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Chapter I

INTRODUCTION

1.1 String Theory Overview

James Clerk Maxwell’s contributions to electromagnetism indeed played a

crucial role in shaping our understanding of light as an electromagnetic wave, which

propagates at a constant velocity in a vacuum. This posed a conflict with Newto-

nian mechanics, which assumed that velocity was relative to the observer’s frame

of reference.

In 1905, Albert Einstein published his theory of special relativity based on two

postulates: the constancy of the speed of light in all inertial reference frames and

the equivalence of all inertial reference frames with the same laws of physics. This

theory provided a profound understanding of space and time, introducing concepts

such as time dilation and length contraction resulting from the relative nature of

simultaneity.

To generalize this theory, Einstein extends his ideas to include gravity, lead-

ing to the development of general relativity, which was published between 1907 and

1915. General relativity introduced the revolutionary concept that gravity is not a

force acting at a distance, as described by Newtonian gravity, but rather a conse-

quence of the curvature of spacetime caused by the presence of mass and energy.

The equivalence principle posited that no experiment can distinguish between the

effects of gravity and those of an accelerating reference frame.

General relativity successfully explained various gravitational phenomena, in-

cluding the anomalous perihelion shifts of planets and the bending of light around

massive objects. Moreover, the theory predicted the existence of black holes and



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2

gravitational waves, both of which have been observed in subsequent years, provid-

ing robust confirmation of Einstein’s revolutionary ideas.

On the other hand, in the early 1900s, physicists couldn’t use classical physics

to explain the radiation of metals at high temperatures until Max Planck proposed

the idea that was the beginning of modern physics. Max Planck suggests that matter

can absorb and release only discrete energy, which is carried on to the photoelec-

tric effect by Albert Einstein, published in 1905. In the photoelectric effect, light

consists of tiny packets of energy known as photons or light quanta. The idea of a

quantum implies that light or electromagnetic wave can behave as a particle, which

was used to construct the spectrum of the hydrogen model by Niels Bohr in 1913.

After that, Louis de Broglie studies special relativity together with the idea of quan-

tum, leading to a complementary idea, which says that matter can also behave as a

wave called a matter wave. The wave-particle duality means that we can’t specify

the wave state or particle of the physical system at the level of subatomic particles.

In 1926, Erwin Schrodinger made an effort to construct an equation for de-

scribing the de Broglie wave in a situation where an electron has high speed. By

combining special relativity and quantum theory, the equation is created with the

form

1

c2
∂2ψ

∂t2
−∇2ψ +

m2c2

ℏ2
ψ = 0. (1.1)

In the above equation, ψ corresponds to the wave function, and m represents the

mass of a particle. The equation, also known as the Klein-Gordon equation, predicts

the fine structure of the hydrogen atom incorrectly because the spin of the electron

is not taken into account. Although this equation is unsuccessful in describing an

electron in the hydrogen atom, Schrodinger found that the non-relativistic limit of

this equation predicts the correct spectrum of hydrogen atom correctly. This limit

provides the Schrodinger equation that is used at present, written as

iℏ
∂ψ

∂t
(x, t) =

[
− ℏ2

2m

∂2

∂x2
+ V (x, t)

]
ψ(x, t) = Hψ(x, t), (1.2)



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3

where V (x, t) is a function of potential andH represents Hamiltonian’s system. After

the proposing of Schrodinger equation, Max Born interprets the wave function as

a probability amplitude, proposing that the probability of finding a particle at each

position depends on |ψ(x, t)|2.

In the same period (1925–1926), Werner Heisenberg, Max Born, and Pascual

Jordan developed the concept of matrix mechanics, which is a formulation of quan-

tum mechanics called the Heisenberg picture. This formalism is in contrast to the

wave formalism of Schrodinger, called the Schrodinger picture, which implies that

states of a particle or physical system are described by time-dependent wave func-

tions, but the physical operators are invariant in time. In the case of the Heisenberg

picture, the states of a system are invariant in time, but the physical operators depend

on time.

In 1927, Paul Dirac introduced the transformation theory, which provided a

powerful and elegant framework for understanding quantum mechanics. The key

idea was to combine two different representations of physical states, and show their

equivalence. In Dirac’s formalism, a physical state in quantum mechanics is repre-

sented by a vector in a mathematical space called a Hilbert space. The ket notation,

represented by the symbol |Ψ⟩, represents the state vector in this space. For exam-

ple, if |Ψ⟩ represents a particle’s position, then the value of |Ψ⟩ at a particular point

would give the probability amplitude of finding the particle at that position. On the

other hand, the bra notation, represented by the symbol ⟨Ψ|, in dual space of the

ket space, representing the adjoint vector. It corresponds to the complex conjugate

transpose of the ket vector. If |Ψ⟩ represents the state vector, then ⟨Ψ| represents

the corresponding dual vector, or ”bra” vector. The inner product of a ket and a bra

vector is represented as ⟨Ψ|ϕ⟩, where |ϕ⟩ is another state vector. The inner product is

a complex number that represents the probability amplitude for transitioning from

state |ϕ⟩ to state |Ψ⟩. Dirac’s transformation theory demonstrated the equivalence

between Heisenberg and Schrödinger representations. This equivalence allowed

for the formulation of quantum mechanics in a more compact and elegant manner.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4

It facilitated the development of various mathematical techniques in quantum me-

chanics, including the development of quantum operators, wave functions, and the

Schrödinger equation.

In 1928, Paul Dirac indeed made a significant contribution to theoretical

physics with the formulation of the Dirac equation:

γµ∂µΨ−mΨ = 0, (1.3)

where γµ is 4× 4 gamma matrix that satisfy the property:

{γµ, γv} = γµγv + γvγµ = 2ηµvI4×4, (1.4)

where ηµν is Minkowski’s metric. The Dirac equation is a relativistic wave equa-

tion that describes the behavior of fermions, such as electrons, in a relativistic

quantum mechanical framework. It was developed as a relativistic extension of

the Schrödinger equation, which was inadequate for describing particles moving

at speeds close to the speed of light. The Dirac equation predicted the existence

of antiparticles, which are particles with the same mass but opposite charge to their

corresponding particles. In the case of the electron, the Dirac equation predicted the

existence of the positron, which was later discovered in 1932 by Carl D. Anderson,

confirming Dirac’s prediction. The discovery of antiparticles and the success of the

Dirac equation in describing their behavior provided strong basis for the concept

of quantum field theory. In quantum field theory, particles are not considered as

separate entities but rather as excitations of underlying fields that permeate space-

time. These fields are described by mathematical functions that depend on both time

and 3D space coordinates. Particles are then interpreted as quantized excitations or

disturbances in these fields.

Quantum field theory has become a fundamental framework for understanding

particle physics and quantum interactions in a relativistic context. It has been suc-

cessfully applied to describe the behavior of elementary particles and their interac-

tions, providing a consistent and powerful theory for understanding the subatomic
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world. The Standard Model of particle physics, which describes the electromag-

netic, weak, and strong nuclear forces and the particles that mediate these forces,

is based on quantum field theory and has been extensively tested and confirmed

through experiments.

However, when it comes to the effect of gravity, the standard model fails to

explain gravity as it does with other forces. Gravity remains outside the scope of

the standard model, and the theory of gravity lacks of normalization, leading to

infinite and uncontrollable results. This issue arises from the fundamental mismatch

between the smooth spacetime concept of general relativity and the discrete nature

of quantum concepts. In other words, the smooth continuum of spacetime in general

relativity does not align with the discrete nature of quantum mechanics, causing a

fundamental incompatibility between the two theories. This discrepancy has been

a central challenge in theoretical physics and is one of the reasons why developing

a complete theory of quantum gravity remains an open and active area of research.

One of the popular theories of quantum gravity is string theory, which was

originally developed to explain the spectrum of interactions among hadronic parti-

cles. It all began when Gabriele Veneziano made a significant discovery in 1968.

He found that the scattering of hadrons could be explained using the beta function

of Euler. Subsequently, in 1969-1970, Holger Bech Nielsen and Leonard Susskind

proposed that the spectrum of hadronic scattering is not due to point particles, but

rather arises from one-dimensional objects known as strings. In this model, all

hadron particles are considered to be the same type of string, but their properties,

such as mass, spin, and charge, differ based on the frequency of vibration of the

string. However, the string theory faced some challenges. One such problem was

the requirement for 26 dimensions of spacetime to preserve Lorentz symmetry. Ad-

ditionally, the spectrum of the theory predicted the existence of a particle known as

the tachyon, which has an imaginary mass, posing difficulties for the theory’s con-

sistency. Furthermore, another issue arose with the appearance of massless particles

in the spectrum that have a spin of 2. Such particles were not found in the list of



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6

known hadrons, which presented a discrepancy between the theory and experimen-

tal observations.

The early version of string theory was referred to as the Bosonic string theory

since it only incorporated bosonic particles (particles with integer spin). Subsequent

developments, such as superstring theory and its various versions, aimed to address

some of these issues by introducing fermions (particles with half-integer spin) and

additional dimensions of spacetime.

Superstring theory is a type of string theory that goes beyond the original

Bosonic string theory. It includes fermionic particles in its spectrum and addresses

some of the issues faced by the Bosonic version. One of the problems solved in

superstring theory is the tachyon, which is removed through the implementation

of supersymmetry. Supersymmetry introduces a symmetry between bosons and

fermions, which helps stabilize the theory. In the context of superstring theory,

the spacetime dimensions that preserve Lorentz symmetry are reduced to ten di-

mensions, which is a significant development from the initial requirement of 26

dimensions in Bosonic string theory. Moreover, in superstring theory, the massless

particle with spin 2 is believed to be the graviton, which is the hypothetical force

carrier particle of gravity. This graviton is responsible for mediating gravitational

interactions between particles. Superstring theory is considered a promising candi-

date for a unified theory of elementary particles and their interactions. However, it

can be formulated in multiple ways, resulting in five different versions: type I, type

IIA, type IIB, and two versions of heterotic string theory.

Interestingly, the five versions of superstring theory are considered special

limiting cases of a more comprehensive theory known as M-theory. M-theory was

proposed by Edward Witten and exists in eleven dimensions. At low energy levels,

M-theory effectively describes a theory called supergravity in eleven dimensions.

This supergravity theory involves the existence of extended objects known as branes,

specifically theM2 andM5 branes, which play crucial roles in understanding certain



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

7

Figure 1.1: The relationship between five-string version and M-theory

aspects of M-theory and its connections to other physical phenomena.

1.2 Problem Statement

Quantum field theory (QFT) is a framework that combines quantum mechan-

ics and special relativity to describe the behavior of elementary particles and their

interactions. It is one of the fundamental theories in modern physics and provides

a mathematical description of fields and particles at the quantum level. The calcu-

lation in QFT base on perturbation in terms Feynman diagrams. However, when

performing these calculations, divergent quantities may appear, leading to infinite

results.

To remove these infinite results, physicists use the essential concept called

renormalization, which provides a systematic approach to address these infinities

and obtain meaningful and finite predictions. When performing renormalization,

the parameters of the theory are adjusted to absorb infinities and make the calcula-

tions finite. These parameters, such as masses m and coupling constants g, depend

on the energy scale µ at which they are measured. The dependence of these param-
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eters is described by RG equations of the form

β(g) = µ
∂g

∂µ
, and γ(m) =

µ

m

∂m

∂µ
, (1.5)

which govern the change of these parameters as the energy scale changes. The

RG equations describe how the values of the parameters ”flow” as we move from

a high-energy scale (UV) to a low-energy scale (IR). In some situations, the cou-

pling constants are invariant under scale transformation (β = µ ∂g∂µ = 0), which is

known as the conformal fixed point. The quantum field theory (QFT) that is in-

variant under scale transformation is a conformal field theory or CFT (a quantum

field theory that possesses conformal symmetry). Studying renormalization group

flows is crucial for understanding the universality of physical theories, as well as

their critical behavior and phase transitions. However, in the case of strong cou-

pling (g ≫ 1), calculating RG flows in QFT becomes challenging as it involves a

non-perturbative computation. To address this difficulty, a powerful tool called the

AdS/CFT correspondence, or holography, can be employed.

The AdS/CFT correspondence, also known as the gauge/gravity duality or

holographic duality, was first proposed by Juan Maldacena in a landmark paper

(Maldacena, 1999). It is a powerful theoretical framework that establishes an equiv-

alence between certain gravitational theories in Anti-de Sitter (AdS) spacetimes and

quantum field theories (QFTs) with conformal symmetry living on the boundary of

that spacetime. The central idea of the AdS/CFT correspondence is that the gravita-

tional theory in the bulk, often described by supergravity, is dual to the QFT on the

boundary. This duality implies that the two theories provide different descriptions

of the same physics and are equivalent in a profound sense. It allows us to translate

computations and phenomena in one theory to the other, opening up new avenues

for studying strongly coupled field theory systems in terms of weakly coupled grav-

itational theories. For example, quantities of interest in the QFT, such as correlation

functions or the study of renormalization group (RG) flows, can be mapped to com-

putations in the gravitational theory. This mapping provides valuable insights into

the behavior of strongly coupled systems that are difficult to access using traditional
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QFT methods. The AdS/CFT correspondence has found applications in various ar-

eas of theoretical physics, including quantum gravity, string theory, and condensed

matter physics. By employing consistent truncations, lower-dimensional gauged su-

pergravity solutions can be uplifted to higher-dimensional theories, in ten or eleven

dimensions, within the framework of string/M-theory. This process leads to the es-

tablishment of complete AdS/CFT dualities, providing a deeper understanding of

the connections between gravity and quantum field theory.

In the context of the AdS/CFT correspondence, holographic RG flows refer

to the description of renormalization group flows in the strong coupling limit of

a quantum field theory (QFT) using the dual gravitational theory in Anti-de Sitter

(AdS) space. The scalar potential V (ϕ) of the gauged supergravity in AdS space

contains important information about the conformal fixed points and dynamics of

the corresponding QFT at strong coupling. The solution of gauged supergravity

that corresponds to an RG flow from one conformal fixed point to another conformal

fixed point, or to a non-conformal fixed point, is given by the domain wall solution in

the form of AAdS4 (asymptotically anti-de Sitter space) space-time. The concept of

AAdS implies that QFT exhibit a conformal fixed point precisely when AAdS is in

the AdS form, with the theory being non-conformal at other positions. The domain

wall solution provides a geometric description of the RG flow in the dual QFT, where

the radial direction corresponds to the energy scale of the theory. By studying the

properties of the domain wall solutions and the behavior of the scalar potential in

the gauged supergravity, one can gain insights into the dynamics and phase structure

of the corresponding QFT, particularly in the strong coupling regime.

1.3 Thesis Objective

1. To understand gauged supergravity.

2. To find solution of domain wall asymptotic to 4-dimension anti-de sitter space.
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3. To study holographic RG flows in 3-dimensional conformal field theory.

1.4 Scope of Work

• Focus on the study of holographic RG flows originating from N = 2 gauged

supergravity with an SO(2)× SO(6) gauge group.

• Explore the utilization of SO(2) × SO(4) and U(3) scalar singlets within the

context of holographic RG flows.

• Explore the behavior, implications, and mechanisms of RG flows that drive

transitions from a N = 2 Conformal Field Theory (CFT) to non-conformal

field theories in three dimensions.

1.5 Research Implication

In recent times, a number of physicists are beginning to posit that M theory

could potentially serve as the elusive ”theory of everything.” The pursuit of un-

derstanding M theory holds the promise of providing insights into the fundamental

nature of the universe.

The AdS/CFT correspondence, often referred to as the holographic principle,

has emerged as an invaluable tool in comprehending M theory. This correspondence

links certain gravitational theories (in Anti-de Sitter space) with certain conformal

field theories (CFTs), thus allowing us to extract insights from one domain to un-

derstand the other. Holographic RG flow solutions, which describe the changes in

a theory as it’s examined at different energy scales, offer a particularly enlightening

perspective on strong coupling phenomena in QFT. This is advantageous because

it’s often more feasible to calculate RG flow in these solutions than in traditional
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quantum field theory settings.

Notably, this holographic approach not only aids in the understanding of strong

coupling within QFT but also extends its benefits to the realm of condensed matter

physics. This is essential for accurately describing and modeling complex physical

systems in condensed matter physics.

Nowadays, physicist believe that M-theory is a theoretical framework that has

been proposed as a candidate for a unified theory encompassing all four fundamental

forces of the universe, including gravity. It extends the ideas of string theory and in-

troduces various extended objects, such as M2-branes and M5-branes. M2-branes

are two-dimensional objects, and M5-branes are five-dimensional objects. These

branes play a crucial role in the dynamics of M-theory. The low-energy dynam-

ics of M2-branes are effectively described by a three-dimensional supersymmetric

quantum field theory known as ABJM theory. The holographic duality, expressed

as AdS4 × S7/CFT3, establishes a correspondence between eleven-dimensional su-

pergravity in an AdS4 × S7 spacetime and a conformal field theory (CFT) in three

dimensions. This duality provides a powerful tool for studying the strongly coupled

regime of M-theory using the techniques of a dual quantum field theory. In this

thesis, the direction appears to focus on delving into the dynamics of M2-branes

using four-dimensional supergravity and holographic tools. This could involve ex-

ploring the properties and behavior of M2-branes in the context of the holographic

dual ABJM theory. Moreover, Conformal field theory in three dimensions, which

arises in the holographic dual, has applications beyond fundamental physics. It is

also used to understand concepts such as phase transitions and mass deformations

in the context of condensed matter physics.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter II

SUPERSYMMETRY
The symmetry that connected all the different types of particles in our uni-

verse, from electrons to photons and everything in between, was discovered by

physicists in the 1970s. This relationship, known as supersymmetry, depends on

the strange quantum feature of spin and may hold the key to a fresh perspective on

physics.

2.1 Symmetry

Symmetry is a transformation that preserves the physics properties of a sys-

tem. The symmetry transformation comprises both continuous transformations, in-

cluding translation and rotation, as well as discrete transformations, such as time

reversal and parity. These symmetries are known as discrete and continuous sym-

metry, respectively.

Two general classes of symmetry can be classified. A global symmetry is one

that preserves a feature for a transformation that is equally applied at all points in

spacetime. A local symmetry is one that preserves a property’s invariance when a

potentially different symmetry transformation is applied at each point in spacetime.

In contrast, a global symmetry is not parameterized by the spacetime coordinates.

Since it serves as the foundation for gauge theories, local symmetries have a signif-

icant impact on physics.
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Noether’s theorem

Consider a set of fields such as the ϕi(x) , i = 1, ..., n that belong in any repre-

sentation (scalars, vector, and spinor). The equation of motion can be constructed

from the action

S[ϕi] =

∫
d4xL (ϕi(x), ∂µϕ

i(x)). (2.1)

A mapping of the configuration space, ϕi(x) → ϕi
′
(x′), that contains the property

that if the original field configuration, ϕ(x), is a solution of the equations of motion,

then the transformed configuration, ϕ′(x′), is likewise a solution. This mapping

represents a general symmetry that satisfies

S[ϕ] = S[ϕ′]. (2.2)

The variation of the action (2.1), with respect to ϕi, becomes

δϕS =

∫
d4x

[
∂L

∂ϕi
− ∂µ

(
∂L

∂∂µϕi

)]
δϕi +

∫
d4x∂µ

(
∂L

∂∂µϕi
δϕi

)
. (2.3)

In the above equation, it shows that the Lagrangian density L (ϕi, ∂µϕ
i) transforms as

a total derivative, which has no effect on the equation of motion. In equation (2.3),

the surface term, ∂µ
(

∂L
∂∂µϕi δϕi

)
, can be neclected to obtain the equation of motion,

written as

∂µ

(
∂L

∂∂µϕi

)
− ∂L

∂ϕi
= 0. (2.4)

The Euler-Lagrange equations of motion are named for this equation, which is gen-

erated by the condition, δϕiS = 0, for all configurations δϕi.

We now consider a general field variation with infinitesimal symmetry by

δϕi(x) = ϕi
′
(x)− ϕi(x) = ϵa∆aϕ

i(x), (2.5)

in which ϵa are constant on spacetime, ∂µϵa = 0. As special cases, this property

includes the various internal and spacetime symmetries discussed in the following

section. Where ∆a are the symmetry generator associated with the Lie algebra

[∆a,∆b] = f c
ab ∆c, (2.6)
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leaving the action invariant, and f c
ab are the structure constant of a symmetry group.

The action is invariant when the transformation is a symmetry, and the varia-

tion in the Lagrangian density is expressed as total derivative Kµ
a , denoted by

δL = ϵa∂µK
µ
a =ϵa

[
∂L

∂∂µϕi
∂µ∆aϕ

i +
∂L

∂ϕi
∆aϕ

i

]
=ϵa

[
∂µ

(
∂L

∂∂µϕi
∆aϕ

i

)
−
[
∂µ

(
∂L

∂∂µϕi

)
− ∂L

∂ϕi

]
∆aϕ

i

]
, (2.7)

We can rewrite the above equation as

∂µ

[
Kµ
a −

∂L

∂∂µϕi
∆aϕ

i

]
=

[
∂µ

(
∂L

∂∂µϕi

)
− ∂L

∂ϕi

]
∆aϕ

i. (2.8)

Using equation (2.4) we can rewrite (2.7) in the form ∂µJ
µ
a = 0, where Jµa is the

Noether current

Jµa = Kµ
a −

∂L

∂∂µϕi
∆aϕ

i. (2.9)

This current is conserved, which means that ∂µJµa = 0 for all solutions of the system’s

equations of motion.

For each conserved current one can define an integrated Noether charge, which

is a constant of the motion, i.e. independent of time

Qa =

∫
Σt

d3xnµJ
µ
a . (2.10)

Every point on a space-like surface Σt has a time-like normal vector nµ. The conser-

vation of Qa can be shown directly by choosing Σt at constant time, nµ = ∂t, which

provides

Qa =

∫
d3xJ0

a , (2.11)

and

dQa
dt

=

∫
d3x∂0J

0
a = −

∫
d3x∂iJ

i
a = −

∫
d2xñiJ

i
a (2.12)

To obtain the above equation, we use ∂µJµa = 0 and Stoke’s theorem to change vol-

ume integration into surface integration that contains the orthogonal vector ñi. The
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boundary condition imposed that the fields at boundary vanish, J ia → 0, so that

dQa
dt

= 0. (2.13)

We can determine the Noether current in an efficient way if we assume that

the symmetry parameters depend on spacetime, ∂µϵa(x) ̸= 0. The variation of the

action becomes

δS =

∫
d4x

[
∂L

∂∂µϕi
∂µδϕ

i +
∂L

∂ϕi
δϕi

]
=

∫
d4x

[
∂L

∂∂µϕi
∂µ(ϵ

a∆aϕ
i) +

∂L

∂ϕi
ϵa∆aϕ

i

]
=

∫
d4x

[
∂µϵ

a ∂L

∂∂µϕi
∆aϕ

i + ϵa∂µK
µ
a

]
=−

∫
d4x∂µϵ

a

[
Kµ
a −

∂L

∂∂µϕi
∂µ∆aϕ

i

]
+

∫
d4x∂µ(ϵ

aKµ
a ) (2.14)

The second term in the previous equation can be neglected by applying the boundary

condition. The first term can be written in the form of (2.9), so that (2.14) becomes:

δS = −
∫
d4x∂µϵ

aJµa , (2.15)

which the Noether current is a negative of the coefficient of ∂µϵa.

Internal symmetry

An internal symmetry is a transformation that only affects the fields, not the

spacetime, and preserves the action or lagrangian invariant. The form of symmetry

transformation is

ϕi(x)→ ϕi
′
(x) = U ijϕ

j(x), (2.16)

which spacetime coordinates remain unchanged xµ′
= xµ. The matrix U ij is a repre-

sentation of the group element G, which explains the symmetry in theory. For the

internal symmetry that is continuous, the matrix U ij can be written in the form of

an exponential as

U(θ) = eθ
ata , (2.17)
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in which θa are constant parameters, and (ta)
i
j are generators that correspond to Lie

algebra

[ta, tb] = f c
ab tc. (2.18)

From equation (2.5), we can write an infinitesimal transformation (|θa| << 1) for an

internal symmetry transformation as

δϕi(x) = θa(ta)
i
jϕ
j(x) (2.19)

In the case of an invariant Largrangian density and spacetime-independence trans-

formation of U ij , yielding Kµ
a = 0, and the Neother current of this symmetry shows

as

Jµa = − ∂L

∂∂µϕi
(ta)

i
jϕ
j(x). (2.20)

To give some example, we focus on systems of scalar fields with typical kinetic

terms. The action is

S = −1

2

∫
d4x

[
∂µϕi∂

µϕi +m2ϕiϕ
i
]
. (2.21)

So that, the Neother current is written as

Jµa = ∂µϕi(ta)
i
jϕ
j . (2.22)

Spacetime symmetries

The Poincare group, which consists of rotational transformation and transla-

tion in four-dimensional spacetime, is the symmetry group that describes spacetime

symmetry . In accordance with this symmetry, the coordinates transform as

xµ
′
= Λµνx

ν + aµ, (2.23)

where Λµν is a Lorentz group element with no parity and time reversal, and aµ is

the translation parameters. The elements of the Lorentz group must correspond to

conditions

det{Λ} = +1 (2.24)
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and

ΛµρηµνΛ
ν
σ = ηρσ. (2.25)

We now introduce the Lie algebra of the Lorentz group, expanding Λµν to infinites-

imal transformation. It follows that

Λµν = δµν + ωµν . (2.26)

ωµν is parameter of Lorentz transformation, and it must be an anti-symmetric matrix

in order to satisfy equation (2.25), which is as follows:

(δµν + ωµν)ηµσ(δ
σ
ρ + ωσρ) = ηνρ

(δµν δ
σ
ρ + δµνω

σ
ρ + δσρω

µ
ν)ηµσ = ηνρ

ηνρ + ωνρ + ωρν = ηνρ

ωνρ = −ωρν . (2.27)

Only the first order in ωµν is taken into consideration in the second line, and ω with

two lower indices is given by ωµν = ηµρω
ρ
ν . It has six independent parameters and

can be conveniently parametrized in the from ωµνΣ
µν by using six anti-symmetric

matrices as

Σ[ρσ]
µ
ν
= δµρ ηνσ − δµσηρν = −Σ[σρ]

µ
ν
. (2.28)

The matrices Σ are the generators of the Lorentz group SO(1, 3), which satisfy Lie

algebra

[Σ[µν],Σ[ρσ]] = f[µν][ρσ]
[αβ]Σ[αβ] (2.29)

with structure constant following as

f[µν][ρσ]
[αβ] = 8η[ρ[νδ

[α
ν] δ

β]
σ] . (2.30)

Depending on the kind of field Φ(x), there are several ways to represent generators

Σµν . The generators for scalar, vector, and spinor can be represented as

scalar : Σµν = 0 (2.31)

vector : Σ[ρσ]
µ
ν
= δµρ ηνσ − δµσηρν (2.32)

spinor : Σµν =
1

4
[γµ, γν ] (2.33)
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Consider the field that transforms under the Poincare group in the form of

Φ′(x′) = Û(Λ)Φ(x), (2.34)

where Û(Λ) are elements of the Lorentz group in the representation of Φ(x). For

infinitesimal transformations xµ′
= ωµνx

ν + ϵµ, we can expand the transformations

in the above equation as follows:

Û(I + ω) = I + 1

2
ωµνΣ

µν . (2.35)

Consider the left-hand side of equation (2.34) and expand the field Φ′(x′) around

xµ
′
= xµ, which shows as

Φ′(x′) = Φ′(xµ + ωµνx
ν + ϵµ)

= Φ′(x) + (ωµνx
ν + ϵµ)∂µΦ

′(x)

= Φ′(x) + ωµνxν∂µΦ(x) + ϵµ∂µΦ(x). (2.36)

Because the coefficient of ∂µΦ′(x) corresponds to the first order of parameters

(ωµν , ϵ
µ), we substituted Φ′(x) by Φ(x) in the second term in the previous procedure.

The transformation on the right-hand side of equation (2.34) can be written as

Û(I + ω)Φ(x) = Φ(x) +
1

2
ωµνΣ

µνΦ(x). (2.37)

Equations (2.36) and (2.37) enable us to rewrite equation (2.34) as

Φ′(x) + ωµνxν∂µΦ(x) + ϵµ∂µΦ(x) = Φ(x) +
1

2
ωµνΣ

µνΦ(x). (2.38)

Consequently, the fields’ variation becomes

δΦ(x) = −ϵµ∂µΦ(x) +
1

2
ωµν(Σµν + xµ∂ν − xν∂µ)Φ(x) (2.39)

The Lagrangian density is invariant under Lorentz group and translation in the

form L ′(x+ a) = L ′(x)− ϵµ∂µL ′(x) = L (x), so that the variation becomes

δL (x) = −ϵµ∂µL (x) = −ϵµPµL (x), (2.40)
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where Pµ is a generator of translation whose meaning is four-momentum.

Noether current of Poincare symmetry can be considered separately under

translation and Lorentz transfromation. For ωµν = 0 equation (2.39) becomes

δΦ(x) = −ϵµ∂µΦ(x) −→ ∆µΦ(x) = ∂µΦ(x), (2.41)

and equation (2.40) provides Kν
µ = δνµL . It is important to note that the symmetry

parameters are −ϵµ, and the indices a in equation (2.5) are changed into spacetime

indices µ.

By using the definition of the Noether current in equation (2.9), we have

Tµν = − ∂L

∂∂µΦ
∂νΦ+ δµνL . (2.42)

This conserved current is called the energy-momentum tensor, which corresponds

to the conservation equation:

∂µT
µ
ν = 0 (2.43)

In the case of Lorentz symmetry, where ϵµ = 0, utilizing equation (2.5) results

in ϵa being represented as ωµν . This leads to the following expression:

δΦ(x) =
1

2
ωµ∆µνΦ(x). (2.44)

By using equation (2.39), we have

∆µνΦ(x) =
1

2
ωµνΣµνΦ(x) + xµ∂νΦ(x)− xν∂µΦ(x). (2.45)

Lagrangian density is invariant under transformation in the form of xµ′
= xµ+ωµνx

ν ,

which provides

δL = −ωµνxν∂µL

= −1

2
ωµν(xν∂µ − xµ∂ν)L

= −1

2
ωµν [∂µ(xνL )− ∂ν(xµL )]

= −1

2
ωµν∂ρ(δ

ρ
νxµL − δρµxνL ). (2.46)
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From the above equation, we can define Kµ
a as

Kρ
µν = δρνxµL − δρµxνL . (2.47)

So that the Noether current can be written as

Mµ
ρσ = − ∂L

∂∂µΦ
(ΣσρΦ+ xρ∂σΦ− xσ∂ρΦ) + δµσxρL − δµρxσL , (2.48)

and using the energy-momentum tensor in equitation (2.42) the above equation be-

comes

Mµ
ρσ = − ∂L

∂∂µΦ
ΣσρΦ+ xρT

µ
σ − xσTµρ. (2.49)

For example, in the case of scalar fields (Σµν = 0), the above equation becomes

Mµ
ρσ = xρT

µ
σ − xσTµρ, (2.50)

and under conservation conditions, we have

∂µM
µ
ρσ = ηµρT

µ
σ − ηµσTµρ = 0. (2.51)

This condition imposes that the energy-momentum tensor be a symmetric tensor

(Tρσ = Tσρ).

In the event that Σµν ̸= 0, the conservation equation ∂µMµ
ρσ becomes

∂ρ

[
∂L

∂∂ρΦ
ΣµνΦ

]
= Tµν − Tνµ, (2.52)

which means that the anti-symmetric part of energy-momentum tensor (Tµν) de-

pends on Σµν .

Consider equation ∂µJ
µ
a = 0: we can introduce new alternative currents that

satisfy the conservation law, as shown below

J̃µ = Jµ + ∂νA
µν , (2.53)

which satisfy ∂µJ̃µ = 0 for anti-symmetric Aµν . As a result of this, the new current

corresponds to the conservation law and provides the same charge because ∫
d3x∂iA

0i =

∫
d2xñiA

0i = 0. (2.54)
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We apply the constraint that all fields vanish at the boundary in the last step.

If we define the new energy-momentum tensor as

Θµν = Tµν + ∂ρA
ρµ,ν , (2.55)

Aρµ,ν = −Aµρ,ν , then Tµν and Θµν correspond to conservation law and also provide

the same Noether charge. We can infer that both tensors are physically equivalent

because of ∂µΘµν = 0, and∫
d3xΘ0ν =

∫
d3xT 0ν +

∫
d3x∂iA

i0,ν =

∫
d3xT 0ν . (2.56)

From the above result, we can construct the symmetric tensorΘµν by replacing

Θµν in equation (2.52) and using relation Θµν = Θνµ. We have

−∂ρ
[
∂L

∂∂ρΦ
ΣµνΦ

]
= ∂ρ(A

ρµ,ν −Aρν,µ). (2.57)

If we neglect the constant of integration, the above equation becomes

Aρµ,ν −Aρν,µ = −F ρ,µν , (2.58)

where

F ρ,µν =
∂L

∂∂ρΦ
ΣµνΦ. (2.59)

In terms of F ρ,µν , the equation (2.58) can be written as

Aρµ,ν = −1

2
(F ρ,µν + Fµ,νρ − F ν,ρµ). (2.60)

When we substitute the previous equation in (2.55) , the energy-momentum tensor

becomes

Θµν = Tµν − 1

2
∂ρ

[
∂L

∂∂ρΦ
ΣµνΦ− ∂L

∂∂µΦ
ΣρνΦ− ∂L

∂∂νΦ
ΣρµΦ

]
. (2.61)

The tensor Θµν is also known as the Belinfante-Rosenfeld tensor. Generally, when

we consider the energy-momentum tensor, we also refer to it as Θµν .
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Additionally, we should note that a scalar field, which is explained by a general

action of the form

S =

∫
d4x

[
−1

2
∂µϕ∂

µϕ− V (ϕ)

]
, (2.62)

provides energy-momentum tensor in the form

Tµν =
∂L

∂∂µϕ
∂νϕ+ δµνL

= ∂µϕ∂νϕ− δµν
(
1

2
∂ρϕ∂

ρϕ+ V (ϕ)

)
. (2.63)

The charges for Tµν and Mµ
ρσ can be calculated as

Pµ =

∫
d3xT 0

µ and Mµν =

∫
d3xM0

µν , (2.64)

which are four-momentum and Lorentz generators, respectively. The conservation

of Mij means that the angular momentum is preserved, and the conservation of M0i

means that the centers of relativistic mass of the systems have constant velocity.

2.2 Supersymmetry

The symmetry that was discussed in the previous section was compiled under

a no-go theorem provided by Coleman and Mandula. This theorem indicates that,

in addition to CPT (charge conjugation, parity transformation, and time reversal),

Poincare symmetries and an internal symmetry group G are the only possible sym-

metries of the S-matrix. In other words, the most general symmetry in field theory,

is a direct product of Poincare symmetries and an internal symmetry group, that is

ISO(1, 3)×G.

The supersymmetry algebra

The Coleman-Mandula theorem is crucial to the symmetry that corresponds

to Lie algebra. To extend the boundary of Lie algebra, Haag, Lopuszanski, and
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Sohnius generalized the notion of Lie algebra to include anti-commutators by im-

posing graded Lie algebra

[Ta, Tb} = TaTb − (−1)ηaηbTbTa = fab
cTc. (2.65)

Bosonic (Ta = B) and fermionic (Ta = F ) generators are the two categories that

form the Lie algebra in supersymmetry. The number of graded ηa = 0 imposes the

bosonic generators, while the graded ηa = 1 imposes the fermionic generators. The

graded algebra, equation (2.65) states that the general structure of supersymmetry

algebra becomes

[B,B
′
] = B

′′
, [B,F ] = F

′
, {F, F ′} = B. (2.66)

Consider the product of F i, i = 1, ..., N in representation (j, j + 1
2) and F i†

in conjugate representation (j + 1
2 , j). The anti-commutator between F i and F i†

provides maximal spin representation as

{F i, F j†} : (2j +
1

2
, 2j +

1

2
)

{F i, F j} : (2j, 2j + 1)

{F i†, F j†} : (2j + 1, 2j). (2.67)

According to anti-commutator in (2.66), the above result must be a bosonic gener-

ator in Poincare symmetries or an internal symmetry (Jµν , Pµ, ta) that belongs in

representation (1, 0)⊕ (0, 1), (12 ,
1
2) and (0, 0), respectively. If j > 0, then 2j + 1

2 >
1
2 ,

2j + 1 > 1, and 2j > 0, which mean that

{F i, F j†} = {F i, F j} = {F i†, F j†} = 0. (2.68)

The above equations imply that the fermion generator (j, j + 1
2) ⊕ (j + 1

2 , j) that

contains j > 0 vanishes in supersymmetry algebra. As a result, all possible fermion

generators must be spinor belonging to representation (12 , 0)⊕(0,
1
2) of Lorentz group.

As generators in representations (12 , 0) and (0, 12), define Qai, a, b = 1, 2 and Qiȧ,

ȧ, ḃ = 1, 2, respectively, which are also known as supercharges. As we will see in
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the following section, supersymmetry is generated by the supercharge and used to

identify the spin number of the particles. The supercharge number is represented

by the indices i = 1, 2, 3, ..., N , so that the number of all supercharge is 4N .

The supercharges are spinors in the Lorentz group, so that the commutator

between Qai, Qiȧ and Jµν can be written as

[Qai, Jµν ] = i(σµν)a
bQbi and [Q

i
ȧ, Jµν ] = i(σµν)ȧ

ḃQ
i
ḃ, (2.69)

where (σµν)a
b and (σ̄µν)ȧ

ḃ are Lorentz generator in (12 , 0) and (0, 12) representation, re-

spectively. The other commutator can be found by using the super-Jacobian identity

that is defined

(−1)ηaηb [[Ta, Tb}, Tc}+ (−1)ηaηb [[Tb, Tc}, Ta}+ (−1)ηaηb [[Tc, Ta}, Tb} = 0. (2.70)

Consider the anti-commutator {Qai, Qjȧ} that the product [(12 , 0) ⊗ (0, 12)]s = (12 ,
1
2)

only gives the bosonic generator, Pµ as a possible generator. As a result, this anti-

commutator can be written as 

{Qai, Q
j
ȧ} = −Cj iσµaȧPµ, (2.71)

where the minus sign corresponds to the convention of σµ = (−I, σi).

The matrix Cj i can be found by considering the property of the commuta-

tor. Since the anti-commutator is hermitian, Cj i must also be hermitian and can be

turned into a diagonal matrix. In terms of eigenvalues, matrix Cj i can be defined as

Cj i = ciδ
j
i . and the anti-commutator can be rewritten follow

{Qai, Q
j
ȧ} = −

1

2
δji σµaȧP

µ, (2.72)

where Cii are eigenvalues and absorbed in the supercharge.

Take into account the commutator between Qai and Pµ, where the result of an

anti-symmetric product provides [(12 , 0) ⊗ (12 ,
1
2)]A = (0, 12). This result implies that

the generator on the right-hand side of the commutator must be Qjȧ. Therefore, the

commutator can be written as

[Qai, P
µ] = −1

2
cijσ

µ
aȧQ

ȧj
, (2.73)
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and the conjugate hermitian of this commutator becomes

[Qȧi, Pµ] = −(cij)†σµȧaQaj . (2.74)

Using the super-Jacobian identity, the algebra becomes

[Pµ, [P ν , Qai]] + [P ν , [Qai, P
µ]] + [Qai, [P

µ, P ν ]] = 0. (2.75)

Using [Pµ, P ν ] = 0, the previous equation provides cc† = 0 because σµσν ̸= 0. Equa-

tion (2.75) becomes

[Pµ, Qai] = [Pµ, Q
i
ȧ] = 0. (2.76)

The anti-commutator {Qai, Qbj} can be found by considering the representa-

tion (12 , 0) ⊗ (12 , 0) = (0, 0) ⊕ (1, 0), which indicates that the right-hand side of the

anti-commutator must be a scalar Zij and anti-symmetric tensor Y ij
µν = Y ji

µν = −Y ij
νµ.

The form of the anti-commutator can be written as

{Qai, Qbj} = −
1

2
ϵabZ

ij +
1

2
σµνab Y

ij
µν , (2.77)

where the form of the tensor Y ij
µν is considered by using equation (2.71), [Pµ, Qai] =

[Pµ, P ν ] = 0, and super-Jacobian identity

[Pµ, {Qai, Qbj}]− {Qbj , [Pµ, Qai]}+ {Qai, [Qbj , Pµ]} = 0. (2.78)

The above equation provides [Pµ, {Qai, Qbj}] = 0, which implies that Y ij
µν = 0 because

of [Pµ, σνρ] ̸= 0.

The generator Zij is a scalar in the Lorentz group, which means that Zij can

be written in the form of an internal symmetry generator TA, denoted by

Zij = aAijTA. (2.79)

Where TA corresponds to Lie algebra

[TA, TB] = fAB
CTC . (2.80)
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Let Qai and Qiȧ transform under internal symmetry, denoted by

[Qai, TA] = (SA)i
jQaj and [TA, Q

i
ȧ] = (S∗A)ijQ

j
ȧ, (2.81)

where (SA)i
j is generator TA in representation of supercharge.

Using the equation (2.71) and [Pµ, TA] = 0 the super-Jacobian identity becomes

[TA, {QAi, Q
j
ȧ}] + {Qai, [Q

j
ȧ, TA]} − {Q

j
ȧ, [TA, Qai]} = 0. (2.82)

As a result, SA† = SA, and the super-Jacobian identity is written as

[TA, {Qai, Qbj}] + {Qai, [Qbj , TA]} − {Qbj , [TA, Qai]} = 0, (2.83)

which provides the commutator between TA and Zij , denoted by

[TA, Zij ] = (SA)i
jZjk − (SA)j

kZik. (2.84)

The equation (2.84) implies that Zij is an invariant subalgebra. When using the

equation (2.72) and (2.76) in super-Jacobian identity

[Qai, {Qbj , Q
k
ċ}] + [Qbj , {Q

k
ċ , Qai}] + [Q

k
ċ , {Qai, Qbj}] = 0, (2.85)

the result provides [Q
k
ȧ, Zij ] = 0, and [Qak, Zij ] = 0. Additionally, combining super-

Jacobian identity with a generator (Q,Q,Z) and [Pµ, Zij ] = 0 can provide the solution

as

[Zij , Zkl] = ϵab[{Qai, Qbj}, Zkl] = 0. (2.86)

In other words, the above equation can be written as aAkl[Zij , TA] = 0, which implies

that [Qak, Zij ] = 0 for aAkl ̸= 0. As a consequence, the generator Zij commutes with

all generators, which are called ”central charges.”
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All supersymmetry algebra can be summarized as follows: 

[P ρ, Jµν ] = i(ηµρP ν − ηνρPµ), [Pµ, P ν ] = 0

[Jµν , Jρσ] = −i(Jµσηνρ − JνσJηµρ + Jνρηµσ − Jµρηνσ)

[Pµ, Qai] = [Pµ, Q
i
ȧ] = 0, {Qai, Q

j
ȧ} = −

1

2
δji σµaȧP

µ

[Qai, Jµν ] = i(σµν)a
bQbi, [Q

ȧi
, Jµν ] = i(σµν)

ȧ
ḃQ

ḃi

{Qai, Qbj} = −
1

2
ϵabZij , {Qiȧ, Q

j

ḃ
} = −1

2
ϵȧḃZ

ij

[Qai, TA] = (SA)i
jQaj , [Q

i
ȧ, TA] = (S∗

A)
i
jQ

j
ȧ

Zij = aAijTA, [TA, TB] = fAB
CTC , (2.87)

and Zij = (Zij)
†, which commute with all generator.

R symmetry

R symmetries, which are arranged as an automorphism group of supersym-

metry, are symmetries that do not commute with supercharge Qai. Let TA represent

the generators of R symmetry, which corresponds to Lie algebra

[TA, TB] = fAB
CTC . (2.88)

The commutator between TA and Qai can be written as

[TA, Qai] = (UA)i
jQaj and [TA, Q

i
ȧ] = (UA)

i
jQ

j
ȧ, (2.89)

where (UA)
i
j is complex conjugate of (UA)ij .

The super-Jacobian identity follows as

[[TA, TB], Qai] + [[TB, Qai], TA] + [[Qai, TA], TB] = 0, (2.90)

which provides the commutator

[UA, UB] = −fABCUC . (2.91)
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The previous equation implies that the matrix −(Ua)ij is a representation of R sym-

metry. Using the super-Jacobian identity

{[TA, Qai], Q
j

ḃ
}+ {[TA, Q

j

ḃ
], Qai}+ [{Qai, Q

j

ḃ
}, TA] = 0, (2.92)

and [Pµ, TA] = 0, which provide

−1

2
σµ
aḃ
Pµ[(UA)i

kδjk + (UA)
j
kδ
k
i ] = 0 (2.93)

or

(UA)i
j = −(UA)j i = −((UA)j

i)∗. (2.94)

As a result, the matrix (UA)i
j is anti-hermitian, and the R symmetry of supersym-

metry that consists of 4N supercharge is the U(N) group. As we will see in the

following section, R symmetries are crucial in gauged supergravity and supercon-

formal theory.

2.3 Supersymmetry representation

In the event that supersymmetry is a symmetry of spacetime, particles must

belong in the supersymmetry representation. Because of [Pµ, Qai] = 0, Casimir’s

operator P 2 = PµPµ, suggests that all particles in any supersymmetry representa-

tion have the same mass. However, in the case of [Qia, J
µν ] ̸= 0, the operator W 2

(Wµ is Pauli–Lubanski vector) is not a Casimir operator of supersymmetry, yielding

differing spin numbers for the particles.

Consider the anti-commutator

{Qai, Q
j

ḃ
} = −1

2
δji σµaḃP

µ, (2.95)

and find the trace of indices a and ḃ that give

Tr(QiQj +Q
j
Qi) = δjiP

0 (2.96)
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for Tr(σ0) = −2, and Tr(σi) = 0. If there are any physical states |ψ⟩ in Hilbert space

where all states have a positive norm, then

⟨ψ| (QQ+QQ) |ψ⟩ = ⟨ψ|QQ† |ψ⟩+ ⟨ψ|Q†Q |ψ⟩ > 0. (2.97)

Because of ⟨ψ|QQ† |ψ⟩ = ||Q†ψ||2 > 0 and ⟨ψ|Q†Q |ψ⟩ = ||Qψ||2 > 0, the equation

(2.96) provides ⟨ψ|P 0 |ψ⟩ > 0 , which implies that the energy (P 0 = E) in supersym-

metry theory is always positive.

Assuming that ψB and ψF are the respective boson and fermion states, the

supersymmetry generator will take ψB and ψF into

Qai |ψB⟩ ∼ |ψF ⟩ and Qai |ψF ⟩ ∼ |ψB⟩ . (2.98)

These states are classified by defining the fermion number operator, which has two

properties:

(−)F |ψB⟩ = |ψB⟩ , (−)F |ψF ⟩ = − |ψF ⟩ . (2.99)

The anti-commutator between (−)F and Qai can be derived by following 

{(−)F , Qai} |ψB⟩ = ((−)FQai +Qai(−)F ) |ψB⟩

= (−)FQai |ψB⟩+Qai(−)F |ψB⟩

= − |ψF ⟩+ |ψF ⟩

= (−)FQai |ψB⟩ − (−)FQai |ψB⟩

= ((−)FQai − (−)FQai) |ψB⟩

{(−)F , Qai} = 0. (2.100)

Multiply equation (2.95) with (−)F , and find an expected value (in the meaning

of TrÔ =
∑

n ⟨n| Ô |n⟩ for any operator Ô). The equation (2.95) becomes

−1

2
σµaḃδ

j
i Tr

[
(−)FPµ

]
= Tr

[
(−)F {Qai, Q

j

ḃ
}
]
. (2.101)

By using equation (2.100) and trace cyclic, so that

Tr
[
(−)FQaiQ

j

ḃ
+ (−)FQj

ḃ
Qai

]
= Tr

[
−Qai(−)FQ

j

ḃ

]
+ Tr

[
Qai(−)FQ

j

ḃ

]
= 0 (2.102)
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equation (2.101) becomes

Tr(−)F = 0

=
∑
n

⟨n| (−)F |n⟩

=
∑

Boson
⟨ψB| (−)F |ψB⟩+

∑
Fermion

⟨ψF | (−)F |ψF ⟩

=
∑

Boson
⟨ψB|ψB⟩ −

∑
Fermion

⟨ψF |ψF ⟩

= nB − nF

nB = nF (2.103)

for Pµ ̸= 0, which implies that any representation of supersymmetry have the same

number of bosonic states and fermionic states .

Massless representation

In this case, the momentum square P 2 = 0, which the standard momentum can

be chosen as traveling in z-direction denoted by kµ = (E, 0, 0, E).

Replace the standard momentum kµ in the algebra (2.95), so that

{Qai, Q
j

ḃ
} = −1

2
δij(−δaḃE + σ3

aḃ
E)

= δijE

0 0

0 1

 , (2.104)

For the massless representation, the central charge vanishes in supersymmetry al-

gebra. The anti-commutators of supercharges are transformed into

{Qai, Qbj} = {Q
i
ȧ, Q

j

ḃ
} = 0, (2.105)

and equation (2.104) becomes

{Q2i, Q
j

2̇} = δjiE. (2.106)
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Equation (2.87) gives the commutator between Jµν and Qai

[J⃗ , Qai] =
1

2
σ⃗baQbi, (2.107)

where the generator J⃗ , and σ⃗ can be fined by using the relation Ji =
1
2ϵijkJ

jk and

σiσj = iϵijkσ
k, respectively. The conjugation of commutator (2.107) is

[J⃗ , Q
i
ȧ] = −

1

2
σȧ

ḃQ
i
ḃ. (2.108)

In massless representation, the particle states are defined by the component of

spin in the direction of momentum, also known as ”helicity” (h = J⃗ .⃗k

|k⃗| ). The states

are defined as |k, h⟩, where the helicity h corresponds to eigenvalue of J3. From

equation (2.107) and (2.108), the commutators turn into

[J3, Q2i] = −
1

2
Q2i and [J3, Q

i
2̇] =

1

2
Q
i
2̇, (2.109)

so that Qi2̇ and Q2i increases and decreases the helicity by 1
2 , respectively.

We can define âi = Q2i√
E

and â†i =
Q

i

2̇√
E

, resulting in anti-commutator

{âi, â†j} = δij . (2.110)

The previous equation is in the form of a fermionic harmonic oscillator, and its

representation can be found by defining the Clifford vacuum, which is the state

that corresponds to the lowest possible helicity |k, hmin = h0⟩ for the system. The

conditions necessary to define representation are

âi |k, h0⟩ = 0 and J3 |k, h0⟩ = h0 |k, h0⟩ (2.111)

for i = 1, ..., N . All states within the representation can be found by applying a
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specific operator â†i to a known state |k, h0⟩, so that all states can be written as

|k, h0⟩∣∣∣∣k, h0 + 1

2
; i

⟩
= â†i |k, h0⟩

|k, h0 + 1; i, j⟩ = â†j â
†
i |k, h0⟩

...∣∣∣k, h0 + n

2
; i1 · · · in

⟩
= â†i1 · · · â

†
in
|k, h0⟩

...∣∣∣∣k, h0 + N

2
; i1 · · · iN

⟩
= â†i1 · · · â

†
iN
|k, h0⟩ . (2.112)

The states â†i1 · · · â
†
in
|k, h0⟩ occupy h0 + n

2 helicity, and the number of all possible

states are written as (
N

n

)
=

N !

n!(N − n)!
. (2.113)

Because {â†i , â
†
j} = 0, the state â†i1 · · · â

†
in
|k, h0⟩ has anti-symmetric indices in

{i1 · · · iN}, and the states created from N + 1 operators â†i are equal to zero. The

dimension or number of states in massless representation is equal to

D(N) =

N∑
n=0

(
N

n

)
= (1 + 1)N = 2N . (2.114)

Since the number of boson states and fermion states are equal, the number of bo-

son or fermion states is 2N

2 = 2N−1. A set of multiple particles in supersymmetric

theories known as a supermultiplet serves as a visual representation of the super-

symmetry algebra.

Notice that all states resulting from equation (2.112) consist of helicity (h0, h0+

1
2 , · · · , h0 + N

2 ). To correspond to CTP symmetry, which shifts the helicity h to

the negative −h, the opposite states (−h0,−h0 − 1
2 , · · · ,−h0 −

N
2 ) known as CPT

conjugation must be added. In the event that the maximum helicity is equals to

the opposite of minimum helicity, we can write the relation as h0 + N
2 = −h0 or

N = −4h0 = 4|h0|. According to quantum field theories that are invariant under
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Lorentz symmetry, helicity of particles in physics are −2 ≤ h ≤ 2. As a result, we

can impose the maximum number of N as

hmax − hmin ≤ 4

h0 +
N

2
− h0 ≤ 4

N ≤ 8. (2.115)

Theoretical physics in four-dimensional space-time has a maximum supersymmetry

at N = 8 or 32 supercharge.

Consider the most basic case where N = 1 supersymmetry.

• Chiral multiplet or scalar multiplet: h0 = −1
2 ,∣∣∣∣k,−1

2

⟩
, |k, 0⟩ = â†

∣∣∣∣k,−1

2

⟩
(2.116)

The previous state consisted of helicity (−1
2 , 0) with no CPT symmetry. When we

add CPT symmetry, chiral multiplets become{ ∣∣∣∣−1

2

⟩
, |0⟩

}
⊕
{
|0⟩ ,

∣∣∣∣12
⟩}

. (2.117)

For its simplicity, momentum kµ is disregarded. States
∣∣±1

2

⟩
are combined into one

Weyl fermion, and |0⟩ provide two scalars.

• Vector (or gauge) multiplet: h0 = −1,{
|−1⟩ ,

∣∣∣∣−1

2

⟩}
⊕
{ ∣∣∣∣12

⟩
, |1⟩

}
. (2.118)

This multiplet consists of one vector |±1⟩ and one Weyl fermion
∣∣±1

2

⟩
. Vector mul-

tiplet is the necessary representation to explain gauge fields in a supersymmetric

theory.

• Supergravity (or gravity) multiplet: h0 = −2,{
|−2⟩ ,

∣∣∣∣−3

2

⟩}
⊕
{ ∣∣∣∣32

⟩
, |2⟩

}
. (2.119)

The degrees of freedom are given by a graviton |±2⟩, and the gravitino
∣∣±3

2

⟩
, which

is the graviton’s supersymmetric partner.

• gravitino multiplet: h0 = −3
2 ,{ ∣∣∣∣−3

2

⟩
, |−1⟩

}
⊕
{
|1⟩ ,

∣∣∣∣32
⟩}

. (2.120)
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The degrees of freedom are those of a gravitino
∣∣±3

2

⟩
and one vector |±1⟩.

All supermultiplets for 1 ≤ N ≤ 8 are shown in Table 2.1. It is noteworthy

that for N > 4, only supermultiplets with s > 3
2 exist. Furthermore, the supergravity

theory of N = 7 is physically equivalent to N = 8 due to identical field contents.

In the case of N = 2, supermultiplets constructed from (2.112) become∣∣∣∣−1

2

⟩
, |0; i⟩ = â†i

∣∣∣∣−1

2

⟩
,

∣∣∣∣12; i, j
⟩

= â†i â
†
j

∣∣∣∣−1

2

⟩
=

1

2
ϵij â†kâ

†k
∣∣∣∣−1

2

⟩
, (2.121)

which consist of states with helicity (−1
2 , 0+0, 12) and have CPT symmetry automat-

ically. To let the state with helicity h = 0 that provides two scalars correspond to the

2 representation of SU(2) (subgroup of R symmetry U(2) that consists of four real

components), the multiplets are combined with two sets of (2.121). Therefore, the

new multiplets have four scalars with two spinors and are named hypermultiplets.

In addition, notice that the last state in equation (2.121) transforms as a singlet under

SU(2), since ϵij is invariant tensor and â†kâ†k = ϵklâ†kâ
†
l is a singlet of SU(2).

Supersymmetry plays an important role in constructing supergravity, which

we will discuss in the next chapter.

N = 1 supersymmetric field theory

In this section, we only discuss chiral multiplets in N = 1 supersymmetry to

demonstrate supersymmetry transformation and the action. The field content of the

chiral multiplet consists of two complex scalars and a Weyl or Majerana spinor field,

see in Table 2.1.

In the theory of quantum fields, vacuum |0⟩ is mapped into particles via a field

operator Φ(x). Particles with momentum pµ and spin j are created as

|p, j⟩ = Φ(x) |0⟩ . (2.122)
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In the case of a vacuum that has supersymmetry, supercharges annihilate the vacuum

as 

Qai |0⟩ and Qȧi |0⟩ . (2.123)

Take into consideration the scalar field operator Z(x), which produces zero spin

particles from vacuum |0, p⟩, denoted as

|p, 0⟩ = Z(x) |0⟩ . (2.124)

In addition, supercharge Qȧ is used to annihilate states in the same way that Qa
annihilated the Clifford vacuum. We can write that

Qȧ |p, 0⟩ = QȧZ(x) |0⟩ = 0. (2.125)

From equation (2.123), we found that Z(x)Qȧ |0⟩ = 0, so that Z(x) commute with

Qȧ:

[Z(x), Qȧ] = 0, (2.126)

and Z(x) uncommute with Qa, since super-Jacobian identity

{[Z(x), Qa], Qȧ} − {[Qȧ, Z(x)], Qa}+ [{Qa, Qȧ}, Z(x)] = 0, (2.127)

provide that

[{Qa, Qȧ}, Z(x)] = −
1

2
σµaȧ∂µZ(x) = 0. (2.128)

In the event that [Z(X), Qa] = [Z(x), Qȧ] = 0, Z(x) must be constant in space-time.

The action of Qa on |p, 0⟩, in the case [Z(X), Qa] ̸= 0 provide that

Qa |p, 0⟩ = QaZ(x) |0⟩ =
∣∣∣∣p, 12

⟩
, (2.129)

which increase spin number 1
2 and momentum pµ from vacuum. Similarly to the

scalar, the particle
∣∣p, 12⟩ can be obtained from the spinor field χ(x)a in the form∣∣p, 12⟩ = χa(x) |0⟩, so that

QaZ(x) |0⟩ = [Qa, Z(x)] |0⟩ = χa(x) |0⟩ . (2.130)
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From previous equation, we can write the commutator between Qa and χa(x) as

χa(x) = [Qa, Z(x)]. (2.131)

Using the relation [Z(x), Qȧ] = 0 and super-Jacobian identity

[{Qȧ, Qb}, Z(x)] + {[Z(x), Qȧ], Qb} − {[Qb, Z(x)], Qȧ} = 0, (2.132)

we can show that

{Qȧ, χb(x)} = −
1

2
σµaȧ∂µZ(x), (2.133)

and consider an action of Qa on state
∣∣p, 12⟩ written in the term of field operator as

{Qa, χb(x)} = {Qa, [Qb, Z(x)]}. (2.134)

When using super-Jacobian identity

{Qa, [Qb, Z(x)]} − {Qb, [Z(x), Qa]}+ [Z(x), {Qa, Qb}] = 0 (2.135)

and the relation {Qa, Qb} = 0 together with (2.131), we can show that

{Qa, χb(x)} = {Qb, [Z(x), Qa]} = −{Qb, χa(x)}. (2.136)

This finding implies that {Qa, χb(x)} is anti-symmetric in a and b, so that the result

of {Qa, χb(x)} must be scalar F (x), Lorentz tensor that has anti-symmetric spinor

indices

{Qa, χb(x)} = ϵabF (x). (2.137)

Similarly, we can find a commutator between Qa and F (x) by following:

ϵab[Qc, F (x)] = [Qc, {Qa, χa(x)}]

= −[Qa, {χb(x), Qc}]− [χa(x){Qc, Qa}]

= −ϵcb[Qa, F (x)]. (2.138)

Contracting previous equation with ϵab, we obtain

[Qc, F (x)] = 0. (2.139)
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Finally, we consider the commutator [Qȧ, F (x)], which can be shown as

ϵab[Qȧ, F (x)] = [Qȧ, {Qa, χb}]

= −[Qa, {χb(x), Qȧ}]− [χb(x), {Qȧ, Qa}]

=
1

2
σµbȧ[Qa, ∂µZ(x)] +

1

2
σµaȧ[χb, Pµ]

=
1

2
σµbȧ∂µχa(x)−

1

2
σµaȧ∂µχb(x). (2.140)

Contracting previous equation with ϵab, we obtain

[Qȧ, F (x)] = −
1

2
∂µχ

a(x)σµaȧ. (2.141)

According to Noether’s theorem, a continuous symmetry results in a corre-

sponding conserved current. In the case of supersymmetry, it possesses a super-

current Jµa with both vector and spinor indices. The supercharge Qa is then defined

as

Qa =

∫
d3xJ0

a . (2.142)

The action of the supercharge transforms the field operator under supersym-

metry, resulting in the form

δΦ(x) = [ϵȧQ
ȧ
+ ϵaQa,Φ(x)], (2.143)

where Φ(x) represents any field and ϵa is a constant spinor (global symmetry) that

serves as the transformation parameter. Additionally, ϵa possesses the property

{ϵa, Qb} = {ϵa,Ψb} = 0, (2.144)

for any spinor fields Ψb(x). These relations express that

[ϵaQa,Ψb(x)] = ϵaQaΨb(x)−Ψb(x)ϵ
aQa

= ϵa(QaΨb(x) + Ψb(x)Qa)

= ϵa{Qa,Ψb(x)}. (2.145)
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Therefore, the transformation rule of the field can be expressed as a commutator in

the form (2.143) for both fermions and bosons.

Based on the results derived previously, the transformation of the field content

in a chiral multiplet (Z, χa, F ) under supersymmetry can be written as

δZ = [ϵaQa + ϵȧ, Z] = ϵa[Qȧ, Z] = ϵaχa (2.146)

δχa = ϵc{Qc, χa} − ϵȧ{Qȧ, χa} = Fϵa +
1

2
σµaȧϵ

ȧ∂µZ (2.147)

δF = −ϵȧ[Qȧ, F ] =
1

2
ϵȧ∂µχ

aσµaȧ. (2.148)

The invariant action for a chiral multiplet can be expressed as:

S =

∫
d4x

[
− ∂µZ∂µZ − χγµ∂µPLχ+ FF

+FW ′(Z)− 1

2
W ′′(z)χPLχ

+FW
′
(Z)− 1

2
W

′′
(Z)χPRχ

]
(2.149)

where Z, χ, Z, F , F represent the scalar field, the fermionic field, the com-

plex conjugate of the scalar field, the auxiliary field, and the complex conjugate

of the auxiliary field, respectively. PL and PR are the chirality projection operators,

W (Z) is a holomorphic superpotential, andW ′(Z) andW ′′(Z) are its first and second

derivatives, respectively.

It should be noted that the kinetic term for the auxiliary field F in the ac-

tion (2.149) does not have its own dynamics, making it an auxiliary field rather

than a physical propagating field. Adding the kinetic term ∂µF∂
µF to the action

will give this term six dimensions, meaning that it can not renormalization (non-

renormalization term is the term that have dimension more than 4).
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N Smax s = 2 s = 3
2

s = 1 s = 1
2

s = 0

1 2 1 1

3
2

1 1

1 1 1

1
2

1 1 + 1

2 2 1 2 1

3
2

1 2 1

1 1 2 1 + 1

1
2

2 2 + 2

3 2 1 3 3 1

3
2

1 3 3 1 + 1

1 1 3 + 1 3 + 3

4 2 1 4 6 4 1 + 1

3
2

1 4 6 + 1 4 + 4

1 1 4 6

5 2 1 5 10 10 + 1 5 + 5

3
2

1 5 + 1 10 + 5 10 + 10

6 2 1 6 15 + 1 20 + 6 15 + 15

3
2

1 6 15 20

7 2 1 7 + 1 21 + 7 35 + 21 35 + 35

8 2 1 8 28 56 70

Table 2.1: Supermultiplets for 1 ≤ N ≤ 8 in 4-dimenional space-time



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter III

SUPERGRAVITY
Supergravity is a theoretical framework that combines supersymmetry and

general relativity principles. It is a kind of quantum field theory that describes the

interactions between gravity and matter fields by using both quantum mechanics

and general relativity principles. Supergravity is crucial in attempts to combine

all of nature’s fundamental forces, including the strong, weak, and electromagnetic

forces, into a single theory known as a theory of everything.

3.1 Gravitino

In the previous section, the supersymmetry transformation parameter was a

constant spinor, ϵ. However, in supergravity, it becomes a spacetime-dependent

function, ϵ(x). The corresponding gauged field in this case is the gravitino Ψµ(x).

In this section, the gravitino field, also known as the Rarita-Schwinger field,

will be introduced in a flat spacetime context. The gravitino is a vector-spinor field

that has both vector and spinor indices and belongs to the representation

(
1

2
,
1

2
)⊗

[
(0,

1

2
)⊕ (

1

2
, 0)

]
= (

1

2
, 0)⊕ (0,

1

2
)⊕ (

1

2
, 1)⊕ (1,

1

2
). (3.1)

By utilizing the gamma-traceless condition in the form of γµΨµ, the spinor repre-

sentation (12 , 0) ⊕ (0, 12) is truncated, yielding the representation (12 , 1) ⊕ (1, 12). This

represents a spin 3/2 field.

The gauge transformation of Ψµ can be written as

Ψµ(x) −→ Ψ′
µ = Ψµ(x) + ∂µϵ(x). (3.2)
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Its gauge-invariant action can be represented as

S = −
∫
d4xΨµγ

µνρ∂νΨρ. (3.3)

It is important to note that although the action is gauge invariant, the Lagrangian

density is not. The variation of the Lagrangian density results in a total derivative

δL = −∂µ(ϵγµνρ∂νΨρ). This is because the fermionic gauge symmetry is a remnant

of supersymmetry.

The variation of the previous action with Ψµ results in the field equation writ-

ten as

γµνρ∂νΨρ = 0. (3.4)

The off-shell degree of freedom of gravitino can be counted by considering the

components of the vector-spinor field and subtracting the number of gauge trans-

formations (4 × 22 − 22 = 12). The on-shell degree of freedom of the gravitino can

be counted as 1
2(4 × 2 − 4). The (4 × 2 − 4) comes from the number of degrees of

freedom of the vector and spinor components subtracted by the condition γiΨi = 0,

and the value of 1
2 comes from the field equation of Ψµ that is first order and has a

projection like that of a spinor field.

3.2 N = 1 pure supergravity in four dimenions

The core concept of supergravity is to promote supersymmetry from being

global to local. The action is invariant under supersymmetry transformations with

the spinor parameter ϵ(x) being a function of spacetime. As a result, the supersym-

metry algebra will include the local translation parameter ϵ1γµϵ2, which must be

considered as a diffeomorphism

xµ −→ xµ
′
+

1

2
ϵ2(x)γ

µϵ1(x), (3.5)

which graviton is gauge field. In other words, local supersymmetry necessitates the

presence of gravity.
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A supergravity theory is a field theory that contains the gravity multiplet as

well as, potentially, other matter multiplets of the global supersymmetry algebra. It

is nonlinear and involves interactions between its various components. The grav-

ity multiplet in a supergravity theory contains the frame field eaµ that describes the

graviton, and also a certain number N of gravitino filed ψiµ, where i = 1, ..., N . In

this case, the number of gravitinos is N = 1, and the theory is referred to as N = 1

supergravity in D = 4 dimensions. The gravity multiplet includes only the graviton

eaµ and a single Majorana spinor gravitino ψµ. The action can be written as

S = S2 + S3/2

S2 =
1

2κ2

∫
d4xeeaµebνRµνab(ω)

S3/2 = −
1

2κ2

∫
d4xeψµγ

µνρDνψρ. (3.6)

The action S2 describes the dynamics of gravitons in second order formalism, where

e represents the determinant of eaµ, and S3/2 describes the dynamics of the gravitino.

The gravitino covariant derivative is defined as:

Dνψρ = ∂νψρ +
1

4
ωνabγ

abψρ. (3.7)

The supersymmetry transformation corresponding to a graviton and gravitino

fields can be written as

δeaµ =
1

2
ϵγaψµ (3.8)

δψµ = Dµϵ = ∂µϵ+
1

4
ωµ

abγabϵ. (3.9)

The transformation of eaµ results in the transformation of its inverse and determinant,

which can be written as

δeµa = −1

2
ϵγµψa and δe =

1

2
e(ϵγρψρ). (3.10)

Noted that the action (3.6) is not invariant under supersymmetry transformation.

This is because the variation of S3/2 with respect to e results in ϵψ3, which cannot

make the variation of the action equal to zero. However, the action (3.6) remains
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invariant at the first order of ψµ, which can be verified from the following variation

δS =
1

2κ2

∫
d4xe

[
(2δeaµebν + e−1δeeaµebν)Rµνab + eaµebνδRµνab

− δψµγµνρDνψρ − ψµγµνρDνδψρ

]
=

1

2κ2

∫
d4xe

[
(Rµν −

1

2
gµνR)(−ϵγµψν)− 2ϵ ⃗∇µγµνρDνψρ

]
. (3.11)

The second term in the variation of the action (3.11) can be simplified by using

integration by parts and the Ricci identity [Dµ, Dν ]Ψ = 1
4Rµν

abγabΨ, resulting in∫
d4xeϵ ⃗∇µDνψρ =

∫
d4xeϵγµνρDµDν

=
1

8

∫
d4xeϵγµνργabRµνabψρ. (3.12)

Using the relation of gamma matrix

γµνργτρ = γµνρτσ + 6γ[µν [τδ
ρ]
σ] + 6γ[µδν[τδ

ρ]
σ], (3.13)

so that

γµνργabRµνab = γµνρabRµνab + 6Rµν
[ρ
bγ
µν]

b + 6γ[µRµν
ρν]

= γµνρabRµνab + 2Rµν
ρ
bγ
µνb + 4Rµν

µ
bγ
νρb

+ 4γµRµν
ρν + 2γρRµν

νµ. (3.14)

In four-dimensional spacetime, the first term vanishes due to the property γµνρab = 0.

The second term also vanishes because of symmetry of Riemann tensor (Rµ[νρσ] =

0), while the third term is equal to zero as Rµνµb = Rνb is symmetric in ν and b, but

γνab is antisymmetric. The final second term gives rise to the Ricci tensor Rµρ and

the Ricci scalar Rµννµ = −R, respectively. Equation (2.160) becomes

δS =
1

2κ2

∫
d4xe

[(
Rµν −

1

2
gµνR

)
(−ϵγµψν + ϵγµψν)

]
= 0, (3.15)

which implies that the action (3.11) is invariant under supersymmetry transforma-

tions to first order in ψµ.

The construction of an action that is invariant under supersymmetry at all order

can be achieved by adding ψ4 to the action. The simplest method for adding ψ4 is
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to use a first-order formalism, in which the gravitino field and the spin connection

are varied separately. This action can be rewritten as

S =
1

2κ2

∫
d4xe

[
R− ψµγµνρDνψρ +

1

4
(ψµγ

νψν)(ψ
µ
γρψρ)

− 1

16
(ψ

ρ
γµψν)(ψργµψν + 2ψργνψµ)

]
. (3.16)

The action (3.16) is invariant under supersymmetry transformation (3.8) and (3.9).

3.3 N = 2 pure supergravity in four dimenions

Extended supergravity refers to supergravity with N > 1 supersymmetry. The

first extended supergravity is N = 2 supergravity, which field contents shown in

Table 2.1. This section focuses on presenting N = 2 supergravity without matter

multiplets, i.e., fields beyond the supergravity multiplet. The discussion of N > 2

supergravity will be addressed in the next chapter.

TheN = 2 supergravity multiplet consists of a graviton field eaµ, two gravitinos

ψiµ, i = 1, 2, and a vector field Aµ. The action for this multiplet can be written as

S =

∫
d4xe

[
R− ψiµγµνρDνψ

i
ρ −

1

4
FµνF

µν +
1

8
ϵijψ

i
µγ

[µγρσγ
ν]FρσF̂

ρσ

]
, (3.17)

where κ2 = 1
2 and field strength tensor Fµν is defined as

Fµν = ∂µAν − ∂νAµ. (3.18)

For tensor F̂ , it can be written as

F̂µν = Fµν − ϵijψ
i
µψ

j
ν , (3.19)

which is called supercovariant form of Fµν . This supercovariant form means that

the transformation of F̂µν does not contain any derivatives of the supersymmetry

parameter ϵi, i.e., ∂µϵi.
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The action (3.17) invariant under supersymmetry transformation

δeaµ =
1

2
ϵiγaψiµ (3.20)

δAµ = ϵijϵ
iψjµ (3.21)

δψiµ = Dµϵ
i − 1

8
ϵijγρσγµϵ

jF̂ρσ (3.22)

It should be noted that if we set ψ2
µ = Aµ = ϵ2 = 0, the action (3.17) and its transfor-

mation rules reduce to N = 1 supergravity, which consists of ψµ = ψ1
µ and ϵ = ϵ1.

This observation implies that anyN supergravity theory can be constructed by trun-

cating some fields from a higher-supersymmetric N ′ > N supergravity theory. This

method is called truncation. The truncation must satisfy the field equations, mean-

ing that if the truncated fields are set to zero, their field equations provide solutions

that are consistent with zero fields.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter IV

GAUGED SUPERGRAVITY
Gauged supergravity is a type of field theory that combines the features of

gauge symmetry, gravity, and supersymmetry, and has been the subject of much

study in the field of theoretical physics.

In this section, we discuss N supergravity coupled to matter multiplets by

dividing the Lagrangian density into two parts, one for bosonic fields and one for

fermionic fields. Furthermore, we upgrade the ungauged theory to a gauge theory

by using the embedding tensor formalism.

4.1 The action for gauge field and scalar

In gauged supergravity, the vector (gauge) and scalar fields are coupled in

a complex form. To understand this coupling, we start by considering the action

between the gauge field Aµ(x) and complex scalar Z(x), which can be written as:

S = −1

4

∫
d4x

[
ImZFµνF

µν +
1

2
ReZϵµνρσFµνFρσ

]
. (4.1)

When Z(x) is constant, the second term in the action is a total derivative,

ϵµνρσFµνFρσ = 2ϵµνρσ∂µ(AνFρσ), due to ∂[µFρσ] = 0. As a result, this term does not

affect the field equation of the free vector field.

The field equation of Aµ can be found by taking the variation of the action

with respect to Aµ, which is given as

∂µ[ImZFµν + iReZF̃µν ] = 0, (4.2)

where F̃µν is dual tensor of Fµν , see Appendix A.1. If we define tensor

Gµν = ϵµνρσ
δS

δF ρσ
= −i ImZF̃µν + ReZFµν , (4.3)
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then

G+µν = ZF+µν and G−µν = ZF−µν . (4.4)

The notation ”+” and ”−” denote the self-dual and anti-self-dual parts of the tensor

G, respectively. Bianchi identity and field equation can be reexpressed as

∂µ ImF−µν = and ∂µ ImG−µν = 0. (4.5)

The Bianchi identity and field equation are invariant under transformation in the

form (
F

′−

G′−

)
= S

(
F−

G−

)
, (4.6)

where S is a matrix with determinant equal to 1 (element of SL(2,R) group), which

can be written as

S =

d c

b a

 . (4.7)

The Bianchi identity and field equation are invariant under this transformation,

which ensures that the theory remains self-consistent under duality rotations.

Let the relationship (4.4) invariant under the transformation (4.6), this will

result in

G
′µν = Z

′
F

′µν

bF−µν + aG−µν = Z
′
(cG−µν + dF−µν). (4.8)

The transformation of the scalar Z under the matrix S can be expressed as

Z
′
=
aZ + b

cZ + d
, (4.9)

using the relationship between F−µν and G−µν in equation (4.4).

The action of the scalar, which is invariant under the previous equation, can

be expressed as:

S =

∫
d4x

4∂µZ∂
µZ

(Z − Z)2
= −

∫
d4x

∂µZ∂
µZ

(ImZ)2
. (4.10)
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The momentum-energy tensor of vector field defined from action (4.1) can be writ-

ten as

Θµν = ImZ

[
FµρF νρ −

1

4
ηµνFρσF

ρσ

]
, (4.11)

which constraint that ImZ > 0 for positive Θ00.

The extension of the theory into various vector and scalar fields can be per-

formed in a manner similar to previous processes. Let us consider m vector fields

Aaµ, where a ranges from 1 to m, and n scalar fields ϕi, where i ranges from 1 to n.

The dynamics can be described by the action

S = −1

4

∫
d4x

[
Re fabF aµνF bµν − i Im fabF

a
µνF̃

bµν
]
, (4.12)

where fab(ϕ) = fba(ϕ) is symmetric tensor and Re fab > 0.

When expressed in the form of the dual tensor F±
µν , the action takes the form

S = −1

4

∫
d4x

[
fabF

−a
µν F

−bµν + f∗abF
+a
µν F

+bµν
]
, (4.13)

and field equations become

∂µ ImF−aµν = 0 and ∂µ ImG−µν
a = 0, (4.14)

where Gµνa and G±µν
a are defined as

Gµνa = ϵµνρσ
δS

δF aρσ
= − Im fabF

bµν − iRe fabF̃ bµν (4.15)

G−µν
a = ifabF

−bµν , G+µν
a = −if∗abF+µν . (4.16)

A duality transformation, which is a symmetry of the field equations, arises from a

2m× 2m matrix and transforms asF ′−

G
′−

 = S

F−

G−

 =

A B

C D

F−

G−

 , (4.17)

where A,B,C, and D are m×m real matrix.
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In a manner similar to the case of a single vector field, we can impose a trans-

formation on the functions fab(ϕ) in order to make the relation between F and G

invariant under the duality transformation. This transformation can be written as

if
′
= (C + iDf)(A+ iBf)−1. (4.18)

To impose that this transformation provide f ′T
= f

′ , the condition is written as

ATC = CTA, BTD = DTB, ATD − CTB = I. (4.19)

This result indicate that S is element of Sp(2m,R), which satisfy the poperty

STΩS = Ω, (4.20)

for 2m× 2m symplectic form

Ω =

 0 I
−I 0

 . (4.21)

4.2 The action for bosonic field

In extended supergravity with matter multiplets, the bosonic part of the action

consists of the graviton gµν , ns scalar fields ϕs, s = 1, ..., ns, and nv vector fields

AΛ, Λ = 1, ..., nv. The interaction between the scalar fields and vectors is expressed

through the action (4.12), while the kinetic term for the graviton is given by the

Ricci scalar R(gµν). Taking into account all possible configurations, the Lagrangian

density that describes the dynamics of the bosonic sector can be written as:

e−1LB =
1

2
R− 1

2
Gst∂µϕ

s∂µϕt +
1

4
IΛΣ(ϕ)F

Λ
µνF

Σµν +
1

8
e−1RΛΣ(ϕ)ϵ

µνρσFΛ
µνF

Σ
ρσ.

(4.22)

The matrix IΛΣ represents the imaginary part of the complex matrix NΛΣ, while the

matrix RΛΣ represents its real part. The matrix N is related to the matrix fab in

equation (4.12) through the equation f = iN , which provide Re f = − Im N and
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Im f = Re N . The indices a, b, ... for fab are used to represent only the vector fields

in the gauged multiplet, while the indices Λ,Σ, ... are used to specify all of the vector

fields in the theory.

Given the complex and various field content of supergravity theory, a deep

understanding of group theory is necessary to fully comprehend its properties and

behaviors. The set of scalar fields in supergravity theory is described as a homoge-

neous symmetric space, known as the target manifold or scalar manifold, which is

often denoted, in the context of group theory, as

M = G/H, (4.23)

where H is subgroup of G that is the isometry group of scalar manifold, and scalar

ϕs is coordinate with ns dimension, see Appendix. Mathematically, the group G/H

is defined as the set of left cosets of H in G:

g′ = gh ∼ g, (4.24)

where g ∈ G and h ∈ H.

The isometry of the scalar manifold M is given by the elements of the group

G, which is generally a non-compact group. Under the transformation, scalar field

ϕs transform as ϕs → ϕs
′
(ϕ) = g ◦ ϕs, which the metric Gst remains invariant under

the isometry, and is written as

Gs′t′(ϕ
′) =

∂ϕs

∂ϕs′
∂ϕt

∂ϕt′
Gst(ϕ). (4.25)

The homogeneous property of the scalar manifold means that all points on M are

connected by an isometry, that is, a transformation that preserves the metric of the

scalar manifold.

Group H, which is a subset of G, is called holonomy and it imposes the con-

nection of parallel transport. For example, the coset SO(3)/SO(2) = S2, where

H = SO(2), expresses the angle between the original vector and the final vector af-

ter parallel transport in a closed loop on S2. In supergravity, the compact group H
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is expressed in the form

H = HR ×Hm, (4.26)

where HR is the automorphism group of supersymmetry (R symmetry). For N < 8,

the R-symmetry group HR is a unitary group U(N), and for N = 8, it is the group

SU(8). For N > 4, the compact group Hm that acts on the matter fields is absent.

In cases that the isometry of the scalar manifold does not change the point

in the manifold, the action forms a subgroup H ′, called the isotropy group, which

satisfies h′(ϕ) ◦ ϕs = ϕs. When M is a symmetric space, the groups H and H ′ are

the same locally. It is important to note that G is the global symmetry while H is

the gauge symmetry.

The scalar manifold M can be represented by the elements of group G in the

form of L(x), where the transformation of L(x) under group G construct by multi-

plying g on the left-hand side. Additionally, in supergravity, the symmetry of group

H imposes the transformation of L(x) by multiplication on the right-hand side. The

transformation of L(x) under the coset M = G/H is expressed as

L(x)→ L′(x) = gL(x)h(x), (4.27)

where g ∈ G, and h(x) ∈ H. We can express the dependence of L(x) on scalar

fields in the form L(ϕ(x)) by using gauge fixing, and this is referred to as the coset

representative. L(ϕ) depends on ns = dimG − dimH, which denote the number of

scalar fields. In general, ϕs is called the parameter of L(ϕ).

Scalars ϕs transform under G in the form of

gL(ϕ) = L(g ◦ ϕ)h(ϕ, g), (4.28)

where g ◦ ϕs mean that the scalar field obtain from transformation, and is nonlinear

in ϕs. The transformation h(ϕ, g) is referred to as the compensator because the trans-

formation of g takes L(ϕ) out of the original coset representative. The compensator

h(ϕ, g) process returns L(g◦ϕ) to the original coset representative. It should be noted



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

52

that the definition of the coset manifold makes it clear that L(g◦ϕ) and L(g◦ϕ)h(ϕ, g)

are equivalent.

The Lie algebra of group G and H is represented by g and h, respectively. g

can be written in terms of its complement t as

g = h⊕ t (4.29)

where t is a vector space that is the complements of h in g. Lie algebra for homoge-

neous space can be written as

[h, h] ⊂ h, [h, t] ⊂ t, [t, t] ⊂ h⊕ t. (4.30)

The coset representative can be parameterized by using the unitary

parametrization, which is a popular method for finding solutions in supergravity.

In this parametrization, the coset representative is expressed as

L = eϕ
sYs , (4.31)

where Ys is basis vector of t that also known as coset generator.

The structure of the scalar manifold, M , can be described by the left-invariant

1-form, Ω, defined as

Ω = L−1dL (4.32)

which satisfies the Maurer-Cartan equation,

dΩ+ Ω ∧ Ω = 0. (4.33)

Since Ω is in the Lie algebra of the isometry group G of the scalar manifold G/H,

Ω ∈ g = h⊕ t, it can be expressed in terms of the vielbein P and connection Q as

Ω = P +Q. (4.34)

Additionally, it can be expressed in a coordinate basis as

Ωrdϕ
r = Prdϕ

r +Qrdϕ
r. (4.35)
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Consider the transformation of the coset representative under the symmetry

of the scalar manifold, equation (4.28):

Ω(g ◦ ϕ) = h−1L−1g−1d(gL(ϕ)h) = h−1L−1(ϕ)h+ h−1dh. (4.36)

Note that under a global symmetry transformation of G, dg = 0. Furthermore, Ω can

be projected onto the subspace of h and t, giving

P (g ◦ ϕ) = h−1Ph, (4.37)

Q(g ◦ ϕ) = h−1dh+ h−1Qh. (4.38)

It can be seen that the transformation of P is linear, while Q transforms as a non-

Abelian gauge field. As a result, Q acts as a connection in the same context as

a gauge field. This connection Q is known as a composite connection due to its

composition in terms of scalars.

If we impose that ŝ, t̂, ... represent the tangent space index of M , we can express

P in terms of the basis {Yŝ} of t as

P = P ŝYŝ. (4.39)

Furthermore, we can write P ŝ in terms of the coordinate basis as

P ŝ = P ŝs dϕ
s. (4.40)

From equation (4.37), vielbein 1-form P ŝ transform under group G in the form of

P ŝ(g ◦ ϕ) = ht̂
ŝP t̂. (4.41)

If we combine the covariant derivative of L with the connection Q, the result can be

expressed as

DL = dL− LQ = LP, or equivalently L−1DL = L−1dL−Q = P. (4.42)

The vielbein P satisfies the condition

DP = dP +Q ∧ P + P ∧Q = 0, (4.43)
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and we can also define the curvature 2-form of the scalar manifold M in the form

R(Q) = dQ+Q ∧Q = −P ∧ P, (4.44)

where its components are given by

R(Q) =
1

2
Rrsdϕ

r ∧ dϕs (4.45)

with Rrs = [Pr, Ps] ∈ h.

For any field Φ(x) on the scalar manifold M that transforms under group H,

its covariant derivative can be expressed as

DrΦ = ∂rΦ+Q ◦ Φ, (4.46)

where Q ◦ Φ represents the action of Q on the representation of Φ. The derivative

Dr satisfies the Ricci identity, which is given by

[Dr, Ds]Φ = Rrs ◦ Φ. (4.47)

The basis vector Yŝ can be used to define an invariant metric under H trans-

formations in the form

ηŝt̂ = kTr(Yŝ, Yt̂), (4.48)

where k is a positive constant that depends on the representation of Yŝ. Conse-

quently, the metric on the scalar manifold M can be expressed as

ds2 = Gstdϕ
sdϕt = P ŝsP

t̂
t ηŝt̂dϕ

sdϕt = kTr(PP ). (4.49)

From equation (4.37), the metric is invariant

ds2(g ◦ ϕ) = ds2(ϕ). (4.50)

Furthermore, the Lagraingian density can be reexpressed as

Lscalar =
1

2
eGst∂µϕ

s∂µϕt =
1

2
ekTr{PµPµ}, (4.51)
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where Pµ = Ps∂µϕ
s that is invariant under G obviously.

The generators of the groupG form a Lie algebra with structure constants fabc,

[ta, tb] = fab
ctc. (4.52)

Under a transformation of G of the form

g = I + ϵata, (4.53)

the scalar field transforms as

ϕs
′
= ϕs + ϵaksa, (4.54)

where ksa is the killing vector of the symmetry of G.

The transformation under the compensator h ∈ H can be expressed as

h = I + ϵaWa
âJâ, (4.55)

where Jâ is the generator of group H. As a result, the transformation of L(ϕ) be-

comes

(I + ϵata)L(ϕ) = L(ϕ+ ϵaka)(I + ϵaWa
â). (4.56)

By expanding L(ϕ + ϵaka) to the first order of ϵa and multiplying the left-hand side

by L−1(ϕ), we obtain

ϵaL−1taL(ϕ) = ϵaksaL
−1∂sL+ ϵaWa

âJâ. (4.57)

Using the definition of Ω in (4.32), and the relation (4.34), the previous equation

becomes

L−1taL = ksaP
ŝ
s Yŝ + (ksaQ

â
s +Wa

â)Jâ, (4.58)

where

Qs = QâsJâ. (4.59)
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The equation (4.58) can be used to construct killing vector in terms of coset repre-

sentative and generator of G by projecting L−1taL onto subspace t.

The generator Jâ can be separated into Jã, ã = 1, . . . ,dim(HR) and Ja, a =

1, . . . ,dim(Hm), which correspond to the groups HR and Hm, respectively, forming

the direct product (4.26). The equation (4.58) is rewritten as

L−1taL = ksaP
ŝ
s Ys + P ã

aJã + PaJa, (4.60)

where

P ã
a = ksaQ

ã
s +Wa

ã and Pa
a = ksaQ

a
s +Wa

a (4.61)

Generally, the momentum map P â
a = (P ã

a ,P
a
a ) is used to express the killing vector

as a derivative of P â
a . Specifically, we can write

ksaR
ã
st = DtP

ã
a , (4.62)

where Râst = (Rãst, R
a
st) represents the curvature 2-form on the basis of Jâ, given by

R(Q) =
1

2
RâstJâdϕ

s ∧ dϕt. (4.63)

In order to extend the isometry of the scalar manifold to cover the on-shell

symmetry of the action, it is necessary to find a correspondence between isometries

of the scalar manifold and electric-magnetic duality transformations of the vector

fields.

Given an electric field strength tensor FΛ
µν on a spacetime manifold, we can

define its magnetic dual tensor

GΛµν = −ϵµνρσ
∂L

∂FΛ
σρ

= RΛΣF
Σ − IΛΣ∗FΣ

µν (4.64)

via the Hodge star operator, such that

∗FΛ
µν =

1

2
eϵµνρσF

Λρσ, (4.65)
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where ϵµνρσ is the Levi-Civita symbol. The Bianchi identity, which expresses the

conservation of electric and magnetic fluxes, can then be written in terms of F and

G, shown as

∇µ(∗GΛµν) = 0 and ∇µ(∗FΛ
µν) = 0. (4.66)

We can write the previous equation in differential form as dGΛ = 0 and dFΛ = 0,

respectively.

To write ∗FΛ in the form of FΛ and GΛ, we can use equation (4.64), and obtain

∗FΛ = IΛΣ(RΣΓF
Γ −GΣ), (4.67)

wherer IΛΣ is inverse of IΛΣ.

For ∗GΛ, taking duality of equation (4.64) and using the previous equation, so

that

∗GΛ = (RI−1R+ I)ΛΣF
Σ − (RI−1)Λ

Σ
GΣ. (4.68)

Combine FΛ and GΛ together, we can write the 2nv vector as

GM =

FΛ

GΛ,

 (4.69)

where the index M = (Λ,Λ ). Field equation and Bianchi identity can be written as

dGM = 0, (4.70)

and equation (4.67) together with (4.68) becomes

∗G = −CM(ϕ)G . (4.71)

The matrix C represents symplectic form expressed as

CMN =

 0 Inv

−Inv
0

 , (4.72)
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where Inv
is nv × nv identity matrix. The matrix M is symmetrical matrix that is

constructed from scalar fields in the form

MMN =

(RI−1R+ I)ΛΣ −(RI1)Λ
Γ

−(I−1R)∆Σ I∆Γ

 . (4.73)

In addition, the matrix M also satisfy symlectic property expressed as

MCM = C. (4.74)

Similary, we can derive field equation of scalar ϕs and Einstein equation from

the action (4.1) in the form of duality transformation, which can be written as

Dµ∂
µϕs =

1

8
GstG T

µν∂tMG µν (4.75)

Rµν = Grs∂µϕ
r∂νϕ

s +
1

2
G T
µρMGν

ρ. (4.76)

4.3 Global symmetry

In the context of supergravity, the isometry group G that is a symmetry of the

scalar field can be extended to become a symmetry of the field equation, known

as an on-shell symmetry. This extension is achieved by connecting the nonlinear

transformations of the scalar field with the duality transformations of G = (FΛ, GΛ.

In other words, any transformation that occurs from an element g of G acting on

the scalar field, ϕ → g ◦ ϕ will have a corresponding 2nv × 2nv matrix, Rv[g], that

transforms as

GM = Rv[g]
M
NGN , (4.77)

where Rv is element of g ∈ G in vector and Hodge duality representation. The

symplectic representation of group G is defined by this matrix.

The explicit from of Rv[g]MN is

Rv[g]
M
N =

A[g]ΛΣ B[g]ΛΣ

C[g]ΛΣ D[g]Λ
Σ

 . (4.78)
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As FΛ and ∗FΛ are dependent and related through duality transformations, the trans-

formation matrixRv[g] that provides symmetry of the field equation must satisfy two

properties:

1. The matrix Rv[g] is symplectic matrix

Rv[g]
TCRv[g] = C (4.79)

2. The matrix Rv[g] provide transformatin of M in the form

M(g ◦ ϕ) = (Rv[g]
−1)TM(ϕ)Rv[g]

−1. (4.80)

To ensure invariance of the equation (4.71) under this extended symmetry, the matrix

NΛΣ = RΛΣ + iIΛΣ must transform under Rv[g] as

N (g ◦ ϕ) = C[g] +D[g]N (ϕ)

A[g] +B[g]N (ϕ)
. (4.81)

Additionally, a dual representation ofRv, denoted asRv∗ = (R−1
v )T , satisfy equation:

(R−1
v )T = −CRv[g]C or Rv∗ [g]M

N = CMPRv[g]
P
QC

NQ. (4.82)

In supergravity, since supersymmetry connects the vector field and scalar field and

imposes transformations on these fields, the conditions of matrix symplecticity

(4.79)and the transformation property (4.80) must hold for all extended supergravi-

ties.

In supergravity, the actions are constrained within a certian symplectic frame,

which includes different actions and their corresponding symmetries. The symplec-

tic frame is determined by the basis of the matrix M, which imposes the embedding

of G into Sp(2nv,R). Any matrices M in different symplectic frames are connected

by a matrix E that belongs to the group Sp(2nv,R) and has the form

M′ = EMET . (4.83)

The matrix E that maps one symplectic frame to another belongs to the coset

E ∈ GL(nv,R) \ Sp(2nv,R)/Rv∗ [G], (4.84)
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where GL(nv,R) is the group of invertible nv×nv matrices and Rv∗ [G] is the element

of G in the Rv∗ representation. This coset means that two matrices E are equivalent

if they differ by multiplying an element of GL(nv,R) on the left and an element of

Rv∗ [G] on the right.

In general, duality symmetry is not a symmetry of the action but rather a sym-

metry of the field equations and Bianchi identities, on-shell symmetry. In the case

of B[g] ̸= 0, the transformation (4.77) becomes

FΛ′
= A[g]ΛΣF

Σ +B[g]ΛΣGΣ, (4.85)

indicating that the Bianchi identity for FΛ′ is not satisfied unless dGΣ = 0. Therefore,

the symmetry of the action (the off-shell symmetry) must come from the subgroup

Ge ⊂ G of Rv[g] where B[g]ΛΣ = 0. Ge is referred to as the electric subgroup of the

global symmetry group G, as the vector fields that appear in the action are known

as electric vector fields, while the fields obtained from duality transformations are

known as magnetic vector fields.

In the previous discussion, it was established that the matrix transformation

Rv[g] for g in the electric subgroup Ge of the global symmetry group G, must be

written in the general form:

Rv[g]
M
N =

A[g]ΛΣ 0
C[g]ΛΣ (A[g]−1)TΛ

Σ

 , (4.86)

where D = (A−1)T due to the symplectic condition. The transformation involving

C[g]ΛΣ is known as the Peccei-Quinn symmetry, which transforms the scalar field

called the axion. In this thesis, we only consider the transformations for which

C[g]ΛΣ = 0.

For a scalar manifold described by a symmetric space G/H, we can represent

it by a set of elements L(ϕ) ∈ G in the Rv representation. This set generates the

elements of Sp(2nv,R) in the same representation as Rv[L(ϕ)] ∈ Sp(2nv,R). We can

also use Rv to map the maximal compact subgroup H of G to U(nv) ⊂ Sp(2nv,R),
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but Rv[H] is not necessarily unitary. To connect R̃v[h] with an orthogonal matrix,

we can use SNN ∈ Sp(2nv, R)/U(nv) to perform a similarity transformation of the

form R̃v[H] = S−1RvS. The orthogonal condition for R̃v[h] can be expressed as

R̃v[h]
T R̃v[h] = I, (4.87)

for h ∈ H, and RR̃v is reducible representation.

Define coset representative in R̃v as

L̃MN = Rv[L]
M
NS

N
N , (4.88)

the transformation of L(ϕ) in (4.28) becomes

Rv[g]L̃(ϕ) = L̃(g ◦ ϕ)R̃v[h] (4.89)

for g ∈ G and h ∈ H. The indices M,N, ... = 1, ..., 2nv of L̃ transform under G while

the indices M,N, ... = 1, ..., 2nv transform under H.

In the form of L̃, the matrix M can be written as

MMN = CMP L̃
P
LL̃

R
LCRN . (4.90)

By using the symplectic condition of Rv[g] and orthogonal of R̃v[h], we can write

the transformation of M as

M(g ◦ ϕ) = (Rv[g]
−1)TM(ϕ)Rv[g]

−1, (4.91)

which imply that M is invariant under H, and also write the Lagrangian density of

scalar field in the form of M as

Lscalar =
1

8
ekTr

[
(M−1∂µM)(M−1∂µM)

]
. (4.92)

From all result, we can write the transformation of bosonic field under G as

δϕs = Λaksa (4.93)

δM = Λaksa∂sM = Λa(Rv∗[ta]M+MRv∗[ta]
T ) (4.94)

δGM
µν = −Λa(ta)NMGN

µν . (4.95)
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N M = G/H ns = dim(G/H) nv Rv

3 SU(3,n)
SU(3)×SU(n)×U(1)

6n 3n+3 (3+n)+(3 + n)
4 SL(2,R)

SO(2)
× SO(6,n)

SO(6)×SO(n)
6n+ 2 n+ 6 (2,6 + n)

5 SU(5,1)
U(5)

10 10 20
6 SO∗(12)

U(6)
30 16 32c

8 E7(7)

SU(8)
70 28 56

Table 4.1: The scalar manifold, ns scalar, nv vector, and Rv representation of
supergravity N > 2. The number of n in supergravity N = 3, 4 represent the
number of vector multiplets, and subscription c refer to conjugate spinor

In supergravity, the structure of scalar manifold and vector that have been

previously discussed applies to cases with N > 2, expressed in the table 4.1. Specif-

ically, in N > 2 supergravity, the noncompact group E7(7) represents the group E7,

where the compact subgroup is SU(8). The number 7 indicates the difference be-

tween the number of noncompact generators and compact generators. Additionally,

the group SO∗(12) represents the special noncompact form of SO(12), where the

compact subgroup is U(6) ∼ SU(6)× U(1).

4.4 Fermionic sectors

In the context of N > 2 supergravity, it is observed that the spinor field is

restricted to only supergravity and vector multiplets. The fermion fields, on the

other hand, do not transform under the group G, but rather under the holonomy

group H, where the symmetry of H is imposed by the direct product HR × Hm.

The fermion fields are dependent on the number of supersymmetries, which are

expressed in the Table 4.2.

The indices A,B = 1, ..., N correspond to the representation of the group
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N Supergravity multiplet vector multiplet

3 ψµA, χABC λAi, λABCi

4 ψµA, χABC λAi

5 ψµA, χABC , χ −

6 ψµA, χABC , χA −

8 ψµA, χABC −

Table 4.2: fermion fields in supergravity N > 2

HR = U(N) for 3 ≤ N ≤ 6, and HR = SU(8) for N = 8. On the other hand,

i, j = 1, ..., n denote the group Hm = SU(n) for N = 3 and Hm = SO(n) for

N = 4. The spinor without indices represents the singlet, whereas the field with

anti-symmetry in index ABC = [ABC] belongs to the tensor representation of HR.

Fermion fields (ψµA, χABC , λAi) have positive chirality:

γ5ψµA = ψµA, γ5χABC = χABC , γ5λAi = λAi, (4.96)

whereas the field (ψAµ , χ
ABC , λAi ) belong to the conjugate representation of HR, and

have negative chirality:

γ5ψ
A
µ = −ψAµ , γ5χ

ABC = −χABC , γ5λ
A
i = −λAi . (4.97)

From the Table 2.3, supergravity N = 3, 5, 6 consist of special spinor field

λABCi = λiϵABC , χ, χ
A, respectively. These spinor have negative chirality:

γ5λi = −λi, γ5χ = −χ, γ5χ
A = −χA. (4.98)

In addition, we can write all spinors, except λABCi = λiϵABC , χ, χ
A, in the form

λI = (χABC , λAi), γλI = λI , (4.99)

where the index I = (ABC,Ai).

Bosonic fields transform under group G but are invariant under group H,

whereas fermionic fields transform under group H and are invariant under group



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

64

G. The coupling between fermionic and bosonic fields must use a quantity that has

a transformation under both G and H. This quantity is the coset representative L̃,

which implies that the scalar field is the connection of interaction between fermions

and bosons. Note that the transformations under group G andH have the same form

as GCT and LLT, respectively. In other words, bosonic fields (tensors) transform

under GCT while fermionic fields (spinors) transform under LLT.

The Lagrangian density that is invariant under group H must be in the form of

a covariant derivative with connectionQ, becauseH symmetry is a gauge symmetry.

For any fermion field, the covariant derivative can be written as

Dµψ = Dµψ +Qµ ◦ ψ (4.100)

where Dµ represents the spacetime covariant derivative, Qµ = Qs∂µϕ
s and Qµ ◦ ψ

is the action of connection Q in the representation of ψ. From this definition, the

Lagrangian can be written as

Lf−kinetic = iϵµνρσ(ψ̄Aµ γνDρψAσ − ψ̄AµγνDρψ
A
σ )−

1

2
e(λ̄IγµDµλI + λ̄Iγ

µDµλ
I).

(4.101)

The second term of the previous equation can be written explicitly in the form

−1

2
e(λ̄IγµDµλI + λ̄Iγ

µDµλ
I) =− 1

12
e(χ̄ABCγµDµχABC + χ̄ABCγ

µDµχ
ABC)

− 1

2
e(λ̄AiγµDµλAi + λ̄Aiγ

µDµλ
Ai). (4.102)

The fermion fields (λABCi = ϵABCλi, χ, χ
A) for N = 3, 5, 6 can be written similarly.

The complete Lagrangian density for N > 2 supergravity

The fermion fields belong to the complex representation of group H. There-

fore, the interaction between bosonic and fermionic fields can be conveniently ex-

plained via the representation R̃v[H] ⊂ SO(2nv) in complex form. The transforma-



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

65

tion mentioned previously is constructed using the Cayley matrix

AMN =
1√
2

I iI
I −iI

 . (4.103)

It’s important to note that the Cayley matrix A used to construct the transformation

is unitary A† = A−1, and it can effectively convert a real symplectic vector VM =

(V Λ, VΛ) into a complex vector VM = (VΛ,VΛ). The transformation can be shown

as

VM = AMNV
N =

1√
2

V Λ̄ + iVΛ̄

V Λ̄ − iVΛ̄

 . (4.104)

Let Rv[G] represent the matrix representation ofG in a complex basis obtained

from the transformation Rv[g] = AR̃vA
†. Since H = HR ×Hm, we can separate the

index Λ̄, Σ̄, ... into AB and i. The component in the symplectic form can be written

as V Λ̄ = (V AB, V i), and its conjugation is VΛ̄ = (V Λ̄)∗ = (VAB, Vi).

In the reorientation on complex basis, group H is block diagonal because

group U(nv) ⊂ Sp(2nv,R) is block diagonal expressed asu 0
0 ū

 , (4.105)

where U represent matrix in U(nv). Notice that the fundamental representation of

Sp(2nv,R) can be separated into n+1
v and n̄−1

v that shown as

2nv→n+1
v + n̄−1

v , (4.106)

where n+1
v and n̄−1

v are representation in U(nv) ∼ SU(nv)× U(1).

The connection in complex representation Q = AR̃v[Q]A† is in block diagonal

expressed as

QM
N =

QΛ̄
Σ̄ 0

0 QΛ̄
Σ̄

 , (4.107)
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where the nv × nv sub-matrix are in the form

QΛ̄
Σ̄ =

QABCD 0
0 Qij

 and QΛ̄
Σ̄ =

QABCD 0
0 Qi

j

 . (4.108)

In the previous equation, connection QABCD and Qij are in the group of HR and

Hm, respectively. In addition, the connection QABCD can be written in the terms

of fundamental representation QAB as QABCD = 4δ
[A
[CQ

B]
D]. This form provide the

properties with the contraction of two indices:

QACBC = (N − 2)QAB + δABQ
C
C , (4.109)

where connection QCC is in U(1) ⊂ U(N) = HR. Notice that N = 8 theory gives

QCC = 0 because of HR = SU(8).

As all of results, we can construct covariant derivative of ψAµ, χABC , and λAi,

which are expressed as

DµψAν =∂µψAν − γρµνψAρ +
1

4
ωµ

abγabψAν +QµA
BψBν (4.110)

DµχABC =∂µχABC +
1

4
ωµ

abγabχABC + 3Qµ[A
DχBC]D (4.111)

DµλAi =∂µλAi
1

4
ωµ

abγabλAi +QµA
BλBi +Qµi

jλAj . (4.112)

In the complex basis, compact generators in coset manifold are off-diagonal,

therefore vielbein of scalar manifold P = AR̃v[P ]A
† can be written as

PMN =

 0 P Λ̄Σ̄

PΛ̄Σ̄ 0

 , (4.113)

where nv × nv sub-matrix are in the form

P Λ̄Σ̄ =

PABCD PABj

P iCD P ij

 and PΛ̄Σ̄ =

PABCD PABj

PiCD Pij

 . (4.114)

The component of vielbein PABCD = P [ABCD] belong to anti-symmetrical tensor of

HR, which invanish for N < 4 supergravity theory.
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• N = 8 supergravity with n = 0: The vielbein is expressed as

PABCD = (PABCD)
∗ =

1

24
ϵABCDEFGHPEFGH , (4.115)

which provide the Lagrangian density as

e−1Lscalar =
1

48
PABCDµ PµABCD. (4.116)

• N = 5, 6 supergravity: N = 6 supergravity consists of vielbein PABCD and

PAB that the relation can be written as

PABCD =
1

2
ϵABCDEFPEF , (4.117)

while N = 5 only consist of PABCD. Largrangian density of N = 5 and N = 6 is the

same that can be written as

e−1Lscalar =
1

24
PABCDµ PµABCD. (4.118)

• N = 4 supergravity: In this case, the vielbein PABCD = ϵABCDP , which P is

vielbein on coset manifold SL(2,R)/SO(2) that describe scalar fields in supergravity

multiplet. The coset manifold SO(6, n)/SO(6)×SO(n) is explained by vielbein P iAB

that corresponds to the condition:

P iAB = (PiAB)
∗ =

1

2
ϵABCDPiCD. (4.119)

The component Pij depend on P as Pij = Pδij . The Largangian density of N = 4

supergravity can be written as

e−1Lscalar =
1

24
PABCDµ PµABCD +

1

4
P iABµ PµiAB. (4.120)

• N = 3 supergravity: In this case, PABCD = 0 because N = 3 theory has no

scalar field in supergravity multiplet and Pij = 0. The Lagrangian density of scalar

fields in the form of P iABµ can be written as

e−1Lscalar =
1

2
P iABµ PµiAB. (4.121)
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In the similar way, we can define the coset representative in complex basis by

defining L(ϕ) = L̃(ϕ)A†. The component of L are defined in the form

L =

fΛAB fΛi f̄ΛAB f̄Λi

hΛAB hΛi h̄ABΛ h̄iΛ

 . (4.122)

In this form, the transformation of L under group G and H is expressed as

Rv[g]L(ϕ) = L(g ◦ ϕ)Rv[h], (4.123)

and the symmpletic condition is

L†CL = Ĉ, (4.124)

where Ĉ = ACA†.

The left invariant 1-from can be defined on complex basis in the form Ωc =

AR̃v[Ω]A
†, which explicitly express as

Ωc = L−1dL = P + Q, (4.125)

the matrix M can be written as

M = CLL†C. (4.126)

The matrix M can be written in the form of matrix f = (fΛAB, f
Λ
i) and h =

(hΛAB, hΛi) as

M =

 −2hh† 2hf† + iI
2fh† − iI −2ff†

 . (4.127)

From previous equation, we can define the matrix I and R in the from of f and h as

I = −1

2
(I−1)†f−1 and 1

2
(2h + i(f−1)†)f−1. (4.128)

The interaction term between vector fields and fermion fields are constructed

from anti-symmetric tensor OMµν = (OΛ̄
µν , OΛ̄µν) that belong to bileinear of fermion.

The duality relation (4.71) coupled to fermion field can be reexpressed as

∗G = −CM(G + LO). (4.129)
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This equation is covariant underG ifOM transform by compensator ofH in the form

O
′

µν = Rv[h]Oµν . (4.130)

To write supersymetry transformation conveniently, we define composite field

strength tensor by multiplying Gµν with scalar matrix in the form

Fµν = −L†CG , (4.131)

which in component is

FMµν = (F Λ̄
µν , FΛ̄µν) = −(L∗)NMCNPG P

µν . (4.132)

FMµν only transform under group H because of sympletic property of Rv[g].

Self-dual tensor and anti-self-dual tensor are defined in the from

F±
µν =

1

2
(Fµν ± i∗Fµν), where i∗F±

µν = ±F±
µν . (4.133)

From previous definition, the component of self-dual and anti-self-dual of F can be

written as

F±
µν = −L†CG±

µν . (4.134)

By using symplectic property of L, we can find that

O−
Λ̄µν

= O+Λ̄
µν = 0, (4.135)

therefore the component of F±
µν becomes

F+
µν = (F+AB

µν , F+i
µν ,

i

2
O+
ABµν ,

i

2
O+
iµν), and F−

µν = (− i
2
O−AB
µν ,− i

2
O−i
µν , F

−
ABµν , F

−
iµν).

(4.136)

In addition, we also write the component of G±
Λ as

G+
Λ =NΛΣF

+Σ + iIΛΣf̄
ΣΓ̄OΓ̄ (4.137)

G−
Λ =N̄ΛΣF

−Σ − iIΛΣfΣΓ̄O
Γ̄. (4.138)
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When we use the definition of tensor G±
Λµν in the form

G±
Λµν = ±2i

e

∂L

∂F±Λµν
(4.139)

we found that the Lagrangian density of vector field becomes

e−1Lvector =
i

4
(N ΛΣF

−Λ
µν F

−Σµν −NΛΣF
+Λ
µν F

+Σµν)

+
1

2
(F+ΛµνIΛΣf̄

ΣΓ̄OΓ̄µν + F−ΛµνIΛΣf
Σ
Γ̄O

Γ̄
µν). (4.140)

The second term of previous equation also known as Pauli term, which describe

interaction between fermion fields and tensor F±Λ
µν .

In the form of fermion field λI , OΛ̄ can be written as

OABµν =2ψ̄Aργ
[ργµνγ

σ]ψBσ + CAB,C
I ψ̄Cρ γµνγ

ρλI + CAB,IJ λ̄
Iγµνλ

J (4.141)

Oiµν =Ci,C
I ψ̄Cρ γµνγ

ρλI + Ci,IJ λ̄
Iγµνλ

J , (4.142)

where CAB,CI , CAB,IJ , and Ci,IJ are coefficient tensor that depend on the number of

supersymmetry.

The completeN > 2 Lagrangian density can be constructed by using all results

discussed, as (without the forth power term of fermion fields)

e−1L =
1

2
R− 1

2
ekTr(PµPµ) +

i

4
(N ΛΣF

−Λ
µν F

−Σµν −NΛΣF
+Λ
µν F

+Σµν)

+ ie−1ϵµνρσ(ψ̄Aµ γνDρψAσ − ψ̄AµγνDρψ
A
σ )−

1

2
(λ̄IγµDµλI + λ̄γµDµλ

I)

+
1

2
(F+ΛµνIΛΣf̄

ΣΓ̄OΓ̄µν + F−ΛµνIΛΣf
Σ
Γ̄O

Γ̄
µν)

+ λ̄IγµγνψBν ∂νϕ
sPsIB + λ̄Iγ

µγνψBµ∂νϕ
sP IBs . (4.143)

The last term is the interaction term between scalar field and fermion fields. For

N = 3, 5, 6 supergravity, terms of fermion fields λi, χ, and χA will be added as we

discussed previously.
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The action obtained from the equation (4.143) is invariant under supersymme-

try transformations:

δeaµ = ϵ̄AγaψAµ + ϵ̄Aγ
aψAµ (4.144)

δAΛ
µ = LΛ

MO
M
µ =

1

2
fΛABO

AB
µ + fΛiO

i
µ + h.c. (4.145)

PABCDs δϕs = ΣABCD, P iABs δϕs = ΣiAB (4.146)

δψAµ = DµϵA +
i

8
F−
ρσABγ

ρσγµϵ
B (4.147)

δχABC = PsABCD∂µϕ
sγµϵD +

3

4
iF−
µ[ABγ

µνϵC] (4.148)

δλAi = PsiAB∂µϕ
sγµϵD +

3

4
iF−
µνiγ

µνϵA. (4.149)

For extra fermion fields in N = 3, 5, 6 supergravity, the supersymmetry transforma-

tions can be written as

N = 3 : δλi =
1

2
PsiAB∂µϕ

sγµϵCϵ
ABC (4.150)

N = 5 : δχ =
1

24
ϵABCDEPsABCD∂µϕ

sγµϵE (4.151)

N = 6 = δχF =
1

24
ϵFABCDEP

ABCD
s ∂µϕ

sγµϵE +
i

4
F̃−
µνγ

µνϵF . (4.152)

Tensor ΣABCD and ΣiAB are the component of coset generator Σ ∈ t on com-

plex basis Rv[Σ], where Σ are defined in the form of transformation

Σ = (L−1∂sL)|tδϕs = Psδϕ
s (4.153)

or

δL = ∂sLδϕ
s = LΣ. (4.154)

The variation of vielbein P = (L−1dL)|t can be written as

δP = dΣ+QΣ = DΣ, (4.155)

by using the relation δL−1 = −L−1δLL−1, and [h, t] ⊂ t.

By using these relations, we can write the variation of scalar term as

δLscalar = ekTr(PµδPµ) = ekTr(PµDµΣ). (4.156)
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Tensor ΣABCD and ΣiAB for all supergravity are expressed as

N = 3 : ΣiAB = ϵABC ϵ̄Cλi − 2ϵ̄[AλB]i (4.157)

N = 4 : ΣABCD = −4ϵ̄[AχBCD], (4.158)

ΣiAB = −2ϵ̄[AλB]i − ϵABCD ϵ̄[CλD]i (4.159)

N = 5 : ΣABCD = −4ϵ̄[AχBCD] + ϵABCDE ϵ̄Eχ (4.160)

N = 6 : ΣABCD = −4ϵ̄[AχBCD] − ϵABCDEF ϵ̄EχF (4.161)

N = 8 : ΣABCD = −4ϵ̄[AχBCD] − 1

6
ϵABCDEFGH ϵ̄EχFGH . (4.162)

Tensor OABµ and Oiµ in equation (2.316) are defined as

OABµ = −ϵ̄CγµχABC − 4ϵ̄[AψB]
µ and Oiµ = −ϵ̄AγµλAi. (4.163)

In N = 6 supergravity, 16 vector fields consist of AABµ and Ãµ, which belong in

representation 15 and 1 of group U(6), respectively. The tensor OABµ still obtain

from equation (2.334). while tensor Õ can be obtainde from

Õµ = −ϵ̄AγµχA. (4.164)

4.5 Gauged supergravity

Based on previous considerations, it has been determined that the symmetry

of N > 2 supergravity corresponds to the isometry of a scalar manifold, which re-

sults in the occurrence of duality transformations of vector fields. This symmetry

is global and independent of spacetime. In this section, we shall discuss the gaug-

ing of supergravity, namely, the process of elevating a subgroup G0 of the global

symmetry G to a gauge symmetry.
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Gauging and minimal coupling

The symmetry group G is an on-shell symmetry, while Ge is an off-shell sym-

metry that is only a subgroup of G. As such, each action has a different Ge, which

results in a different gauging of subgroupG0 ∈ Ge. Ge is considered to be the electric

subgroup of G, and the vector fields that appear in ungauged supergravity action are

referred to as electric vectors. In the context of supergravity, the gauging process

that is both general and universal is the embedding tensor formalism. Furthermore,

the embedding tensor formalism can accommodate the use of a gauge symmetry G0

that is a subset of G, even if G0 is not a subset of Ge.

The first condition for gauging any G0 is that the number of dimensions of G0

must be less than or equal to the number of vector fields that will become the gauge

field, that is,

dimG0 ≤ nv. (4.165)

Here, AΛ̂ represents the electric gauge fields that become the gauge field of G0 and

belong to the adjoint representation of G0. By letting Ωg represent the gauge con-

nection, we obtain

Ωgµ = gAΛ̂
µXΛ̂, (4.166)

where g is the coupling constant and XΛ̂ represents the generator of group G0 that

corresponds to the Lie algebra

[XΛ̂, XΣ̂] = fΛ̂Σ̂
Γ̂XΓ̂. (4.167)

In order for G0 to be a subgroup with a closure property, the structure constant

fΛ̂Σ̂
Γ̂ must satisfy the Jacobi identity

f[Λ̂Σ̂
Γ̂f∆̂]Γ̂

Π̂ = 0. (4.168)
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The generator XΛ̂ can be written in symplectic form of Rv representation,

(XΛ̂)
M̂
N̂

= Rv[XΛ̂]
M̂
N̂

=

 XΛ̂
Σ̂
Γ̂

0
−XΛ̂Σ̂Γ̂ XΛ̂Σ̂

Γ̂

 . (4.169)

XΛ̂Σ̂Γ̂ correspond toC[g]ΛΣ in the transformation (4.86) and we setXΛ̂Σ̂Γ̂ = 0 through-

out this thesis.

The symplectic form of (XΛ̂)
M̂
N̂

, XΛ̂M̂
P̂CP̂ N̂ = XΛ̂N̂

P̂CM̂P̂ , provides the rela-

tion between the components of (XΛ̂)
M̂
N̂

as

XΛ̂
Σ̂
Γ̂
= −XΛ̂Γ̂

Σ̂. (4.170)

Upon comparing the gauge transformation of F Λ̂ in the form δF Λ̂ = ξΓ̂fΓ̂Σ̂
Λ̂F Σ̂ (ξΛ̂

represent transformation parameter) to the transformation obtained from δG M̂ =

ξΛ̂(XΛ̂)
M̂
N̂

G N̂ , we can obtain δF Λ̂ = ξΓ̂XΛ̂
Σ̂
Γ̂
F Σ̂, which leads to the relation

fΓ̂Σ̂
Λ̂ = −XΓ̂Σ̂

Λ̂. (4.171)

According to this result, the algebra (2.338) becomes

[XΛ̂, XΣ̂] = −XΛ̂Σ̂
Γ̂XΓ̂. (4.172)

This equation shown that the generator XΛ̂ is invariant under gauge transformation

δΛ̂XΣ̂, and the equation (4.172) is called the quadratic constraint. In addition, the

relation (4.171) also impose that

X
(
ˆ
ΓΣ̂)

Λ̂ = 0, (4.173)

because of fΓ̂Σ̂Λ̂ = −fΣ̂Γ̂
Λ̂.

In the case ofXΓ̂Σ̂Λ̂ ̸= 0, the condition of symmetry under Peccei–Quinn trans-

formation requires that

X(Λ̂Σ̂Γ̂) = 0. (4.174)

The condition (4.173) and (4.174) are called linear constraint.
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Under gauge transformation g(x) ∈ G0 ⊂ G, the connection transforms in the

form

Ω
′

g = g(x)Ωgg
−1(x) + dg(x)g−1(x). (4.175)

Upon writing Ω
′

g = gAΛ̂
′

XΛ̂, and consideration of infinitesimal transformation

g(x) = I + gζΛ̂(x)XΛ̂, we obtain

δAΛ̂
µ = AΛ̂

′

µ −AΛ̂
µ = ∇µζΛ̂, (4.176)

where the covariant derivative ∇µ is defined as

∇µζΛ̂ = ∂µζ
Λ̂ + gXΣ̂Γ̂

Λ̂AΣ̂
µ ζ

Γ̂. (4.177)

In the following, the covariant derivative ∇µ will serve as the covariant derivative

under GCT and LLT, as well as the symmetry group H and the gauge group G0.

Field strength tensor can be found from 2-form curvature R(Ωg) = F Λ̂XΛ̂.

From definition

R(Ωg) =
1

g
(dΩg − Ωg ∧ Ωg), (4.178)

we obtain the component of F Λ̂
µν as

F Λ̂
µν = ∂µA

Λ̂
µ − ∂νAΛ̂

µ + gXΓ̂Σ̂
Λ̂AΓ̂

µA
Σ̂
ν . (4.179)

It should be notice thatR(Ωg) transform in covariant formR(Ωg)
′
= g(x)R(Ωg)g

−1(x),

and F Λ̂
µν satisfies Bianchi identity

∇F Λ̂ = dF Λ̂ + gXΣ̂Γ̂
Λ̂AΣ̂ ∧AΓ̂ = 0. (4.180)

It can be summarized that when we gauge the symmetry G0 as a subgroup of G,

the abelian field strength tensor F Λ̂ = dAΛ̂ is replaced by a non-abelian tensor, and

the derivative Dµ is replaced by the covariant derivative ∇µ = Dµ − gAΛ̂XΛ̂. The

derivative ∇µ lead to identity

[∇µ,∇µ] = −gF Λ̂
µνXΛ̂ + ..., (4.181)
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where ... is the term of curvature tensor of space-time and curvature tensor on scalar

manifold.

Since fermion fields do not transform under the groupG, they do not transform

directly under the group G0. However, the derivative of the coset representative

L(ϕ), which is used to define the connection Qµ, must be changed to the covariant

derivative

∇µϕs = ∂µϕ
s − gAΛ̂

µk
s
Λ̂
(ϕ). (4.182)

This results in the connection Qµ, where the term involving gauge fields is added

from the definition Ω̂µ = P̂µ + Q̂µ in the form

Ω̂µ = L−1∇µL = L−1(∂µ − gAΛ̂
µXΛ̂)L. (4.183)

Thus, the inclusion of gauge fields in the covariant derivative of fermion fields re-

lated to the connection Q̂µ corresponds to the idea that these fermion fields transform

under the groupH, which serves as a compensator for transformations fromG0 ⊂ G,

and note that ∂µL = ∂sL∂µϕ
s.

Using the relation L−1dL = Q+ P and equation (4.182), we obtain

P̂µ = Pµ − gAΛ̂
µPΛ̂ and Q̂µ = Qµ − gAΛ̂

µQΛ̂, (4.184)

where PΛ̂ and QΛ̂ represent projection of L−1XΛ̂L on subspace t and h, respectively:

PΛ̂ = L−1XΛ̂L|t and QΛ̂ = L−1XΛ̂L|h. (4.185)

From definition of Ω̂, we can find gauge transformation of P̂ and Q̂ as

P̂ (g(x) ◦ ϕ) = h−1P̂ h and Q̂(g(x) ◦ ϕ) = h−1Q̂h+ h−1dh. (4.186)

In addition, we also obtain Maurer-Cartan equation in gauge form expressed as

dΩ̂ + Ω̂ ∧ Ω̂ = −gL−1R(Ωg)L. (4.187)
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The projection on subspace t and h provides

DP̂ = dP̂ + Q̂ ∧ P̂ + P̂ ∧ Q̂ = −gF Λ̂PΛ̂ (4.188)

R̂(Q̂) = dQ̂+ Q̂ ∧ Q̂ = −P̂ ∧ P̂ − gF Λ̂QΛ̂. (4.189)

Based on the results discussed, we can write covaraint derivative of any fermion

fields as

∇µΨ = DµΨ+ Q̂ ◦Ψ, (4.190)

which requires replacing P and Q with P̂ and Q̂ when gauge symmetry G0 is con-

sidered.

Gauge symmetry and embedding tensor

This section discusses the significance and properties of the embedding tensor

in order to understand the relationship between gauging in the symplectic frame of

action and general gauging that is covariant under the symmetry of group G and

independent of the symplectic frame.

In symplectic frame of action, embedding tensor is represented by ΘΛ̂
σ, which

projects Lie algebra ge of group Ge with generator tσ onto Lie algebra g0 of gauge

symmetry G0. Therefore, we can write the projection in the form

XΛ̂ = ΘΛ̂
σtσ, (4.191)

where tensor ΘΛ̂
σ belong in representation nv ⊗ adj(Ge) with Λ̂ = 1, 2, ..., nv and

σ = 1, 2, ...,dimGe.

Consider generator in covariant form

XM = (XΛ, X
Λ), (4.192)
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the relation between generator in symplectic frame of action XΛ̂ and matrix XM is

expressed as XΛ̂

0

 = E

XΛ

XΛ

 . (4.193)

For any vector AM = (AΛ, AΛ), the contraction can be shown as

AΛ̂XΛ̂ = AΛXΛ +AΛX
Λ = AMXM . (4.194)

Notice that AΛ and AΛ are not independence, since there can be obtained from

AΛ = EΛ̂
ΛAΛ̂ and AΛ = EΛ̂ΛA

Λ̂. (4.195)

In any symplectic frame, we can write XM in the form of embedding tensor

as

XM = ΘM
ata, (4.196)

where ta represent the generator of group G. Tensor ΘM
a belong in representation

Rv∗ ⊗ adj(G) and consist of component ΘM
a = (ΘΛ

a,ΘΛa).

Similar to vector AMµ , the components of ΘM
a are related by

ΘΛ̂
a = EΛ̂

MΘM
a and ΘΛ̂a = EΛ̂MΘM

a = 0. (4.197)

The symplectic condition of EM̂M shown that the tensor ΘM
a satisfies

CMNΘM
aΘN

b = 0, (4.198)

that is called locality constraint. In addition, it is found that the dimension of gauge

symmetry must satisfy

dimG0 = rankΘΛ̂
a = rankΘM

a ≤ nv. (4.199)

The generator XM in representation Rv∗ can be written as

XMN
P = Rv∗ [XM ]N

P = ΘM
ataN

P , (4.200)
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which relate to XM̂N̂
P̂ in symplectic frame of action as

XMN
P = (E−1)M

N̂
(E−1)NXM̂N̂

P̂EP̂
P . (4.201)

In the form of XMNP , The linear condition (4.173) and (4.174) takes the form

X(MNP ) = 0. (4.202)

By replacing the generatorXM from (4.196) into quadratic equation (4.172) and using

Lie algebra g, the condition becomes

ΘM
aΘN

bfab
c +ΘM

ataN
PΘP

c = 0. (4.203)

The previous equation mean that the embedding tensor is invariant under gauge

transformation, δMΘa
N = 0.

The condition (4.202) corresponds to projection of Rv∗ ⊗ Adj(G) on specific

representation (RΘ) of G. From decomposition of Rv∗ ⊗Adj(G) under group G, we

can write it as

Rv∗ ⊗Adj(G)→ RΘ ⊕ ..., (4.204)

Therefore, we can rewrite linear condition in (4.202) as

PΘΘ = Θ, (4.205)

where PΘ represent projection operator from Rv∗ ⊗Adj(G) onto RΘ. The condition

(4.203) and (4.205) are used to determine whether a given subgroup G0 of the global

symmetry group G can be gauged in supergravity by using group theory.

Lagrangian density of gauged supergravity

The minimal coupling procedure for gauging a subgroup of the original sym-

metry group in a supergravity theory involves introducing a gauge field associated

with the subgroup, and replacing ordinary derivatives with covariant derivatives
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that include the gauge field. However, this modification to the action can break su-

persymmetry. In order to restore supersymmetry, additional terms must be added to

the Lagrangian that cancel the unwanted contributions from the gauge fields. This

can be done using the embedding tensor formalism, which allows for a systematic

and gauge-invariant construction of the complete supersymmetric action for gauged

supergravity theories.

Consider kinetic term of gravitino

LψAµ
= −eψ̄Aµ γµνρ∇νψAρ + h.c., (4.206)

and supersymmetry transformation of the form

δψAµ = ∇µϵA + ..., (4.207)

the variation becomes

δLψAµ
= −2eψ̄Aµ γµνρ∇ν∇ρϵA + ... = geψ̄Aµ γ

µνρF Λ̂
νρQΛ̂A

BϵB + ... (4.208)

The kinetic term of λI is in the form

LλI = −1

2
eΛ̄Iγ

µλI + ..., (4.209)

and use supersymmetry transformation

δλI = P̂AIµ γµϵA + ... (4.210)

The variation of (4.209) becomes

δLλI
= −eλ̄Iγµγν∇µP̂AIν ϵA + ... =

1

2
geλ̄Iγ

µνF Λ̂
µνP

AI
Λ̂
ϵA + ... (4.211)

It’s found that the variation of fermion Lagrangian density is modified as

δLψAµ
∼ gψ̄Aµ γµνρF Λ̂

νρ(L
−1XΛ̂L|h)A

B
ϵB + ... (4.212)

δLλI
∼ gλ̄IγµνF Λ̂

µν(L
−1XΛ̂L|t)

IAϵA + ... (4.213)

By writing F Λ̂L−1XΛ̂L in the covariant form of group G

F Λ̂L−1XΛ̂L = F Λ̂EM
Λ̂
L−1XML = GML−1XML, (4.214)
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the previous transformation relate to tensor of group H in the form

TM = LM
NL−1XNL, (4.215)

where LM
N = (LT )NM , and the tensor TM is called T-tensor. The component of

tensor TM on complex basis can be written as

TMN
N = LM

MLN
NXMN

P (L−1)P
P
. (4.216)

The definition (4.185) including the relation QΛ̂ = EΛ̂
MQM and PΛ̂ = EΛ̂

MPM are

used to construct T-tensor in the form of QM and PM , expressed as

TM = LM
M (PM +QM ), (4.217)

and in the form of subgroup H generator with coset generator as

TM = LM
MΘN

bLb
ata = LM

ata. (4.218)

The tensor LM
a is defined as LM

a = LM
NΘN

bLb
a, in which Lb

a is coset represen-

tative in adjoint representation of group G. From definition of T-tensor, we can

explicitly verify that TMN
N transform under group H only.

For T-tensor, we can write locality, linear and quadratic constraints as

CMNTM
aTN

b = 0 (4.219)

T(MNP ) = 0 (4.220)

[TM , TN ] + TMN
PTP = 0. (4.221)

The Yukawa term is added to the Lagrangian density in order to preserve su-

persymmetry. It is a term that couples the scalar fields and the fermion fields, and

it is of order g. The form of the Yukawa term depends on the particular supergrav-

ity theory being considered, and it can be determined using the embedding tensor

formalism. The Yukawa term ensures that the gauging of the symmetry group G0 is

consistent with supersymmetry and that the resulting theory is still a supergravity

theory. The Yukawa term is of form

e−1LYukawa = g(−2ψ̄Aµ γµνψBν SAB + λ̄IγµψAµN
A
I + λ̄IλJMIJ) + h.c. (4.222)
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In gauged supergravity, the Yukawa term is often referred to as the fermion mass-

like term. The tensors SAB, NI
A, and MIJ can be written in terms of the T-tensor.

The complex conjugate of these tensor are expressed as

SAB = (SAB)
∗, N I

A = (NI
A)∗, M IJ = (MIJ)

∗. (4.223)

When we gauge a supergravity theory, we need to modify the supersymmetry trans-

formation rules of the fermion fields to include the coupling to the gauge fields by

adding the term in first order in g. The modified transformation can be written as

δψAµ = ∇µϵA − gSABγµϵB + ... (4.224)

δλI = P̂AAµγ
µϵA + gNI

AϵA + ... (4.225)

Sometime, these tensor SAB, NI
A, and MIJ are called fermion-shift matrix.

The Yukawa term (4.222) gives the variations that consist of second order in

g, which obtain from variation of ψAµ and λI . To cancel this second order term in g,

we need to add the term that consist of second order of SAB and NI
A into the action.

The term added into the action is nonlinear in scalar fields, and it’s called scalar

potential. In gauged supergravity, the terms that are added are carefully chosen

such that they preserve the supersymmetry of the ungauged theory.

The representation of embedding tensor RΘ can be separated into irreducible

representations of group H as

RΘ → RS ⊕RN ⊕RM ⊕ ..., (4.226)

where RS, RN , and RM are representation of tensor SAB, NI
A, and MIJ respectively.

The term ... refers to any representation that are invisible in supersymmetry trans-

formation of the action.

To verify the supersymmetry of the Lagrangian density of gauged supergrav-

ity, only the terms related to the coupling constant are considered. This is because

any term in ungauged supergravity is cancelled by supersymmetry without minimal

coupling, and complex conjugate terms vanish automatically. To illustrate this, we
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can start by considering the kinetic term with the Yukawa term for gravitinos in the

form of

LψA,KY = −eψ̄Aµ γµνρ∇νψAρ − 2gψ̄Aµ γ
µνψBν SAB. (4.227)

When we vary the previous equation respect to ψAµ, we see that

δLψA,KY =− 2eψ̄Aµ γ
µνρ∇ν(∇ρϵA − gSABγρϵB)

− 4gψ̄Aµ γ
µν(∇νϵB − gSBCγνϵC)SAB. (4.228)

By using the identity γµνργρ = 2γµν , the previous becomes

δLψA,KY =− 2eψ̄Aµ γ
µνρ∇ν∇ρϵA + 4egψ̄Aµ γ

µν∇νϵBSAB

− 4egψ̄Aµ γ
µν∇νϵBSAB + 4g2ψ̄Aµ γ

µνγνS
BCSABϵC

=− 2eψ̄Aµ γ
µνρ∇ν∇ρϵA + 4g2ψ̄Aµ γ

µνγνS
BCSABϵC (4.229)

Therefore, in order to preserve supersymmetry in the presence of gauge fields, we

need to add terms of order g in the supersymmetry transformations.

The term ∇ν∇ρϵA is in the same form as (4.212) and (4.213), and it’s canceled

by allowing tensor SAB and NI
A depend on T-tensor in the form

SAB = T [RS ]AB, NI
A = T [RN ]I

A, (4.230)

which can be written cearly (the index I split into Ai and ABC)

TC
DAB = LMABQM

D
C = −1

2
NDAB

C − 2SD[Aδ
B]
C (4.231)

(TAB)
CDEF = −LMABΘM

aksaP
CDEF
s = −4δ[C[AN

DEF ]
B] (4.232)

(TAB)
CDi = −LMABΘM

aksaP
CDi
s = −2δ[C[AN

D]i
B] (4.233)

(Ti)A
B = LMiΘM

aP âa (Jâ)A
B = NiA

B, (4.234)

where TABCD relate to (TAB)CDEF of T-tensor in the form

(TAB)CDEF = 4δ
[C
[ETF ]

D]AB, and (TAB)
CD

EF = −4δ[C[ET
D]
F ]AB. (4.235)
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The term that relate to ∇νSAB from the last term of (4.229) is in the from

4egψ̄Aµ γ
µνϵB∇νSAB. (4.236)

The term that is in the same form of the previous equation obtains from the trans-

formation of

eλ̄IγµγνψBµ P̂νBI + egλ̄γµψAµNI
A (4.237)

varying with respect to λI by using identity λ̄IψBµ and λ̄IγµνψBµ = −ψ̄Bµ γµνλI , we can

show that

λ̄IγµγνψBµ = λ̄I(ηµν + γµν)ψBµ = ψ̄Bµ (η
µν − γµν)λI = ψ̄Bµ γ

µγνλI . (4.238)

As a results of the previous equation, the variation of (4.237) with respect to λI

becomes

egN I
Aψ̄

B
µ γ

νγνϵAP̂νBI − egN I
Bψ̄

B
µ γ

µγνϵAP̂νAI − eg2NI
AN I

Bψ̄Aµγ
µϵB. (4.239)

By using the identity γµγν = γµν + ηµν , the variation term at order g becomes

−2egψ̄Aµ γµνϵBN I
(BP̂νA)I − 2egN I

Bψ̄
[A
µ ϵ

B]P̂µAI . (4.240)

The first term is canceled by the term in equation (4.236), if 2∇µSAB = N I
(BPµA)I

or

DsSAB =
1

2
N I

(BPsA)I , (4.241)

where Ds mean that covariant derivative for connection H.

Consider kinetic term of scalar fields 1
2eGrs∇µϕ

r∇µϕs, the variation with re-

spect to vector field becomes

eGrs∇µϕrδAMµ ksM =− 2egGrs∇µϕrLMABk
s
M ψ̄

A
µ ϵ

B + egGrs∇µϕrLMik
s
M λ̄

AiγµϵA

+
1

2
egGrs∇µϕrLMABk

s
M χ̄

ABCγµϵC . (4.242)

It’s found that the first term of previous equation is cancelled by the second term of

equation (4.240), if we impose the condition

LMABk
s
M = −GsrN I

[BPrA]I . (4.243)
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It should be noted that if we define

LMI
A
= (LMiB

A
,LMBCD

A
) = (LMiδ

A
B, 3LM [BCδ

A
D]), (4.244)

the equation (4.242) becomes (without the first term)

egGrs∇µϕrLMI
A
ksM λ̄

IγµϵA. (4.245)

The variation of kinetic term of λI and coupling term between scalar fields and

fermion fields together with Yukawa term is written in the form (variation respect

to ψAµ)

δLψAµ,λ =− eλ̄Iγµ∇µδλI + egλ̄IγµNI
AδψAµ + eλ̄IγµγνP̂νBIδψ

B
µ

+ eψ̄Bµ γ
νγµδλI P̂νBI + 2egλ̄JMIJδλ

I . (4.246)

At order of g and g2

δL
(g,g2)
ψAµ,λ

=− egλ̄Iγµ(NI
A∇µϵA + ϵA∇µNI

A) + egλ̄IγµNI
A(∇µϵA − gSABγµϵB)

− egλ̄IγµγνP̂νBISBCγνSBCγµϵC + 2egλ̄JMIJ(γ
µP̂AIµ ϵAgN

I
Aϵ

A), (4.247)

we found that the term related to ∇µϵA in the first line is cancelled in the same way

as gravitino field.

The term in order g and the term about λ̄IγµϵA are cancelled by equation

(4.245), if we impose that

DrNI
A = GrsLMI

A
ksM + 2PrBIS

BA + 2MIJP
AJ
r . (4.248)

When we consider term at order g2 from equation (4.228), (4.239) and (4.247)

by using identity γµνγν = 3γν , we can see that

eg2ψ̄Aµ γ
µϵC(12SABS

BC −N I
ANI

C) + eg2λ̄IϵA(2MIJN
J
A − 4NI

BSBA). (4.249)

This tern can be cancelled by adding scalar potential in the form

V (ϕ) =
1

N
g2(NI

AN I
A − 12SABSAB). (4.250)
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In Lagrangian density, this term is added in the form −eV (ϕ), which provide the

variation that respect to eAµ as

−δeV = −eeµaδeaµV = eψ̄Aµ γ
µϵAV. (4.251)

This term is cancelled by order g2 term that relate to ψ̄Aµ γµϵC in (4.249), if we impose

δABV = g2(N I
ANI

B − 12SACS
CB), (4.252)

which obviously reproduces the definition of scalar potential in equation (4.250)

when we contract the indices between A and B.

The term of order g2 that relates to λ̄IϵA in equation (4.249) is cancelled by

variation of scalar potential with respect to ϕs, if we use the condition

∂V

∂ϕs
P sIA = 2g2(MIJN

J
A − 2NI

BSAB), (4.253)

by using equation (4.252) and varying with respect to ϕs, relation (4.241), and (4.248)

together with

ΘM
aLMI

A
N I

A +ΘM
aLMI

ANI
A = 0. (4.254)

This condition can be found from the relation between fermion-shift tensor and the

component of T-tensor in equation (4.231)− (4.234).

The formula that is important for finding vacuum of theory is written in the

form of derivative of scalar potential with respect to scalar field expressed as

∂V (ϕ)

∂ϕs
=
g2

N
(2MIJN

J
AP

IA
s − 4SABNI

BP IAs ) + c.c., (4.255)

where c.c represent complex conjugate term.

The modification of an ungauged theory into a gauged theory with non-

Abelian symmetry can be achieved by adding the minimal coupling term to the

ungauged theory and modifying the field strength tensor of the gauge field into a

non-Abelian form. To preserve supersymmetry, we must also add the Yukawa term

and scalar potential into the supergravity action, at the first and second order of
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coupling constant, respectively. Additionally, the supersymmetry transformation

of fermions is modified by adding a first-order term of the coupling constant.

Base on all results discussed, the full lagrangian density that is invariant under

gauge non-abelian symmetry is

e−1Lgauge = e−1Lungauge(∂ → ∇, dA+A ∧A)

+ g(−2ψ̄Aµ γµνψBν SAB + λ̄IγµψAµNI
A + λ̄IλJMIJ) + h.c.− V (ϕ), (4.256)

where scalar potential V is defined in (4.250).

The action obtained form (4.256) is invariant under supersymmetry transfor-

mation

δeaµ = ϵ̄AγaψAµ + ϵ̄Aγ
aψAµ (4.257)

δAΛ
µ = LΛ

M̄O
M̄
µ (4.258)

PABCDs δϕs = ΣABCD (4.259)

P iABs δϕs = ΣiAB (4.260)

δψAµ = ∇µϵA − gSABγµϵB +
i

8
F−
ρσABγ

ρσγµϵ
B (4.261)

δχABC = PsABCD∂µψ
sγµϵD +

3

4
iF−
µν[ABγ

µνϵC] + gNABC
DϵD (4.262)

δλAi = PsiAB∂µϕ
sγµϵB +

1

4
iF−
µνiγ

µνϵA +NIA
BϵB (4.263)



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter V

THE ADS/CFT CORRESPONDENCE
The AdS/CFT correspondence, first suggested by Maldacena , is a duality

between gravity theory in anti de Sitter space (AdS) background and conformal field

theory (CFT ). The gravity theory on AdS is a combination of Einstein’s general

theory of relativity and supersymmetry, called supergravity. On the other hand, a

quantum field theory that is invariant under conformal transformations is known

as a conformal field theory (CFT ). The term ”duality” refers to the relationship

between AdSd+1 and CFTd, which can explain quantum systems in d dimension by

calculating in d+ 1 dimensional supergravity on AdS, shown as

AdSd+1 ×MD−d−1 ←→ CFTd, (5.1)

where MD−d−1 is compact manifold, and D = 10, 11. In other words, the supergrav-

ity approximation can be used to calculate correlation functions of strongly coupled

conformal field theories by computing the on-shell action of supergravity. This is

known as the AdS/CFT correspondence, or the holographic principle.

5.1 Conformal field theory

Conformal field theory is a type of quantum field theory that possesses con-

formal symmetry, which means that it is invariant under conformal transformations.

Conformal symmetry is a powerful tool in understanding the behavior of quantum

field theories, andCFT have been used to describe a wide range of physical systems,

including critical phenomena, statistical physics, and string theory.

The conformal transformation consist of scale transformation or dilatation and
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special conformal transformation, which can be expressed as

dilatation : xµ
′

= λxµ (5.2)

special conformal transformation : xµ
′

=
xµ + bµx2

1 + 2b.x+ b2x2
, (5.3)

where λ and bµ are parameter of dilatation and special conformal transformation, re-

spectively. Generally, the special conformal transformation is commonly expressed

in terms of translations xµ
′

= xµ + aµ and inversions

I : xµ → xµ
′

=
xµ

x2
. (5.4)

In other words, the special conformal transformation can be obtained from transla-

tions and inversions as shown in the following process:

xµ I :−→ xµ

x2
T :−→ xµ + aµ

x2 + a2 + 2a.x
I :−→ xµ + aµx2

1 + 2a.x+ a2x2
(5.5)

In addition, the inversion results in a change in the metric tensor, given by

g
′

µν(x
′
) = e2ω(x)gµν(x), (5.6)

where ω(x) is an arbitrary function of the coordinates. Clearly, scale transformations

are a particular case of conformal transformations with constant e2ω. In the case of

an infinitesimal transformation xµ
′

= xµ − ϵµ(x) and e2ω(x) = 1+ 2ω(x) on gµν = ηµν ,

we can express the variation of the metric tensor as

δgµν = ∂µϵν + ∂νϵµ = 2ω(x)ηµν . (5.7)

When we contract the previous equation with ηµν , it becomes

∂µϵ
µ = ω(x)d. (5.8)

Next, we substitute the parameter ω = 1
d∂µϵ

µ into the equation (5.7) and take

the second-order derivative in the form ∂µ∂ν together with using the relation (5.8)

again. This results in the condition on the parameter that imposes a conformal trans-

formation, which is given by

[
ηµν∂ρ∂

ρ + (d− 2)∂µ∂ν
]
∂λϵ

λ = 0. (5.9)
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It is well known that in two dimensions, the above condition yields the Cauchy-

Riemann equations, commonly employed in the analysis of complex functions.

Consequently, there exists an infinite set of solutions for the parameter ϵ. This im-

plies that conformal field theories in d = 2 possess an infinite symmetry.

For d > 2, we can expand ϵµ in the form of a power series to find a solution to

the condition (5.9), which is given by:

ϵµ = aµ + ωµνx
νλxµ + bµx2 − 2(b · x)xµ, (5.10)

where x2 = xµxµ and ωµν = −ωνµ. Note that the first and second terms correspond

to the Poincaré transformation, which means that the Poincaré group is a subgroup

of the conformal group.

The operator for a conformal transformation can be expressed as:

U(a, ω, λ, b) = I + aµP
µ +

1

2
ωµνJ

µν + λD + bµK
µ, (5.11)

where Pµ and Jµν represent the Poincaré generators, and D and Kµ represent the

generators of dilation and special conformal transformations, respectively.

The condition imposed by the direct product between the elements of

U(a, ω, λ, b) expresses that the generators (Pµ, Jµν , D,Kµ) correspond to the confor-

mal algebra given by

[Jµν , Jρσ] = 4η[µ[ρJσ]ν], [Pµ, Jνρ] = 2ηµ[νPρ]

[Kµ, Jνρ] = 2ηµ[νKρ], [Pµ,Kν ] = 2(ηµνD + Jµν)

[D,Pµ] = Pµ, [D,Kµ] = −Kµ (5.12)

The first line of Lie algebra corresponds to the Poincaré subalgebra, while the sec-

ond shows that Kµ is a vector under the Lorentz group. It should be noted that the

Lie algebra between Pµ and Kµ provides Jµν with D that commute with each other.

In the last line of equation (5.12), we find that the generators Pµ and Kµ have unit

charges under the generator D but opposite in sign.
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From the Lie algebra [D, Jµν ] = 0, it is found that the conformal group consists

of subgroups that commute, namely SO(1, 1)× SO(1, d− 1), which have generators

D and Jµν , respectively. However, other Lie algebra expresses that the conformal

group forms a non-compact group SO(2, d), which can be shown as follows. Let

the indices a = 0, 1, ..., d + 1, d, and η̃ = dia(−1, 1, ..., 1,−1), which the component

0, 1, 2, .., d + 1 = µ represent SO(1, d + 1) and component d represent SO(1, 1). We

can write generator J̃ab = −J̃ba of SO(2, d) in the form of (Pµ, Jµν , D,Kµ) as

J̃µν = Jµν , J̃d,d+1 = D

J̃µd =
1

2
(Kµ − Pµ), J̃µ,d+1 =

1

2
(Pµ +Kµ). (5.13)

When we use Lie algebra of SO(2, d) in the form

[J̃ab, J̃cd] = 4η̃[a[cJ̃d]b], (5.14)

we obtain the conformal algebra in equation (5.12). This leads us to conclude that

the conformal group in d dimensions is isomorphic to the group SO(2, d). It should

be noted that the conformal group SO(2, d) is a non-compact simple group, whereas

the Poincaré group is a non-semisimple group.

To find the representation of the conformal group, we can consider the trans-

formation of the field at the position xµ = 0 and use the generators Pµ to translate

it to a different position xµ. We consider Φ(0) representing the fields that transform

under translation of Lorentz group in the form

[Jµν ,Φ(0)] =MµνΦ(0). (5.15)

The transformation of field Φ(0) under dilatation is in the form

[D,Φ(0)] = ∆Φ(0) (5.16)

where ∆ is called scaling dimension or only dimension of Φ(0). Under dilation of

xµ
′
= λxµ, the field Φ(0) transform as

Φ′(x′) = λ−∆Φ(x). (5.17)
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The irreducible representation can be specified by the spin s under the Lorentz

group SO(1, d − 1) and ∆ under dilatation SO(1, 1). Since [Jµν , D] = 0, we can use

the eigenvalues of Jµν and D to specify a state in the representation. We start from

the state Φ(0) with dimension ∆, which correspond to the condition

[Kµ,Φ(0)] = 0. (5.18)

From the algebra (5.12), we found that the generator Kµ decreases the dimension

∆ of a field, while the generator Pµ increases it. The fields that correspond to the

lowest possible dimension are called conformal primary fields. Any other state can

be obtained by applying the operator Pµ to a primary field, and the resulting state is

called a conformal descendant.

The unitarity condition (which requires that all states in the Hilbert space have

a positive norm) imposes a lower bound on the value of ∆, which is called the

unitarity bound. This bound can be found by considering the norm of the state |∆⟩:

⟨∆|KµKνPρPσ |∆⟩ ≥ 0, (5.19)

where |∆⟩ represent the primary state that satisfies the condition Kµ |∆⟩ = 0 and

D |∆⟩ = ∆ |∆⟩. For example, if |∆⟩ represent scalar field (Jµν |∆⟩ = 0), we can use

algebra (5.12) to express the bound as follows:

∆ ≥ d− 2

2
. (5.20)

In the similar way, we can express that

∆ ≥ d− 1

2
, and ∆ ≥ d+ s− 2 (5.21)

for state |∆⟩ that contain spin 1
2 and s > 1

2 , respectively.

The Noether theorem can be used to express that the symmetry generated by

D and Kµ provides conserved currents:

J (D)
µ = xνTµν , and J (K)

µν = x2Tµν − 2xνx
ρTµρ, (5.22)
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which can be verified directly by the following conditions:

∂µJ (D)
µ = Tµµ = 0 (5.23)

∂µJ (K)
µν = −2xνTµµ = 0. (5.24)

It indicates that the conservation law of conformal symmetry implies that the

momentum-energy tensor is traceless Tµµ = 0.

5.2 Anti-de Sitter space time

The Anti-de Sitter (AdS) space is a maximally symmetrical space with nega-

tive curvature. In this context, we will discuss the geometrical structure of the space

AdSd+1 in d+ 1 dimensions.

The curvature tensor of AdSd+1 can be expressed in terms of the metric tensor

as follows:

Rµνρσ = − 1

L2
(gµρgνσ − gµσgνρ), (5.25)

where L represent curvature radius of the AdSd+1 space. From the tensor (2.459),

we can calculate directly to show that

Rµν = − 1

L2
dgµν , and R = − 1

L2
(d+ 1)d. (5.26)

The space AdSd+1 can be defined as a surface embedded in R2,d, where the

signature of R2,d is (−,−,+, ...,+). This means that AdSd+1 has one negative and

d positive dimensions, preserving the signature of the ambient space. Let Y A, A =

0, 1, ..., d, d+1 represent coordinates ofR2,d, the spaceAdSd+1 is defined as the surface

that corresponds to

Y AY BηAB = −(Y 0)2 − (Y d+1)2 +

d∑
i=1

(Y i)2 = −L2. (5.27)
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The metric on AdSd+1 can be obtained from the expression:

ds2 = ηABdY
AdY B, (5.28)

where Y A corresponds to the coordinates given in equation (2.461). In this form, it

is easy to see that the AdSd+1 space has an isometry group of SO(2, d), which means

it preserves the structure and symmetries under this group.

The coordinates of AdSd+1 commonly used in the AdS/CFT context can be

defined by transforming the coordinates Y A → (x0, xi, u), where i = 1, 2, ..., d − 1.

The transformation is given by the following expressions:

Y 0 = Lux0, Y i = Luxi

Y d =
1

2u
[u2(L2 − x2)− 1], Y d+1 =

1

2u
[u2(L2 + x2) + 1], (5.29)

where x2 = −(x0)2+∑d−1
i=1 (x

i)2 by using the Minkowski metric in d dimensions given

by ηαβdxαdxβ. These coordinate transformations relate the AdSd+1 coordinates Y A

to the new coordinates (x0, xi, u), and L represents the curvature radius of AdSd+1.

When we substitute Y A in the equation (5.28), we obtain the metric

ds2 = L2

[
du2

u2
+ u2ηαβdx

αdyβ
]
. (5.30)

If we change the coordinate again by using u = 1
z , we obtain

ds2 =
L2

z2
(ηαβdx

αdxβ + dz2), (5.31)

where the coordinates (xα, z) is called Poincare patch coordinates.

Another popular set of coordinates used in AdSd+1 is given by (xα, r), where

α = 0, 1, ..., d − 1, and r is the radial coordinate. The transformation between these

coordinates and the original AdSd+1 coordinates can be expressed as:

e
r

L =
L

z
, (5.32)

where z is a parameter related to the radial coordinate. In these new coordinates,

the metric takes the form:

ds2 = e
2r

L ηαβdx
αdxβ + dr2. (5.33)
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5.3 Holographic renormalization

Feynman diagrams are a powerful tool in quantum field theory for calculating

and visualizing particle interactions. However, when these diagrams are evaluated

in theories with higher order corrections, they often lead to infinite values. To make

sense of these calculations, a process called renormalization is employed.

Renormalization involves introducing counterterms to cancel out the infinities

arising in the calculations. These counterterms are chosen such that the physical

observables remain finite and well-defined. Renormalization also involves adjusting

the values of coupling constants and scale parameters in the theory.

The renormalization group is a concept closely related to renormalization.

After renormalization, the coupling constant will depend on the energy scale or

distance, exhibiting group properties. For example, the transformation from scale µ1
to µ2 and then to µ3 is equivalent to a direct transformation from µ1 to µ3. In certain

cases, the coupling constants in a theory exhibit scale invariance, meaning they

remain unchanged under scale transformations. This is expressed by the condition

β = µ
∂g

∂µ
= 0 (5.34)

where β is the beta function and µ is the scale parameter. The presence of a scale-

invariant coupling constant is a key feature of theories exhibiting conformal sym-

metry.

In a conformal field theory, certain coupling constants, denoted as g, may sat-

isfy the condition β(g∗) = 0, where β(g) is the beta function that describes how

the coupling constant changes under scale transformations. This implies the exis-

tence of a conformal fixed point, where the coupling constant does not flow under

scale transformations. At the conformal fixed point, the theory exhibits enhanced

symmetry and is said to be scale invariant.
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However, in most cases, quantum field theories do not possess exact conformal

symmetry, and the coupling constants do not satisfy β(g∗) = 0 for any value of g.

Nevertheless, it is still possible to have approximate conformal symmetry in the

vicinity of a conformal fixed point. This is where the concept of the renormalization

group flow becomes relevant.

The renormalization group flow describes how coupling constants change as

the energy scale or distance scale is varied. When a conformal field theory is per-

turbed away from the conformal fixed point at high energy scales (UV), the theory

undergoes a renormalization group flow and flows towards a different theory at low

energy scales (IR). This flow breaks the conformal symmetry, and the resulting the-

ory may exhibit new phenomena and different physical properties.

In the context of AdS/CFT, the scalar potential of gauged supergravity on AdS

plays a significant role in understanding conformal field theory (CFT) via the AdS/

CFT correspondence. The scalar potential contains important information about the

conformal fixed points and the renormalization group (RG) flows in the correspond-

ing quantum field theory.

By analyzing the scalar potential in gauged supergravity on AdS, one can gain

insights into the properties and dynamics of the dual field theory. This approach

is known as holographic RG flow, as it allows us to study the RG flows of the field

theory by examining the gravitational solutions in the AdS background.

In the case of RG flows between different conformal phases or non-conformal

fixed points, the corresponding gravitational solution takes the form of a domain

wall solution, often referred to as an ”AAdS” (asymptotically Anti-de Sitter) space-

time. The metric of this domain wall solution is given by:

ds2 = e2A(r)dxµdxνηµν + dr2, (5.35)
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where A(r) is a function that characterizes the RG flow. For RG flows from

one conformal fixed point to another conformal fixed point, the domain wall solution

approaches an AdS4 space, and in this case, A(r) takes the form A(r) = r
L , where L

is the curvature radius of the AdS space.

The relationship between the coordinate r and the coordinate z can be ex-

pressed as z = Le−
r

L , where z represents the radial direction in the AdS space. This

relation allows us to map the behavior of the RG flow in the field theory to the

geometric properties of the AdS space.

By studying the domain wall solutions in gauged supergravity, one can extract

valuable information about the RG flows, phase transitions, and other properties of

the dual field theory. This provides a powerful tool for exploring the dynamics of

quantum field theories using the AdS/CFT correspondence.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter VI

REVIEW OF LITERATURE
The gauge/gravity duality, also known as AdS/CFT correspondence, is a pow-

erful tool for understanding the dynamics of certain quantum field theories. The

duality states that there is an equivalence between a gravitational theory in Anti-de

Sitter space (AdS) and a conformal field theory (CFT) living on the boundary of

that space.

The initial suggestion of this duality was made by Juan Maldacena (Malda-

cena, 1999). It proposed a connection between supergravity in AdS and a specific

conformal field theory. In order to apply the AdS/CFT correspondence to describe

N = 2 models, we start with the truncation of N = 8 supergravity. This trunca-

tion involves removing certain fields and retaining only those relevant to the N = 2

sector.

By focusing on the structure of N = 6 supergravity, which shares the same

bosonic sector as our model, we can find solutions that describe RG flows. These

solutions correspond to transitions between different phases of the dualN = 2 SCFT.

In the next subsection, we will provide a brief overview of various approaches

to constructing N = 2 supergravity theories and the process of finding RG flows

solution.
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6.1 The Large N Limit of Superconformal field

theories and supergravity

The paper (Maldacena, 1999) proposes that the large N limit of certain confor-

mal field theories in various dimensions includes a sector describing supergravity

on the product of Anti-deSitter spacetimes with spheres and other compact man-

ifolds. This is shown by taking some branes in the full M/string theory and then

taking a low energy limit where the field theory on the brane decouples from the

bulk. The enhanced supersymmetries of the near horizon geometry correspond to

the extra supersymmetry generators present in the superconformal group. The t

Hooft limit of 3 + 1 N = 4 super-Yang-Mills at the conformal point is shown to

be dual to IIB strings on AdS5 × S5. The paper also conjectures that compactifi-

cations of M/string theory on various Anti-de Sitter spacetimes are dual to various

conformal field theories.

6.2 Exceptional N = 6 and N = 2 4D gauged Su-

pergravity

In the domain of supergravity, the theory encompasses different levels of su-

persymmetry, reaching a maximum at N = 8, indicating the existence of eight grav-

itinos. However, for lower levels of supersymmetry, such as N = 2, 3, ..., 6, it’s pos-

sible to derive these theories by truncating certain field components from the N = 8

supergravity theory. The paper (Andrianopoli et al., 2009) outlines the methodol-

ogy for deriving N = 2 and N = 6 supergravity theories using concepts from group

theory. Through this truncation process, the outcome includes ungauged N = 6

supergravity and N = 2 supergravity coupled to 15 vector multiplets.
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Furthermore, the paper highlights an interesting finding: N = 6 supergravity

shares the same bosonic fields with N = 2 supergravity coupled to 15 vector multi-

plets. This essentially means that the N = 2 supergravity model can be parameter-

ized by the same scalar manifold that characterizes the N = 6 theory. Specifically,

this scalar manifold is described as SO∗(12)/U(6).

6.3 Supersymmetric solutions from N=6 gauged

supergravity

The focus of our interest lies in the N = 2 gauged supergravity model coupled

to 15 vector multiplets. Importantly, the bosonic sector of this N = 2 model is

identical to that of the N = 6 gauged supergravity model.

Consequently, we can leverage the insights gained from studying the N = 6

gauged supergravity model to construct the N = 2 supergravity model with the

same gauged symmetry, which is SO(2) × SO(6). The approach we are following

to achieve this construction is outlined in the paper (Karndumri and Seeyangnok,

2021).

In addition to the gauge construction process, we are also exploring an under-

standing of the Renormalization Group (RG) flow. This involves comprehending

how physical quantities change as energy scales are modified. The techniques we

are employing encompass explanations of these dynamic changes in the context of

these supergravity models.

By combining the insights from N = 6 gauged supergravity, the gauge con-

struction procedure outlined in the paper, and an exploration of RG flow, we are

working towards a comprehensive understanding of the N = 2 gauged supergravity

model coupled to 15 vector multiplets within the SO(2) × SO(6) gauge symmetry
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framework. This endeavor involves linking different theoretical aspects and math-

ematical techniques to unveil the intricate relationships between these theories and

their underlying principles.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter VII

HOLOGRAPHIC RG FLOWS FROM

4-DIMENSIONAL N=2 GAUGED

SUPERGRAVITIES
In this chapter, we investigate the holographic RG flow of four-dimensional

N = 2 gauged supergravity with the SO(2) × SO(6) gauged group. The structure

of N = 2 supergravity can be obtained from the truncation of the maximal N = 8

supergravity. This truncation provides the N = 2 supergravity coupled to 15 vector

multiplets, and also provides the general N = 6 gauged supergravity.

7.1 Twin N = 6 and N = 2 gauged supergravity

The maximal supersymmetry that corresponds to the theory of gravity is the

amount of N = 8 supersymmetry (that is 32 supercharges). The four-dimensional

maximal supergravity, first proposed in (de Wit et al., 2007), is a mathematical

model that describes a single massless graviton with maximal supersymmetry. The

graviton gµν (µ, ν, ... = 0, 1, 2, 3 that is space-time indices), 8 spin-3/2 gravitini ψiµ (i =

1, ..., 8) transforming in the fundamental representation of the R-symmetry group

SU(8), 28 vector field Aijµ , 56 spin-1/2 dilatini χijk in the 56 of SU(8), and 70 real

scalar field ϕijkl are the field content of N = 8 theory. Group theory allows for

the decomposition of the essential fermionic SU(8) representations with respect to

SU(6)×SU(2)×U(1) in order to produce theN = 6 gauged supergravity, the process

shown in (Andrianopoli et al., 2009).

The theory would be reduced to theN = 2 theory if we truncated the multiplets

of the six gravitini fields ψAµ in the N = 8 theory instead. The N = 2 theory that
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resulted from truncating out of ψAµ has the same bosonic content as theN = 6 theory.

This result describes the N = 2 supergravity coupling to 15 vector multiplets. The

field content of the N = 6 theory that resulted from the N = 8 truncation consists

of six gravitini ψAµ that belong in (6,1)+ 1

2
, sixteen vectors AABµ and Aαβµ in (15,1),

twenty-six spin–12 fields χABC and χA in (20,1)+ 3

2
+ (6,1)− 5

2
, along with complex

scalars ϕABαβ in (15,1)−2+(15,1)+2, while ϕABCα, AAαµ , ψαµ and χABα are truncated.

Similarly, the bosonic part of the N = 2 theory is the same as the N = 6 theory

(ϕABαβ,AABµ andAαβµ ), and the different in fermionic content consists of two gravitini

ψαµ in (1,2)− 3

2
representation, together with thirty spin-1/2 fields χABα in (15,2)− 1

2
.

The fields that were truncated in order to obtain the N = 2 theory are ϕABCα, AAαµ ,

ψAµ , χABC and χA . Therefore, the scalar manifolds of both theories can be shown as

M =
SO∗(12)

U(6)
. (7.1)

The gauging of these N = 6 and N = 2 theories will now be discussed. As

we’ll see, all of these gauged theories can be built as truncations of the N = 8

theory using the necessary gauging. When the N = 8 theory is gauged, the terms of

fermion shifts that define the fermion mass terms and the scalar potential are added

to the Lagrangian. All terms in the fermions’ Lagrangian bilinear theory for N = 8

theory are shown in (de Wit and Nicolai, 1982), where we change the notation of

the fermions shift as Sij = Sji = − 1√
2
Aij1 , N ijk

l = −
√
2A ijk

2l . So that the terms in

the Lagrangian bilinear (first order of coupling constant g) in the fermions can be

written as

g

(
4Sijψ̄

i
µγ

µνψjν +
1

6
N l

ijkχ̄
ijkγµψlµ

)
+ h.c. . (7.2)

The supersymmetry variations of the fermion fields are expressed as follows:

δψiµ = ...+ igSijγµϵj , (7.3)

δχijk = ...+ gN ijk
l ϵl. (7.4)

These fermion shifts correspond to the scalar potential of the N = 8 theory, shown
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as

V (N=8)(ϕ) = g2
(

1

48
N jkl
i N i

jkl −
3

2
SijS

ij

)
. (7.5)

As follows, supersymmetry transformations of order g can be decomposed as

δψAµ = ...+ ig
(
SABγµϵB + SAβγµϵβ

)
, (7.6)

δψαµ = ...+ ig
(
SαBγµϵB + Sαβγµϵβ

)
, (7.7)

δχABC = ...+ g
(
N ABC
D ϵD +N ABC

β ϵβ
)
, (7.8)

δχABα = ...+ g
(
N ABα
D ϵD +N ABα

β ϵβ
)
, (7.9)

δχA = ...+ g
(
N A
B ϵB +N A

β ϵβ
)
. (7.10)

The equation (7.2) can be written in the form of all truncated fermion fields as

g

(
4SAαψ̄

A
µ γ

µνψαν +
1

6
Nα

BCDχ̄
BCDγµψαµ (7.11)

+
1

2
NA

BCαχ̄
CDαγµψAµ +Nα

Aχ̄
Aγµψαµ

)
+ h.c. .

In the case of the N = 6 and N = 2 theories, the fermion fields that are trun-

cated consist of ψαµ (truncated in N = 6 case), χABα, ψAµ (truncated in N = 2 case) ,

χABC and χA. To ensure that the N = 6 and N = 2 theories are a consistent trun-

cation, the fermion shift SAα,Nα
BCD, NA

BCα and Nα
A must vanish. The following

transformation rules are then included in the N = 6 and N = 2 theories:

δψAµ = ...+ igSABγµϵB, (7.12)

δχABC = ...+ gN ABC
D ϵD, (7.13)

δχA = ...+ gN A
B ϵB, (7.14)

for N = 6 theory, while for the N = 2 theory we have:

δψαµ = ...+ igSαβγϵβ, (7.15)

δχABα = ...+ gN αAB
β ϵβ. (7.16)

It indicates that Sαβ and N αAB
β vanish for the N = 6 theory, and SABγµ, N ABC

D and

N A
B vanish for the N = 2 theory. These fermion shifts produce a scalar potential for
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both theories, which can be formulated from the N = 8 Ward identity:

δijV
(N=8) = g2

(
−12SikSkj +

1

6
N klm
j N i

klm

)
. (7.17)

By decomposing and tracing the above identities, we obtain the scalar potential

written in terms of N = 6 and N = 2 quantities respectively:

V (N=8) ≈ V (N=6) = g2
(
−2SABSAB +

1

36
N BCD
A NA

CDE +N C
B NA

C

)
, (7.18)

V (N=8) ≈ V (N=2) = g2
(
−6SαβSαβ +

1

4
N βAB
α Nα

βAB

)
. (7.19)

The scalar potential contains important properties about conformal fixed

points, which are indispensable for describing holographic RG flow. Finding scalar

potential requires using embedding tensor formalism to elevate the ungauged the-

ory into the gauged theory (de Wit et al., 2003, 2005; de Wit and Nicolai, 1982).

We consider the gauging of an extended supergravity with nv vector fields AΛ
µ ,Λ =

1, ..., nv and a scalar manifold of the form G/H, where G represents the on-shell

(classical) global symmetry group and H is maximal compact subgroup. The gaug-

ing procedure includes promoting a suitable subgroupG0 of the Lagrangian’s global

symmetry group to local symmetry, which is gauged by the theory’s electric poten-

tials. The choice of the gauge algebra inside the Lie algebra of G can be mapped

into a subset of the electric group by using an embedding tensor θ m
M , where index

M labels the symplectic representation R of G (VM = V Λ, VΛ) and index tn belongs

to Adj(G). The embedding tensor expresses the gauge generators XM as a linear

combination of the generators tm of G : XM = θ m
M tm, where θ m

M belong to the

product R × Adj(G) and we can also define the tensor X P
MN = θ n

M (tn)
P

N in the

same representation as θ n
M . Consistency of the construction of a gauged extended

supergravity requires θ n
M to satisfy some G-covariant constraints consisting of a

linear condition on X P
MN :

X L
(MN ΩP )L = 0, (7.20)
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and the following quadratic conditions

θ m
M θ n

N f p
mn +X P

MN θ p
P = 0, (7.21)

θ m
M θ n

N ΩMN = 0, (7.22)

where f p
mn are the structure constants of G and ΩMN is the symplectic invariant

matrix. In the case of the N = 6 and N = 2 theories, the coset manifold is

SO∗(12)/U(6), in which the global symmetry can be identified with the maximal

subgroup SO∗(12) × SU(2) of E7(7). So that, R = (32,1), Adj(G) = (66,1) + (1,3)
and the decomposition of R×Adj(G) reads

(32,1)× [(66,1) + (1,3)] −→ (32,1) + (1728,1) + (352,1) + (32,3). (7.23)

Note that constraint (4.20) states that the representations from the previous decom-

position have a symmetric product of (32,1) , which means that

[(32,1)× (32,1)× (32,1)]sym. −→ (32,1) + (4224,1) + (1728,1), (7.24)

should vanish. Therefore, we conclude that the generic gaugings in both theories

are defined by an embedding tensor in the following representations:

θ n
M ∈ (352,1) + (32,3). (7.25)

7.2 N = 6 gauged supergravity with SO(2)xSO(6)

gauge group

The only supermultiplet in N = 6 supersymmetry is the gravity multiplet with

the field content

(eµ̂µ, ψ
A
µ , A

AB
µ , Aαβµ , χABC , χA, ϕABαβ). (7.26)

The components obtained from truncation are described in section 1. The coset

representative in representation 32 of SO∗(12) of the form

V M
M = A†eY (7.27)
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can characterize the 30 real scalars in ϕABαβ as coordinates of the scalar manifold

SO∗(12)/U(6) with the Cayley matrix

A =
1√
2

I16 iI16

I16 −iI16

 , (7.28)

and

Y =



0 01×15 0 ϕCD

015×1 015×15 ϕAB
1
2ϵABCDEF ϕ̄

EFϕCD

0 ϕ̄CD 0 01×15

ϕ̄AB 1
2ϵ
ABCDEFϕEF 015×1 015×15


. (7.29)

We also note that ϕAB = ϕAB0 is a singlet under SU(2) and ϕ̄AB = (ϕAB)
∗. In the

analysis that follows, it is helpful to identify the 16× 16 submatrices of the V M
M by

the identification

V M
M =

 h̄
Λ
Λ hΛΛ

f̄ΛΛ fΛΛ

 , (7.30)

where f, h, f̄, and h̄ satisfy the relations

(ff†)T = ff†, (hh†)T = hh†, fh† − f̄hT = iI16, (7.31)

f†h− h†f = −iI16, fTh− hT f = 0.

We can write the general expression of (V M
M )−1 = V M

M by using the above proper-

ties as

V M
M =

−ifΛΛ ihΛΛ

if̄ΛΛ −ih̄ Λ
Λ

 . (7.32)

The result of the combination of the sixteen electric gauge fields A0 and AAB is

AΛ = (A0, AAB). The magnetic dual AΛ and the gauge fields combine with the

gauge fields into the 32 representation of SO∗(12) as

AM = (AΛ, AΛ). (7.33)

The relationship between the fermion shift and the embedding tensor is defined via

the T-tensor identity

T
P

M,N = [V−1 ◦X]
P

M,N = V−1 M
M V−1 N

N V
P

P X P
MN , (7.34)
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and we can use the corresponding N = 8 relations and reduce them to the N = 6

theory. The relation between T-tensor and fermion shifts in maximal gauged super-

gravity is written as

T pq
ij,kl = − 1

2
√
2
δ
[p
[kN

q]
l]ij −

√
2δ

[p
[kSl][iδ

q]
j] . (7.35)

Indices i, j, ... are further subdivided into A,B, ... and finally :

NA
B = −2

√
2T AC

αβ,BC , NAB = −8

3

√
2T CE

C[A,B]E , (7.36)

NA
BCD = −2

√
2T AE

[CD,B]E − 1

4
δA[BNCD], SAB =

√
2

5
T CE
C(A,B)E .

Let us now consider the gauging of G = SO(6) × SO(2). By definition of gauged

generatorXM , the embedding tensor functions as a mapping of the global symmetry

group into gauged group G. From equation (7.21), we can imply that the gauged

generator forms the algebra:

[XM , XN ] = −X P
MN XP . (7.37)

For gauge group G = SO(6)×SO(2) that is embedded electrically in U(6) ⊂ SO∗(12),

the gauged generator is SO(6) generators. So that the non vanishing components of

tensor X P
MN read:

XI1J1,I2J2

I3J3 = 4gδ
[I3
[I1
δJ1][I2δ

J3]
J2]
, XI1I2

I3J3

I2J2
= −XI1J1,I2J2

I3J3 . (7.38)

There are no XΛ
M
N components that couple to magnetic gauge fields, and the in-

dices Λ,Σ, ... are split into (0, [IJ ]).

7.3 N = 2 gauged supergravity

In the context ofN = 2 supergravity with 15 vector multiplets and gauge group

SO(2)×SO(6), the scalar potential plays a crucial role in understanding the dynamics

of the theory. The scalar potential determines the vacuum structure of the theory

and governs the interactions among the scalar fields.
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The field content in N = 2 gravity multiplet can be shown as(
1× eµ̂µ, 2× ψαµ , 1×Aαβµ

)
(7.39)

with 15 vector multiplets

(
15×AABµ , 30× χABα, 15× ϕAB

)
. (7.40)

In N = 2 supergravity with 15 vector multiplets, the scalar fields arise from

the complex scalars in the vector multiplets. These scalar fields parameterize the

scalar manifold M . In this case, the scalar manifold M has the same form as in

N = 6 supergravity and is given by

M =
SO∗(12)

U(6)
. (7.41)

The specific form of the scalar manifold reflects the symmetry structure and the

transformation properties of the scalar fields in the theory.

The component of the symplectic section are denoted by

V ≡

 LΛ
MΛ

 , Ui ≡

fΛi
hΛi

 , (7.42)

where i = 1, 2, ..., 15 denote the number of scalar field. In the term of equation (4.30),

we define 16× 16 matrix as

fΛΛ =

fΛi
LΛ

 , hΛΛ =

 hΛi

MΛ

 , (7.43)

the period matrix is now introduced via the relations:

NΛΣ = hΛΛ ◦ (f−1)ΛΣ. (7.44)

The bosonic Lagrangian ofN = 2 gauged supergravity, which shares the same

form as N = 6 supergravity, can be expressed as follows:

e−1L = +
1

2
R−∇µϕi∇µϕ̄i −

i

4
(NΛΣF

+Λ
µν F

+Σµν −NΛΣF
−Λ
µν F

−Σ
µν )− V, (7.45)
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where we define Dµ = ∇µ − gAMµ XM as the covariant derivative implementing the

minimal coupling of various fields, and∇µ is the usual space-time covariant deriva-

tive including the local U(6) composite connection.

For gauging of N = 2 supergravity with gauge group SO(2) × SO(6), we can

write the fermion shift matrix in the form of momentum map PΛ and killing vector

kiΛ by given

Sαβ =
i

2
(σx)α

γϵβγPΛxLΛ (7.46)

W iαβ = i (σx)γ
βϵγαPxΛf̄Λi (7.47)

W i =
1

2
LΛkiΛ = − i

2
f̄ΛiPΛ. (7.48)

Here, α, β = 1, 2 represents the index of SO(2) group. The complex conjugate of the

fermion shift matrix is denoted by the asterisk ∗. The scalar potential V (ϕ), as given

in equation (7.19), can be expressed in terms of these fermion shift matrices:

V (N=2) = −6SαβSαβ +
1

2
W iαβW ∗i

αβ +W iW ∗i. (7.49)

In this expression, the index A,B is mapped to i. The term W iW ∗i represents the

contraction of the complex conjugate of W i with W i, and similarly for the other

terms.

In the gauging procedure, we need to find the form of embedding tensor in

equation (7.25), which decompose under compact symmetry group SU(6)×SU(2)×

U(1), given by

(352,1) + (32,3) −→ (35,1)+3 + (21 + 15 + 105,1)+1 + (21 + 15 + 105,1)−1

+(35,1)−3 + (1,3)+3 + (15,3)+1 + (1,3)−3 + (15,3)−1. (7.50)

The correspondence of the above representations with the fermion shifts introduced

in (7.12) and ((7.16) is:

N = 6 : (35,1)+3 ≡ NB
A, (21 + 105 + 15,1)−1 ≡ (SAB, ND

ABC) (7.51)

N = 2 : (1,3)+3 ≡ Sαβ , (15,1)−1 + (15,3)−1 ≡ Nβ
αAB. (7.52)
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From equation (7.52), we write Nβ
αAB in the term of WAB and WABαβ by given

Nβ
αAB = −c1δαβWAB + c2i(σ

x)αβW
ABx, (7.53)

where (σx)αρ = (σx)γ
βϵγαϵβρ. When we substitute equation (7.53) into the scalar

potential (7.19) and map the index [A,B] to i, we obtain the scalar potential (7.49).

Therefore, by using the expressions for the embedding tensor and the correspond-

ing fermion shifts, the scalar potential (7.19) is indeed consistent with the scalar

potential (7.49) when mapping the index [A,B] to i.

The explicit form of momentum map PΛ and killing vector kiΛ are written as

PΛ = fΛΣ
∆(M∆L+M∆LΣ) (7.54)

kΛ
i = ifΛΣ

∆(f
ΣiM∆ + LΣh∆

i
), (7.55)

where fΛΣ∆ is structure constant of SO(6) gauge group.The momentum map PΛx

is a constant vector that is related to the embedding tensor PMx, which map global

symmetry group SU(2) into gauge group. The quadratic conditions impose that

PMxPNyϵxyz = 0. (7.56)

Since the gauge generator of SO(2) is abelian, XMN
P = 0, the only non-zero mo-

mentum map is P0x, which is given by

P0x = δx1 , PΛx = 0 for Λ ̸= 0. (7.57)

The gauging of the SU(2)-symmetry by Abelian gauge group (XMN
P = 0) are known

as Fayet-Iliopoulos (FI) gauging.

In the case of a non-Abelian gauge group SO(6), we calculate fermion-shift

matrix using equation (7.54) or (7.55), where the index Λ,Σ, . . . are mapped into

SO(6) indices [I, J ] with I, J = 1, . . . , 6. The structure constants of SO(6) can be

expressed in terms of the gauged generators (7.38) (fΛΣ
∆ → XI1J1,I2J2

I3J3), giving us

PI1J1
= 2g

[
δJ1I(f

IJ h̄I1J + hI1J f̄
IJ)− δI1I(f IJ h̄J1J + hJ1J f̄

IJ)
]

(7.58)

kI1J1

i = −2gi
[
δI1I(f

IJ h̄iJ1J + hJ1J f̄
IJi)− δJ1I(f

IJ h̄iI1J + hI1J f̄
IJi)

]
, (7.59)
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where f IJ = f IJ0 = L
IJ , and hIJ = hIJ0 =MIJ .

Supergravity transformation rules of the Fermi fields can be written as

δψµα = Dµϵα +
[
H−

µνϵαβ + iSαβηµν
]
γνϵβ (7.60)

δχαi = iDµϕ
iγµϵα +

[
(H−i

µνγ
µν +W i)ϵαβ +W iαβ

]
ϵβ, (7.61)

where H−
µν and H−i

µν are field strengths associated with the gauge fields, which

will vanish in the BPS equations. The exact expressions forH−
µν andH−i

µν depend

on the specific model that can be found in (Trigiante, 2017).

7.4 Holographic RG flows

If conformal fixed points are deformed by the operator O∆, RG flows can oc-

cur, leading to either another conformal fixed point or a field theory that no longer

possesses conformal symmetry. In the context of gauged supergravity, the solutions

that correspond to the conformal field theory (CFT) can be found in the form of do-

main walls, as given by equation (5.35). In this framework, the beta function can be

expressed as

βs =
dϕs

dr
, (7.62)

where ϕs are functions of r determined by the conditions that preserve supersym-

metry. These functions describe the RG flow of the scalar fields along the domain

wall solution and play a crucial role in understanding the deformation of conformal

field theories.

To find the domain wall solution in gauged supergravity, we start by consid-

ering the BPS equation. In a vacuum that preserves the Lorentz symmetry of the

supergravity theory, the background fields that do not vanish must be scalas which

are singlets under the Lorentz group. Let ϕs0(x) = ⟨ϕs(x)⟩ represent the vacuum

expectation value of the scalar field ϕs(x). The vacuum that preserves Poincare
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symmetry under translations of ϕs0 is independent of spacetime coordinates. In this

case, the field equation for ϕs(x) = ϕs0 becomes

∂V

∂ϕs
|ϕs=ϕs

0
= 0, (7.63)

which imposes the condition that the scalar potential V (ϕ) has a critical point, cor-

responding to a conformal fixed point by the conjecture of AdS/CFT. The scalar

potential at vacuum V0 = V (ϕ0) is also called as cosmological constant.

In a vacuum state |0⟩ that preserves supersymmetry (ϵ̄AQA |0⟩ = 0), the super-

symmetry transformation of any field Φ(x) is given by

δΦ(x) = ⟨0| [ϵ̄AQA, Φ̂(x)] |0⟩ = 0, (7.64)

where Φ̂(x) represents the field operator associated with Φ(x). This implies that vac-

uum preserves supersymmetry if supersymmetry transformations of all field vanish.

Indeed, in a supersymmetric vacuum, the fermion fields must vanish, result-

ing in zero supersymmetry transformations for the Bosonic fields. The remaining

condition can be expressed as

δΦF (x) = 0. (7.65)

To verify the preservation of supersymmetry in a vacuum, one can examine the

scalar potential at that vacuum point. For supersymmetry to be preserved, the scalar

potential V (ϕ0) evaluated at the vacuum expectation values ϕ0 of the scalar potential

should be negative, i.e.,

V0 = V (ϕ0) < 0. (7.66)

This condition ensures that there is a balance between the bosonic and fermionic

degrees of freedom, indicating the presence of unbroken supersymmetry.

Therefore, at the vacuum, the only non-vanishing bosonic field is the scalar

field. The supersymmetry transformations of the fermionic fields, ψAµ and λI , can



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

114

be written as

δψAµ = ∇µϵA − gSABγµϵB = 0 (7.67)

δλI = gNI
AϵA = 0, (7.68)

where SAB and NI
A are the matrices that depend on the scalar field ϕs(x) evaluated

at the vacuum expectation values ϕs0. These equations represent the supersymmetry

transformations set to zero, and they are known as the BPS equations.

The domain wall metric given by equation (5.35) can be written in terms of

the vielbein as follows:

eµ̂ = eA(r)dxµ, er̂ = dr, (7.69)

where µ̂ = 0, 1, 2 represent the space time indices associated with the three-

dimensional coordinates.

The non-vanishing components of the spin connection can be determined us-

ing the relation

ωµr = eν
(
∂νe

r
µ − Γρνρe

r
µ

)
, (7.70)

where Γσνρ are the Christoffel symbols associated with the metric. For the domain

wall metric, we find that the non-vanishing component of the spin connection is

given by

ωµ̂r̂ = A′eµ̂, (7.71)

where A′ is the derivative of the warp factor A(r) with respect to r.

In the from of Majorana spinor ϵ̃, we can write parameter ϵα and ϵα as

ϵα =
1

2
(1 + γ5)ϵ̃

A, ϵα =
1

2
(1− γ5)ϵ̃A, (7.72)

by using Majorna representation that provide all gamma matrices γa are real, and

γ5 is imaginary. Therefore, the relation between ϵα and ϵα is ϵα = (ϵα)∗.
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To satisfy the condition δλαi = 0, we introduce the projection condition:

γ r̂ϵα = eiΛϵα, (7.73)

where Λ is a real function. This condition relates the spinor components along the

radial projection. Taking the conjugate of this condition, we have:

γ r̂ϵα = e−iΛϵα (7.74)

These conditions determine the behavior of the spinors along the radial direction

and are used to find the BPS equation for the domain wall.

For convenience, we define superpotential W as eigenvalue of matrix Sαβ,

given by

Sαβ = − i
2
Wδαβ . (7.75)

The superportential depend on scalar field only, which we will show the result in

next chapter.

By using the condition δψµα = 0 for µ = 0, 1, 2, and employing the expression

for the covariant derivative Dµ provided in the Appendix, we obtain the following

equation:

1

2
A′γµ̂γr̂ϵα −

1

2
Wγµ̂ϵ

α = 0. (7.76)

Next, we multiply this equation by γµ̂ and make use of the projection condition

γ r̂ϵα = eiΛϵα. This yields:

A′eiΛ −W = 0. (7.77)

This equation provides a constraint on the warp factor A(r) and the superpotential

W, relating them through the phase factor eiΛ.

By writing the superpotentialW in the form of its absolute value and complex

phase asW = |W|eiω =Weiω, we can separate the equation (7.77) into its imaginary

and real parts:

eiΛ = ±eiω = ±|W|
W

, and A′ = ±W. (7.78)
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The previous relation gives the relation between the warp factor and scalar field. The

projection condition γ r̂ϵα = eiΛϵα used in δλαi condition determines the dependence

of the scalar fields ϕi on the coordinate r. The explicit forms of the warp factor A(ϕ)

and the scalar fields ϕi(r) will be determined in the subsequent chapters. These

solutions will provide a complete description of the domain wall configuration in

the theory.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter VIII

DOMAIN WALL SOLUTIONS
In this chapter, we will explore the solutions for the domain wall configura-

tions using the relations derived in the previous chapter. These domain walls serve

as connections between the supersymmetric AdS4 vacuum and either another AdS4
vacuum (if such a vacuum exists) or a singular geometry. These solutions represent

RG flows in the dual UV N = 2 SCFT, indicating transitions either towards another

conformal fixed point or into a non-conformal phase in the IR region.

8.1 Truncation of scalar fields

Truncation of scalar fields in gauged supergravity is a common technique used

to simplify the calculations and focus on specific aspects of the theory. By select-

ing a subset of scalar fields to work with, the complexity of the equations can be

significantly reduced, allowing for more manageable calculations and insights into

the system’s behavior.

The process of truncation involves setting some of the scalar fields to zero or

neglecting their dynamics, effectively reducing the dimensionality of the scalar field

space. This simplification is motivated by the fact that certain scalar fields may be

less relevant to the specific phenomena under investigation or may have negligible

contributions to the observables of interest.

The truncation method based on symmetry considerations allows us to focus

on a specific subset of scalar fields that are singlets under a chosen subgroup of

the gauge symmetry. By selecting these singlet fields and setting the remaining

fields to zero, we simplify the analysis while preserving the self-consistency of the
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truncation.

In this approach, we start by considering a critical point of the scalar potential,

denoted by (ϕi0, χ
a
0 = 0), where ϕi0 represents the scalar fields that are singlets under

the chosen subgroup H0 ⊂ SO(2) × SO(6) and χa0 are the remaining scalar fields in

arbitrary representations. We then expand the scalar potential V (ϕ, χ) around this

critical point as

V (ϕ, χ) = V0 +
∂V

∂ϕi

∣∣∣∣
ϕ=ϕi

0,χ
a=0

(ϕi − ϕi0) +
∂V

∂χa

∣∣∣∣
ϕi=ϕi

0,χ
a=0

χa + ..., (8.1)

where V0 = V (ϕ0, χ0 = 0) is the value of scalar potential at critical point.

The scalar potential for H0 singlet scalars admits the aforementioned critical

point if the following condition is satisfied:

∂V

∂ϕi

∣∣∣∣
ϕ=ϕi

0,χ
a=0

= 0. (8.2)

This condition ensures that the potential is stationary at the critical point (ϕi0, χa =

0) with respect to variations in the singlet scalar fields ϕi. Additionally, since χa

are non-singlets of H0, in order to obtain the scalar potential that is H0 invariant,

we must have ∂V
∂χa

∣∣
ϕ=ϕ0,χ=0

= 0. Therefore, the critical points found within the H0

singlet scalars are essentially the critical points of scalar potential on the full scalar

manifold.

In the upcoming sections, we will explore solutions that describe RG flows by

considering the singlet scalar ϕi under SO(2)×SO(4) and U(3), which are subgroup

of SO(2)×SO(4). By focusing on these fields, we can study the transitions between

different phases in the dual UV N = 2 SCFT.
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8.2 SO(2)xSO(4) singlet scalars

For SO(2)×SO(4) ⊂ SO(6) symmetry, we can express the 15 complex scalars

ϕi as ϕAB, of the form

ϕAB = ϕ(δ1Aδ
2
B − δ1Bδ2A). (8.3)

To further analyze the scalar fields, we write the complex scalars ϕ as:

ϕ = φeiζ , (8.4)

where φ and ζ are real scalars. The domain wall also imposes that the scalar fields

depend only on the radial coordinate r, such that we can write φ(r) and ζ(r).

From equation (7.27) − (7.32), we can define the component of matrices in

equation (7.43) for SO(2) × SO(4) singlet. In this result, the scalar potential can be

written as

V = −1

2
ξ2[cosh(2φ) + 2]. (8.5)

It is noteworthy that the above scalar potential arises solely from the term associated

with the coupling constant ξ corresponding to the SO(2) gauge group. The term

involving the coupling constant g associated with the SO(6) gauge group vanishes.

This vanishing result is obtained from the calculation of equation (7.58), which is

equal to zero, and from LΛkiΛ = 0. Hence, the gauging of SO(6) has no effect on the

scalar potential (8.5) for the SO(2)× SO(4) singlet.

The scalar potential (8.5) has a critical point at φ = 0, which corresponds to

a vanishing value for the scalar field. At this critical point, the potential takes the

value V0(φ = 0) = −3
2ξ

2. This implies that the model, in accordance with the AdS/

CFT correspondence, suggests a dual description in terms of an N = 2 superconfor-

mal field theory (SCFT) in three dimensions. The negative cosmological constant

V0(φ = 0) is a characteristic feature of the AdS geometry.
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The fermions shift matrix Sαβ can be written as,

Sαβ = − iξ cosh(φ)
2
√
2

δαβ , (8.6)

so that the superpotential defined in (7.75) is expressed as

W =
ξ cosh(φ)

2
√
2

. (8.7)

Therefore, we can further simplify equation (7.78) to:

A′ =
ξ cosh(φ)√

2
, and eiΛ = 1. (8.8)

We choose the positive value for A′ to ensure that the supersymmetric AdS4 critical

point corresponds to r →∞.

The BPS equation corresponding to equation δλαi, after imposing the projector

(7.73) given by:

φ′ = −ξ sinh(φ)√
2

, and ζ ′ = 0. (8.9)

These equations (8.8) and (8.9) represent the BPS equations that satisfy all the su-

persymmetry conditions. Furthermore, it can be confirmed that these equations also

imply the second-order field equations.

The BPS equations (8.8) and (8.9) can be analytically solved, yielding the fol-

lowing solutions:

ξr =
√
2[ln (1 + eφ)− ln (1− eφ)] (8.10)

A = φ− ln
(
1− e2φ

)
(8.11)

In these equations, we have neglected the constants as they can be absorbed by

shifting the radial coordinate and rescaling the x0,1,2 coordinates, respectively. In

the limit r →∞, we find that

φ ∼ e−
ξ√
2
r ∼ e−

r

L and A ∼ ξ√
2
r ∼ r

L
(8.12)

where L is the AdS4 radius associated with the cosmological constant, given by

L =

√
− 3

V0
=

√
2

ξ
(8.13)
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for ξ > 0.

In the supersymmetric AdS4 vacuum, all scalars have masses m2L2 = −2,

which corresponds to operators of dimensions ∆ = 1, 2 in the dual N = 2 SCFT.

These operators are given by scalar and fermion bilinears (mass terms), respectively.

The mass term for scalars corresponds to an operator with dimension ∆ = 1, while

the mass term for fermions corresponds to an operator with dimension ∆ = 2. These

mass terms play an important role in the dynamics of the dual SCFT and contribute

to the spectrum and correlation functions of the theory.

In the limit r → 0, the solutions in equations (8.10) and (8.11) become:

φ ∼ ± ln (
ξ√
2
r) and A ∼ ln (

ξ√
2
r), (8.14)

This implies that φ diverges as φ ∼ ±∞ near the singularity. The solution then

describes an RG flow from the UV N = 2 SCFT to a non-conformal phase in the

IR. At r → ∞, the solution approaches AdS4 space, while at r → 0, the solution is

singular. The flow is driven by an operator of dimensions ∆ = 1, 2, corresponding to

scalar or fermion mass terms in three dimensions. This non-conformal phase in the

IR reflects the spontaneous breaking of the conformal symmetry and the emergence

of new dynamics in the low-energy regime of the theory.

To ensure that the singularity in the IR of the supergravity solution correctly

corresponds to a sensible RG flow in the quantum field theory (QFT), we can exam-

ine the scalar potential and use the criterion based on (Gubser, 2000). By rewriting

the scalar potential as:

V = −ξ
2

4
(e−2φ + e2φ + 4), (8.15)

we observe that at the singularity φ→ ±∞, the scalar potential diverges to negative

infinity (V → −∞). This indicates that the singularity is physically meaningful in

the context of the dual QFT.
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8.3 U(3) singlet scalars

In this section, we consider scalar fields that are invariant under the U(3) ∼

SU(3)× U(1) ⊂ SO(6). These scalar can be written in the form:

ϕAB =

 03×3 ϕI3×3

−ϕI3×3 03×3

 = ϕJAB, (8.16)

where I3×3 is the 3× 3 identity matrix, and JAB is the Kähler form of CP 3.

By using the form of scalar (8.4), we obtain the scalar potential as

V = −3

2
ξ2 cosh(2φ). (8.17)

This potential has a critical point at φ = 0 and preserves supersymmetry, with the

vacuum energy V0 = −3
2ξ

2. This critical point is dual to an N = 2 SCFT in three

dimensions as in the previous case.

The superpotential, defined as in equation (7.75), can be written as:

W =
ξ

4
√
2
e−3φ

[(
e2φ + 1

)3
+ e−3iζ

(
e2φ − 1

)3]
. (8.18)

It should be noted that in this case, the superpotential is complex. The condition

δχαi = 0 provide

e−iΛ(φ′ ± φζ ′) = − ξ

8
√
2
e−3φ−2iζ

(
e4φ − 1

) [(
1 + e3iζ

)
e2φ − e3iζ + 1

]
, (8.19)

which imply that ζ ′ = 0 for φ(r) ̸= 0.

The BPS equations for the scalar singlet are given by

ζ ′ = 0 (8.20)

A′ =
ξe−φ

(
e4φ + 3

)
2
√
2

(8.21)

φ′ = −
ξe−φ

(
e4φ − 1

)
2
√
2

. (8.22)



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

123

The solution to these equations is:

ξ√
2
r = tan−1 eφ − ln(1− eφ) + ln(1 + eφ) (8.23)

A =
3φ

2
− 1

2
ln
(
1− e4φ

)
. (8.24)

Indeed, the behavior of the solution confirms the presence of singularities at

r = 0. As r approaches 0:

φ ∼ ln(ξr) −→ A ∼ 3 ln(ξr) (8.25)

φ ∼ − ln(ξr) −→ A ∼ ln(ξr), (8.26)

which leads to the scalar potential

V =
−3
4
ξ2e−2φ

(
e4φ + 1

)
→ −∞. (8.27)

These singularities are physically meaningful, indicating a breakdown of the confor-

mmal symmetry and suggesting the presence of non-conformal behavior or a phase

transition in the dual field theory. The holographic dual solution describes RG flows

from the UV N = 2 (SCFT) to non-conformal phases in the IR. As in the previous

case, the RG flows are driven by an operator of dimensions ∆ = 1, 2.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter IX

DISCUSSION

9.1 Conclusion

In this work, we have considered a model of N = 2 gauged supergravity with

the gauge group SO(2)×SO(6), which is obtained by truncating N = 8 supergravity

by removing the sixth gravitinos. This model has a holographic dual description to

an N = 2 superconformal field theory (SCFT) in three dimensions. By studying the

scalar fields invariant under SO(2) × SO(4) and U(3), we have found domain wall

solutions that capture the RG flows in the corresponding CFT.

The domain wall solutions exhibit interesting behavior, with the scalar fields

providing the dynamics associated with the SO(2) gauge group. The solutions reveal

RG flows from the UV N = 2 SCFT to non-conformal phases in the IR. The scalar

potentials of both singlet scalars have been shown to be physically sensible based

on criteria established in (Gubser, 2000).

Overall, our work provides insights into the holographic description of RG

flows in N = 2 SCFTs and sheds light on the strongly coupled dynamics of these

theories in the infrared regime.
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Appendix I

ADDITIONAL THEORIES AND NOTATION

A.1 Electromagnetic duality

In a four-dimensional spacetime, the 2-form Hodge duality provides a 2-form.

This allows us to define the dual tensor of the tensor Hµν as

H̃µν = −i(∗H)µν = − i
2
ϵµνρσH

ρσ, (A.1)

where ∗ denotes the Hodge dual ∗(∗H) = ∗2H = −H and µ, ν are indices for the

spacetime coordinates.

From the definition of H̃µν , we can construct linear combinations

H±
µν =

1

2
(Hµν ± H̃µν), (A.2)

which satisfy (H±)∗µν = H∓
µν , and

H̃±
µν = − i

2
ϵµνρσH

±ρσ = ±H±
µν . (A.3)

Tensor H+
µν , and H−

µν are called self-dual tensor and anti-self-dual tensor, respec-

tively.

Let Gµν be another anti-symmetric tensor with G±
µν defined as in (A.2). We

have the following relations:

G+
µνH

−µν = 0 and G̃µνH̃µν = −GµνHµν . (A.4)
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Duality for one free electromagnetic field

In the simplest case, namely a single free gauge field, the Maxwell and Bianchi

equations become

∂µF
µν = 0, and ∂µF̃

µν = 0, (A.5)

note that Bianchi equations is in the form ∂µF̃
µν = − i

2ϵ
µνρσ∂[µFρσ] = 0.

In this form, the Maxwell and Bianchi equations take the same form. Further-

more, these equations also transform under

Fµν −→ F
′µν = iF̃µν . (A.6)

In the form of electric and magnetic fields, the previous transformation provides

E
′

i = −Bi and B
′

i = Ei, (A.7)

where Ei = F 0i and Bi = 1
2ϵijkF

jk.

Furthermore, this symmetry cannot be elevated to the level of the vector po-

tential, which suggests that the duality symmetry is only an on-shell symmetry.

A.2 Nonlinear sigma model

The nonlinear sigma model is a theory that describes the nonlinear interaction

of n scalar fields ϕi(x),i = 1, ...n, expressed in terms of the action on Minkowski

spacetime

S = −1

2

∫
d4xgij(ϕ)∂µϕ

i∂νϕ
jηµν , (A.8)

where gij is n × n. In the event that gij(ϕ) = δij , the action provides the theory

that explains free scalar fields. The nonlinear sigma model can be used to describe

the behavior of the pions, which are the lightest mesons composed of quarks and



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

135

antiquarks. Pions are not fundamental particles, but are instead composite parti-

cles made up of quarks and gluons, and the nonlinear sigma model can be used to

describe their interactions.

In mathematics, the field ϕi(x) is a mapping from the spacetime into a target

manifold, which has a metric tensor gij(ϕ) and coordinates represented by ϕi. The

variation of the action leads to the field equation, which can be expressed as

∂µ∂
µϕi + Γijk∂µϕ

j∂µϕk = 0, (A.9)

where Γijk are the Christoffel symbols, defied as

Γijk =
1

2
gil(∂jgkl + ∂kgjl − ∂lgjk), (A.10)

where gil is the inverse metric tensor, and ∂j denotes the partial derivative with

respect to the coordinate ϕj on the target manifold.

The field equation A.9 is covariant under the transformation

ϕi → ϕi
′
(ϕ) (A.11)

if gij transforms as

g
′

ij(ϕ
′
) =

∂ϕk

∂ϕi′
∂ϕl

∂ϕj′
gkl(ϕ) (A.12)

This transformation is called a diffeomorphism on the target manifold, which is a

smooth invertible map between two manifolds that preserves differentiable struc-

ture.

If metric tensor gij is invariant under transformation A.11, wriiten as

g
′

ij(ϕ
′
) = gij(ϕ), (A.13)

this transformation will be isometry of target manifold and symmetry of action.

This symmetry can be written as

ϕi
′
= ϕi + θakia(ϕ). (A.14)
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Using the transformation law of the metric tensor A.12 and expanding A.13 to first

order, we can express the variation of the metric tensor as:

δgij(ϕ) = g
′

ij(ϕ)− gij(ϕ) = −θaLkagij(ϕ) = 0, (A.15)

where Lkagij is Lie derivative in the direction of kia defined as

Lkagij = kla∂lgij + ∂ik
l
agij + ∂jk

l
agli. (A.16)

Using the relation ∇igik = 0, the condition of isometry transformation can be ex-

preesed as

∇ikaj +∇jkai = 0, (A.17)

where

kai = kjagij and ∇ikaj = ∂ikaj − Γlijkal. (A.18)

The equation A.17 is called killing equation, and the generator kia is killing vector.

Notice that equation A.14 is internal symmetry and transformation of ϕ be-

comes

δϕi = θakia. (A.19)

The action A.8 is invariant under this transformation, which can be verified by using

relation δgij = ∂kgijδϕ
k and δ∂µϕi = θa∂µk

i
a. The variation of A.8 becomes

δS = −1

2

∫
d4xθa

[
∂kgijk

k
a∂µϕ

i∂µϕj + gij∂µϕ
k(∂kk

i
a∂

µϕj + ∂kk
j
a∂

µϕi)
]

= −1

2

∫
d4xθaLkagij∂µϕ

i∂µϕj

= −1

2

∫
d4xθa(∇ikaj +∇jkai)∂µϕi∂µϕj

= 0 (A.20)

To find Neother current, using relation δϕi = θa∇aϕi = θakia shown that

Jµa =
L

∂∂µϕi
∇aϕi = gijk

j
a∂

µϕi = kai∂
µϕi. (A.21)
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A.3 Notations in the coset manifolds

SU(2) and Sp(2k) metrics

The flat SU(2) and Sp(2k) metrics satisfy:

ϵαβϵβγ = −δαγ , ϵαβ = −ϵβα, ϵ12 = ϵ12 = +1 (A.22)

CαβCβγ = −δαγ , Cαβ = C = −Cβα, C12 = C21 = +1 (A.23)

For any SU(2) vector Vα we have:

ϵαβV
β = Vα, (A.24)

ϵαβVβ = −V α (A.25)

Pauli matrices

The standard Pauli matrices (σx)α
β, which x = 1, 2, 3 can be written as

(σ1)α
β
=

0 1

1 0

 , (σ2)α
β
=

0 −i

i 0

 , (σ3)α
β
=

1 0

0 −1

 . (A.26)

The matrices with two indices at the same level are defined as follows:

(σx)αβ = (σx)α
γϵβγ , (A.27)

(σx)αβ = (σx)γ
βϵαγ , (A.28)

which are related by the relation:

(σxαβ)
∗ = −(σx)αβ . (A.29)

Finally, we define (σx)αβ as

(σx)αβ = −ϵαγ(σx)γβ . (A.30)
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N = 6 supergravity coset manifold

In the previous review, it was established that the bosonic sector of N = 2

supergravity is equivalent to N = 6 supergravity, which consists of 30 scalar fields

that parametize the coordinates of the coset manifolds SO∗(12)/U(6). In this sec-

tion, we will examine additional relations, which were not presented in the previous

chapter.

The complex self-dual and anti-self-dual gauge field strengths are defined by

F±Λ
µν =

1

2

(
FΛ
µν ±

i

2
ϵµνρσF

Λρσ

)
(A.31)

with FΛ
µν given by

FΛ
µν = ∂µA

Λ
ν − ∂νAΛ

µ +XΓΣ
ΛAΓ

µA
Σ
ν . (A.32)

The chiralities of the fermionic fields

γ5ψµα = −ψµα, γ5χαi = −χαi. (A.33)

The tensors F̂+
µνAB =

(
F̂−AB
µν

)∗
can be obtained from

F̂−AB
µν = VMABG−M

µν (A.34)

with

GMµν =

 FΛ
µν

GΛµν

 (A.35)

and GΛµν = iϵµνρσ
∂L
∂Fρσ

. Similarly, we have F̂+
µν =

(
V0MG−M

µν

)∗.
The covariant derivative of ϵA is defined by

DµϵA = ∂µϵA +
1

4
ωabµ γabϵA +

1

2
QBµAϵB. (A.36)

The connection QµAB is given by

QµA
B =

2i

3

(
hΛAC∂µf̄

ΛAB − fΛAC∂µh̄ΛBC
)
− gAMµ QMA

B (A.37)
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with QMA
B obtained from

QMAB
CD = VABPXMP

NVNCD (A.38)

by the relation QMAB
CD = 4δ

[C
[AQMB]

D].

A.4 N = 2 Momentum Map and Killing Vector

From gauge generator:

XI1J1,I2J2

I3J3 = 4gδ
[I3
[I1
δJ1][I2δ

J3]
J2]
, XI1I2

I3J3

I2J2
= −XI1J1,I2J2

I3J3 . (A.39)

we can show that

PI1J1
= 2g

[
δJ1I(f

IJ h̄I1J + hI1J f̄
IJ)− δI1I(f IJ h̄J1J + hJ1J f̄

IJ)
]

(A.40)

kI1J1

i = −2gi
[
δI1I(f

IJ h̄iJ1J + hJ1J f̄
IJi)− δJ1I(f

IJ h̄iI1J + hI1J f̄
IJi)

]
(A.41)

by the following. First, we start with the expanding of (A.39) written as

XI1J1,I2J2

I3J3 =
g

2

[
δJ1I2(δ

I3
I1
δJ3

J2
− δJ3

I1
δI3J2

) + δJ1J2
(δJ3

I1
δI3I2 − δ

I3
I1
δJ3

I2
) (A.42)

+ δI1I2(δ
J3

J1
δI3J2
− δI3J1

δJ3

J2
) + δI1J2

(δI3J1
δJ3

I2
− δJ3

J1
δI3I2 )

]
,

and substitute (A.42) into (4.54):

PI1J1
= XI1J1,I2J2

I3J3(hI3J3
f I2J2 + hI3J3

f
I2J2

)

PI1J1
=
g

2

[
δJ1I2(δ

I3
I1
δJ3

J2
− δJ3

I1
δI3J2

) + δJ1J2
(δJ3

I1
δI3I2 − δ

I3
I1
δJ3

I2
)

+ δI1I2(δ
J3

J1
δI3J2
− δI3J1

δJ3

J2
) + δI1J2

(δI3J1
δJ3

I2
− δJ3

J1
δI3I2 )

]
hI3J3

f I2J2

+
g

2

[
δJ1I2(δ

I3
I1
δJ3

J2
− δJ3

I1
δI3J2

) + δJ1J2
(δJ3

I1
δI3I2 − δ

I3
I1
δJ3

I2
)

+ δI1I2(δ
J3

J1
δI3J2
− δI3J1

δJ3

J2
) + δI1J2

(δI3J1
δJ3

I2
− δJ3

J1
δI3I2 )

]
hI3J3

f
I2J2

= 2g
[
δJ1I(f

IJ h̄I1J + hI1J f̄
IJ)− δI1I(f IJ h̄J1J + hJ1J f̄

IJ)
]
. (A.43)
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In the last step we use the property of ant-symmetric tensor f IJ = −fJI . For killing

vector, we obtain from (4.55) shown as

kI1J1

i = iXI1J1,I2J2

I3J3(f
I2J2i

hI3J3
+ f

I2J2
hI3J3

i
), (A.44)

and follow the calculation as the same as (A.43) to get (A.40)
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