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CHAPTER I
INTRODUCTION

LetX1, X2, . . . , Xn be independent integer-valued random variables with means
µj and variances σ2

j for j = 1, 2, . . . , n. Then, let

Sn =
n∑
j=1

Xj, µ =
n∑
j=1

µj and σ2 =
n∑
j=1

σ2
j .

One interesting fundamental probability is the probability at a particular point, i.e.,

P (Sn = k)

for some k ∈ Z. The local limit theorem describes how P (Sn = k) approaches
the normal density 1

σ
√
2π
e−

(k−µ)2

2σ2 . There are two well-known techniques for deriving
this theorem: the characteristic function method and the Bernoulli part extraction
method. The characteristic function method is to estimate the characteristic func-
tion of a random variable. This method has been used in a number of studies such
as ([1], [2], [3], [4] and [5]) in the case of bounded random variables and ([5],[6], [7],
[8] and [9] ) in the case of lattice random variables. The extraction method of the
Bernoulli part of a random variable is to extract an integer-valued random variable
into sums of independent Bernoulli random variables. It was developed by Mc-
Donald ([10], 1979), for proving local limit theorems based on the assumption that
the central limit theorem holds. However, twenty years before McDonald, there
was a similar approach in research of Kolmogorov ([11]). In 2009, this idea was also
developed for general random variables by Aizenmann, Germinet, Klein and Warzel
([12]).

If P (Xj = 1) = pj = 1 − P (Xj = 0), then Xj is called a Bernoulli random
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variable with parameter pj and Sn is said to be a Poisson binomial random vari-
able. In addition, when p1 = p2 = · · · = pn = p, we call Sn a binomial random
variable with parameter n and p and use the notation Sn ∼ B(n, p). The first local
limit theorem was proved by De Moivre and Laplace ([13], 1754) for a binomial
random variable. We call X a lattice random variable with parameter (a, d), if
the values of X belong to L(a, d) = {a + md : m ∈ Z} where a and d > 0 are
integers. In addition, d is said to be maximal, if there are no other integer numbers
a′ and d′ > d for which P (X ∈ L(a′, d′)) = 1; we call X a maximal lattice random
variable with parameter (a, d), if X is a lattice random variable with parameter
(a, d) and d is maximal. Observe that the Bernoulli random variable is a maximal
lattice random variable with parameter (0, 1). In 1948, Gnedenko [14] generalized
the local limit theorem of De Moivre and Laplace to identically distributed maximal
lattice random variables having finite expectation and variance and showed that

sup
k∈Z

∣∣∣∣P (Sn = na+ kd)− d

σ1
√
2nπ

e
− (na+kd−nµ1)

2

2nσ2
1

∣∣∣∣→ 0

as n→ ∞. We denote

∆(a,d)
n = sup

k∈Z

∣∣∣∣P (Sn = na+ kd)− d

σ
√
2π
e−

(na+kd−µ)2

2σ2

∣∣∣∣.
In 1971, Ibragimov and Linnik ([17]) improved the result of Gnedenko by giving the
rate of convergence O

(
1

nα

)
where 0 < α < 1

2
. Their result is given by the following

theorem.

Theorem 1.1. ([17], Theorem 4.5.3, p.138) LetX1, X2, . . . , Xn be independent iden-
tically distributed lattice random variables with parameter (a, d) which have zero
expectation and finite variance. Let F denote the distribution function of X1. In
order that the property

∆(a,d)
n = O

(
1

nα

)
, for 0 < α <

1

2
, (1.1)

holds, it is necessary and sufficient that the following conditions are satisfied:
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(i) d is maximal,

(ii) ∫
|x|≥u

x2F (dx) = O
(

1
u2α

) as u→ ∞.

A few years later, Petrov ([18], 1975) proved that if E|X1|3 < ∞, then (1.1) holds
with α = 1

2
. Moreover, for the case that Xj’s are non-identically distributed lattice

random variables with parameter (0, 1), Petrov gave the following theorem.

Theorem 1.2. ( [18], Theorem 6, p.197) Let X1, X2, . . . , Xn be independent lattice
random variables with parameter (0, 1) satisfying the following conditions,

(i) σ2 → ∞ as n→ ∞,

(ii)
n∑
j=1

E|Xj − µj|3 = O(σ2),

(iii) P (Xj = 0) ≥ P (Xj = m) for all j = 1, 2, . . . , n and m ∈ Z,

(iv) gcd{m : 1
logn

n∑
j=1

P (Xj = 0)P (Xj = m) → ∞ as n→ ∞
}
= 1.

Then,

∆(0,1)
n ≤ C

σ2
.

The previous studies had not given explicit constants of the error bound until the
twenty-first century. Giuliano and Weber ([15], 2017) gave the rate of convergence
O

(
1

σ

)
with explicit constants of the error bound in the case of non-identically

distributed common lattice random variables with parameter (a, d). Denote for a
lattice random variable Xj with parameter (a, d),

δj =
∑
m∈Z

P (Xj = a+md) ∧ P (Xj = a+ (m+ 1)d),

where a ∧ b = min(a, b). If δj > 0, for all j = 1, 2, . . . , n, then they showed that

Xj
D
= Vj + εjLj,



4

where (Vj, εj), Lj , for j = 1, 2, . . . , n are mutually independent; εj , Lj , for j =

1, 2, . . . , n, are independent Bernoulli random variables with P (εj = 1) = 1−P (εj =

0) = ϑj , 0 < ϑj ≤ δj and P (Lj = 0) = P (Lj = 1) = 1
2
(see [20], [21], [22] for more

details). From these assumptions, Giuliano and Weber ([15]) illustrated the following
theorem.

Theorem 1.3. ([15], Corollary 1.8, p.3274) Let X1, X2, . . . , Xn be independent
lattice random variables with parameter (a, d) such that E|Xj|2 < ∞, for all
j = 1, 2, . . . , n. Let Wn =

n∑
j=1

Vj , Bn =
n∑
j=1

εj and S ′
n = Wn +

d
2
Bn. Suppose that

logΘn

Θn
≤ 1

14
where Θn =

n∑
j=1

ϑj . Then, for all k ∈ Z such that

(na+ kd)− E(Sn)
2

σ
≤
(

Θn

14 logΘn

) 1
2

,

we have

∆(a,d)
n ≤ C1

[
d

(
log Θn

σΘn

) 1
2

+
Hn +Θ−1

n√
Θn

]
,

where

C1 = 2
7
2 max

{
8√
2π
,C0

}
,

C0 is the constant such that sup
z∈{1,2...,n}

∣∣∣∣P(B(n, 12) = z

)
−
√

2

πn
e−

(2z−n)2

2n

∣∣∣∣ ≤ C0

n
3
2

,

Hn = sup
x∈R

∣∣∣∣P(S ′
n − E(S ′

n)√
V ar(S ′

n)
< x

)
− Φ(x)

∣∣∣∣ and Φ(x) is the standard normal distri-

bution.

Three years later, Siripraparat and Neammanee ([9], 2021) had given the result
for non-identically distributed random variables taking values in a common lat-
tice L(a, d) as d is maximal. In case of assuming finite third moment, they gave the
rate of convergence O

(
1

σ2

)
with the explicit bound in the following theorem.

Theorem 1.4. ([9], Theorem 1.3, p. 4) Let X1, X2, . . . , Xn be independent maximal
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lattice random variables with parameter (a, d) such that E|Xj|3 < ∞, for all
j = 1, 2, . . . , n. Then,

∆(a,d)
n ≤ 1.7898d

σ4

n∑
j=1

E|Xj − a|3 + 2.2075

τβ
e−

τ2β

π2 .

where

β =
n∑
j=1

βj, βj = 2
∞∑

m=−∞

P (Xj = a+ dm)P (Xj = a+ d(m+ 1)) and

τ =
1

10

(
n∑
j=1

E
∣∣Xj−a

d

∣∣3) 1
3

.

Notice that this result is less complicated than before and, thus, easier to use. Fur-
thermore, in the case of Sn being Poisson binomial, they gave the smaller constant
of the error bound according to the following statement,

sup
k∈{0,1,...,n}

∣∣∣∣P (Sn = k)− 1

σ
√
2π
e−

(k−µ)2

2σ2

∣∣∣∣
≤ 0.1194

σ2(1− 3
4σ
)3

+
0.0749

σ3
+

0.2107

σ3(1− 3
4σ
)6

+

(
0.4579√

σ
+

0.4725

σ
√
σ

)
e−

3
2
σ.

(1.2)

Note that (1.2) improved the result of Zolotukhin et al. ([23], 2018) which gave the
bound where Sn ∼ B(n, p) as follows:

sup
k∈{0,1,...,n}

∣∣∣∣P (Sn = k)− 1√
2np(1− p)π

e−
(k−np)2

2np(1−p)

∣∣∣∣ ≤ min

{
1√

2enp(1− p)
,

0.516

np(1− p)

}
.

From the past until today, there are many works which investigate the local limit
theorem for a generality of Bernoulli sums (see [9], [14], [15] and [16] for examples)
including sums of lattice random variables explained above. The generalization of
a binomial random variable is a Poisson binomial random variable which can be
generalized to be the weighted sums of Bernoulli random variables. These sums
are defined by S̃n = a1X1+a2X2+· · ·+anXn whereXj’s are independent Bernoulli



6

random variables and aj’s are any integers. On the other hand, the weighted sums
of Bernoulli random variables are sums of random variables Xj’s satisfying P (Xj =

aj) = 1 − P (Xj = 0) > 0 for some integers aj . Giuliano and Weber ([21], 2016)
gave the local limit theorem for these sums and showed applications such as a
probabilistic model for the Dickman function, a diophantine equation and Freiman–
Pitman’s probabilistic model of the partition function (see more details in [21]).
Their result is given in the following statement.

Theorem 1.5. [21] Let X1, X2, . . . , Xn be independent Bernoulli random variables
with parameters p1, p2, . . . , pn, respectively. Let a1, a2, . . . , an ∈ N be such that

ai ̸= aj (1.3)

for any i, j = 1, 2, . . . , n such that i ̸= j and

S̃n = a1X1 + a2X2 + · · ·+ anXn

with mean µ and variance σ2. Then,

sup
k∈Z

∣∣∣P (S̃n = k)− 1

σ
√
2π
e−

(k−µ)2

2σ2

∣∣∣ ≤ C
n∑
j=1

pj

for some unknown constant C .

In this work, we investigate local limit theorems for sums of independent lattice
integer-valued random variables without or with finite third moment assumption
and also give explicit constants of the error bound. Our technique is the charac-
teristic function method. First, we give the local limit theorems for sums of lattice
random variable with or without finite third moment condition in Chapter 2. The
followings are our main results.

Theorem 1.6. Let X1, X2, . . . , Xn be independent lattice random variables with
parameter (a, d) such that E|Xj|2+α < ∞ for j = 1, 2, . . . , n, where 0 < α ≤ 1,
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and let Sn =
∑n

j=1Xj with mean µ and variance σ2. Let β :=
n∑
j=1

βj where

βj := 2
∞∑

m=−∞
pjmpj(m+1) and pjm := P (Xj = a+md). If σ2 > d2 and β > 0, then

∆(a,d)
n ≤ 0.0020d

(2+α)(1+α)
2(

n∑
j=1

E|Xj − a|2+α
) 1+α

2

+
4.6171(3

1
α )d

α2−α+2
2

σ4

( n∑
j=1

E|Xj − a|2+α
) 3−α

2

+
0.3184d2

σ2τ
e−

σ2τ2

2d2 +
1.5708

τβ
e−

τ2β

π2

where τ = d

3
1
α

(
n∑

j=1
E|Xj−a|2+α

) 1
2+α

.

Furthermore, if X1, X2, . . . , Xn are identically distributed and β1 > 0, then

∆(a,d)
n ≤ C1

n
1+α
2

where

C1 =
0.0020d

(2+α)(1+α)
2

(E|X1 − a|2+α) 1+α
2

+
4.6171 · 3 1

αd
α2−α+2

2 (E|X1 − a|2+α) 3−α
2

σ4
1

+
0.6368 · 3 3

αd(E|X1 − a|2+α)
3

2+α

σ4
1

+
15.5032 · 3 3

α (E|X1 − a|2+α)
3

2+α

d3β2
1

.

Theorem 1.7. Let X1, X2, . . . , Xn be independent lattice random variables with
parameter (a, d) such that E|Xj|2+α < ∞ for j = 1, 2, . . . , n, where 0 < α ≤ 1,
and let Sn =

∑n
j=1Xj with mean µ and variance σ2. Let υ := min

1≤j≤n
υj where

υj := 2
∞∑

m=−∞
pjmpj(m+j). If σ2 > d2 and υj > 0 for all j = 1, 2, . . . , n, then

∆(a,d)
n ≤ 0.0020d

(2+α)(1+α)
2(

n∑
j=1

E|Xj − a|2+α
) 1+α

2

+
4.6171(3

1
α )d

α2−α+2
2

σ4

( n∑
j=1

E|Xj − a|2+α
) 3−α

2

+
0.3184d2

σ2τ
e−

σ2τ2

2d2 + exp

(
− nυ

4
min

(
1,

(
nτ

2π

)2))
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where τ = d

3
1
α

(
n∑

j=1
E|Xj−a|2+α

) 1
2+α

.

Furthermore, if X1, X2, . . . , Xn are identically distributed and υj > 0 for all j =

1, 2, . . . , n, then for n ≥
(

2π·3
1
α (E|X1−a|2+α)

1
2+α

d

) 2+α
1+α

,

∆(a,d)
n ≤ C2

n
1+α
2

+ e−
nυ
4

where

C2 =
0.0020d

(2+α)(1+α)
2

(E|X1 − a|2+α) 1+α
2

+
4.6171 · 3 1

αd
α2−α+2

2 (E|X1 − a|2+α) 3−α
2

σ4
1

+
0.6368 · 3 3

αd(E|X1 − a|2+α)
3

2+α

σ4
1

.

Moreover, we consider in the case that the third moment of every Xj is finite.
From Theorem 1.6 and Theorem 1.7, we directly obtain Corollary 1.8 and Corollary
1.9, respectively.

Corollary 1.8. Let X1, X2, . . . , Xn be independent lattice random variables with
parameter (a, d) such that E|Xj|3 < ∞ and β > 0 and let Sn =

∑n
j=1Xj with

mean µ and variance σ2 > d2. Then,

∆(a,d)
n ≤ 13.8513d

σ4

n∑
j=1

E|Xj − a|3 + 0.0020d3

n∑
j=1

E|Xj − a|3
+

0.3184d2

σ2κ
e−

σ2κ2

2d2 +
1.5708

κβ
e−

κ2β

π2

where κ = d

3
( n∑

j=1
E|Xj−a|3

) 1
3
.

Furthermore, if X1, X2, . . . , Xn are identically distributed and β1 > 0, then

∆(a,d)
n ≤ C3

n

where

C3 =
0.0020d3

E|X1 − a|3
+

31.0449dE|X1 − a|3

σ4
1

+
418.5864E|X1 − a|3

d3β2
1

.
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Corollary 1.9. Let X1, X2, . . . , Xn be independent lattice random variables with
parameter (a, d) such that E|Xj|3 < ∞ and υj > 0 for all j = 1, 2, . . . , n and let
Sn =

∑n
j=1Xj with mean µ and variance σ2 > d2. Then,

∆(a,d)
n ≤ 13.8513d

σ4

n∑
j=1

E|Xj − a|3 + 0.0020d3

n∑
j=1

E|Xj − a|3
+

0.3184d2

σ2κ
e−

σ2κ2

2d2

+ e−
nυ
4

min
(
1,
(

nκ
2π

)2)
where κ = d

3
( n∑

j=1
E|Xj−a|3

) 1
3
.

Furthermore, if X1, X2, . . . , Xn are identically distributed and υj > 0 for all j =

1, 2, . . . , n, then for n ≥
(

6π(E|X1−a|3)
1
3

d

) 3
2

,

∆(a,d)
n ≤ C4

n
+ e−

nυ
4

where

C4 =
0.0020d3

E|X1 − a|3
+

31.0449dE|X1 − a|3

σ4
1

.

In Chapter 3, we improve the constants in Corollary 1.8 and Corollary 1.9 to obtain
the following results.

Theorem 1.10. Let X1, X2, . . . , Xn be independent lattice random variables with
parameter (a, d) such that E|Xj|3 < ∞ and β > 0 and let Sn =

∑n
j=1Xj with

mean µ and variance σ2 > d2. Then,

∆(a,d)
n ≤ 0.6607d

σ4

n∑
j=1

E|Xj − a|3 + 0.3184d2

σ2κ
e−

σ2κ2

2d2 +
1.5708

κβ
e−

κ2β

π2

where κ = d

3
( n∑

j=1
E|Xj−a|3

) 1
3
.
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Furthermore, if X1, X2, . . . , Xn are identically distributed and β1 > 0, then

∆(a,d)
n ≤ C5

n

where

C5 =
17.8543dE|X1 − a|3

σ4
1

+
418.5858E|X1 − a|3

d3β2
1

.

Theorem 1.11. Let X1, X2, . . . , Xn be independent lattice random variables with
parameter (a, d) such that E|Xj|3 < ∞ and υj > 0 for all j = 1, 2, . . . , n and let
Sn =

∑n
j=1Xj with mean µ and variance σ2 > d2. Then,

∆(a,d)
n ≤ 0.6607d

σ4

n∑
j=1

E|Xj − a|3 + 0.3184d2

σ2κ
e−

σ2κ2

2d2 + e−
nυ
4

min
(
1,
(

nκ
2π

)2)

where κ = d

3
( n∑

j=1
E|Xj−a|3

) 1
3
.

Furthermore, if X1, X2, . . . , Xn are identically distributed and υj > 0 for all j =

1, 2, . . . , n, then for n ≥
(

6π(E|X1−a|3)
1
3

d

) 3
2

,

∆(a,d)
n ≤ C6

n
+ e−

nυ
6

where

C6 =
17.8543dE|X1 − a|3

σ4
1

.

Finally, we consider the local limit theorem for the general weighted sums of
Bernoulli random variables when all weights are mutually distinct positive in Chap-
ter 4. We generalize the condition (1.3) to

|jm − jl| ̸= |kr − ks| (1.4)

for any jm ̸= jl in ImXj , kr ̸= ks in ImXk and j ̸= k and investigate the error of
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the local limit theorem for these independent sums. The following theorems are
our results.

Theorem 1.12. Let X1, X2, . . . , Xn be independent integer-valued random vari-
ables such that E|Xj|2+α < ∞, where 0 < α ≤ 1, for all j = 1, 2, . . . , n and let
Sn =

∑n
j=1Xj with mean µ and variance σ2 > d2. If the condition (1.4) holds, then

sup
k∈Z

∣∣∣P (Sn = k)− 1

σ
√
2π
e−

(k−µ)2

2σ2

∣∣∣
≤ 0.0020(

n∑
j=1

E|Xj|2+α
) 1+α

2

+
4.6171(3

1
α )

σ4

( n∑
j=1

E|Xj|2+α
) 3−α

2

+
0.3184

σ2τα
e−

σ2τ2α
2 +

8

n

where τα = 1

3
1
α

( n∑
j=1

E|Xj |2+α
) 1

2+α
.

Theorem 1.13. Let X1, X2, . . . , Xn be independent integer-valued random vari-
ables such that E|Xj|3 < ∞ for all j = 1, 2, . . . , n and let Sn =

∑n
j=1Xj with

mean µ and variance σ2 > d2. If the condition (1.4) holds, then

sup
k∈Z

∣∣∣P (Sn = k)− 1

σ
√
2π
e−

(k−µ)2

2σ2

∣∣∣ ≤ 0.6607

σ4

n∑
j=1

E|Xj|3 +
0.3184

σ2τ1
e−

σ2τ21
2 +

8

n
.

where τ1 = 1

3
( n∑

j=1
E|Xj |3

) 1
3
.



CHAPTER II
Local Limit Theorems for Lattice Random Variables

without Assuming Finite Third Moment

Let X be any integer-valued random variable. Then, X is called a lattice random
variable with parameter (a, d) where a and d > 0 are integers, if its values belong
to L(a, d) = {a+md | m ∈ Z}. In addition, d is said to be maximal, if there are no
other numbers a′ and d′ > d such that P (X ∈ L(a′, d′)) = 1; we call X a maximal
lattice random variable with parameter (a, d), if X is a lattice random variable
with parameter (a, d) and d is maximal. In this chapter, we relax the third moment
condition to find the local limit theorems for sums of independent integer-valued
lattice random variables and also give explicit constants of the error bound.

Throughout this chapter, let X1, X2, . . . , Xn be independent integer-valued lat-
tice random variables with parameter (a, d), mean µj and variance σ2

j such that
E|Xj|2+α <∞, where 0 < α ≤ 1, for all j = 1, 2, . . . , n and let

Sn =
n∑
j=1

Xj, µ =
n∑
j=1

µj, and σ2 =
n∑
j=1

σ2
j .

We use the ideas of Siripraparat and Neammanee [9], Giuliano and Weber [21] and
Sunklodas [24] to obtain Theorem 2.1 and Theorem 2.2. These theorems are the
local limit theorems in which the limit function is estimated by normal density
function. We denote

∆(a,d)
n = sup

k∈Z

∣∣∣∣P (Sn = na+ kd)− d

σ
√
2π
e−

(na+kd−µ)2

2σ2

∣∣∣∣.
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The following theorems and corollaries are our main results of this chapter. Let

β :=
n∑
j=1

βj

where βj := 2
∞∑

m=−∞
pjmpj(m+1) and pjm := P (Xj = a+md).

Theorem 2.1. If σ2 > d2 and β > 0, then

∆(a,d)
n ≤ 0.0020d

(2+α)(1+α)
2(

n∑
j=1

E|Xj − a|2+α
) 1+α

2

+
4.6171(3

1
α )d

α2−α+2
2

σ4

( n∑
j=1

E|Xj − a|2+α
) 3−α

2

+
0.3184d2

σ2τ
e−

σ2τ2

2d2 +
1.5708

τβ
e−

τ2β

π2

where τ =
d

3
1
α

( n∑
j=1

E|Xj − a|2+α
) 1

2+α

.

Furthermore, if X1, X2, . . . , Xn are identically distributed such that σ2 > d2 and
β1 > 0, then

∆(a,d)
n ≤ C1

n
1+α
2

where

C1 =
0.0020d

(2+α)(1+α)
2

(E|X1 − a|2+α) 1+α
2

+
4.6171(3

1
α )d

α2−α+2
2 (E|X1 − a|2+α) 3−α

2

σ4
1

+
0.6368(3

3
α )d(E|X1 − a|2+α)

3
2+α

σ4
1

+
15.5032(3

3
α )(E|X1 − a|2+α)

3
2+α

d3β2
1

.

Note that βj = 0 if and only if P (Xj = a + md)P (Xj = a + md + d) = 0 for all
m ∈ Z. So, if βj = 0, then we can find d′ > d such that P (Xj ∈ L(a, d′)) = 1

which implies that d is not maximal. Hence, we can apply Theorem 2.1 when d is
maximal.
Let

υ := min
1≤j≤n

υj
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where υj := 2
∞∑

m=−∞
pjmpj(m+j).

Theorem 2.2. If σ2 > d2 and υj > 0 for all j = 1, 2, . . . , n, then

∆(a,d)
n ≤ 0.0020d

(2+α)(1+α)
2(

n∑
j=1

E|Xj − a|2+α
) 1+α

2

+
4.6171(3

1
α )d

α2−α+2
2

σ4

( n∑
j=1

E|Xj − a|2+α
) 3−α

2

+
0.3184d2

σ2τ
e−

σ2τ2

2d2 + exp

(
− nυ

4
min

(
1,

(
nτ

2π

)2))

where τ =
d

3
1
α

( n∑
j=1

E|Xj − a|2+α
) 1

2+α

.

Furthermore, if X1, X2, . . . , Xn are identically distributed such that σ2 > d2 and
υj > 0 for all j = 1, 2, . . . , n, then for n ≥

(
2π(3

1
α )(E|X1−a|2+α)

1
2+α

d

) 2+α
1+α

,

∆(a,d)
n ≤ C2

n
1+α
2

+ e−
nυ
4

where

C2 =
0.0020d

(2+α)(1+α)
2

(E|X1 − a|2+α) 1+α
2

+
4.6171(3

1
α )d

α2−α+2
2 (E|X1 − a|2+α) 3−α

2

σ4
1

+
0.6368(3

3
α )d(E|X1 − a|2+α)

3
2+α

σ4
1

.

We directly obtain Corollary 2.3 and Corollary 2.4 from Theorem 2.1 and Theo-
rem 2.2 in the case of α = 1, respectively.

Corollary 2.3. If σ2 > d2, β > 0 and E|Xj|3 <∞ for all j = 1, 2, . . . , n, then

∆(a,d)
n ≤ 0.0020d3

n∑
j=1

E|Xj − a|3
+

13.8513d

σ4

n∑
j=1

E|Xj − a|3 + 0.3184d2

σ2κ
e−

σ2κ2

2d2

+
1.5708

κβ
e−

κ2β

π2
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where κ =
d

3
( n∑
j=1

E|Xj − a|3
) 1

3

.

Furthermore, if X1, X2, . . . , Xn are identically distributed such that σ2 > d2 and
β1 > 0, then

∆(a,d)
n ≤ C3

n

where

C3 =
0.0020d3

E|X1 − a|3
+

31.0449dE|X1 − a|3

σ4
1

+
418.5864E|X1 − a|3

d3β2
1

.

Corollary 2.4. If σ2 > d2, υj > 0 and E|Xj|3 <∞ for all j = 1, 2, . . . , n, then

∆(a,d)
n ≤ 0.0020d3

n∑
j=1

E|Xj − a|3
+

13.8513d

σ4

n∑
j=1

E|Xj − a|3 + 0.3184d2

σ2κ
e−

σ2κ2

2d2

+ e−
nυ
4

min
(
1,
(

nκ
2π

)2)

where κ =
d

3
( n∑
j=1

E|Xj − a|3
) 1

3

.

Furthermore, if X1, X2, . . . , Xn are identically distributed such that σ2 > d2 and
υj > 0 for all j = 1, 2, . . . , n, then for n ≥

(
6π(E|X1−a|3)

1
3

d

) 3
2

,

∆(a,d)
n ≤ C4

n
+ e−

nυ
4

where

C4 =
0.0020d3

E|X1 − a|3
+

31.0449dE|X1 − a|3

σ4
1

.

We organize this chapter as follows. First, we give auxiliary results in Section
2.1. These results will be used to prove the main theorems in Section 2.2. Some
examples will be given in Section 2.3.
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2.1 Auxiliary results

Let ψX be the characteristic function of a random variable X . The characteristic
function is important in probability theory and statistics, especially in local limit
theorem. In the study of local limit theorems, it is required to estimate bounds for
modulus |ψX | of a characteristic function ψX . The various bounds for |ψX | play a
key role in the investigation of the rate of convergence in the local limit theorem.

Lemma 2.5. [9] Let X be any integer-valued random variable. Then, for t ∈ [0, π),

|ψX(t)| ≤ e−
1
π2 βX t

2

where βX = 2
∞∑

m=−∞
P (X = m)P (X = m+ 1).

In the following lemmas, we use an idea from ([24]) to give bounds of a charac-
teristic function.

Lemma 2.6. Let X be any integer-valued random variable with mean µX and
variance σ2

X . If E|X|2+α <∞ for some 0 < α ≤ 1, then, for all |t| ≤ ( 1
3E|X|α

) 1
α ,

(i) |ψX(t)| ≥ 1
3
and

(ii) there exists a function gX such that ψX(t) = exp

{
iµXt− 1

2
σ2
Xt

2+
t∫
0

gX(s)
ψX(s)

ds
}

and
t∫
0

∣∣ gX(s)
ψX(s)

∣∣ ds ≤ 9E|X|2+α|t|2+α.

Proof. (i) Using the fact that for x ∈ R, eix = 1 + 21−α|x|αΘ for some complex
number Θ such that |Θ| ≤ 1 ([24], p.359), we get that

EeitX = E(1 + Θ12
1−α|tX|α) = 1 + 21−αE(Θ1|X|α)|t|α (2.1)

where Θ1 is a complex random variable such that |Θ1| ≤ 1. From this fact and the
inequality |z1 + z2| ≥ |z1| − |z2| for complex numbers z1 and z2, we can see that

|EeitX | =
∣∣1 + 21−αE(Θ1|X|α)|t|α

∣∣
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≥ 1− 21−αE(|Θ1||X|α)|t|α

≥ 1− 21−αE|X|α|t|α (2.2)
≥ 1− 2E|X|α|t|α.

Then, for all |t| ≤ ( 1
3E|X|α

) 1
α , we have |ψX(t)| = |EeitX | ≥ 1

3
.

(ii) Let t ∈ R be such that |t| ≤ ( 1
3E|X|α

) 1
α . Since

ψX(t) = EeitX =
∞∑

m=−∞

eitmP (X = m),

we obtain
ψ′
X(t) =

∞∑
m=−∞

imeitmP (X = m) = iE(XeitX)

which implies that

ψ′
X(t) =

ψX(t)

EeitX

(
d

dt
EeitX

)
=

(
(iµX − σ2

Xt)− (iµX − σ2
Xt) +

1

EeitX

(
d

dt
EeitX

))
ψX(t)

=

(
(iµX − σ2

Xt) +
gX(t)

ψX(t)

)
ψX(t)

where

gX(t) = −(iµX − σ2
Xt)Ee

itX + iE(XeitX).

Hence,

ψ′
X(t)

ψX(t)
= iµX − σ2

Xt+
gX(t)

ψX(t)

and then

lnψX(t) =

t∫
0

ψ′
X(s)

ψX(s)
ds = iµXt−

1

2
σ2
Xt

2 +

t∫
0

gX(s)

ψX(s)
ds,
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which implies that

ψX(t) = exp

{
iµXt−

1

2
σ2
Xt

2 +

t∫
0

gX(s)

ψX(s)
ds
}
. (2.3)

From the fact that for x ∈ R, eix = 1+ ix+ 21−α

1+α
|x|1+αΘ for some complex number

Θ such that |Θ| ≤ 1 ([24], p.359), we have that

EeitX = 1 + itEX +
21−α

1 + α
E(Θ2|X|1+α)|t|1+α (2.4)

and iE(XeitX) = iµX − tEX2 +
21−α

1 + α
E(iΘ2|X|2+α)|t|1+α (2.5)

where Θ2 is a complex random variable such that |Θ2| ≤ 1. From (2.1) and (2.4),
we obtain that

σ2
Xt(Ee

itX) = σ2
Xt+ 21−ασ2

XE(Θ1|X|α)|t|1+α (2.6)

and − iµX(Ee
itX) = −iµX + µ2

Xt−
21−α

1 + α
µXE(iΘ2|X|1+α)|t|1+α. (2.7)

Adding (2.5) - (2.7) and the fact that σ2
X = EX2 − µ2

X , we have

gX(t) = −iµXEeitX + σ2
XtEe

itX + iE(XeitX)

=
21−α

1 + α
µXE(iΘ2|X|1+α)|t|1+α + 21−ασ2

XE(Θ1|X|α)|t|1+α

+
21−α

1 + α
E(iΘ2|X|2+α)|t|1+α. (2.8)

According to the Lyapunov’s inequality: (E|X|r) 1
r ≤ (E|X|s) 1

s where 0 < r ≤ s,
we have that E|X| ≤ (E|X|2+α)

1
2+α and E|X|1+α ≤ (E|X|2+α)

1+α
2+α which imply

that
E|X|E|X|1+α ≤ E|X|2+α.

We can use the same technique to show that

σ2
XE|X|α ≤ EX2E|X|α ≤ E|X|2+α.
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From these facts and (2.8), we have

∣∣gX(t)∣∣ ≤ 21−α

1 + α
E|X|E(|iΘ2||X|1+α)|t|1+α + 21−ασ2

XE(|Θ1||X|α)|t|1+α

+
21−α

1 + α
E(|iΘ2||X|2+α)|t|1+α

≤ 21−α

1 + α
E|X|E(|X|1+α)|t|1+α + 21−ασ2

XE(|X|α)|t|1+α

+
21−α

1 + α
E(|X|2+α)|t|1+α

≤ 21−α

1 + α
E(|X|2+α)|t|1+α + 21−αE(|X|2+α)|t|1+α

+
21−α

1 + α
E(|X|2+α)|t|1+α

=

(
21−α +

22−α

1 + α

)
E|X|2+α|t|1+α (2.9)

≤ 6E|X|2+α|t|1+α (2.10)

where we use the fact that 21−α+ 22−α

1+α
is decreasing on (0, 1] in the last inequality.

Hence, we can conclude from (i) and (2.10) that for all |t| ≤ ( 1
3E|X|α

) 1
α , we have

∣∣∣∣ gX(t)ψX(t)

∣∣∣∣ ≤ 18E|X|2+α|t|1+α

which implies that

t∫
0

∣∣∣∣ gX(s)ψX(s)

∣∣∣∣ ds ≤ 18

2 + α
E|X|2+α|t|2+α ≤ 9E|X|2+α|t|2+α.

Lemma 2.7. Let X1, X2, . . . , Xn be independent integer-valued random variables
and Wn =

n∑
j=1

Xj with E(Wn) = µW , V ar(Wn) = σ2
W and the characteristic function

ψW . Assume that E|Xj|2+α <∞ for all j = 1, 2, . . . , n, where 0 < α ≤ 1, and
let τ0 = 1

3
1
α

(
1

n∑
j=1

E|Xj |2+α

) 1
2+α

. Then,

∣∣∣∣ψW(t)− eitµW− 1
2
σ2
W t

2

∣∣∣∣ ≤ 12.5606
n∑
j=1

E|Xj|2+α|t|2+αe−
1
2
σ2
W t

2
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for all |t| ≤ τ0.

Proof. From Lyapunov’s inequality, we have

(E|Xl|α)
1
α ≤ (E|Xl|2+α)

1
2+α

which implies that
(

1
n∑
j=1

E|Xj|2+α

) 1
2+α

≤
(

1

E|Xl|2+α

) 1
2+α

≤
(

1

E|Xl|α

) 1
α

for all l = 1, 2, . . . , n. This provides that
(

1

3
2+α
α

n∑
j=1

E|Xj|2+α

) 1
2+α

≤
(

1

3E|Xl|α

) 1
α

for all l = 1, 2, . . . , n. From this fact and Lemma 2.6, we have that for all |t| ≤ τ0,

ψW(t) = exp

{
iµWt−

1

2
σ2

Wt
2 +

n∑
j=1

Gj(t)

}
(2.11)

where Gj(t) =
t∫
0

gXj
(s)

ψXj
(s)

ds and ∣∣Gj(t)
∣∣ ≤ 9E|Xj|2+α|t|2+α.

From (2.11) and the inequality |ez− 1| ≤ |z|e|z| for a complex number z, we get
that for all |t| ≤ τ0,

∣∣∣∣ψW(t)− eiµW t− 1
2
σ2
W t

2

∣∣∣∣ = ∣∣∣∣eiµW t− 1
2
σ2
W t

2+
n∑

j=1
Gj(t)

− eiµW t− 1
2
σ2
W t

2

∣∣∣∣
=

∣∣∣∣eiµW t− 1
2
σ2
W t

2

∣∣∣∣∣∣∣∣e
n∑

j=1
Gj(t)

− 1

∣∣∣∣
≤
∣∣∣∣ n∑
j=1

Gj(t)

∣∣∣∣e− 1
2
σ2
W t

2+

∣∣ n∑
j=1

Gj(t)

∣∣

≤
n∑
j=1

∣∣Gj(t)
∣∣e− 1

2
σ2
W t

2+
n∑

j=1

∣∣Gj(t)

∣∣
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≤ 9
n∑
j=1

E|Xj|2+α|t|2+α × exp

{
− 1

2
σ2

Wt
2 + 9

n∑
j=1

E|Xj|2+α|t|2+α
}

≤ 9
n∑
j=1

E|Xj|2+α|t|2+α × exp

{
− 1

2
σ2

Wt
2 +

9

3
2+α
α

}

≤ 9
n∑
j=1

E|Xj|2+α|t|2+α × exp

{
− 1

2
σ2

Wt
2 +

9

33

}

≤ 12.5606
n∑
j=1

E|Xj|2+α|t|2+αe−
1
2
σ2
W t

2

.

Lemma 2.8. Let X1, X2, . . . , Xn be independent integer-valued random variables
and Wn =

n∑
j=1

Xj with the characteristic function ψW . Then, for |t| ≤ π and n ≥ 2,

|ψW(t)| ≤ exp

(
− nυW

4
min

(
1,

(
nt

2π

)2))

where υW = min
1≤j≤n

υj and υj = 2
∞∑

m=−∞
P (Xj = m)P (Xj = m+ j).

Proof. Let ψj be the characteristic function of Xj . Siripraparat and Neammanee
([9], p.6) showed that

ln(|ψj(t)|) ≤ −
∞∑

m=−∞

∞∑
l=−∞

P (Xj = m)P (Xj = l) sin2

(
(m− l)

t

2

)
.

From this fact and the fact that
n∑
j=1

sin2

(
jt

2

)
≥ n

4
min

(
1,

(
nt

2π

)2)

for |t| ≤ π and n ≥ 2 ([25], p.399), we have

|ψW(t)| =
n∏
j=1

|ψj(t)|

≤
n∏
j=1

exp

(
− 2

∞∑
m=−∞

P (Xj = m)P (Xj = m+ j) sin2

(
jt

2

))
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≤ exp

(
−

n∑
j=1

υj sin
2

(
jt

2

))

≤ exp

(
− υW

n∑
j=1

sin2

(
jt

2

))

≤ exp

(
− nυW

4
min

(
1,

(
nt

2π

)2))
.

2.2 Proof of main results

2.2.1 Proof of Theorem 2.1
Proof. First, we will prove the theorem in the case of a = 0 and d = 1. Let
Y1, Y2, . . . , Yn be independent integer-valued random variables and let

Wn = Y1 + Y2 + · · ·+ Yn

with E(Wn) = µW , V ar(Wn) = σ2
W > 1 and the characteristic function ψW . Suppose

that β
W
:=

n∑
j=1

βYj
> 0 where βYj

= 2
∞∑

m=−∞
P (Yj = m)P (Yj = m + 1) > 0 for all

j = 1, 2, . . . , n and let τ0 = 1

3
1
α

(
1

n∑
j=1

E|Yj |2+α

) 1
2+α

. Since
n∑
j=1

E|Yj|2+α ≥
n∑
j=1

E(Yj)
2 ≥

σ2
W
> 1, we have that

τ0 =
1

3
1
α

(
1

n∑
j=1

E|Yj|2+α

) 1
2+α

<

(
1

n∑
j=1

E|Yj|2+α

) 1
2+α

< 1.

From this fact and the fact that P (Wn = k) = 1
2π

π∫
−π
e−iktψW(t) dt ([26], p.511), we

have
∣∣∣P (Wn = k)− 1

σW

√
2π
e
− (k−µW )2

2σ2
W

∣∣∣
=
∣∣∣ 1
2π

π∫
−π

e−iktψW(t) dt− 1

σW

√
2π
e
− (k−µW )2

2σ2
W

∣∣∣



23

≤ 1

2π

∣∣∣ ∫
|t|<τ0

e−iktψW(t) dt−
∫

|t|<τ0

eit(µW−k)− 1
2
σ2

W t2 dt
∣∣∣

+
1

2π

∣∣∣ ∫
|t|<τ0

eit(µW−k)− 1
2
σ2

W t2 dt−
√
2π

σW

e
− (k−µW )2

2σ2
W

∣∣∣
+

1

2π

∣∣∣ ∫
τ0≤|t|≤π

e−iktψW(t) dt
∣∣∣

:= |A|+ |B|+ |C| (2.12)

where

A :=
1

2π

∫
|t|<τ0

e−iktψW(t) dt−
∫

|t|<τ0

eit(µW−k)− 1
2
σ2

W t2 dt,

B :=
1

2π

∫
|t|<τ0

eit(µW−k)− 1
2
σ2

W t2 dt−
√
2π

σW

e
− (k−µW )2

2σ2
W ,

and C :=
1

2π

∫
τ0≤|t|≤π

e−iktψW(t) dt.

From Lemma 2.7, we have

|A| ≤ 1

2π

∫
|t|<τ0

|e−ikt||ψW(t)− eitµW− 1
2
σ2

W t2 | dt

=
1

2π

∫
|t|<τ0

|ψW(t)− eitµW− 1
2
σ2

W t2 | dt

≤ 12.5606

π

n∑
j=1

E|Yj|2+α
τ0∫
0

|t|2+αe−
1
2
σ2

W t2 dt.

We let τ̃0 = τ
2+α
2

0 . Thus, τ̃0 < τ0 since τ0 < 1. This implies that

τ0∫
0

|t|2+αe−
1
2
σ2

W t2 dt =
τ̃0∫
0

t2+αe−
1
2
σ2

W t2 dt+
τ0∫
τ̃0

t2+αe−
1
2
σ2

W t2 dt.
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From the fact that 3α2+7α+6
2α is decreasing on (0, 1], we have that

τ̃0∫
0

t2+αe−
1
2
σ2

W t2 dt ≤
τ̃0∫
0

t2+α dt

=
τ

(2+α)(3+α)
2

0

3 + α

≤ 1

3
α2+7α+6

2α

(
n∑
j=1

E|Yj|2+α
) 3+α

2

≤ 0.0005(
n∑
j=1

E|Yj|2+α
) 3+α

2

.

To bound
τ0∫̃
τ0

t2+αe−
1
2
σ2

W t2 dt, we use the facts that 3 (2+α)(1−α)
2α = 3

1
α

3
α+1
2

and that 1

3
α+1
2

is decreasing on (0, 1] to obtain that

τ0∫
τ̃0

t2+αe−
1
2
σ2

W t2 dt =
τ0∫
τ̃0

t3

t1−α
e−

1
2
σ2

W t2 dt

≤ 1

τ
(2+α)(1−α)

2
0

τ0∫
τ̃0

t3e−
1
2
σ2

W t2 dt

≤ 1

τ
(2+α)(1−α)

2
0

∞∫
0

t3e−
1
2
σ2
W t

2 dt

= 3
(2+α)(1−α)

2α

( n∑
j=1

E|Yj|2+α
) 1−α

2
(

2

σ4
W

)

≤ 1.1548(3
1
α )

σ4
W

( n∑
j=1

E|Yj|2+α
) 1−α

2

.

Hence,

|A| ≤ 12.5606

π

n∑
j=1

E|Yj|2+α
( τ̃0∫

0

t2+αe−
1
2
σ2

W t2 dt+
τ0∫
τ̃0

t2+αe−
1
2
σ2

W t2 dt
)
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≤ 0.0020(
n∑
j=1

E|Yj|2+α
) 1+α

2

+
4.6171(3

1
α )

σ4
W

( n∑
j=1

E|Yj|2+α
) 3−α

2

. (2.13)

By the fact that
∫

|t|<τ0

eit(µW−k)− 1
2
σ2

W t2 dt =
∫
R

eit(µW−k)− 1
2
σ2

W t2 dt−
∫

|t|≥τ0

eit(µW−k)− 1
2
σ2

W t2 dt

=
1

σW

∫
R

e
it(µW−k)

σW

− t2

2 dt− 1

σW

∫
|t|≥σWτ0

e
it(µW−k)

σW

− t2

2 dt

=

√
2π

σW

e
− (k−µW )2

2σ2
W − 1

σW

∫
|t|≥σWτ0

e
it(µW−k)

σW

− t2

2 dt,

we have

B =
1

2π

∫
|t|<τ0

eit(µW−k)− 1
2
σ2

W t2 dt− 1

σW

√
2π
e
− (k−µW )2

2σ2
W

= − 1

2πσW

∫
|t|≥σWτ0

e
it(µW−k)

σW

− t2

2 dt

and hence,

|B| ≤ 1

2πσW

∫
|t|≥σWτ0

e−
t2

2 dt

≤ 1

πσW

∞∫
σWτ0

e−
t2

2 dt

≤ 1

πσ2
Wτ0

∞∫
σWτ0

te−
t2

2 dt

=
0.3184

σ2
Wτ0

e
−σ2

W
τ20

2 . (2.14)
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By Lemma 2.5, we have

|C| =
∣∣∣ 1
2π

∫
τ0≤|t|≤π

e−iktψW(t) dt
∣∣∣

≤ 1

2π

∫
τ0≤|t|≤π

|ψW(t)| dt

=
1

π

π∫
τ0

|ψW(t)| dt

≤ 1

π

π∫
τ0

e−
1
π2 βW t2 dt

≤ 1

πτ0

∞∫
τ0

te−
1
π2 βW t2 dt

=
1

πτ0

(
π2e−

τ20βW

π2

2βW

)
≤ 1.5708

τ0βW

e−
τ20βW

π2 . (2.15)

From (2.12) - (2.15), we have
∣∣∣P (Wn = k)− 1

σW

√
2π
e
− (k−µW )2

2σ2
W

∣∣∣
≤ 0.0020(

n∑
j=1

E|Yj|2+α
) 1+α

2

+
4.6171(3

1
α )

σ4
W

( n∑
j=1

E|Yj|2+α
) 3−α

2

+
0.3184

σ2
Wτ0

e
−σ2

W τ20
2 +

1.5708

τ0βW

e−
τ20βW

π2 . (2.16)

In general, let X1, X2, . . . , Xn be independent lattice random variables with param-
eter (a, d). For j = 1, 2, . . . , n, let Yj = Xj−a

d
andWn = Y1+Y2+ · · ·+Yn. Observe

that Y1, Y2, . . . , Yn are independent integer-valued random variables and

µW =
µ− na

d
, σ2

W =
σ2

d2
, P (Yj = m) = P (Xj = a+ dm), (2.17)
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E|Yj|2+α =
E|Xj − a|2+α

d2+α
, τ0 = τ =

d

3
1
α

(
n∑
j=1

E|Xj − a|2+α
) 1

2+α

. (2.18)

From (2.16) - (2.18), we have
∣∣∣P (Wn = k)− 1

σW

√
2π
e
− (k−µW )2

2σ2
W

∣∣∣
≤ 0.0020d

(2+α)(1+α)
2(

n∑
j=1

E|Xj − a|2+α
) 1+α

2

+

4.6171(3
1
α )d

α2−α+2
2

(
n∑
j=1

E|Xj − a|2+α
) 3−α

2

σ4

+
0.3184d2

σ2τ
e−

σ2τ2

2d2 +
1.5708

τβ
e−

τ2β

π2 .

From this fact and the fact that
∣∣∣P (Sn = na+ kd)− d

σ
√
2π
e−

(na+kd−µ)2

2σ2

∣∣∣ = ∣∣∣P (Wn = k)− 1

σW

√
2π
e
− (k−µW )2

2σ2
W

∣∣∣,
we have the conclusion of the theorem.
Furthermore, if X1, X2, . . . , Xn are identical, then

µ = nµ1, σ = σ1
√
n,

n∑
j=1

E|Xj − a|2+α = nE|X1 − a|2+α and β = nβ1

which imply that

sup
k∈Z

∣∣∣P (Sn = na+ kd)− d

σ1
√
2nπ

e
− (na+kd−nµ1)

2

2nσ2
1

∣∣∣
≤ 0.0020d

(2+α)(1+α)
2

(E|X1 − a|2+α) 1+α
2 n

1+α
2

+
4.6171(3

1
α )d

α2−α+2
2 (E|X1 − a|2+α) 3−α

2

σ4
1n

1+α
2

+
0.3184(3

1
α )d(E|X1 − a|2+α)

1
2+α

σ2
1n

1+α
2+α

exp

(
−σ2

1n
α

2+α

2(3
2
α )(E|X1 − a|2+α)

2
2+α

)

+
1.5708(3

1
α )(E|X1 − a|2+α)

1
2+α

dβ1n
1+α
2+α

exp

(
−d2β1n

α
2+α

3
2
απ2(E|X1 − a|2+α)

2
2+α

)
. (2.19)
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Since 1+2α
2+α

= 2+α
2(2+α)

+ 3α
2(2+α)

≥ 1+α
2

and e−x ≤ 1
x
for a real number x > 0, we obtain

that

0.3184(3
1
α )d(E|X1 − a|2+α)

1
2+α

σ2
1n

1+α
2+α

exp

(
−σ2

1n
α

2+α

2(3
2
α )(E|X1 − a|2+α)

2
2+α

)

≤ 0.3184(3
1
α )d(E|X1 − a|2+α)

1
2+α

σ2
1n

1+α
2+α

(
2(3

2
α )(E|X1 − a|2+α)

2
2+α

σ2
1n

α
2+α

)

≤ 0.6368(3
3
α )d(E|X1 − a|2+α)

3
2+α

σ4
1n

1+α
2

(2.20)

and

1.5708(3
1
α )(E|X1 − a|2+α)

1
2+α

dβ1n
1+α
2+α

exp

(
−d2β1n

α
2+α

3
2
απ2(E|X1 − a|2+α)

2
2+α

)

≤ 1.5708(3
1
α )(E|X1 − a|2+α)

1
2+α

dβ1n
1+α
2+α

(
3

2
απ2(E|X1 − a|2+α)

2
2+α

d2β1n
α

2+α

)

≤ 15.5032(3
3
α )(E|X1 − a|2+α)

3
2+α

d3β2
1n

1+α
2

. (2.21)

From (2.19) - (2.21), we have

sup
k∈Z

∣∣∣P (Sn = na+ kd)− d

σ1
√
2nπ

e
− (na+kd−nµ1)

2

2nσ2
1

∣∣∣ ≤ C1

n
1+α
2

where

C1 =
0.0020d

(2+α)(1+α)
2

(E|X1 − a|2+α) 1+α
2

+
4.6171(3

1
α )d

α2−α+2
2 (E|X1 − a|2+α) 3−α

2

σ4
1

+
0.6368(3

3
α )d(E|X1 − a|2+α)

3
2+α

σ4
1

+
15.5032(3

3
α )(E|X1 − a|2+α)

3
2+α

d3β2
1

.

2.2.2 Proof of Theorem 2.2
Proof. By the same reason of Theorem 2.1, it suffices to prove the theorem in
case a = 0 and d = 1. Let Y1, Y2, . . . , Yn be independent integer-valued random
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variables with the characteristic functions ψYj
and let

Wn = Y1 + Y2 + · · ·+ Yn

with E(Wn) = µW , V ar(Wn) = σ2
W > 1 and the characteristic function ψW . Suppose

that υYj
= 2

∞∑
m=−∞

P (Yj = m)P (Yj = m + j) > 0 for all j = 1, 2 . . . , n. From (2.12)
- (2.14), we have

∣∣∣P (Wn = k)− 1

σW

√
2π
e
− (k−µW )2

2σ2
W

∣∣∣
≤ 0.0020(

n∑
j=1

E|Yj|2+α
) 1+α

2

+
4.6171(3

1
α )

σ4
W

( n∑
j=1

E|Yj|2+α
) 3−α

2

+
0.3184

σ2
Wτ0

e
−σ2

W τ20
2 + |C|. (2.22)

where C = 1
2π

∫
τ0≤|t|≤π

e−iktψW(t) dt. By Lemma 2.8 and the fact that min(1, x) ≤

min(1, y) if x ≤ y, we obtain that

|C| ≤ 1

2π

∫
τ0≤|t|≤π

|ψW(t)| dt

=
1

π

π∫
τ0

|ψW(t)| dt

≤ 1

π

π∫
τ0

exp

(
− nυW

4
min

(
1,

(
nt

2π

)2))
dt

≤ 1

π

π∫
τ0

exp

(
− nυW

4
min

(
1,

(
nτ0
2π

)2))
dt

=
π − τ0
π

exp

(
− nυW

4
min

(
1,

(
nτ0
2π

)2))
≤ exp

(
− nυW

4
min

(
1,

(
nτ0
2π

)2))
(2.23)
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where υ
W
:= min

1≤j≤n
υYj

. From (2.22) and (2.23),

∣∣∣P (Wn = k)− 1

σW

√
2π
e
− (k−µW )2

2σ2
W

∣∣∣
=

0.0020(
n∑
j=1

E|Yj|2+α
) 1+α

2

+
4.6171(3

1
α )

σ4
W

( n∑
j=1

E|Yj|2+α
) 3−α

2

+
0.3184

σ2
Wτ0

e
−σ2

W τ20
2

+ e−
nυW

4
min
(
1,
(

nτ0
2π

)2)
.

Hence, we can use this fact and (2.17) - (2.18) to obtain the conclusion.
Furthermore, if X1, X2, . . . , Xn are identical and υj > 0 for all j = 1, 2, . . . , n,

then

sup
k∈Z

∣∣∣P (Sn = na+ kd)− d

σ1
√
2nπ

e
− (na+kd−nµ1)

2

2nσ2
1

∣∣∣
≤ 0.0020d

(2+α)(1+α)
2

(E|X1 − a|2+α) 1+α
2 n

1+α
2

+
4.6171(3

1
α )d

α2−α+2
2 (E|X1 − a|2+α) 3−α

2

σ4
1n

1+α
2

+
0.3184(3

1
α )d(E|X1 − a|2+α)

1
2+α

σ2
1n

1+α
2+α

exp

(
−σ2

1n
α

2+α

2(3
2
α )(E|X1 − a|2+α)

2
2+α

)

+ exp

(
− nυ

4
min

(
1,

(
n

1+α
2+αd

2π(3
1
α )(E|Xj − a|2+α)

1
2+α

)2))
.

From (2.20) and n ≥
(

2π(3
1
α )(E|X1−a|2+α)

1
2+α

d

) 2+α
1+α

, we obtain that

sup
k∈Z

∣∣∣P (Sn = na+ kd)− d

σ1
√
2nπ

e
− (na+kd−nµ1)

2

2nσ2
1

∣∣∣ ≤ C2

n
1+α
2

+ e−
nυ
4

where

C2 =
0.0020d

(2+α)(1+α)
2

(E|X1 − a|2+α) 1+α
2

+
4.6171(3

1
α )d

α2−α+2
2 (E|X1 − a|2+α) 3−α

2

σ4
1

+
0.6368(3

3
α )d(E|X1 − a|2+α)

3
2+α

σ4
1

.
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2.3 Examples

In the following examples, we apply Theorem 2.1 and Theorem 2.2 with integer-
valued lattice random variables without finite third moment but the (2+α)-moment
exists for some α ∈ (0, 1).

Example 2.9. For j = 1, 2, . . . , n, let

P (Xj = 0) = P (Xj = 2) =
9

20
and P (Xj = 2k) =

28

5(23k)
for integer k ≥ 2

and assume that X1, X2, . . . , Xn are independent. Note that X1, X2, . . . , Xn are
maximal lattice random variables with parameter (0, 2) and for all j = 1, 2, . . . , n,

µj =
9

10
+

28

5

∞∑
k=2

1

22k
=

41

30

σ2
j =

9

5
+

28

5

∞∑
k=2

1

2k
−
(41
30

)2
=

2459

900

βj = 2[P (Xj = 0)P (Xj = 2) + P (Xj = 2)P (Xj = 4)] =
387

800

E|Xj|3 =
18

5
+

28

5

∞∑
k=2

1 = ∞

and for α ∈ (0, 1),

E|Xj|2+α = 22+α
( 9

20

)
+

28

5

∞∑
k=2

1

2(1−α)k

= 22+α
( 9

20

)
+
(28
5

)( 1

22(1−α) − 21−α

)
<∞.

Let
∆(0,2)
n = sup

k∈Z

∣∣∣P (Sn = 2k)−
√

1800

2459nπ
e−

(60k−41n)2

2459n

∣∣∣.



32

By Theorem 2.1, we have

∆(0,2)
n ≤ A1

n
1+α
2

+
A2

n
1+α
2+α

exp
(
− A3n

α
2+α

)
+

A4

n
1+α
2+α

exp
(
− A5n

α
2+α

)
where Aj’s are constants which depend on α and are given by

A1 =
0.0020(2

(2+α)(1+α)
2 )(

E|X1|2+α
) 1+α

2

+
4.6171(3

1
α )(2

α2−α+2
2 )(E|X1|2+α)

3−α
2

σ4
1

,

A2 =
0.6368(3

1
α )(E|X1|2+α)

1
2+α

σ2
1

,

A3 =
σ2
1

2(3
2
α )(E|X1|2+α)

2
2+α

,

A4 =
0.7854(3

1
α )(E|X1|2+α)

1
2+α

β1
,

and A5 =
4β1

(3
2
α )π2(E|X1|2+α)

2
2+α

.

These are some examples of Aj’s.

α A1 A2 A3 A4 A5

0.1 815329.3725 30707.0472 7.8702 · 10−11 231905.0017 1.1294 · 10−11

0.2 3830.6039 131.7570 4.2748 · 10−6 917.8183 6.1349 · 10−7

0.3 709.0199 22.0903 1.5207 · 10−4 153.8809 2.1824 · 10−5

0.4 332.9755 9.2986 8.5826 · 10−4 64.7743 1.2317 · 10−4

0.5 230.5188 5.6875 2.2941 · 10−3 39.6191 3.2924 · 10−4

0.6 198.0421 4.2260 4.1553 · 10−3 29.4383 5.9634 · 10−4

0.7 199.3648 3.5533 5.8776 · 10−3 24.7522 8.4351 · 10−4

0.8 237.4348 3.3064 6.7879 · 10−3 23.0327 9.4716 · 10−4

0.9 384.3726 3.5196 5.9908 · 10−3 24.5172 8.5976 · 10−4

Observe that Theorem 2.2 cannot be applied to Example 2.9, since
υ5 = 2

∞∑
m=−∞

P (X5 = 2m)P (X5 = 2m+ 10)) = 0.
�
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Example 2.10. Let X1, X2, . . . , Xn be independent random variables defined by

P (Xj = 0) =
7

8
− 1

(2j)6 − (2j)3
, P (Xj = 2j) =

1

8
and P (Xj = (2j)k) = (2j)−3k

for integer k ≥ 2. We see thatX1, X2, . . . , Xn are common lattice random variables
with parameter (0, 2) and

µj =
j

4
+

1

16j4 − 4j2
,

σ2
j =

j2

2
+

1

4j2 − 2j
− µ2

j ,

E|Xj|2+α =
(2j)2+α

8
+

1

(2j)2−2α − (2j)1−α
,

and E|Xj|3 = j3 +
∞∑
k=2

1 = ∞.

These imply that

σ2 ≥ n3

48
and n3

6
≤

n∑
j=1

E|Xj|2+α ≤
(
22+α

8
+

21+2α

48(21−α − 1)

)
n3+α.

Moreover, we have that υj = 2
∞∑

m=−∞
P (Xj = 2m)P (Xj = 2m + 2j) and then

υ1 =
1
4

(
7
8
− 1

(2)6−(2)3

)
+ 1

4

(
1
26

)
≤ υj for all j ≥ 2. Hence,

υ = min
1≤j≤n

υj =
1

4

(
7

8
− 1

(2)6 − (2)3

)
+

1

4

(
1

26

)
=

391

1792
.

Let
∆(0,2)
n = sup

k∈Z

∣∣∣P (Sn = 2k)− 2

σ
√
2π
e−

(2k−µ)2

2σ2

∣∣∣.
By Theorem 2.2, we have

∆(0,2)
n ≤ B1

n
3+3α

2

+
B2

n
α2+3

2

+
B3

n3
exp

(
− B4n

α
2+α

)
+ exp

(
− B5n

α
2+α

)
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where Bj’s are constants which depend on α and are given by

B1 = 0.0020(2
(2+α)(1+α)

2 )(6
1+α
2 ),

B2 = 10706.8184(3
1
α )(2

α2−α+2
2 )

(
22+α

8
+

21+2α

48(21−α − 1)

) 3−α
2

,

B3 = 30.5664(3
1
α )

(
22+α

8
+

21+2α

48(21−α − 1)

) 1
2+α

,

B4 =
1

96(3
2
α )

(
22+α

8
+ 21+2α

48(21−α−1)

) 2
2+α

,

and B5 =
υ

4π2(3
2
α )

(
22+α

8
+ 21+2α

48(21−α−1)

) 2
2+α

.

Observe that Example 2.10 cannot be applied by Theorem 2.1, since βj = 0 for
j ≥ 2. �



CHAPTER III
Local Limit Theorems for Lattice Random Variables with Finite

Third Moment

In chapter 2, we obtain the local limit theorems for sums of independent integer-
valued lattice random variables without assuming finite third moment. However,
we directly obtain the results in case of finite third moment which are Corollary 2.3
and Corollary 2.4. The main results of this chapter is the improvement of constants
in Corollary 2.3 and Corollary 2.4.

Throughout this chapter, let X1, X2, . . . , Xn be independent integer-valued lat-
tice random variables with parameter (a, d), mean µj and variance σ2

j such that
E|Xj|3 <∞ for all j = 1, 2, . . . , n and let

Sn =
n∑
j=1

Xj, µ =
n∑
j=1

µj, and σ2 =
n∑
j=1

σ2
j .

Recall that

∆(a,d)
n = sup

k∈Z

∣∣∣∣P (Sn = na+ kd)− d

σ
√
2π
e−

(na+kd−µ)2

2σ2

∣∣∣∣,
β =

n∑
j=1

βj,

and υ = min
1≤j≤n

υj

are defined in Chapter 2 where

βj = 2
∞∑

m=−∞

pjmpj(m+1),

υj = 2
∞∑

m=−∞

pjmpj(m+j),
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and pjm = P (Xj = a+md).

The following statements are our main results.

Theorem 3.1. If σ2 > d2 and β > 0, then

∆(a,d)
n ≤ 0.6607d

σ4

n∑
j=1

E|Xj − a|3 + 0.3184d2

σ2κ
e−

σ2κ2

2d2 +
1.5708

κβ
e−

κ2β

π2

where κ = d

3
( n∑

j=1
E|Xj−a|3

) 1
3
.

Furthermore, if X1, X2, . . . , Xn are identically distributed such that σ2 > d2 and
β1 > 0, then

∆(a,d)
n ≤ C5

n

where

C5 =
17.8543dE|X1 − a|3

σ4
1

+
418.5858E|X1 − a|3

d3β2
1

.

Theorem 3.2. If σ2 > d2 and υj > 0 for all j = 1, 2, . . . , n, then

∆(a,d)
n ≤ 0.6607d

σ4

n∑
j=1

E|Xj − a|3 + 0.3184d2

σ2κ
e−

σ2κ2

2d2 + e−
nυ
4

min
(
1,
(

nκ
2π

)2)

where κ = d

3
( n∑

j=1
E|Xj−a|3

) 1
3
.

Furthermore, if X1, X2, . . . , Xn are identically distributed such that σ2 > d2 and
υj > 0 for all j = 1, 2, . . . , n, then for n ≥

(
6π(E|X1−a|3)

1
3

d

) 3
2

,

∆(a,d)
n ≤ C6

n
+ e−

nυ
6
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where

C6 =
17.8543dE|X1 − a|3

σ4
1

.

This chapter is organized as follows. First, we give the auxiliary result in Section
3.1 which will be used to prove the main theorems in Section 3.2. Finally, we give
some examples in Section 3.3.

3.1 Auxiliary Result

Let ψ1, ψ2, . . . , ψn and ψ be the characteristic functions of X1, X2, . . . , Xn and Sn,
respectively. In Lemma 2.7, we gave the bound of ψ as follows:

∣∣∣∣ψ(t)− eitµ−
1
2
σ2t2
∣∣∣∣ ≤ 12.5606

n∑
j=1

E|Xj|3|t|3e−
1
2
σ2t2

for all |t| ≤ κ0 and κ0 = 1

3
( n∑

j=1
E|Xj |3

) 1
3
. In the following lemma, we improve the

constant of this result.

Lemma 3.3. ∣∣∣∣ψ(t)− eitµ−
1
2
σ2t2
∣∣∣∣ ≤ 1.0378

n∑
j=1

E|Xj|3|t|3e−
1
2
σ2t2

for all |t| ≤ κ0.

Proof. From (2.2), (2.3) and (2.9), we know that for 0 < α ≤ 1 and j = 1, 2, . . . , n,

|EeitXj | ≥ 1− 21−αE|Xj|α|t|α

and there exists a function gj such that

ψj(t) = exp

{
iµjt−

1

2
σ2
j t

2 +

t∫
0

gj(s)

ψj(s)
ds
}

(3.1)
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for |t| ≤
(

1
3E|X|α

) 1
α and

|gj(t)| ≤
(
21−α +

22−α

1 + α

)
E|X|2+α|t|1+α.

So, we have

|EeitXj | ≥ 1− E|Xj||t|

and
|gj(t)| ≤ 2E|Xj|3|t|2.

From these facts, we obtain that for all |t| ≤ 1
3E|Xj | ,

|ψj(t)| = |EeitXj | ≥ 2

3

and then
t∫

0

∣∣∣∣ gj(s)ψj(s)

∣∣∣∣ ds ≤ 3

t∫
0

E|Xj|3|s|2 ds = E|Xj|3|t|3. (3.2)

From Lyapunov’s inequality, we have that for all l = 1, 2, . . . , n,

E|Xl| ≤ (E|Xl|3)
1
3

and then we can show that
(

1
n∑
j=1

E|Xj|3

) 1
3

≤
(

1

E|Xl|3

) 1
3

≤ 1

E|Xl|
.

From this fact, (3.1), (3.2) and the inequality |ez− 1| ≤ |z|e|z| for a complex number
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z, we have that for t ≤ κ0,

∣∣∣∣ψ(t)− eiµt−
1
2
σ2t2
∣∣∣∣ = ∣∣∣∣ exp{iµt− 1

2
σ2t2 +

n∑
j=1

t∫
0

∣∣∣∣ gj(s)ψj(s)

∣∣∣∣ ds}− exp

{
iµt− 1

2
σ2t2

}∣∣∣∣
=

∣∣∣∣ exp{iµt− 1

2
σ2t2

}∣∣∣∣∣∣∣∣ exp{ n∑
j=1

t∫
0

∣∣∣∣ gj(s)ψj(s)

∣∣∣∣ ds}− 1

∣∣∣∣
≤

n∑
j=1

∣∣∣∣
t∫

0

gXj
(s)

ψXj
(s)

ds
∣∣∣∣× exp

{
− 1

2
σ2t2 +

n∑
j=1

∣∣∣∣
t∫

0

gXj
(s)

ψXj
(s)

ds
∣∣∣∣}

≤
n∑
j=1

E|Xj|3|t|3 × exp

{
− 1

2
σ2t2 +

n∑
j=1

E|Xj|3|t|3
}

≤
n∑
j=1

E|Xj|3|t|3 × exp

{
− 1

2
σ2t2 +

1

27

}

≤ 1.0378
n∑
j=1

E|Xj|3|t|3e−
1
2
σ2t2 .

3.2 Proof of Main Results

3.2.1 Proof of Theorem 3.1
Proof. Let Y1, Y2, . . . , Yn be independent integer-valued random variables and let

Wn = Y1 + Y2 + · · ·+ Yn

with E(Wn) = µW , V ar(Wn) = σ2
W > 1 and ψW be the characteristic function of Wn.

Suppose that βYj
= 2

∞∑
m=−∞

P (Yj = m)P (Yj = m + 1) > 0 for all j = 1, 2, . . . , n.
From (2.12) and (2.14) - (2.15), we have

∣∣∣P (Wn = k)− 1

σW

√
2π
e
− (k−µW )2

2σ2
W

∣∣∣ ≤ A+B + C (3.3)

where

A ≤ 1

2π

∫
|t|<κ0

|ψW(t)− eitµW− 1
2
σ2

W t2 | dt,
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B ≤ 0.3184

σ2
Wκ0

e
−σ2

W
κ20

2 ,

C ≤ 1.5708

κ0βW

e−
κ20βW

π2 ,

κ0 =
1

3
( n∑
j=1

E|Xj|3
) 1

3

,

and βW =
n∑
j=1

βYj
.

By Lemma 3.3, we obtain that

A ≤ 1.0378

π

n∑
j=1

E|Yj|3
κ0∫
0

|t|3e−
1
2
σ2

W t2 dt

≤ 1.0378

π

n∑
j=1

E|Yj|3
(

2

σ4
W

)

≤ 0.6607

σ4
W

n∑
j=1

E|Yj|3. (3.4)

From (3.3) and (3.4), these provide that
∣∣∣P (Wn = k)− 1

σW

√
2π
e
− (k−µW )2

2σ2
W

∣∣∣
≤ 0.6607

σ4
W

n∑
j=1

E|Yj|3 +
0.3184

σ2
Wκ0

e
−σ2

W
κ20

2 +
1.5708

κ0βW

e−
κ20βW

π2 (3.5)

Let Yj =
Xj−a
d

and Wn = Y1 + Y2 + · · · + Yn. Observe that Y1, Y2, . . . , Yn are
independent integer-valued random variables and

µW =
µ− na

d
, σ2

W =
σ2

d2
, P (Yj = m) = P (Xj = a+ dm), (3.6)

E|Yj|3 =
E|Xj − a|3

d3
, κ0 = κ =

d

3

(
n∑
j=1

E|Xj − a|3
) 1

3

and βW = β. (3.7)
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From (3.6) and (3.7), we have
∣∣∣P (Sn = na+ kd)− d

σ
√
2π
e−

(na+kd−µ)2

2σ2

∣∣∣ = ∣∣∣P (Wn = k)− 1

σW

√
2π
e
− (k−µW )2

2σ2
W

∣∣∣
and then we have the conclusion of the theorem by applying this fact with (3.5).
Furthermore, if X1, X2, . . . , Xn are identical, then

µ = nµ1, σ = σ1
√
n,

n∑
j=1

E|Xj − a|3 = nE|X1 − a|3 and β = nβ1

which imply that

sup
k∈Z

∣∣∣P (Sn = na+ kd)− d

σ1
√
2nπ

e
− (na+kd−nµ1)

2

2nσ2
1

∣∣∣
≤ 0.6607dE|X1 − a|3

σ4
1n

+
0.9552d(E|X1 − a|3) 1

3

σ2
1n

2
3

exp

(
−σ2

1n
1
3

18(E|X1 − a|3) 2
3

)

+
4.7124(E|X1 − a|3) 1

3

dβ1n
2
3

exp

(
−d2β1n

1
3

9π2(E|X1 − a|3) 2
3

)
. (3.8)

Since e−x ≤ 1
x
for a real number x > 0, we obtain that

0.9552d(E|X1 − a|3) 1
3

σ2
1n

2
3

exp

(
−σ2

1n
1
3

18(E|X1 − a|3) 2
3

)

≤ 0.9552d(E|X1 − a|3) 1
3

σ2
1n

2
3

(
18(E|X1 − a|3) 2

3

σ2
1n

1
3

)

=
17.1936dE|X1 − a|3

σ4
1n

. (3.9)

and

4.7124(E|X1 − a|3) 1
3

dβ1n
2
3

exp

(
−d2β1n

1
3

9π2(E|X1 − a|3) 2
3

)

≤ 4.7124(E|X1 − a|3) 1
3

dβ1n
2
3

(
9π2(E|X1 − a|3) 2

3

d2β1n
1
3

)

≤ 418.5858E|X1 − a|3

d3β2
1n

. (3.10)
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From (3.8) - (3.10), we have

sup
k∈Z

∣∣∣P (Sn = na+ kd)− d

σ1
√
2nπ

e
− (na+kd−nµ1)

2

2nσ2
1

∣∣∣ ≤ C5

n

where

C5 =
17.8543dE|X1 − a|3

σ4
1

+
418.5858E|X1 − a|3

d3β2
1

.

3.2.2 Proof of Theorem 3.2
Proof. By the same trace of Theorem 3.1, we can only provide to the case of
integer-valued random variables. Let Y1, Y2, . . . , Yn be independent integer-valued
random variables with the characteristic functions ψYj

and let

Wn = Y1 + Y2 + · · ·+ Yn

with E(Wn) = µW , V ar(Wn) = σ2
W > 1 and ψW be the characteristic function of Wn.

Suppose that υYj
= 2

∞∑
m=−∞

P (Yj = m)P (Yj = m + j) > 0 for all j = 1, 2 . . . , n.
From (2.12), (2.14) and (2.23), we have

∣∣∣P (Wn = k)− 1

σW

√
2π
e
− (k−µW )2

2σ2
W

∣∣∣ ≤ A+B + C

where

A ≤ 1

2π

∫
|t|<κ0

|ψW(t)− eitµW− 1
2
σ2

W t2 | dt,

B ≤ 0.3184

σ2
Wκ0

e
−σ2

W
κ20

2 ,

C ≤ e−
nυW

4
min
(
1,
(

nκ0
2π

)2)
,

κ0 =
1

3
( n∑
j=1

E|Xj|3
) 1

3

,

and υW = min
1≤j≤n

υYj
.



43

From this fact and (3.4), we have
∣∣∣P (Wn = k)− 1

σW

√
2π
e
− (k−µW )2

2σ2
W

∣∣∣
≤ 0.6607

σ4
W

n∑
j=1

E|Yj|3 +
0.3184

σ2
Wκ0

e
−σ2

W
κ20

2 + e−
nυW

4
min
(
1,
(

nκ0
2π

)2)
. (3.11)

Hence, we can conclude from (3.6), (3.7) and (3.11) that
∣∣∣P (Wn = k)− 1

σW

√
2π
e
− (k−µW )2

2σ2
W

∣∣∣
≤ 0.6607d

σ4

n∑
j=1

E|Xj − a|3 + 0.3184d2

σ2κ
e−

σ2κ2

2d2 + e−
nυ
4

min
(
1,
(

nκ
2π

)2)
.

Furthermore, if X1, X2, . . . , Xn are identical and υj > 0 for all j = 1, 2, . . . , n, then

sup
k∈Z

∣∣∣P (Sn = na+ kd)− d

σ1
√
2nπ

e
− (na+kd−nµ1)

2

2nσ2
1

∣∣∣
≤ 0.6607dE|X1 − a|3

σ4
1n

+
0.9552d(E|X1 − a|3) 1

3

σ2
1n

2
3

exp

(
−σ2

1n
1
3

18(E|X1 − a|3) 2
3

)

+ exp

(
− nυ

4
min

(
1,

(
dn

2
3

6π(E|Xj − a|3) 1
3

)2))
.

From this fact and (3.9), we obtain that for n ≥
(

6π(E|X1−a|3)
1
3

d

) 3
2

,

sup
k∈Z

∣∣∣P (Sn = na+ kd)− d

σ1
√
2nπ

e
− (na+kd−nµ1)

2

2nσ2
1

∣∣∣ ≤ C6

n
+ e−

nυ
4

where

C6 =
17.8543dE|X1 − a|3

σ4
1

.
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3.3 Examples

The following examples are to apply Theorem 3.1 and Theorem 3.2 and show
that the error bounds are smaller than those in Corollary 2.3 and Corollary 2.4,
respectively.

Example 3.4. Let Xj’s be independent random variables defined by P (Xj = 0) =

P (Xj = 3) = P (Xj = 6) = 1
3
. We see that Xj’s are lattice random variables with

common parameter (0, 3) and

µj = 3, σ2
j = 6, E|Xj|3 = 81 and βj = 4

9
.

Denote
∆(0,3)
n = sup

k∈Z

∣∣∣P (Sn = 3k)− 3

2
√
3nπ

e−
3(k−n)2

4n

∣∣∣.
Applying Theorem 3.1, we obtain that

∆(0,3)
n ≤ 4.4594

n
+

2.0665

n
2
3

e−0.0178n
1
3 +

15.2921

n
2
3

e−0.0024n
1
3 .

Notice that this bound is smaller than the bound from Corollary 2.3 which is given
by

∆(0,3)
n ≤ 93.4970

n
+

2.0665

n
2
3

e−0.0178n
1
3 +

15.2921

n
2
3

e−0.0024n
1
3 . �

Example 3.5. Let Xj’s be independent random variables defined by P (Xj = 0) =

2
3
and P (Xj = 3j) = 1

3
. We see thatXj’s are lattice random variables with common

parameter (0, 3) and

µj = j, σ2
j = 2j2, E|Xj|3 = 9j3 and υj = 4

9

which imply that

µ =
n(n+ 1)

2
, σ2 =

n(n+ 1)(2n+ 1)

3
and

n∑
j=1

E|Xj|3 =
9n2(n+ 1)2

4
.
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Then,
2n3

3
≤ σ2 and 9n4

4
≤

n∑
j=1

E|Xj|3 ≤ 9n4. (3.12)

From (3.12) and Theorem 3.2, we have

∆(0,3)
n ≤ 40.1340

n2
+

8.9411

n
5
3

e−0.0085n
1
3 + e−0.0040n

1
3 . (3.13)

If we use Corollary 2.4, we have the bound as follows:

∆(0,3)
n ≤ 841.4665

n2
+

0.0241

n4
+

8.9411

n
5
3

e−0.0085
1
3 + e−0.0040n

1
3 ,

which is larger than the bound in (3.13). �



CHAPTER IV
Local Limit Theorems for General Weighted Sums of Bernoulli

Random Variables

Recall that De Moivre and Laplace [13] gave the first local limit theorem for Bino-
mial random variable which is sums of Xj’s being Bernoulli random variables with
parameter p, i.e., P (Xj = 1) = 1− P (Xj = 0) = p for all j = 1, 2, . . . , n. From the
past until today, there are many works which investigate the local limit theorem for
a generality of Bernoulli sums such as our results in Chapter 2 and Chapter 3 which
show the local limit theorem for sums of independent lattice random variables
taking values in {a+md : m ∈ Z} for integers a and d ≥ 1 in the case that

∞∑
m=−∞

P (Xj = a+md)P (Xj = a+ (m+ 1)d) > 0 (4.1)

or
∞∑

m=−∞

P (Xj = a+md)P (Xj = a+ (m+ j)d) > 0 (4.2)

for all j = 1, 2, . . . , n. The weighted sums of Bernoulli random variables are other
general forms of Bernoulli sums and they are defined by

S̃n = a1X1 + a2X2 + · · ·+ anXn

where Xj’s are Bernoulli random variables and aj’s are any integers. On the other
hand, the weighted sums of Bernoulli random variables are sums of random vari-
ables Xj’s satisfying P (Xj = aj) = 1− P (Xj = 0) > 0 for some integers aj . Recall
that Giuliano and Weber [21] gave the error bound of the local limit theorem for the
weighted sums of Bernoulli random variables when all weights are distinct positive
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integer, i.e., Sn =
n∑
j=1

Xj where each Xj satisfies P (Xj = aj) = 1−P (Xj = 0) = pj

for some positive integer aj and

ai ̸= aj (4.3)

for any i, j = 1, 2, . . . , n such that i ̸= j. The following inequality is their result:

sup
k∈Z

∣∣∣P (Sn = k)− 1

σ
√
2π
e−

(k−µ)2

2σ2

∣∣∣ ≤ C
n∑
j=1

pj

(4.4)

for some an unknown constant C .
In this chapter, let X1, X2, . . . , Xn be independent integer-valued random vari-

ables with mean µj and variance σ2
j such that E|Xj|2+α < ∞, where 0 < α ≤ 1,

for all j = 1, 2, . . . , n and let

Sn =
n∑
j=1

Xj, µ =
n∑
j=1

µj, σ2 =
n∑
j=1

σ2
j .

We generalize the condition (4.3) to the following condition

|jm − jl| ̸= |kr − ks| (4.5)

for any jm ̸= jl in ImXj , kr ̸= ks in ImXk and j ̸= k and give the local limit
theorem for this general weighted sums in the following theorems.

Theorem 4.1. If σ2 > 1 and the condition (4.5) holds, then

sup
k∈Z

∣∣∣P (Sn = k)− 1

σ
√
2π
e−

(k−µ)2

2σ2

∣∣∣
≤ 0.0020(

n∑
j=1

E|Xj|2+α
) 1+α

2

+
4.6171(3

1
α )

σ4

( n∑
j=1

E|Xj|2+α
) 3−α

2

+
0.3184

σ2τα
e−

σ2τ2α
2 +

8

n
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where τα = 1

3
1
α

( n∑
j=1

E|Xj |2+α
) 1

2+α
.

Theorem 4.2. If σ2 > 1, the condition (4.5) holds and E|Xj|3 < ∞ for all j =

1, 2, . . . , n, then

sup
k∈Z

∣∣∣P (Sn = k)− 1

σ
√
2π
e−

(k−µ)2

2σ2

∣∣∣ ≤ 0.6607

σ4

n∑
j=1

E|Xj|3 +
0.3184

σ2τ1
e−

σ2τ21
2 +

8

n

where τ1 = 1

3
( n∑

j=1
E|Xj |3

) 1
3
.

4.1 Auxiliary Result

We also use the characteristic function methods in order to prove Theorem 4.1
and Theorem 4.2. Bounding the characteristic function is the main concept for this
method. Giuliano and Weber [21] investigated S̃n which is a sum of independent
random variables Xj defined by P (Xj = aj) = 1− P (Xj = 0) = pj . They showed
that if the condition (4.3) holds, then

π∫
−π

|ψ̃(t)| dt ≤ C
n∑
j=1

pj(1− pj)

for some constant C , where ψ̃ is the characteristic function of S̃n. In this work, we
use the idea of Giuliano and Weber in order to obtain our result in the case that
Xj’s are any integer-valued random variables.

Theorem 4.3. Let ψ be the characteristic function of Sn. If the condition (4.5)
holds, then

π∫
0

|ψ(t)| dt ≤ 8π

n
.

Proof. Let ImXj = {jm | m ∈ Z} and P (Xj = jm) = pjm. For c ∈ (0, 1], let

Ec =

{
t ∈ [0, π] :

∣∣∣ n∑
j=1

∞∑
m=1

∞∑
l=1

pjmpjl cos
(
(jm − jl)t

)∣∣∣ > cn

}
.
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Since |ψ(t)| ≤ 1 for any real number t, we obtain that

π∫
0

|ψ(t)| dt =
∫
Ec

|ψ(t)| dt+
∫

[0,π]rEc

|ψ(t)| dt

≤ λ(Ec) +

∫
[0,π]rEc

|ψ(t)| dt, (4.6)

where λ is the Lebesgue measure on R. Since

1 ≤ 1

cn

∣∣∣ n∑
j=l

∞∑
m=1

∞∑
l=1

pjmpjl cos
(
(jm − jl)t

)∣∣∣
for all t ∈ Ec, we have that

λ(Ec) =

∫
Ec

1 dλ

≤ 1

(cn)2

∫
Ec

∣∣∣ n∑
j=l

∞∑
m=1

∞∑
l=1

pjmpjl cos
(
(jm − jl)t

)∣∣∣2 dλ
≤ 1

(cn)2

π∫
0

∣∣∣ n∑
j=l

∞∑
m=1

∞∑
l=1

pjmpjl cos
(
(jm − jl)t

)∣∣∣2 dt. (4.7)

Note that
∣∣∣ n∑
j=1

∞∑
m=1

∞∑
l=1

pjmpjl cos
(
(jm − jl)t

)∣∣∣2
=

n∑
j=1

∣∣∣ ∞∑
m=1

∞∑
l=1

pjmpjl cos
(
(jm − jl)t

)∣∣∣2
+
∑
j ̸=k

∣∣∣ ∞∑
m=1

∞∑
l=1

∞∑
r=1

∞∑
s=1

pjmpjlpkrpks cos
(
(jm − jl)t

)
cos
(
(kr − ks)t

)∣∣∣
and

π∫
0

cos(at) cos(bt) dt =
[
sin
(
(b+ a)t

)
2(b+ a)

+
sin
(
(b− a)t

)
2(b− a)

]π
0

= 0
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for any integer numbers a, b such that |a| ̸= |b|. Then, we obtain

π∫
0

∣∣∣ n∑
j=1

∞∑
m=1

∞∑
l=1

pjmpjl cos
(
(jm − jl)t

)∣∣∣2 dt
≤

n∑
j=1

π∫
0

∣∣∣ ∞∑
m=1

∞∑
l=1

pjmpjl cos
(
(jm − jl)t

)∣∣∣2 dt
≤

n∑
j=1

π∫
0

∣∣∣ ∞∑
m=1

∞∑
l=1

pjmpjl

∣∣∣2 dt
=

n∑
j=1

π∫
0

1 dt

= nπ.

From this fact and (4.7), we have

λ(Ec) ≤
π

c2n
. (4.8)

Let ψ1, ψ2, . . . , ψn be the characteristic functions of X1, X2, . . . , Xn, respectively.
From the fact that

ln(|ψj(t)|) ≤ −
∞∑
m=1

∞∑
l=1

pjmpjl sin
2

(
(jm − jl)

t

2

)

([9], p.6), we have that for t ∈ [0, π]r Ec,

ln(|ψ(t)|) =
n∑
j=1

ln(|ψj(t)|)

≤ −
n∑
j=1

∞∑
m=1

∞∑
l=1

pjmpjl

(
1

2
− cos((jm − jl)t

2

)

= −n
2
+

1

2

n∑
j=1

∞∑
m=1

∞∑
l=1

pjmpjl

(
cos((jm − jl)t

)
≤ −(1− c)n

2
.
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So,
|ψ(t)| ≤ e−

(1−c)n
2

and then
∫

[0,π]rEc

|ψ(t)| dt ≤
∫

[0,π]rEc

e−
(1−c)n

2 dt

≤ e−
(1−c)n

2 λ[0, π]

= πe−
(1−c)n

2 . (4.9)

From (4.6), (4.8) and (4.9), we get that
π∫

0

|ψ(t)| dt ≤ π

c2n
+ πe−

(1−c)n
2 .

From the fact that e−x ≤ 1
x
for all positive real number x, we obtain that for c = 1

2
,

π∫
0

|ψ(t)| dt ≤ 4π

n
+

4π

n
=

8π

n
.

4.2 Proof of Main Results

4.2.1 Proof of Theorem 4.1
Proof. From (2.12) - (2.14), we have that

∣∣∣P (Sn = k)− 1

σ
√
2π
e−

(k−µ)2

2σ2

∣∣∣ ≤ A+B + C (4.10)

where

A ≤ 1

2π

∫
|t|<τα

|ψ(t)− eitµ−
1
2
σ2t2 | dt

B ≤ 0.3184

σ2τα
e−

σ2τ2α
2 and
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C ≤ 1

π

π∫
τα

|ψ(t)| dt,

and

A ≤ 0.0020(
n∑
j=1

E|Xj|2+α
) 1+α

2

+
4.6171 · 3 1

α

σ4

( n∑
j=1

E|Xj|2+α
) 3−α

2

. (4.11)

By Theorem 4.3, we have that

C ≤ 1

π

π∫
0

|ψ(t)| dt ≤ 8

n
. (4.12)

From (4.10) - (4.12), we obtain the theorem.

4.2.2 Proof of Theorem 4.2
Proof. From (4.10) and (4.12) in the case of α = 1, we have that

∣∣∣P (Sn = k)− 1

σ
√
2π
e−

(k−µ)2

2σ2

∣∣∣ ≤ A+B +
8

n
(4.13)

where

A ≤ 1

2π

∫
|t|<τ1

|ψ(t)− eitµ−
1
2
σ2t2 | dt and

B ≤ 0.3184

σ2τ1
e−

σ2τ21
2 .

From (3.4), we know that

A ≤ 0.6607

σ4

n∑
j=1

E|Xj|3. (4.14)

From (4.13) and (4.14), we have the conclusion.
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4.3 Examples

We specify an unknown constant in (4.4) in Example 4.4.

Example 4.4. Let X1, X2, . . . , Xn be Bernoulli random variables defined by

P (Xj = 0) = 1− pj and P (Xj = 1) = pj.

for all j = 1, 2, . . . , n and let a1, a2, . . . , an be distinct positive integers. Then, we
define

S̃n = a1X1 + a2X2 + · · ·+ anXn

with mean µ and variance σ2. So, we obtain that

µ =
n∑
j=1

ajpj, σ2 =
n∑
j=1

a2jpj(1− pj) and
n∑
j=1

E|ajXj|3 =
n∑
j=1

a3jpj.

Let
∆n = sup

k∈Z

∣∣∣P (S̃n = k)− 1

σ
√
2π
e−

(k−µ)2

2σ2

∣∣∣.
By Theorem 4.2, we obtain that

∆n ≤ 0.6607

σ4

n∑
j=1

a3jpj +
0.9552

σ2

( n∑
j=1

a3jpj

) 1
3

exp

(
− 0.0555σ2( n∑

j=1

a3jpj

) 2
3

)
+

8

n
.

Furthermore, in the case that Xj’s are i.i.d., i.e., p1 = p2 = · · · = pn = p, we have
that

∆n ≤
0.6607

n∑
j=1

a3j

p(1− p)2
( n∑
j=1

a2j

)2

+

0.9552
( n∑
j=1

a3j

) 1
3

p
2
3 (1− p)

n∑
j=1

a2j

exp

(
−

0.0555p
1
3 (1− p)

n∑
j=1

a2j( n∑
j=1

a3j

) 2
3

)
+

8

n
. �
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Example 4.5 is appropriate for Theorem 4.1. It cannot be applied by (4.4).

Example 4.5. Let X1, X2, . . . , Xn be independent random variables defined by

P (Xj = 0) = 1− 1

2j+1 − 1
− 1

2(2j+1 − 1)
,

P (Xj = 2j+1 − 1) =
1

2j+1 − 1
and

P (Xj = 2(2j+1 − 1)) =
1

2(2j+1 − 1)

for each j = 1, 2, . . . , n. Then,

E|Xj|
5
2 = (1 + 2

3
2 )(2j+1 − 1)

3
2 ,

µj = 2 and
σ2
j = 6(2j)− 7

which imply that µ = 2n, σ2 = 12(2n)− 7n− 12 and

2(2n) ≤ σ2 ≤ 12(2n),

2(2
3n
2 ) ≤

n∑
j=1

E|Xj|
5
2 ≤ 17(2

3n
2 ).

Note that X1, X2, . . . , Xn satisfy the condition (4.5) since 2(2x − 1) < 2x+1 − 1 for
all natural number x. By Theorem 4.1, we have

∆n ≤ 0.0012

2
9n
8

+
358.6023

2
n
8

+
4.4501

2
2n
5

e
− 0.0012

2
n
5 +

8

n
.

Note that 2 9x
8 > x and 2

2x
5 > 2

x
8 > 400x for all integer x ≥ 125. These provide that

for n ≥ 125,

∆n ≤ 0.0012

n
+

0.8966

n
+

0.0112

n
+

8

n
=

8.9090

n
. �

Remark 4.6. (i) From Example 4.5, we have
n∑
j=1

E|Xj|3 ≥ 6(4n) and σ2 ≤
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12(2n). Then,
1

σ4

n∑
j=1

E|Xj|3 ≥
1

24
.

So, we should not apply Theorem 4.2 with Example 4.5, since ∆n does not
converge to 0.

(ii) Observe that any random variables Xj in Example 4.4 satisfy the follow-
ing equations:

∞∑
m=−∞

P (Xj = m)P (Xj = m + 1) = 0 and
∞∑

m=−∞
P (Xj =

m)P (Xj = m + j) = 0. This instance cannot be applied by the theorems
in Chapter 2 and Chapter 3, since it does not satisfy the conditions (4.1) and
(4.2).



Appendices

Sunklodas and et al. ([24]) refer that the following equations are well-known ex-
pansions of the function eix for any real number x without proof. So, we give the
proof of these expansions as follows.

1. For any real number x and α ∈ (0, 1], there exists a complex number Θ1 which
|Θ1| ≤ 1 such that

eix = 1 + 21−α|x|αΘ1.

Proof. Recalling the Taylor’s expansion of the function eix,

eix =
r−1∑
k=0

[
(ix)k

k!

]
+

(ix)r

(r − 1)!

∫ 1

0

(1− u)reiux du, (A.1)

for r ∈ N. Hence,

eix = 1 + ix

∫ 1

0

(1− u)eiux du

= 1 + 21−α|x|α
[
i2α−1|x|−αx

∫ 1

0

(1− u)eiux du
]

= 1 + 21−α|x|αΘ1

where Θ1 = i2α−1|x|−αx
∫ 1

0
(1 − u)eiux du. We need to show that |Θ1| ≤ 1. If

|x| ≤ 2, then

|Θ1| ≤ 2α−1|x|1−α
∫ 1

0

|(1− u)eiux| du

=

(
|x|
2

)1−α ∫ 1

0

(1− u) du

≤
(
u− u2

2

)∣∣∣∣1
0

=
1

2
.
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If |x| > 2, then

|Θ1| = 2α−1|x|1−α
∣∣∣∣ ∫ 1

0

(1− u)eiux du
∣∣∣∣

= 2α−1|x|1−α
∣∣∣∣(1− cos x) + i(x− sin x)

x2

∣∣∣∣
= 2α−1|x|−1−α

√
2− 2 cos x− 2x sin x+ x2

≤ 2α−1|x|−1−α
√

4 + 2|x|+ x2

= 2α−1|x|−1−α(|x|+ 2)

=
1

21−α|x|α
+

2α

|x|1+α

≤ 1

21−α2α
+

2α

21+α

= 1.

2. For any real number x and α ∈ (0, 1], there exists a complex number Θ2 which
|Θ2| ≤ 1 such that

eix = 1 + ix+
21−α

1 + α
|x|1+αΘ2.

Proof. From (A.1), we obtain that

eix = 1 + ix+ (ix)2
∫ 1

0

(1− u)2eiux du

= 1 + ix+
21−α

1 + α
|x|1+α

[
− (1 + α)x2

21−α|x|1+α

∫ 1

0

(1− u)2eiux du
]

= 1 + ix+
21−α

1 + α
|x|1+αΘ2

where Θ2 = − (1+α)x2

21−α|x|1+α

∫ 1

0
(1 − u)2eiux du. We remain to show that |Θ2| ≤ 1. If

|x| ≤ 3, then

|Θ2| ≤ (1 + α)

(
|x|
2

)1−α ∫ 1

0

|(1− u)2eiux| du

= (1 + α)

(
|x|
2

)1−α ∫ 1

0

(1− u)2 du
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= (1 + α)

(
|x|
2

)1−α(
u− u2 +

u3

3

)∣∣∣∣1
0

=
1 + α

3

(
|x|
2

)1−α

≤ 1 + α

3

(
3

2

)1−α

≤ 2

3

(
3

2

)
= 1.

If |x| > 3, then

|Θ2| =
1 + α

21−α|x|α−1

∣∣∣∣ ∫ 1

0

(1− u)2eiux du
∣∣∣∣

=
1 + α

21−α|x|α−1

∣∣∣∣(2 sin x− 2x) + i(2− 2 cos x− x2)

x3

∣∣∣∣
=

1 + α

21−α|x|2+α
√
x4 + (4x2 − 8) cos x− 8x sin x+ 8

≤ 1 + α

21−α|x|2+α
√
x4 + 4x2 + 8|x|

=
1 + α

21−α|x|α

√
1 +

4

x2
+

8

|x|3

≤ 1 + α

2

(
2

3

)α√
1 +

4

9
+

8

27

≤ 2

3

√
47

27

≤ 1.
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