | n
 UIFO 33 | z3, J�F� 33 | n XIJDI JT JNQPTTJCMF CFDBVTF n JT

B DVCJD GSFF JOUFHFS�



�

5IVT
 FWFSZ QSJNF GBDUPS PG n JT DPOHSVFOU UP 1 NPEVMP 3
 CZ -FNNB �
 n ≡

1 (mod 3)� 4JODF x2 + 3t ≡ 0 (mod 3t+1) JT JOTPMWBCMF
 CZ -FNNB �
 f(x) = (x3 −

n)(x2 + 3t) ≡ 0 (mod 3k+t+1) EPFT OPU IBWF B TPMVUJPO XIJDI DPOUSBEJDUT UIF GBDU

UIBU f(x) JT JOUFSTFDUJWF� 5IVT
 x3 − n ≡ 0 (mod 3k) JT TPMWBCMF GPS BMM k ∈ N
 TP UIF

DPOHSVFODF x3−n ≡ 0 (mod 32)NVTU IBWF B TPMVUJPO� 4JODF UIF DVCFT NPEVMP 9 BSF

1 PS 8
 n ≡ 1, 8 (mod 9). *G n ≡ 8 (mod 9), XF IBWF n ≡ 2 (mod 3) XIJDI DPOUSBEJDUT

UIF QSFWJPVT DBMDVMBUJPO� )FODF
 n ≡ 1 (mod 9)�

5IFPSFN ��� -FU n CF B DVCJD GSFF JOUFHFS HSFBUFS UIBO 1 BOE m BO JOUFHFS� 5IFO

UIF QPMZOPNJBM f(x) = (x3−n)(x2+3m2) JT JOUFSTFDUJWF JG BOE POMZ JG n ≡ 1 (mod 9)

BOE FWFSZ QSJNF GBDUPS PG n JT DPOHSVFOU UP 1 NPEVMP 3�

1SPPG� "TTVNF UIBU n ≡ 1 (mod 9) BOE FWFSZ QSJNF GBDUPS PG n JT JT DPOHSVFOU UP 1

NPEVMP 3� -FU p CF B QSJNF� 8F DPOTJEFS UISFF DBTFT � p ≡ 1 (mod 3)
 p ≡ 2 (mod 3)

BOE p = 3�

$BTF 1� p ≡ 1 (mod 3)� *G p ! m, p ! −3m2. 5IFO UIF -FHFOESF TZNCPM
(

−3m2

p

)
= 1.

*U GPMMPXT UIBU x2 + 3m2 ≡ 0 (mod p) IBT B TPMUVUJPO
 TBZ u� 4JODF p ! 3, XF IBWF

p ! u. 5IVT
 p ! 2u BOE g′(u) = 2u XIFSF g(x) = x2 + 3m2. #Z )FOTFMĴT MFNNB


x2 +3m2 ≡ 0 (mod pk) IBT B TPMVUJPO GPS BMM k ∈ N� /FYU
 XF BTTVNF UIBU p | m BOE

XSJUF m = prs GPS TPNF r ∈ N, s ∈ Z BOE p ! s. 5IFO
(

−3s2

p

)
= 1, TP UIFSF JT B z ∈ Z

TVDI UIBU z2 + 3s2 ≡ 0 (mod p)� -FU x0 = prz. 5IFO x2
0 + 3m2 = p2r(z2 + 3s2) ≡

0 (mod p2r+1)� 4JODF pr‖2x0 BOE 2x0 JT UIF EFSJWBUJWF PG x2 + 3m2 BU x = x0, CZ

BQQMZJOH UIF SFųOFE )FOTFMĴT MFNNB XJUI j = 2r + 1 BOE τ = r, XF DBO DPODMVEF

UIBU x2 + 3m2 ≡ 0 (mod pk) IBT B TPMVUJPO GPS BMM k ∈ N.

$BTF 2� p ≡ 2 (mod 3). 4JODF FWFSZ QSJNF GBDUPS PG n JT DPOHSVFOU 1 NPEVMP 3
 p ! n


TP np−1 ≡ 1 (mod p) CZ 'FSNBUĴT MJUUMF UIFPSFN� #Z 1SPQPTJUJPO �
 x3−n ≡ 0 (mod p)

IBT B TPMVUJPO
 TBZ v� 4JODF p ! n 
 p ! v� "MTP p ! 3
 TP p ! 3v2
 BOE 3v2 JT UIF EFSJWBUJWF

PG x3 − n BU x = v� #Z )FOTFMĴT MFNNB
 UIF x3 − n ≡ 0 (mod pk) IBT B TPMVUJPO GPS

BMM k ∈ N�

$BTF 3� p = 3� 4JODF n ≡ 1 (mod 9), XF IBWF n ≡ 1, 10, 19 (mod 33)� /PUF UIBU

13 ≡ 1, 43 ≡ 10, 73 ≡ 19 NPEVMP 33
 TP x3 ≡ n (mod 33) JT TPMWBCMF� .PSFPWFS


UIF EFSJWBUJWF PG x3 − n
 XIJDI JT 3x2
 FWBMVBUFE BU 1, 4
 BOE 7 FRVBMT 3, 12, BOE 21




�

SFTQFDUJWFMZ BOE EJWJTJCMF CZ 3 BOE OPU EJWJTJCMF CZ PUIFS QPXFST PG 3 JO BMM DBTFT�

4P XF BQQMZ UIF SFųOFE )FOTFMĴT MFNNB XJUI j = 3 BOE τ = 1
 XF DPODMVEF UIBU

x3 − n ≡ 0 (mod 3k) JT TPMWBCMF GPS BMM k ∈ N� 5IFO
 f(x) ≡ 0 (mod pj) JT TPMWBCMF

GPS BMM QSJNFT p BOE j ∈ N�

)FODF
 CZ UIF $IJOFTF SFNBJOEFS UIFPSFN
 f(x) ≡ 0 (mod m′) JT TPMWBCMF GPS

FBDI m′ ∈ N� 5IJT FTUBCMJTIFT UIF JOUFSTFDUJWF QSPQFSUZ PG f(x)�

$POWFSTFMZ
 TVQQPTF UIBU f(x) = (x3 − n)(x2 + 3m2) JT JOUFSTFDUJWF� -FU p CF B

QSJNF TVDI UIBU p | n� 8F XJMM QSPWF UIBU f(x) DBOOPU CF JOUFSTFDUJWF XIFO p ≡

2 (mod 3) BOE p = 3� 4P
 XF DBO DPODMVEF UIBU p ≡ 1 (mod 3)�

$BTF �� p ≡ 2 (mod 3)� 8F DMBJN UIBU x2 + 3m2 ≡ 0 (mod pc) JT JOTPMWBCMF GPS

TPNF c ∈ N� -FU m = 2tK GPS TPNF t ∈ N ∪ {0}
 K ∈ N BOE K PEE� 4VQQPTF

UIBU x2 + 3m2 ≡ 0 (mod 22t+3) IBT B TPMVUJPO
 TBZ x1� 5IFO x2
1 + 3m2 ≡ 0 (mod 2t)

BOE x2
1 ≡ 0 (mod 22t)� -FU x1 = 2de GPS TPNF d, e ∈ N BOE e PEE� 5IFO 22de2 =

x2
1 ≡ 0 (mod 22t)
 TP d ≥ t� 0CTFSWF UIBU 0 ≡ x2

1 + 3m2 = 22de2 + 3 · 22tK2 =

22t((2d−te)2 + 3K2) (mod 22t+3)� 5IVT
 (2d−te)2 + 3K2 ≡ 0 (mod 8). 4JODF K JT PEE


K2 ≡ 1 (mod 8)
 TP 0 ≡ (2d−te2) + 3K2 ≡ (2d−te2) + 3 (mod 8). *U GPMMPXT UIBU

x2+3 ≡ 0 (mod 8) JT TPMWBCMF XIJDI JT JNQPTTJCMF CFDBVTF BMM TRVBSFT NPEVMP 8 BSF

0, 1 BOE 4�

/PX
 XF BTTVNF UIBU p $= 2� 5IFO
(

−3
p

)
= −1
 TP x2 + 3 ≡ 0 (mod p) JT

JOTPMWBCMF� *G p ! m, UIFO
(

−3m2

p

)
= −1
 TP x2+3m2 ≡ 0 (mod p) JT JOTPMWBCMF� /FYU


XF TVQQPTF UIBU p | m BOE XSJUF m = pf i GPS TPNF f ∈ N, i ∈ Z BOE p ! i� "TTVNF

UIBU x2 + 3m2 ≡ 0 (mod p2f+1) IBT B TPMVUJPO
 TBZ x2� 5IFO p | x2
 TP x2 = pαβ

GPS TPNF α ∈ N, β ∈ Z BOE p ! β. *U GPMMPXT UIBU 0 ≡ x2
0 + 3m2 = p2αβ2 + 3p2f i2 =

p2f ((pα−fβ)2 + 3i2) (mod p2f+1), TP (pα−fβ)2 + 3i2 ≡ 0 (mod p)� 4JODF p ! i,−3 JT

B TRVBSF NPEVMP p XIJDI JT B DPOUSBEJDUJPO� )FODF
 XF IBWF UIF DMBJN� #Z -FNNB

�
 x3 − n ≡ 0 (mod pk) JT TPMWBCMF GPS BMM k ∈ N. "MTP x3 − n ≡ 0 (mod p3) IBT B

TPMVUJPO
 TBZ g� 5IFO p | g, TP p3 | g3� *U GPMMPXT UIBU p3 | n XIJDI DPOUSBEJDUT n JT B

DVCJD GSFF JOUFHFS�

$BTF 2� p = 3. -FU m = 3r1s1 GPS TPNF r1 ∈ N∪ {0}, s1 ∈ Z BOE 3 ! s1� 8F XJMM DMBJN

UIBU x2+3m2 ≡ 0 (mod 32r1+2) JT JOTPMWBCMF� 4VQQPTF UIBU x2+3m2 ≡ 0 (mod 32r1+2)



�

IBT B TPMVUJPO
 TBZ w� 5IFO 3 | w,w = 3e1d1 GPS TPNF e1 ∈ N, d1 ∈ Z BOE 3 ! d1� *U

GPMMPXT UIBU 0 ≡ w2+3m2 = 32e1d21+32r1+1s21 ≡ 32e1d21 (mod 32r1+1), TP 2r1+1 ≤ 2e1�

4JODF 2r1 + 1 JT PEE
 2r1 + 2 ≤ 2e1. 5IVT
 0 ≡ w2 + 3m2 = 32e1d21 + 32r1+1s21 ≡

32r1+1s21 (mod 32r1+2), s21 ≡ 0 (mod 3) XIJDI DPOUSBEJDUT CFDBVTF 3 ! s1. )FODF
 XF

IBWF UIF DMBJN� #Z -FNNB �
 x3 − n ≡ 0 (mod 3k) JT TPMWBCMF GPS BMM k ∈ N. "MTP

x3 − n ≡ 0 (mod 33) IBT B TPMVUJPO
 TBZ g′� 5IFO 3 | g′, TP 33 | (g′)3� *U GPMMPXT UIBU

33 | n XIJDI DPOUSBEJDUT n JT B DVCJD GSFF JOUFHFS�

5IFSFGPSF
 FWFSZ QSJNF GBDUPS PG n NVTU CF DPOHSVFOU UP 1 NPEVMP 3
 CZ -FNNB

�
 XF DBO DPODMVEF UIBU n ≡ 1 (mod 3)� 4JODF UIF DVCFT NPEVMP 9 BSF 1 PS 8
 n ≡ 1

PS 8 (mod 9)� *G n ≡ 8 (mod 9)
 XF IBWF n ≡ 2 (mod 3) XIJDI DPOUSBEJDUT UIF

QSFWJPVT DBMDVMBUJPO� )FODF
 n ≡ 1 (mod 9).



��

#JCMJPHSBQIZ

<�> %� #FSFOE BOE :� #JMV
 1PMZOPNJBMT XJUI SPPUT NPEVMP FWFSZ JOUFHFS
 1SPD�

"NFS� .BUI 4PD�
 ��� 	����
 ����ı�����

<�> 3� #SBOEM
 %� #VCCPMPOJ
 *� )VQQ
 1PMZOPNJBMT XJUI SPPUT NPE p GPS BMM QSJNFT

p
 +� (SPVQ 5IFPSZ
 � 	����
 ���ı����

<�> .� )ZEF
 %� -FF BOE ,� 4QFBSNBO
 1PMZOPNJBMT (x3−n)(x2+3) TPMWBCMF NPEVMP

BOZ JOUFHFS
 "NFS� .BUI� .POUIMZ
 ��� 	����
 ���ı����



��

"QQFOEJY

5IF 1SPKFDU 1SPQPTBM PG $PVSTF ������� 1SPKFDU 1SPQPTBM

"DBEFNJD :FBS ����

1SPKFDU 5JUUMF 	5IBJ
 óĀčîćöĂĉîđêĂøŤđàÖìĊôĔîøĎðĒïï (x3 − n)(x2 + 3t) Ēúą

(x3 − n)(x2 + 3m2)

1SPKFDU 5JUUMF 	&OHMJTI
 *OUFSTFDUJWF QPMZOPNJBMT PG UIF GPSNT (x3 − n)(x2 + 3t)

BOE (x3 − n)(x2 + 3m2)

1SPKFDU "EWJTPS 1SPGFTTPS %S� :PUTBOBO .FFNBSL

#Z .S� 8BDIJSBXJU $IBJGPOHTSJ *% ����������

.BUIFNBUJDT
 %FQBSUNFOU PG .BUIFNBUJDT BOE

$PNQVUFS 4DJFODF
 'BDVMUZ PG 4DJFODF


$IVMBMPOHLPSO 6OJWFSTJUZ

#BDLHSPVOE
 3BUJPOBMF BOE 4DPQF

" QPMZOPNJBM f(x) JO Z[x] JT JOUFSTFDUJWF JGf(x) EPFT OPU IBWF BO JOUFHFS SPPU CVU EP

IBWF B SPPU NPEVMP m GPS BMM QPTJUJWF JOUFHFST m� *OUFSTFDUJWF QPMZOPNJBMT QSPWJEF

BO FYBNQMF PG B 7BO EFS $PSQVU TFU [2]� #FSFOE BOE #JMV [1] HBWF B DSJUFSJPO UP EFDJEF

JG UIF QPMZOPNJBM f(x) ∈ Z[x] IBT B SPPU NPEVMP FWFSZ QPTJUJWF JOUFHFS CZ VTJOH UIF

(BMPJT HSPVQ PG f(x) �5IFZ BQQMJFE UIFJS SFTVMUT UP TIPX UIBU f(x) = (x3 − 19)(x2 +

x+1) IBT B SPPU NPEVMP m GPS FWFSZ QPTJUJWF JOUFHFS m� 5IFJS QSPPG JOWPMWFE (BMPJT

UIFPSZ
 BOE TPNF SFTVMUT GSPN BMHFCSBJD OVNCFS UIFPSZ
 OBNFMZ
 EJTDSJNJOBOU BOE

SFTVMUBOU�

-BUFS
 )ZEF FU BM� [3] VTFE POMZ )FOTFMĴT MFNNB JO FMFNFOUBSZ OVNCFS UIFPSZ

UP HBWF B DIBSBDUFSJ[BUJPO GPS B DVCJD GSFF QPTJUJWF JOUFHFS n TVDI UIBU (x3−n)(x2+3)



��

JT BO JOUFSTFDUJWF QPMZOPNJBM� 5IFJS NBJO UIFPSFN JT BT GPMMPXT�

5IFPSFN� -FU n CF B DVCJD GSFF� 5IFO f(x) = (x3 − n)(x2 + 3) JT JOUFSTFDUJWF JG BOE

POMZ JG n JT PG UIF GPSN 9k+1 BOE FWFSZ QSJNF GBDUPS PG n JT DPOHSVFOU UP 1 NPEVMP 3�

5IJT QSPWJEFT BO JOųOJUF GBNJMZ PG JOUFSTFDUJWF QPMZOPNJBMT�

*O UIJT QSPKFDU
 XF QMBO UP VTF FMFNFOUBSZ OVNCFS UIFPSZ UP EFUFSNJOF PUIFS

JOųOJUF GBNJMJFT PG JOUFSTFDUJWF QPMZOPNJBMT� 'PS FYBNQMF
 XF TUVEZ UIF QPMZOPNJBMT

PG UIF GPSN (x3 −n)(x2 +3t) BOE (x3 −n)(x2 +3m2) XIFSF n JT B DVCJD GSFF QPTJUJWF

JOUFHFS BOE t,m BSF QPTJUJWF JOUFHFST� 8F XJTI UP PCUBJO TPNF DIBSBDUFSJ[BUJPOT

TJNJMBS UP )ZEFĴT�

0CKFDUJWFT

5P EFUFSNJOF GBNJMJFT PG JOUFSTFDUJWF QPMZOPNJBMT PG UIF GPSNT (x3 − n)(x2 +3t) BOE

(x3 − n)(x2 + 3m2) XIFSF O JT B DVCJD GSFF QPTJUJWF JOUFHFS BOE t,m BSF QPTJUJWF

JOUFHFST�

1SPKFDU "DUJWJUJFT

�� 3FWJFX TPNF CBDLHSPVOE JO OVNCFS UIFPSZ PO QPMZOPNJBMT NPEVMP m�

�� 4UVEZ JOUFSTFDUJWF QPMZOPNJBMT GSPN [1], [2] BOE [3]�

�� 'JOE DPOEJUJPOT PO n, t BOE m TVDI UIBU UIF QPMZOPNJBMT (x3 − n)(x2 +3t) BOE
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