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CHAPTER I

INTRODUCTION

Let K be a number field, i.e. a finite extension over Q. An element α ∈ K

is an algebraic integer if and only if α satisfies a monic polynomial in Z[x]. The

set of all algebraic integers in K is a subring of K, called the ring of integers of K

and denoted by OK . The ring of integers in Q is Z, sometimes we call elements of

Z rational integers.

OK is a free Z-module of rank equal to the degree [K : Q]. The study of the

form of integral bases in various types of number fields is one of the interesting

topics. The form of integral basis in a quadratic field (an extension of degree 2

over Q) can be determined completely (see Theorem 2.1.20). In this thesis we wish

to determine the form of integral basis in a biquadratic field.

Even the ring of integers Z of Q is a UFD, the ring of integers of a number

field may not be a UFD, i.e. a nonzero nonunit element may be written as differ-

ent products of irreducible elements. But for the ideals level, we have that every

nonzero proper ideal can be represented uniquely as the product of prime ideals.

For a prime number p, the principal ideal pZ of Z generated by p is a prime ideal

of Z. But the principal ideal pOK of OK generated by p may not be a prime ideal

of OK .

The study of the decomposition of the principal ideals generated by rational

primes in various types of number fields is one of the interesting topics. The de-

composition of the principal ideals generated by rational primes in a quadratic field

can be determined completely (see Theorem 2.2.27 and 2.2.28) and the decompo-

sition of the principal ideals generated by rational primes in a cubic field can be
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determined completely in [1], [2] and [3].

In this thesis we wish to determine the decomposition of the principal ideals

generated by rational primes in a biquadratic field.



CHAPTER II

BASIC DEFINITIONS AND RESULTS OF

NUMBER FIELDS

In this chapter, we collect definitions and basic results of number fields, mainly

without proofs, to be used throughout the entire thesis. Details and proofs can be

found in [4], [5] and [6].

2.1 Rings of Integers and Discriminants

Definition 2.1.1. A number field is a finite extension of Q (in C).

Definition 2.1.2. A quadratic extension is a field extension E over F of degree

2, and a quadratic field is a quadratic extension of Q.

Let K be a quadratic field. Then [K : Q]=2 and K = Q[α] where α is a root of

monic irreducible polynomial of degree 2, say f(x) = x2 + ax + b where a, b ∈ Q,

i.e, α = (−a±
√

a2 − 4b)/2. Since a, b ∈ Q, a2 − 4b = d1/d2 = (d1d2/d
2
2) for some

d1, d2 ∈ Z and then there exist d, c ∈ Z such that d1d2 = c2d where d is a squarefree

integer. Hence K = Q[α] = Q[
√

a2 − 4b] = Q[
√

d1d2] = Q[
√

d] for some squarefree

integer d.

Definition 2.1.3. Let K be a field and A a subring of K. α ∈ K is an algebraic integer

in K if and only if there exist n ∈ N and a0, a1, . . . , an−1 ∈ Z such that

αn + an−1α
n−1 + . . . + a1α + a0 = 0.

Remark 2.1.4. α ∈ Q is an algebraic integer if and only if α ∈ Z.
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Definition 2.1.5. The set of all algebraic integers in K is a subring of K, called

the ring of integers in K and denoted by OK.

Theorem 2.1.6. The additive structure of OK is a free Z-module of rank

n(= [K : Q]).

Definition 2.1.7. An embedding of L over K in C is a one to one homomorphism

σ : L → C fixing K pointwise (it is called a K-monomorphism). An embedding of

L in C is an embedding of L over Q in C.

Example 2.1.8. Let K = Q[
√

d] where d is a squarefree integer. Then minimal

polynomial of
√

d over Q are f(x) = x2 − d = (x−
√

d)(x +
√

d).

Therefore embeddings of K in C are

σ1 :
√

d 7→
√

d and fixes Q pointwise, i.e, σ1=id,

σ2 :
√

d 7→ −
√

d and fixes Q pointwise.

Theorem 2.1.9. Let K and L be number fields with K ⊆ L and [L : K] = n. Then

there exist n embeddings of L over K in C.

If L/K is a Galois extension, then all embeddings of L over K are K-automorphisms

and the set of all embeddings of L over K is the Galois group of L over K, denoted

by Gal(L/K).

From now on, let L over K be a number field extension of degree n and

σ1 = idL, σ2, . . . , σn be all embeddings of L over K.

Definition 2.1.10. For α ∈ L, define the relative trace of α =TrL/K (α) = σ1 (α)+

σ2 (α)+. . .+σn (α) and the relative norm of α = NL/K (α) = σ1 (α) σ2 (α) . . . σn (α).

If K = Q, then we write TrL and NL for TrL/Q and NL/Q and call the absolute

trace and absolute norm, respectively.

Remark 2.1.11. For each α ∈ L, TrL/K(α) and NL/K(α) ∈ K. Moreover, if

α ∈ OL, then TrL(α) and NL(α) ∈ Z.
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Example 2.1.12. Let L = Q(
√

d) and α = a + b
√

d where a, b ∈ Q. Then

TrL/Q(a + b
√

d) = (a + b
√

d) + (a− b
√

d) = 2a and

NL/Q(a + b
√

d) = (a + b
√

d)(a− b
√

d) = a2 − b2d.

Definition 2.1.13. Let α1, α2, . . . , αn ∈ L. The discriminant of α1, α2, . . . , αn in

L over K denoted by discL/K (α1, α2, . . . , αn) := det[σi(αj)]
2.

Example 2.1.14. Let K = Q(
√

d).

Then discK/Q(1, 1+
√

d
2

) = d and discK/Q(1,
√

d) = 4d.

Proposition 2.1.15. For any α1, . . . , αn ∈ L, discL/K(α1, . . . , αn) ∈ K. More-

over, if α1, . . . , αn ∈ OL, discL/Q(α1, . . . , αn) ∈ Z.

Theorem 2.1.16. Let K be a number field of degree n over Q. The additive

structure of the ring of integers OK of K is a free abelian group (or Z-module)

of rank n, i.e, it is isomorphic to the direct sum of n subgroups each of which is

isomorphic to Z.

Suppose that K = Q(
√

5), we have
{
1,
√

5
}

is a basis of K over Q, but it is

not a Z-basis of OK since 1
2

+
√

5
2

, which satisfies x2 − x − 1 = 0, is in OK but is

not in Z · 1 + Z ·
√

5.

Definition 2.1.17. A Z-basis {α1, . . . , αn} of OK is called an integral basis of K.

Note. An integral basis of K is also a basis of K over Q.

Proposition 2.1.18. Let {α1, . . . , αn} and {β1, . . . , βn} be any integral bases of

K. Then discK(α1, . . . , αn) = discK(β1, . . . , βn).

Definition 2.1.19. The discriminant of the field K = discK(α1, . . . , αn) where

{α1, . . . , αn} is an integral basis of K over Q, we denote it by disc(K) or δK.
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Theorem 2.1.20. Let K = Q(
√

d) where d is a squarefree integer.

(i) If d ≡ 1(mod4), then

OK =

{
u + v

√
d

2
|u, v ∈ Z and u ≡ v(mod2)

}

= Z

[
1 +

√
d

2

]
= Z · 1⊕ Z · 1 +

√
d

2

Consequently,
{

1, 1+
√

d
2

}
is an integral basis of K and δK = d

(ii) If d ≡ 2 or 3(mod4), then

OK =
{

u + v
√

d|u, v ∈ Z
}

= Z · 1⊕ Z ·
√

d

Consequently,
{

1,
√

d
}

is an integral basis of K and δK = 4d.

2.2 Prime Decomposition of Ideals

As we have known that the ring of integers Z in Q is a UFD. But for general

number field K, the ring of integers may not be a UFD.

Example 2.2.1. Let K = Q(
√
−5). Then by Theorem 2.1.20, OK = Z[

√
−5].

OK is not a UFD for 2 · 3 = 6 = (1 +
√
−5)(1 −

√
−5) where 2, 3, 1 +

√
−5 and

1−
√
−5 are nonassociate irreducible elements in OK .

Theorem 2.2.2. Every nonzero proper ideal in the ring of integers OK of a

number field K is a prime ideal if and only if it is a maximal ideal.

Corollary 2.2.3. If P is a prime ideal in OK, then OK/P is a field.

Theorem 2.2.4. Every nonzero proper ideal in OK can be written uniquely as a

product of prime ideals.

Recall that (2)(3) = 6 = (1 +
√
−5)(1 −

√
−5) in K = Q[

√
−5]. But for the

ideal levels, we will show that they can be represented uniquely as the product of

prime ideals.
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Example 2.2.5. Let K = Q[
√
−5]. Then OK = Z[

√
−5].

Recall that OK is not a UFD for 2 · 3 = 6 = (1 +
√
−5)(1 −

√
−5). Pass this to

ideals: 〈2〉 〈3〉 = 〈6〉 =
〈
1 +

√
−5

〉 〈
1−

√
−5

〉
. But〈

2, 1 +
√
−5

〉 〈
2, 1 +

√
−5

〉
=

〈
4, 2 + 2

√
−5,−4 + 2

√
−5

〉
=

〈
4, 2 + 2

√
−5,−6

〉
=

〈
2, 2

√
−5

〉
= 〈2〉〈

3, 1 +
√
−5

〉 〈
3, 1−

√
−5

〉
=

〈
9, 3 + 3

√
−5, 3− 3

√
−5, 6

〉
=

〈
9, 3 + 3

√
−5, 6

〉
=

〈
3, 3

√
−5

〉
= 〈3〉〈

2, 1 +
√
−5

〉 〈
3, 1 +

√
−5

〉
=

〈
6, 2(1 +

√
−5), 3(1 +

√
−5), (1 +

√
−5)2

〉
=

〈
1 +

√
−5

〉
〈
2, 1 +

√
−5

〉 〈
3, 1−

√
−5

〉
=

〈
6, 2(1−

√
−5), 3(1 +

√
−5), (1−

√
−5)2

〉
=

〈
1−

√
−5

〉
Then we obtain that〈
2, 1 +

√
−5

〉2 〈
3, 1 +

√
−5

〉 〈
3, 1−

√
−5

〉
= 〈2〉 〈3〉

= 〈6〉

=
〈
1 +

√
−5

〉 〈
1−

√
−5

〉
=

〈
2, 1 +

√
−5

〉2 〈
3, 1 +

√
−5

〉 〈
3, 1−

√
−5

〉
.

Definition 2.2.6. Let A and B be integral ideals in a number field K. We say

that A divides B, denoted by A | B if there exists an integral ideal C such that

B = AC.

Proposition 2.2.7. Let A and B be integral ideals in a number field K. Then

A | B if and only if A ⊇ B.
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Next, we will define the norm of ideals and use the properties of norm of ideals

to check whether an ideal P is a prime ideal or an ideal A divides ideal B. From

now on, let K be a number field of degree n over Q.

Definition 2.2.8. The norm of a nonzero ideal A in OK , denoted by N(A), is

defined to be |OK/A|.

Proposition 2.2.9. If A is a nonzero ideal of OK, then A is a free Z-submodule

of OK of rank n.

Theorem 2.2.10. Let A be a nonzero ideal in OK with Z-basis {α1, . . . , αn}. Then

N(A)2 =
discK(α1, . . . , αn)

δK

.

Corollary 2.2.11. For any α 6= 0 in OK, N(〈α〉)= |NK(α)|.

Theorem 2.2.12. For any nonzero ideals A and B, N(AB)=N(A)N(B).

The following corollary is used to check that an ideal A divides an ideal B or not.

Corollary 2.2.13. If N(A) - N(B), then A - B.

Remark 2.2.14. If P is an ideal such that N(P ) = p a prime number, then P is

a prime ideal in OK . The converse is not true, i.e. there is a prime ideal whose

norm is not a prime number.

Example 2.2.15. Let K = Q[
√
−5].

From Example 2.2.5, we have N(
〈
2, 1 +

√
−5

〉
) = 2, N(

〈
3, 1 +

√
−5

〉
)=3 and

N(
〈
3, 1 +

√
−5

〉
)=3. Hence

〈
2, 1 +

√
−5

〉
,
〈
3, 1 +

√
−5

〉
and

〈
3, 1−

√
−5

〉
are prime

ideals.

Let L ⊇ K be a finite extension of number fields. Let P be a prime ideal in

OK . Then POL is a nonzero ideal in OL. It is not necessary a prime ideal in OL,

e.g. let K = Q and L = Q(
√
−5). Then OK = Z and OL = Z[

√
−5]. We have 2Z

is a prime ideal in Z but 2OL is not a prime ideal in OL since it is not maximal.

For 2OL (
〈
2, 1 +

√
−5

〉
( OL. We will consider the prime factorization of POL

in OL.
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Definition 2.2.16. Let POL =

g∏
i=1

Pei
i be the prime decomposition in OL where

P is a prime ideal in OK .

(1) g is called the decomposition number of P in L.

(2) For each i, ei is called the ramification index of Pi over P in L over K,

denoted by e(Pi/P ).

P is ramified in OL (in L) if there exists i such that ei > 1.

P is inert in L if g = 1 and e1 = 1, i.e. POL is a prime ideal.

Remark 2.2.17. For P and P as in Definition 2.2.16, we say that P lies over/above

P or P lies under P . The field OK/P is embedded in the field OL/P so it can be

considered as a subfield of OL/P .

Definition 2.2.18. The degree of OL/Pi over OK/P is called the residue class

degree or inertial degree of Pi over P , denoted by f(Pi/P ).

Remark 2.2.19. N(Pi) =N(P )f where f = f(Pi/P ).

Theorem 2.2.20. Let L ⊇ K be a number field extension of degree n and let

P1, . . . ,Pg be primes in OL lying above a prime P of OK with ramification indices

e1, . . . , eg and residue class degrees f1, . . . , fg. Then n =

g∑
i=1

eifi.

Definition 2.2.21. Let L ⊇ K be a number field extension of degree n and P be

a prime ideal in OK such that POL = Pe1
1 Pe2

2 . . .Peg
g where Pi are distinct prime

ideals of OL.

(1) P is totally ramified in L if g = 1 and e1 = n, so POL = Pn
1 .

(2) P splits completely in L if g = n, so ei = 1 and POL = P1 . . .Pn.

Example 2.2.22. From Example 2.2.5 and Definition 2.2.16, P2 = 2Z in Z is

ramified in Q[
√
−5] while P 3 = 3Z in Z splits completely in Q[

√
−5].
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Theorem 2.2.23. Let L ⊇ K be a Galois extensions number field of degree n and

Pi,Pj be primes in OL lying above a prime P of OK. Then e(Pi/P ) = e(Pj/P ) and

f(Pi/P ) = f(Pj/P ), i.e. POL = (P1 . . .Pg)
e, hence n = efg where e = e(Pi/P )

and f = f(Pi/P ).

Theorem 2.2.24. Let p be a prime in Z. Then pZ is ramified in K if and only if

p|δK.

Example 2.2.25. We have seen that in K = Q[
√
−5], 2OK =

〈
2, 1 +

√
−5

〉2
and

3OK =
〈
3, 1 +

√
−5

〉 〈
3, 1−

√
−5

〉
. Then 2Z is ramified in K while 3Z is not.

Notice that δK = −20 and 2 | δK while 3 - δK .

Definition 2.2.26. Let p be an odd prime and let a be a nonzero integer not a

multiple of p. We define the Legendre symbol

(
a

p

)
of a, relative to p, as follows:

(
a

p

)
=

1, when a is a quadratic residue modulo p,

−1, when a is a quadratic nonresidue modulo p.

For typographical reasons, we also use the notation

(
a

p

)
= (a/p). Next, the

decomposition of rational primes in quadratic fields can be determined completely

as follows.

Theorem 2.2.27. Let K = Q[
√

d] where d is a squarefree integer. Then

(i) 2Z is totally ramified in OK if and only if d ≡ 2 or 3 (mod 4).

(ii) 2Z splits completely in OK if and only if d ≡ 1 (mod 8).

(iii) 2Z is inert in OK if and only if d ≡ 5 (mod 8).

Moreover, (i) 2OK =

〈2,
√

d〉2 if d ≡ 2 (mod 4),

〈2, 1 +
√

d〉2 if d ≡ 3 (mod 4).

(ii) 2OK = 〈2, 1+
√

d
2
〉〈2, 1−

√
d

2
〉 if d ≡ 1 (mod 8).
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Theorem 2.2.28. Let K = Q[
√

d] where d is a squarefree integer, p be any odd

prime number. Then

(i) pZ is totally ramified in OK if and only if p | d.

(ii) pZ splits completely in OK if and only if p - d and (d/p) = 1.

(iii) pZ is inert in OK if and only if p - d and (d/p) = −1.

Moreover, (i) pOK = 〈p,
√

d〉2

(ii) pOK = 〈p, n +
√

d〉〈p, n−
√

d〉 if d ≡ n2 (mod p).

From these two theorems we can see that p is ramified in OK if and only if p | δK .

In the next chapter we will find integral bases and discriminants of biquadratic

fields.



CHAPTER III

INTEGRAL BASES AND DECOMPOSITION OF

RATIONAL PRIMES IN BIQUADRATIC FIELDS

In this chapter, we collect results of biquadratic fields which is an extension of

degree 4 over Q of the form Q[
√

m,
√

n] where m, n are distinct squarefree integer.

The first section deals with algebraic properties of biquadratic fields . The second

section deals with the integral bases and discriminant of biquadratic fields. The

third section deals with the decomposition of rational primes in biquadratic fields.

3.1 Algebraic Properties

Let K = Q[
√

m,
√

n] be any biquadratic field where m and n are distinct squarefree

integers. Let k = mn
d2 where d = (m, n) and since

√
m = d

√
n
√

k
n

,
√

n = d
√

m
√

k
m

and
√

k =
√

m
√

n
d

, we obtain that K = Q[
√

m,
√

n] = Q[
√

n,
√

k] = Q[
√

k,
√

m]. The

degree of K over Q is 4 and a basis of K over Q is {1,
√

m,
√

n,
√

k}. Then every

element α of K is written uniquely in the form α = r1 ·1+r2 ·
√

m+r3 ·
√

n+r4 ·
√

k

where ri ∈ Q. Since char(Q)=0 and K is the splitting filed of the polynomial

(x2−m)(x2−n) over K, so K is a normal and separable extension, and hence Galois

extension over Q with the Galois group G =Gal(K/Q) consists of the following

Q-automorphisms of K:

σ1 = id.

σ2 :
√

m 7→
√

m,
√

n 7→ −
√

n,

σ3 :
√

m 7→ −
√

m,
√

n 7→
√

n,

σ4 :
√

m 7→ −
√

m,
√

n 7→ −
√

n.
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All subfields of K of degree 2 over Q are Q[
√

m], Q[
√

n] and Q[
√

k], and Gal(K/Q[
√

m]) =

{σ1, , σ2}, Gal(K/Q[
√

n]) = {σ1, , σ3} and Gal(K/Q[
√

k]) = {σ1, , σ4}.

3.2 Integral Bases and Discriminants

In this section we will find the integral bases and discriminants for biquadratic

fields. First, we will show that 3 cases as follow cover all cases except for

rearrangements of m, n and k.

(i) m ≡ 3, n ≡ k ≡ 2 (mod 4).

(ii) m ≡ 1, n ≡ k ≡ 2 or 3 (mod 4).

(iii) m ≡ n ≡ k ≡ 1 (mod 4).

Since m and n are squarefree integers, m, n ≡ 1, 2 or 3 (mod 4).

Case1. m ≡ 3 (mod 4) and n ≡ 3 (mod 4).

Since m and n are odd, d is odd and so d2 ≡ 1 (mod 4). Hence k ≡ kd2 = mn ≡ 1

(mod 4). This case is supported by (ii).

Case2. m ≡ 3 (mod 4) and n ≡ 2 (mod 4).

Since m is odd, d is odd and so d2 ≡ 1 (mod 4). Hence k ≡ kd2 = mn ≡ 2

(mod 4). This case is supported by (i).

Case3. m ≡ 3 (mod 4) and n ≡ 1 (mod 4).

Since m and n are odd, d is odd and so d2 ≡ 1 (mod 4). Hence k ≡ kd2 = mn ≡ 3

(mod 4). This case is supported by (ii).

Case4. m ≡ 2 (mod 4) and n ≡ 2 (mod 4).

Since m ≡ 2 (mod 4) and n ≡ 2 (mod 4) and d is even, so m
d

and n
d

are odd.

Hence k = mn
d2 ≡ 1 or 3 (mod 4). This case is supported by (i) or (ii).

Case5. m ≡ 2 (mod 4) and n ≡ 1 (mod 4).

Since n is odd, d is odd and so d2 ≡ 1 (mod 4). Hence k ≡ kd2 = mn ≡ 2

(mod 4). This case is supported by (ii).

Case6. m ≡ 1 (mod 4) and n ≡ 1 (mod 4).

Since m and n are odd, d is odd and so d2 ≡ 1 (mod 4). Hence k ≡ kd2 = mn ≡ 1
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(mod 4). This case is supported by (iii).

Hence (i), (ii) and (iii) cover all cases except for rearrangements of m, n and k.

Next, we will find the integral basis of K = Q[
√

m,
√

n] in 3 cases above.

Theorem 3.2.1. Let K = Q[
√

m,
√

n] where m and n are distinct squarefree

integers and k =
mn

d2
where d = (m, n).

(i) If m ≡ 3, n ≡ k ≡ 2 (mod 4), then

{1,
√

m,
√

n,

√
n +

√
k

2
} is an integral basis of K, i.e.

OK = Z · 1⊕ Z ·
√

m⊕ Z ·
√

n⊕ Z ·
√

n +
√

k

2
.

(ii) If m ≡ 1, n ≡ k ≡ 2 or 3 (mod 4), then

{1, 1 +
√

m

2
,
√

n,

√
n +

√
k

2
} is an integral basis of K, i.e.

OK = Z · 1⊕ Z · 1 +
√

m

2
⊕ Z ·

√
n⊕ Z ·

√
n +

√
k

2
.

(iii) If m ≡ n ≡ k ≡ 1 (mod 4), then

{1, 1 +
√

m

2
,
1 +

√
n

2
, (

1 +
√

m

2
)(

1 +
√

k

2
)} is an integral basis of K, i.e.

OK = Z · 1⊕ Z · 1 +
√

m

2
⊕ Z · 1 +

√
n

2
⊕ Z · (1 +

√
m

2
)(

1 +
√

k

2
).

Proof. Recall that K has 4 embeddings, namely σ1 =id, σ2 :
√

m 7→
√

m,
√

n 7→

−
√

n, σ3 :
√

m 7→ −
√

m,
√

n 7→
√

n and σ4 :
√

m 7→ −
√

m,
√

n 7→ −
√

n and all

embeddings of K over Q[
√

m] are σ1 and σ2, of K over Q[
√

n] are σ1 and σ3 and

of K over Q[
√

mn] are σ1 and σ4.

(i) m ≡ 3, n ≡ k ≡ 2 (mod 4).

Let α ∈ OK , so α = r0 + r1

√
m + r2

√
n + r3

√
k where r0, r1, r2, r3 ∈ Q. Then

σ2(α) = r0 + r1

√
m− r2

√
n− r3

√
k,

σ3(α) = r0 − r1

√
m + r2

√
n− r3

√
k,

σ4(α) = r0 − r1

√
m− r2

√
n + r3

√
k.

Since α ∈ OK , TrK/Q[
√

m](α) ∈ OQ[
√

m], TrK/Q[
√

n](α) ∈ OQ[
√

n], TrK/Q[
√

k](α) ∈

OQ[
√

k].
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We express these conditions in terms of the coefficients of α:

TrK/Q[
√

m](α) = α + σ2(α) = 2r0 + 2r1

√
m ∈ OQ[

√
m],

TrK/Q[
√

n](α) = α + σ3(α) = 2r0 + 2r2

√
n ∈ OQ[

√
n],

TrK/Q[
√

k](α) = α + σ4(α) = 2r0 + 2r3

√
k ∈ OQ[

√
k].

Taking into account that OQ[
√

m] = Z · 1 ⊕ Z ·
√

m, OQ[
√

n] = Z · 1 ⊕ Z ·
√

n and

OQ[
√

k] = Z · 1⊕ Z ·
√

k, then

2r0 + 2r1

√
m ∈ Z · 1⊕ Z ·

√
m,

2r0 + 2r2

√
n ∈ Z · 1⊕ Z ·

√
n,

2r0 + 2r3

√
k ∈ Z · 1⊕ Z ·

√
k.

Hence 2r0 ∈ Z, 2r1 ∈ Z, 2r2 ∈ Z and 2r3 ∈ Z. From these relations we deduce α =

r0+r1

√
m+r2

√
n+r3

√
k = 1

2
(w+x

√
m+y

√
n+z

√
k) for some w, x, y, z ∈ Z. Since

α ∈ OK , NK/Q[
√

m](α) ∈ OQ[
√

m], NK/Q[
√

n](α) ∈ OQ[
√

n], NK/Q[
√

k](α) ∈ OQ[
√

k].

We express these conditions in terms of the coefficients of α:

NK/Q[
√

m](α) = α · σ2(α) =
1

4
(w + x

√
m)2 − 1

4
(y
√

n + z
√

k)2

=
1

4
(w2 + x2m− y2n− z2k) +

1

4
(2wx

√
m− 2yz

√
nk)

=
1

4
(w2 + x2m− y2n− z2k) +

1

4
(2wx− 2yz

n

d
)
√

m,

NK/Q[
√

n](α) = α · σ3(α) =
1

4
(w + y

√
n)2 − 1

4
(x
√

m + z
√

k)2

=
1

4
(w2 − x2m + y2n− z2k) +

1

4
(2wy

√
n− 2xz

√
mk)

=
1

4
(w2 − x2m + y2n− z2k) +

1

4
(2wy − 2xz

m

d
)
√

n,

NK/Q[
√

k](α) = α · σ4(α) =
1

4
(w + z

√
k)2 − 1

4
(x
√

m + y
√

n)2

=
1

4
(w2 − x2m− y2n + z2k) +

1

4
(2wz

√
k − 2xy

√
mn)

=
1

4
(w2 − x2m− y2n + z2k) +

1

4
(2wz − 2xyd)

√
k.
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Taking into account that OQ[
√

m] = Z · 1 ⊕ Z ·
√

m, OQ[
√

n] = Z · 1 ⊕ Z ·
√

n and

OQ[
√

k] = Z · 1⊕ Z ·
√

k again, then

1

4
(w2 + x2m− y2n− z2k) +

1

4
(2wx− 2yz

n

d
)
√

m ∈ Z · 1⊕ Z ·
√

m,

1

4
(w2 − x2m + y2n− z2k) +

1

4
(2wy − 2xz

m

d
)
√

n ∈ Z · 1⊕ Z ·
√

n,

1

4
(w2 − x2m− y2n + z2k) +

1

4
(2wz − 2xyd)

√
k ∈ Z · 1⊕ Z ·

√
k.

Hence we have

4 | (w2 + x2m− y2n− z2k) (1)

4 | (w2 − x2m + y2n− z2k) (2)

4 | (w2 − x2m− y2n + z2k) (3)

2 | (wx− yz
n

d
) (4)

2 | (wy − xz
m

d
) (5)

and 2 | (wz − xyd). (6)

Since n is even and m is odd, d is odd and n
d

is even, by (4) so we have 2 | wx.

Hence 2 | w or 2 | x. By (2) and (3) we have 4 | (2w2 − 2x2m), so 2 | (w2 − x2m).

Since one of w or x is divided by 2, and m is odd, then another one must be divided

by 2. Hence w and x are even. From (2) we have 4 | (y2n − z2k), which means

that y2n ≡ z2k (mod 4). Since n ≡ k ≡ 2 (mod 4), we obtain that 2y2 ≡ 2z2

(mod 4), i.e. y2 ≡ z2 (mod 2) which means that y ≡ z (mod 2). Thus in this case,

we have that every element in OK is of the form a0 + a1

√
m + 1

2
(a2

√
n + a3

√
k)

where ai ∈ Z and a2 ≡ a3 (mod 2). Since a0 + a1

√
m + 1

2
(a2

√
n + a3

√
k) =

a0 + a1

√
m + a2−a3

2

√
n + a3(

√
n+

√
k

2
),OK ⊆ Z · 1 ⊕ Z ·

√
m ⊕ Z ·

√
n ⊕ Z ·

√
n+

√
k

2
.

For the converse we can see that
√

n+
√

k
2

satisfies (x2 − (n+k
4

))2 − nk
4
∈ Z[x]. Then

√
n+

√
k

2
∈ OK . Since {1,

√
m,

√
n,

√
n+

√
k

2
} is linearly independent over Q (so over

Z), it is an integral basis of Q[
√

m,
√

n].
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(ii) m ≡ 1, n ≡ k ≡ 2 or 3 (mod 4).

Let α ∈ OK , so α = r0 + r1

√
m + r2

√
n + r3

√
k where r0, r1, r2, r3 ∈ Q. Then

σ2(α) = r0 + r1

√
m− r2

√
n− r3

√
k,

σ3(α) = r0 − r1

√
m + r2

√
n− r3

√
k,

σ4(α) = r0 − r1

√
m− r2

√
n + r3

√
k.

Since α ∈ OK , TrK/Q[
√

m](α) ∈ OQ[
√

m], TrK/Q[
√

n](α) ∈ OQ[
√

n], TrK/Q[
√

k](α) ∈

OQ[
√

k]. We express these conditions in terms of the coefficients of α:

TrK/Q[
√

m](α) = α + σ2(α) = 2r0 + 2r1

√
m = (2r0 − 2r1) + 4r1(

1 +
√

m

2
) ∈ OQ[

√
m],

TrK/Q[
√

n](α) = α + σ3(α) = 2r0 + 2r2

√
n ∈ OQ[

√
n],

TrK/Q[
√

k](α) = α + σ4(α) = 2r0 + 2r3

√
k ∈ OQ[

√
k].

Taking into account that OQ[
√

m] = Z · 1⊕Z · 1 +
√

m

2
, OQ[

√
n] = Z · 1⊕Z ·

√
n and

OQ[
√

k] = Z · 1⊕ Z ·
√

k, we obtain that

(2r0 − 2r1) + 4r1(
1 +

√
m

2
) ∈ Z · 1⊕ Z · 1 +

√
m

2
,

2r0 + 2r2

√
n ∈ Z · 1⊕ Z ·

√
n,

2r0 + 2r3

√
k ∈ Z · 1⊕ Z ·

√
k.

Hence 2r0 − 2r1 ∈ Z, 4r1 ∈ Z, 2r2 ∈ Z and 2r3 ∈ Z. Since 2r0 − 2r1 ∈ Z and

4r1 ∈ Z, we implies 4r0 ∈ Z. From these relations we deduce α = r0 + r1

√
m +

r2

√
n + r3

√
k = 1

4
(w + x

√
m + 2y

√
n + 2z

√
k) where w, x, y, z ∈ Z. Since α ∈ OK ,

NK/Q[
√

m](α) ∈ OQ[
√

m], NK/Q[
√

n](α) ∈ OQ[
√

n], NK/Q[
√

k](α) ∈ OQ[
√

k].
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We express these conditions in terms of the coefficients of α:

NK/Q[
√

m](α) = α · σ2(α) =
1

16
(w + x

√
m)2 − 1

16
(2y

√
n + 2z

√
k)2

=
1

16
(w2 + x2m− 4y2n− 4z2k) +

1

16
(2wx

√
m− 8yz

√
nk)

=
1

16
(w2 + x2m− 4y2n− 4z2k) +

1

16
(2wx− 8yz

n

d
)
√

m

=
1

16
(w2 + x2m− 4y2n− 4z2k − 2wx + 8yz

n

d
)

+
1

16
(4wx− 16yz

n

d
)(

1 +
√

m

2
),

NK/Q[
√

n](α) = α · σ3(α) =
1

16
(w + 2y

√
n)2 − 1

16
(x
√

m + 2z
√

k)2

=
1

16
(w2 − x2m + 4y2n− 4z2k) +

1

16
(4wy

√
n− 4xz

√
mk)

=
1

16
(w2 − x2m + 4y2n− 4z2k) +

1

16
(4wy − 4xz

m

d
)
√

n,

NK/Q[
√

k](α) = α · σ4(α) =
1

16
(w + 2z

√
k)2 − 1

16
(x
√

m + 2y
√

n)2

=
1

16
(w2 − x2m− 4y2n + 4z2k) +

1

16
(4wz

√
k − 4xy

√
mn)

=
1

16
(w2 − x2m− 4y2n + 4z2k) +

1

16
(4wz − 4xyd)

√
k.

Taking into account that OQ[
√

m] = Z · 1⊕Z · 1 +
√

m

2
, OQ[

√
n] = Z · 1⊕Z ·

√
n and

OQ[
√

k] = Z · 1⊕ Z ·
√

k again, then

1

16
(w2 + x2m− 4y2n− 4z2k − 2wx + 8yz

n

d
)

+
1

16
(4wx− 16yz

n

d
)(

1 +
√

m

2
) ∈ Z · 1⊕ Z · 1 +

√
m

2
,

1

16
(w2 − x2m + 4y2n− 4z2k) +

1

16
(4wy − 4xz

m

d
)
√

n ∈ Z · 1⊕ Z ·
√

n,

1

16
(w2 − x2m− 4y2n + 4z2k) +

1

16
(4wz − 4xyd)

√
k ∈ Z · 1⊕ Z ·

√
k.
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Hence we have

16 | (w2 + x2m− 4y2n− 4z2k − 2wx + 8yz
n

d
) (7)

16 | (w2 − x2m + 4y2n− 4z2k) (8)

16 | (w2 − x2m− 4y2n + 4z2k) (9)

4 | (wx− 4yz
n

d
) (10)

4 | (wy − xz
m

d
) (11)

and 4 | (wz − xyd). (12)

From (10) we have 4 | wx. Suppose that w and x do not have same parity, so

exactly one of them divided by 4. Without loss of generality say 4 | w. By (11)

and (12) we have 4 | z and 4 | y, respectively. Then w2, y2, z2 are divided by 16,

then by (9) we have 16 | x2m. Since m is odd and 16 | x2m, this means that w and

x have the same parity which is a contradiction. Hence w and x are even. Then

w = 2w′ and x = 2x′ for some w′, x′ ∈ Z.

Thus by (7)-(9) we have

4 | (w′2 + x′2m− y2n− z2k − 2w′x′ + 2yz
n

d
) (13)

4 | (w′2 − x′2m + y2n− z2k) (14)

and 4 | (w′2 − x′2m− y2n + z2k). (15)

From (14) and (15), we have 4 | (2w′2 − 2x′2), then 2 | (w′2 − x′2) which implies

that w′ ≡ x′ (mod 2). Hence w′2 ≡ x′2 ≡ x′2m (mod 4) and so 4 | y2n − z2k.

Since n ≡ k ≡ 2 (mod 4) and 4 | y2n − z2k, we obtain that 4 | 2y2 − 2z2, so

y ≡ z (mod 2). In this case, we have that every element in OK is of the form

1
2
(w′ + x′

√
m + y

√
n + z

√
k) where w′, x′, y, z ∈ Z, w′ ≡ x′ (mod 2) and y ≡ z

(mod 2). Since 1
2
(w′ + x′

√
m + y

√
n + z

√
k) = w′−x′

2
(1) + x′(1+

√
m

2
) + y−z

2
(
√

n) +

z(
√

n+
√

k
2

) ∈ Z · 1 ⊕ Z · 1+
√

m
2

⊕ Z ·
√

n ⊕ Z ·
√

n+
√

k
2

. For the converse we can

see that
√

n+
√

k
2

satisfies (x2 − (n+k
4

))2 − nk
4
∈ Z[x]. Then

√
n+

√
k

2
∈ OK . Since

{1, 1+
√

m
2

,
√

n,
√

n+
√

k
2

} is linearly independent over Q (so over Z), it is an integral
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basis of Q[
√

m,
√

n].

(iii) m ≡ n ≡ k ≡ 1 (mod 4).

Let α ∈ OK , so α = r0 + r1

√
m + r2

√
n + r3

√
k where r0, r1, r2, r3 ∈ Q. Then

σ2(α) = r0 + r1

√
m− r2

√
n− r3

√
k,

σ3(α) = r0 − r1

√
m + r2

√
n− r3

√
k,

σ4(α) = r0 − r1

√
m− r2

√
n + r3

√
k.

Since α ∈ OK , TrK/Q[
√

m](α) ∈ OQ[
√

m], TrK/Q[
√

n](α) ∈ OQ[
√

n], TrK/Q[
√

k](α) ∈

OQ[
√

k]. We express these conditions in terms of the coefficients of α:

TrK/Q[
√

m](α) = α + σ2(α) = 2r0 + 2r1

√
m = (2r0 − 2r1) + 4r1(

1 +
√

m

2
) ∈ OQ[

√
m],

TrK/Q[
√

n](α) = α + σ3(α) = 2r0 + 2r2

√
n = (2r0 − 2r2) + 4r2(

1 +
√

n

2
) ∈ OQ[

√
n],

TrK/Q[
√

k](α) = α + σ4(α) = 2r0 + 2r3

√
k = (2r0 − 2r3) + 4r3(

1 +
√

k

2
) ∈ OQ[

√
k].

Taking into account that OQ[
√

m] = Z · 1⊕Z · 1 +
√

m

2
, OQ[

√
n] = Z · 1⊕Z · 1 +

√
n

2

and OQ[
√

k] = Z · 1⊕ Z · 1 +
√

k

2
. We obtain that

(2r0 − 2r1) + 4r1(
1 +

√
m

2
) ∈ Z · 1⊕ Z · 1 +

√
m

2
,

(2r0 − 2r2) + 4r2(
1 +

√
n

2
) ∈ Z · 1⊕ Z · 1 +

√
n

2
,

(2r0 − 2r3) + 4r3(
1 +

√
k

2
) ∈ Z · 1⊕ Z · 1 +

√
k

2
.

Hence 2r0 − 2r1 ∈ Z, 2r0 − 2r2 ∈ Z, 2r0 − 2r3 ∈ Z, 4r1 ∈ Z, 4r2 ∈ Z and 4r3 ∈ Z.

Since 2r0 − 2r1 ∈ Z and 4r1 ∈ Z, 4r0 ∈ Z. From these relations we deduce α =

r0 + r1

√
m+ r2

√
n+ r3

√
k = 1

4
(w+x

√
m+y

√
n+z

√
k) where w, x, y, z ∈ Z. Since

α ∈ OK , NK/Q[
√

m](α) ∈ OQ[
√

m], NK/Q[
√

n](α) ∈ OQ[
√

n], NK/Q[
√

k](α) ∈ OQ[
√

k].
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We express these conditions in terms of the coefficients of α:

NK/Q[
√

m](α) = α · σ2(α) =
1

16
(w + x

√
m)2 − 1

16
(y
√

n + z
√

k)2

=
1

16
(w2 + x2m− y2n− z2k) +

1

16
(2wx

√
m− 2yz

√
nk)

=
1

16
(w2 + x2m− y2n− z2k) +

1

16
(2wx− 2yz

n

d
)
√

m

=
1

16
(w2 + x2m− y2n− z2k − 2wx + 2yz

n

d
)

+
1

16
(4wx− 4yz

n

d
)(

1 +
√

m

2
),

NK/Q[
√

n](α) = α · σ3(α) =
1

16
(w + y

√
n)2 − 1

16
(x
√

m + z
√

k)2

=
1

16
(w2 − x2m + y2n− z2k) +

1

16
(2wy

√
n− 2xz

√
mk)

=
1

16
(w2 − x2m + y2n− z2k) +

1

16
(2wy − 2xz

m

d
)
√

n

=
1

16
(w2 − x2m + y2n− z2k − 2wy + 2xz

m

d
)

+
1

16
(4wy − 4xz

m

d
)(

1 +
√

n

2
),

NK/Q[
√

k](α) = α · σ4(α) =
1

16
(w + z

√
k)2 − 1

16
(x
√

m + y
√

n)2

=
1

16
(w2 − x2m− y2n + z2k) +

1

16
(2wz

√
k − 2xy

√
mn)

=
1

16
(w2 − x2m− y2n + z2k) +

1

16
(2wz − 2xyd)

√
k

=
1

16
(w2 − x2m− y2n + z2k − 2wz + 2xyd)

+
1

16
(4wz − 4xyd)(

1 +
√

k

2
).

Taking into account that OQ[
√

m] = Z · 1⊕Z · 1 +
√

m

2
, OQ[

√
n] = Z · 1⊕Z · 1 +

√
n

2

and OQ[
√

k] = Z · 1⊕ Z · 1 +
√

k

2
again, then

1

16
(w2 + x2m− y2n− z2k − 2wx + 2yz

n

d
)

+
1

16
(4wx− 4yz

n

d
)(

1 +
√

m

2
) ∈ Z · 1⊕ Z · 1 +

√
m

2
,
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1

16
(w2 − x2m + y2n− z2k − 2wy + 2xz

m

d
)

+
1

16
(4wy − 4xz

m

d
)(

1 +
√

n

2
) ∈ Z · 1⊕ Z · 1 +

√
n

2
,

1

16
(w2 − x2m− y2n + z2k − 2wz + 2xyd)

+
1

16
(4wz − 4xyd)(

1 +
√

k

2
) ∈ Z · 1⊕ Z · 1 +

√
k

2
.

Hence we have

16 | (w2 + x2m− y2n− z2k − 2wx + 2yz
n

d
) (16)

16 | (w2 − x2m + y2n− z2k − 2wy + 2xz
m

d
) (17)

16 | (w2 − x2m− y2n + z2k − 2wz + 2xyd) (18)

4 | (wx− yz
n

d
) (19)

4 | (wy − xz
m

d
) (20)

and 4 | (wz − xyd). (21)

Case1 w is odd. From (19) and n
d

is odd, we obtain that x and yz have the same

parity. Suppose that x is even. By (20) and (21) y and z are even, so we have

4 | yz. Through this result to (19) we have that 4 | x. Similarly, by (20) and (21)

we have 4 | y and 4 | z. Then by (16) we obtain that 16 | w2 − 2wx, i.e. w2 − 2wx

is even which contradicts the fact that w is odd. Thus x is odd. Similarly we can

show that y and z are also odd.

Case2 w is even. If one of x, y, z is odd, then anothers are even and similarly to

Case1, which leads to a contradiction. Thus x, y, z are even.

Hence in any cases, we have w ≡ x ≡ y ≡ z (mod 2).

In this case, we have that every element in OK is of the form 1
4
(w + x

√
m +

y
√

n + z
√

k) where w ≡ x ≡ y ≡ z (mod 2).
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Since 1+
√

m
2

and 1+
√

k
2

are in OK , α =: α′ + z(1+
√

m
2

)(1+
√

k
2

) ∈ OK , we have

α′ =
1

4
(w + x

√
m + y

√
n + z

√
k)− z(

1 +
√

m

2
)(

1 +
√

k

2
)

=
1

4
(w + x

√
m + y

√
n + z

√
k − z − z

√
m− z

√
k − z

√
mk)

=
1

4
((w − z) + (x− z)

√
m + (y − z

m

d
)
√

n)

=
1

2
(
w − z

2
+

x− z

2

√
m +

y − z m
d

2

√
n).

Since w ≡ x ≡ y ≡ z (mod 2), a = w−z
2

∈ Z, b = x−z
2
∈ Z and c =

y−z m
d

2
∈ Z, we

have α′ = 1
2
(a + b

√
m + c

√
n). Claim that a + b + c ≡ 0 (mod 2).

Since α′ ∈ OK ,NK/Q[
√

m](α) ∈ OQ[
√

m], NK/Q[
√

n](α) ∈ OQ[
√

n], NK/Q[
√

k](α) ∈

OQ[
√

k]. We express these conditions in terms of the coefficients of α:

NK/Q[
√

m](α
′) = α′ · σ2(α

′) =
1

4
(a + b

√
m)2 − 1

4
(c
√

n)2

=
1

4
(a2 + b2m− c2n) +

1

4
(2ab

√
m)

=
1

4
(a2 + b2m− c2n− 2ab) + ab(

1 +
√

m

2
),

NK/Q[
√

n](α
′) = α′ · σ3(α

′) =
1

4
(a + c

√
n)2 − 1

4
(b
√

m)2

=
1

4
(a2 + b2m− c2n) +

1

4
(2ac

√
n)

=
1

4
(a2 + b2m− c2n− 2ac) + ac(

1 +
√

n

2
),

NK/Q[
√

k](α
′) = α′ · σ4(α

′) =
1

4
(a)2 − 1

4
(b
√

m + c
√

n)2

=
1

4
(a2 − b2m− c2n)− 1

4
(2bcd

√
k)

=
1

4
(a2 − b2m− c2n + 2bcd)− bcd(

1 +
√

k

2
).
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Taking into account that OQ[
√

m] = Z · 1⊕Z · 1 +
√

m

2
, OQ[

√
n] = Z · 1⊕Z · 1 +

√
n

2

and OQ[
√

k] = Z · 1⊕ Z · 1 +
√

k

2
again, then

4 | (a2 + b2m− c2n− 2ab) (22)

4 | (a2 − b2m + c2n− 2ac) (23)

4 | (a2 − b2m− c2n + 2bcd). (24)

By (22), (23) and (24),we obtain that

4 | (a2 + b2m− c2n− 2ab)− (a2 − b2m + c2n− 2ac) + (a2 − b2m− c2n + 2bcd)

4 | (a2 − b2m− c2n− 2ab− 2ac + 2bcd)

4 | (a2 − b2m− c2n− 2ab− 2ac + 2bc) + (2bcd− 2bc)

4 | (a− b− c)2 + 2bc(d− 1)

4 | (a− b− c)2 since d is odd.

Hence (a− b− c) ≡ 0 (mod 2), also we have (a + b + c) ≡ 0 (mod 2).

In this case, we have that every element in OK is of the form α = α′ +

z(1+
√

m
2

)(1+
√

k
2

), we have

α = α′ + z(
1 +

√
m

2
)(

1 +
√

k

2
)

=
1

2
(a + b

√
m + c

√
n) + z(

1 +
√

m

2
)(

1 +
√

k

2
)

=
1

2
((a− b− c) + (2b)(

1 +
√

m

2
) + (2c)(

1 +
√

n

2
)) + z(

1 +
√

m

2
)(

1 +
√

k

2
)

=
a− b− c

2
· 1 + b · (1 +

√
m

2
) + c · (1 +

√
n

2
) + z(

1 +
√

m

2
)(

1 +
√

k

2
)

∈ Z · 1⊕ Z · 1 +
√

m

2
⊕ Z · 1 +

√
n

2
⊕ Z · (1 +

√
m

2
)(

1 +
√

k

2
).

Hence OK ⊆ Z · 1 ⊕ Z · 1+
√

m
2

⊕ Z · 1+
√

n
2

⊕ Z · (1+
√

m
2

)(1+
√

k
2

). For the converse

we can see that (1+
√

m
2

)(1+
√

k
2

) ∈ OK , since 1+
√

m
2

∈ OK and 1+
√

k
2

∈ OK . Since

{1, 1+
√

m
2

, 1+
√

2
2

, (1+
√

m
2

)(1+
√

k
2

)}is linearly independent over Q (so over Z), it is an

integral basis of Q[
√

m,
√

n]. The proof is complete.
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Next, we will find the discriminant in all cases.

Lemma 3.2.2. Let a, b, c ∈ R. Then

∣∣∣∣∣∣∣∣∣∣∣∣

1 a b c

1 a −b −c

1 −a b −c

1 −a −b c

∣∣∣∣∣∣∣∣∣∣∣∣
= −16abc.

Proof. ∣∣∣∣∣∣∣∣∣∣∣∣

1 a b c

1 a −b −c

1 −a b −c

1 −a −b c

∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣

4 0 0 0

1 a −b −c

1 −a b −c

1 −a −b c

∣∣∣∣∣∣∣∣∣∣∣∣

R1 + R2 + R3 + R4

=

∣∣∣∣∣∣∣∣∣∣∣∣

4 0 0 0

2 0 −2b 0

2 −2a 0 0

1 −a −b c

∣∣∣∣∣∣∣∣∣∣∣∣
R2 + R4

R3 + R4

= 4

∣∣∣∣∣∣∣∣∣
0 −2b 0

−2a 0 0

−a −b c

∣∣∣∣∣∣∣∣∣ = 4c

∣∣∣∣∣∣ 0 −2b

−2a 0

∣∣∣∣∣∣ = −16abc.
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Theorem 3.2.3. Let K = Q[
√

m,
√

n] where m and n are distinct squarefree

integers and k =
mn

d2
where d = (m, n).

(i) If m ≡ 3, n ≡ k ≡ 2 (mod 4), then δK = 64mnk,

(ii) If m ≡ 1, n ≡ k ≡ 2 or 3 (mod 4), then δK = 16mnk,

(iii) If m ≡ n ≡ k ≡ 1 (mod 4), then δK = mnk.

Proof. Recall that δK =discK(α1, . . . , αn) where {α1, . . . , αn} is an integral basis

of K over Q.

Case1. m ≡ 3, n ≡ k ≡ 2 (mod 4).

Then {1,
√

m,
√

n,

√
n +

√
k

2
} is an integral basis, so we compute discriminant as

follows:

δK =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
√

m
√

n

√
n +

√
k

2

1
√

m −
√

n
−
√

n−
√

k

2

1 −
√

m
√

n

√
n−

√
k

2

1 −
√

m −
√

n
−
√

n +
√

k

2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2

=
1

4

∣∣∣∣∣∣∣∣∣∣∣∣

1
√

m
√

n
√

n +
√

k

1
√

m −
√

n −
√

n−
√

k

1 −
√

m
√

n
√

n−
√

k

1 −
√

m −
√

n −
√

n +
√

k

∣∣∣∣∣∣∣∣∣∣∣∣

2

=
1

4

∣∣∣∣∣∣∣∣∣∣∣∣

1
√

m
√

n
√

k

1
√

m −
√

n −
√

k

1 −
√

m
√

n −
√

k

1 −
√

m −
√

n
√

k

∣∣∣∣∣∣∣∣∣∣∣∣

2

C4 − C3

=
1

4
(−16

√
m
√

n
√

k)2 = 64mnk (by Lemma 3.2.2).
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Case2. m ≡ 1, n ≡ k ≡ 2 or 3 (mod 4).

Then {1, 1 +
√

m

2
,
√

n,

√
n +

√
k

2
} is an integral basis, so we compute discriminant

as follows:

δK =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
1 +

√
m

2

√
n

√
n +

√
k

2

1
1 +

√
m

2
−
√

n
−
√

n−
√

k

2

1
1−

√
m

2

√
n

√
n−

√
k

2

1
1−

√
m

2
−
√

n
−
√

n +
√

k

2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2

=
1

16

∣∣∣∣∣∣∣∣∣∣∣∣

1 1 +
√

m
√

n
√

n +
√

k

1 1 +
√

m −
√

n −
√

n−
√

k

1 1−
√

m
√

n
√

n−
√

k

1 1−
√

m −
√

n −
√

n +
√

k

∣∣∣∣∣∣∣∣∣∣∣∣

2

=
1

16

∣∣∣∣∣∣∣∣∣∣∣∣

1
√

m
√

n
√

k

1
√

m −
√

n −
√

k

1 −
√

m
√

n −
√

k

1 −
√

m −
√

n
√

k

∣∣∣∣∣∣∣∣∣∣∣∣

2

C2 − C1

C4 − C3

=
1

16
(−16

√
m
√

n
√

k)2 = 16mnk (by Lemma 3.2.2).
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Case3. m ≡ n ≡ k ≡ 1 (mod 4).

Then {1, 1 +
√

m

2
,
1 +

√
n

2
, (

1 +
√

m

2
)(

1 +
√

k

2
)} is an integral basis, so we com-

pute discriminant as follows:

δK =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
1 +

√
m

2

1 +
√

n

2
(
1 +

√
m

2
)(

1 +
√

k

2
)

1
1 +

√
m

2

1−
√

n

2
(
1 +

√
m

2
)(

1−
√

k

2
)

1
1−

√
m

2

1 +
√

n

2
(
1−

√
m

2
)(

1−
√

k

2
)

1
1−

√
m

2

1−
√

n

2
(
1−

√
m

2
)(

1 +
√

k

2
)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2

=
1

256

∣∣∣∣∣∣∣∣∣∣∣∣

1 1 +
√

m 1 +
√

n 1 +
√

m +
√

k +
√

m
√

k

1 1 +
√

m 1−
√

n 1 +
√

m−
√

k −
√

m
√

k

1 1−
√

m 1 +
√

n 1−
√

m−
√

k +
√

m
√

k

1 1−
√

m 1−
√

n 1−
√

m +
√

k −
√

m
√

k

∣∣∣∣∣∣∣∣∣∣∣∣

2

=
1

256

∣∣∣∣∣∣∣∣∣∣∣∣∣

1
√

m +
√

n
√

m +
√

k +
m

d

√
n

1
√

m −
√

n
√

m−
√

k − m

d

√
n

1 −
√

m +
√

n −
√

m−
√

k +
m

d

√
n

1 −
√

m −
√

n −
√

m +
√

k − m

d

√
n

∣∣∣∣∣∣∣∣∣∣∣∣∣

2

C2 − C1

C3 − C1

C4 − C1

=
1

256

∣∣∣∣∣∣∣∣∣∣∣∣

1
√

m +
√

n
√

k

1
√

m −
√

n −
√

k

1 −
√

m +
√

n −
√

k

1 −
√

m −
√

n
√

k

∣∣∣∣∣∣∣∣∣∣∣∣

2

C4 − C2 −
m

d
C3

=
1

256
(−16

√
m
√

n
√

k)2 = mnk (by Lemma 3.2.2).
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3.3 Decomposition of Rational Primes

In this section we will find the decomposition of rational primes in biquadratic

fields. We will use the following theorem from [6] to a biquadratic field which is a

quadratic extension of a quadratic field.

Theorem 3.3.1. [6] Let p be a prime number, F an algebraic number field con-

taining a primitive pth root of unity ζ, a ∈ F such that a is not the pth power of

an element of F , t is a root of xp − a and K = F (t).

(i) If aOF = P eJ , where J is an ideal of OF not a multiple of P and e > 0 is

an integer not a multiple of p, then P is ramified in K/F .

(ii) Assume that P divides neither aOF nor pOF .

(iia) If the congruence Xp ≡ a (mod P ) has a solution in OF , then P splits

completely in K/F .

(iib) If the congruence Xp ≡ a (mod P ) has no solution in OF , then P is

inert in K/F .

(iii) Assume that P does not divide aOF but (1− ζ)OF = P eJ where J is an

ideal of OF not a multiple of P and e > 0.

(iiia) If the congruence Xp ≡ a (mod P pe+1) has a solution in OF , then P

splits completely in K/F .

(iiib) If the congruence Xp ≡ a (mod P pe+1) has no solution in OF but the

congruence Xp ≡ a (mod P pe) has a solution in OF , then P inert in

K/F .

(iiic) If the congruence Xp ≡ a (mod P pe) has no solution in OF , then P

ramified in K/F .

Next, we will apply this theorem with case p = 2.
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Theorem 3.3.2. Let F be a quadratic field, K = F [
√

a] where a is a squarefree

integer which is not a square of an element of F . Let P be any nonzero prime ideal

of OF .

(i) If aOF = P eJ , where J is an ideal of OF not a multiple of P and e > 0 is

odd, then P is ramified in K/F .

(ii) Assume that P divides neither aOF nor 2OF .

(iia) If the congruence X2 ≡ a (mod P ) has a solution in OF , then P splits

completely in K/F .

(iib) If the congruence X2 ≡ a (mod P ) has no solution in OF , then P is

inert in K/F .

(iii) Assume that P does not divide aOF but 2OF = P eJ where J is an ideal

of OF not a multiple of P and e > 0.

(iiia) If the congruence X2 ≡ a (mod P 2e+1) has a solution in OF , then P

splits completely in K/F .

(iiib) If the congruence X2 ≡ a (mod P 2e+1) has no solution in OF but the

congruence X2 ≡ a (mod P 2e) has a solution in OF , then P inert in

K/F .

(iiic) If the congruence X2 ≡ a (mod P 2e) has no solution in OF , then P

ramified in K/F .

From Theorem 3.3.2, we can find the decomposition of rational primes in bi-

quadratic fields by choosing F to satisfy one of three conditions as above.
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Theorem 3.3.3. Let K = Q[
√

m,
√

n] where m and n are distinct squarefree

integers and k =
mn

d2
where d = (m, n). Then

2OK =



P4
1 , if m ≡ 3, n ≡ 2 (mod 4)

P2
1P2

2 , if m ≡ 1 (mod 8) and n ≡ 2 or 3 (mod 4)

P2
1 , if m ≡ 5 (mod 8) and n ≡ 2 or 3 (mod 4)

P1P2P3P4 , if m ≡ 1 (mod 8), n ≡ 1 (mod 8)

P1P2 , if m ≡ 1 (mod 8), n ≡ 5 (mod 8).

Proof. Case1 m ≡ 3, n ≡ k ≡ 2 (mod 4).

Take F = Q[
√

n]. By Theorem 2.1.20 and Theorem 2.2.27 we have OF

= Z · 1 + Z ·
√

n and 2OF = 〈2,
√

n〉2 = P 2
2 . Since N(2OF )=|NF (2)|=4, N(P2)

2

=N(P 2
2 ) =N(2OF )=4, and so N(P2)=2. Note that K = F [

√
m] and N(mOF )=

|NF (m)| = m2. Since 2 - m, by Corollary 2.2.13 P2 - mOF . This shows that P2

satisfies Theorem 3.3.2(iii) with e = 2, then we have to check that the congruence

X2 ≡ m (mod P 4
2 ) has a solution in OF or not.

Since OF = Z · 1 + Z ·
√

n, we have

P 4
2 = (P 2

2 )2

= (2OF )2

= 4OF

= 4(Z · 1 + Z ·
√

n)

= Z · 4 + Z · 4
√

n.

Claim that X2 ≡ m (mod P 4
2 ) has no solution in OF . Suppose not, i.e. there

exists an X = u+v
√

n for some u, v ∈ Z which is a solution of X2 ≡ m (mod P 4
2 ).

Then X2 −m ∈ Z · 4 + Z · 4
√

n. Since X2 −m = (u2 + v2n−m) + (2uv)
√

n, we

have 4 | u2 + v2n−m and 4 | 2uv, and so 2 | uv. If 2 | u, from 4 | u2 + v2n−m we

obtain that 4 | v2n −m which contradicts the fact that v2n −m is odd. If 2 | v,

from 4 | u2 + v2n −m we obtain that 4 | u2 −m which contradicts the fact that
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x2 ≡ 3 (mod 4) has no solution in Z. Hence we have the claim. This shows that

P2 satisfies Theorem 3.3.2(iiic). Hence P2 is ramified, i.e. P2OK = P2
1 where P1 is

a prime ideal of OK . Thus 2OK = P4
1 .

Case2 m ≡ 1, n ≡ k ≡ 2 or 3 (mod 4).

Case2.1 m ≡ 1 (mod 8) and n ≡ k ≡ 2 or 3 (mod 4).

Take F = Q[
√

n]. By Theorem 2.1.20 and Theorem 2.2.27 we have OF =

Z ·1+Z ·
√

n and 2OF = 〈2,
√

n〉2 = P 2
2 . Since N(2OF )=|NF (2)|=4, N(P2)

2=N(P 2
2 )

=N(2OF )=4, and so N(P2)=2. Note that K = F [
√

m] and N(mOF )=|NF (m)| =

m2. Since 2 - m, by Corollary 2.2.13 P2 - mOF . This shows that P2 satisfies

Theorem 3.3.2(iii) with e = 2, then we have to check that the congruence X2 ≡ m

(mod P 5
2 ) has a solution in OF or not.

Since OF = Z · 1 + Z ·
√

n, we have

P 5
2 = (P 4

2 )(P2)

= 〈4〉
〈
2,
√

n
〉

=
〈
8, 4

√
n
〉

= 8OF + 4
√

nOF

= Z · 8 + Z · 8
√

n + Z · 4
√

n + Z · 4n

= Z · 8 + Z · 4
√

n.

Choose X = 1 as a solution of X2 ≡ m (mod P 5
2 ). Since m ≡ 1 (mod 8), then

1−m ∈ Z · 8 ⊆ Z · 8 + Z · 4
√

n. This shows that P2 satisfies Theorem 3.3.2(iiia),

Hence P2 splits completely, i.e. P2OK = P1P2 where P1,P2 are distinct prime

ideals of OK . Thus 2OK = P2
1P2

2 .
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Case2.2 m ≡ 5 (mod 8) and n ≡ k ≡ 2 (mod 4).

Take F = Q[
√

m]. By Theorem 2.1.20 and Theorem 2.2.27 we have OF = Z · 1 +

Z · 1+
√

m
2

and 2OF = P2 is inert. Since n = 4a + 2 = 2(2a + 1) for some a ∈ Z,

then nOF = 2OF (2a + 1)OF = P2J . This shows that P2 satisfies Theorem 3.3.2(i)

with e = 1 which is odd, so P2 is ramified, i.e. P2OK = P2
1 where P1 is a prime

ideal of OK . Hence 2OK = P2
1

Case2.3 m ≡ 5 (mod 8) and n ≡ k ≡ 3 (mod 4).

Take F = Q[
√

m]. By Theorem 2.1.20 and Theorem 2.2.27 we have OF = Z · 1 +

Z · 1+
√

m
2

and 2OF = P2 is inert. Since N(2OF )=|NF (2)|=4, N(P2)=4. Note that

K = F [
√

n] and N(nOF )=|NF (n)| = n2. Since 4 - n, by Corollary 2.2.13 P2 - nOF .

This shows that P2 satisfies Theorem 3.3.2(iii) with e = 1, then we have to check

that the congruence X2 ≡ n (mod P 2
2 ) has a solution in OF or not.

Since OF = Z · 1 + Z · 1+
√

m
2

, we have

P 2
2 = (2OF )2

= 4OF

= 4(Z · 1 + Z · 1 +
√

m

2
)

= Z · 4 + Z · 4(
1 +

√
m

2
).

Claim that X2 ≡ n (mod P 2
2 ) has no solution in OF . Suppose not, i.e. there exists

an X = u + v(1+
√

m
2

) for some u, v ∈ Z which is a solution of X2 ≡ n (mod P 2
2 ).

Then X2 − n ∈ Z · 4 + Z · 4(1+
√

m
2

).

Consider X2 − n = u2 + 2uv(1+
√

m
2

) + v2(1+m+2
√

m
4

)− n

=u2 + v2(1+m
4

)− v2

2
− n + (2uv + v2)(1+

√
m

2
)

=u2 + v2(m−1
4

)− n + v(2u + v)(1+
√

m
2

) ∈ Z · 4 + Z · 4(1+
√

m
2

),

we have 4 | u2 + v2(
m− 1

4
) − n and 4 | v(2u + v). Then v is even, and so we

have 4 | u2 − n which contradicts the fact that x2 ≡ 3 (mod 4) has no solution

in Z. This shows that P2 satisfies Theorem 3.3.2(iiic), then P2 is ramified, i.e.

P2OK = P2
1 where P1 is a prime ideal of OK . Hence 2OK = P2

1 .
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Case3 m ≡ n ≡ k ≡ 1 (mod 4). We have only 2 subcases as follows:

(1) m ≡ n ≡ k ≡ 1 (mod 8),

(2) m ≡ 1, n ≡ k ≡ 5 (mod 8).

Take F = Q[
√

m]. By Theorem 2.1.20 and Theorem 2.2.27 we have OF = Z · 1 +

Z · 1+
√

m
2

and 2OF = 〈2, 1+
√

m
2

〉〈2, 1−
√

m
2

〉 = P2P̄2. Since N(2OF )=|NF (2)|=4 and

N(P2)=N(P̄2), N(P2)=2 and N(P̄2) = 2. Note that K = F [
√

n] and N(nOF )=

|NF (n)| = n2. Since 2 - n, by Corollary 2.2.13 P2 - nOF and P̄2 - nOF . This shows

that P2 and P̄2 satisfy Theorem 3.3.2(iii) with e = 1, then we have to check that

the congruence X2 ≡ n (mod P 2
2 ) has a solution in OF or not.

Since OF = Z · 1 + Z · 1+
√

m
2

, we have

P 2
2 = 〈2, 1 +

√
m

2
〉〈2, 1 +

√
m

2
〉

= 〈4, 1 +
√

m,
1 + m + 2

√
m

4
〉.

Since m ≡ 1 (mod 8), m−1
8

∈ Z and so 1 +
√

m = (1−m
8

)(4) + (2)(1+m+2
√

m
4

), we

obtain that

P 2
2 = 〈4, 1 + m + 2

√
m

4
〉

= 4OK +
1 + m + 2

√
m

4
OK

= Z · 4 + Z · 4(
1 +

√
m

2
) + Z · 1 + m + 2

√
m

4
+ Z · (1 + m + 2

√
m

4
)(

1 +
√

m

2
)

= Z · 4 + Z · (2 + 2
√

m) + Z · 1 + m + 2
√

m

4
+ Z · (3m + 1 + (m + 3)

√
m

8
).

Since m ≡ 1 (mod 8), m−1
8

∈ Z and so we have 2+2
√

m = (1−m
4

)(4)+4(1+m+2
√

m
4

)

and (3m+1+(m+3)
√

m
8

) = −(m−1
8

)2(4) + (m+3
4

)(1+m+2
√

m
4

), this shows that

P 2
2 = Z · 4 + Z · 1 + m + 2

√
m

4
.

Choose X = 1 as a solution of X2 ≡ n (mod P 2
2 ). Since n ≡ 1 (mod 4), then

1−n ∈ Z · 4 ⊆ Z · 4+Z · (1+m+2
√

m
4

). This shows that P2 does not satisfy Theorem

3.3.2(iiic). Hence we have to check that the congruence X2 ≡ n (mod P 3
2 ) has a
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solution in OF or not. Since OF = Z · 1 + Z · 1+
√

m
2

, we have

P 3
2 = 〈4, 1 + m + 2

√
m

4
〉〈2, 1 +

√
m

2
〉

= 〈8, 2 + 2
√

m,
m + 1 + 2

√
m

2
,
(3m + 1) + (m + 3)

√
m

8
〉.

Since m ≡ 1 (mod 8), m−1
8

∈ Z and so 2 + 2
√

m = (1−m
8

)(8) + (2)(1+m+2
√

m
2

), we

obtain that

P 3
2 = 〈8, m + 1 + 2

√
m

2
,
(3m + 1) + (m + 3)

√
m

8
〉

= 〈8, m + 1 + 2
√

m

2
,
(3m + 1) + (m + 3)

√
m

8
− (

m− 1

8
)(

m + 1 + 2
√

m

2
)〉

= 〈8, m + 1 + 2
√

m

2
,
(−m2 + 6m + 3) + 8

√
m

16
〉.

Since m ≡ 1 (mod 8), m−1
8

∈ Z and so m+1+2
√

m
2

= (m−1
8

)2(8)+(2)(−m2+6m+3+8
√

m
16

),

we obtain that

P 3
2 = 〈8, m + 1 + 2

√
m

2
,
(−m2 + 6m + 3) + 8

√
m

16
〉

= 〈8, (−m2 + 6m + 3) + 8
√

m

16
〉

= 8OK +
(−m2 + 6m + 3) + 8

√
m

16
OK

= Z · 8 + Z · 8(
1 +

√
m

2
) + Z · ((−m2 + 6m + 3) + 8

√
m

2
)

+ Z · ((−m2 + 6m + 3) + 8
√

m

16
)(

1 +
√

m

2
)

= Z · 8 + Z · (4 + 4
√

m) + Z · (−m2 + 6m− 5

16
+

1 +
√

m

2
)

+ Z · (−m2 + 14m + 3

32
+

(−m2 + 6m + 11)
√

m

32
)

= Z · 8 + Z · (4 + 4
√

m) + Z · (−m2 + 6m− 5

16
+

1 +
√

m

2
)

+ Z · (m− 1

4
− (

(m2 − 6m− 11)

16
)(

1 +
√

m

2
)).
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Since m ≡ 1 (mod 8), m−1
8

∈ Z and so we have 4 + 4
√

m = (−(m−1)(m−5)
16

)(8) +

8(−m2+6m−5
16

+ 1+
√

m
2

) and (m−1
4

− ( (m2−6m−11)
16

)(1+
√

m
2

)) = (−(m−1)4+8(m−1)3

2048
)(8) −

(m2−6m−11
16

)(−m2+6m−5
16

+ 1+
√

m
2

), this shows that

P 3
2 = Z · 8 + Z · (−m2 + 6m− 5

16
+

1 +
√

m

2
)

= Z · 8 + Z · (4(m− 1)− (m− 1)2 + 8 + 8
√

m

16
).

Suppose X = u + v(1+
√

m
2

) where u, v ∈ Z is a solution of X2 ≡ n (mod P 3
2 ) in

OF . Then X2 − n ∈ Z · 8 + Z · (4(m−1)−(m−1)2+8+8
√

m
16

).

Since X2 − n = u2 + 2uv(1+
√

m
2

) + v2(1+m+2
√

m
4

)− n

= u2 + uv + v2(1+m
4

)− n + (2uv + v2)(
√

m
2

)

= u2 + uv + v2(1+m
4

)− n + (2uv + v2)(8
√

m
16

)

= u2 + uv + v2(1+m
4

)− n− (2uv + v2)(4(m−1)−(m−1)2+8
16

)

+(2uv + v2)(4(m−1)−(m−1)2+8+8
√

8
16

)

= u2 − uv( (m−1)(m+3)
8

) + v2 (m−1)2

16
− n

+(2uv + v2)(4(m−1)−(m−1)2+8+8
√

8
16

)

∈ Z · 8 + Z · (4(m−1)−(m−1)2+8+8
√

m
16

),

we have

8 | u2 − uv(
(m− 1)(m + 3)

8
) + v2 (m− 1)2

16
− n

8 | u2 − 2uv
m− 1

4
+ v2 (m− 1)2

16
+ 2uv

m− 1

4
− uv(

(m− 1)(m + 3)

8
)− n

8 | (u− v(
m− 1

4
))2 − uv

(m− 1)2

8
− n.

Since m ≡ 1 (mod 8),8 | uv(m−1)2

8
so we have 8 | (u− v(m−1

4
))2 − n.

Case1 n ≡ 1 (mod 8). We choose u = 1, v = 0. Then the congruence X2 ≡ n

(mod P 3
2 ) has a solution in OF and so P2 satisfies Theorem 3.3.2(iiia). Hence

P2 splits completely. Similarly we can prove that P̄2 also splits completely. Thus

P2OK = P1P2 and P̄2OK = P3P4 where P1,P2,P3 and P4 are distinct prime ideals

of OK . Hence 2OK = P1P2P3P4.
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Case2 n ≡ 5 (mod 8). Since x2 ≡ 5 (mod 8) has no solution in Z, we obtain that

the congruence X2 ≡ n (mod P 3
2 ) has no solution in OF and so then P2 satisfies

Theorem 3.3.2(iiib). Hence P2 is inert. Similarly we can prove that P̄2 is also inert.

Then 2OK = P1P2 where P1 and P2 are distinct prime ideals of OK .

That completes the proof.

Lemma 3.3.4. Let p be an odd prime number, m,n be squarefree integers not a

multiple of p and k =
mn

d2
where d = (m, n). Then (m/p)(n/p) = (k/p).

Proof. Recall the fact that (a/p)(b/p) = (ab/p), then apply this fact by a = d2,

b = mn
d2 . Since (d2/p) = 1, (m/p)(n/p) = (mn/p) = (mn

d2 /p)(d2/p) = (k/p), so we

complete the proof.

Next, we will use Theorem 3.3.2 and Lemma 3.3.4 to compute explicitly factors

of p in each case.

Theorem 3.3.5. Let K = Q[
√

m,
√

n] where m and n are distinct squarefree

integers and k =
mn

d2
where d = (m, n). Then

pOK =



P2
1P2

2 , if p | m, p | n, p - k and (k/p) = 1

P2
1 , if p | m, p | n, p - k and (k/p) = −1

P1P2P3P4 , if p - mnk, (m/p) = 1, and (n/p) = 1

P1P2 , if p - mnk, (m/p) = −1 and (n/p) = −1

.

Proof. Since m, n are squarefree integers, we have only 2 cases as follows:

Case1 p divides at least one of m, n or k.

Without loss of generality, we say p | m. Claim that p divides exactly one of n or

k. Suppose that p - n. Then p - d. Since p | m, p | d2k so p | k.

Next, suppose that p | n. Since m and n are squarefree, m = px and n = py for

some x, y ∈ Z such that p - x and p - y. Hence p | d and kd2/p2 = xy. Since p - x

and p - y, p - k.
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In this case we assume that p | m and p | n so we have p - k.

Case1.1 (k/p) = 1. Take F = Q[
√

k]. By Theorem 2.2.28 pOF = 〈p, a+
√

k〉〈p, a−
√

k〉 = PP̄ where a ∈ Z such that k ≡ a2 (mod p). Since p | m and m is

a squarefree integer, m = px for some x ∈ Z such that p - x. Then mOF =

pOF xOF = PP̄xOF . So we have mOF = PJ where J = P̄ xOF and P - P̄ xOF .

Similarly we have mOF = P̄ J ′ where J ′ = PxOF and P̄ - PxOF . Hence P and

P̄ satisfy Theorem 3.3.2(i) with e = 1 which is odd, so P and P̄ are ramified, i.e.

POK = P2
1 and P̄OK = P2

2 where P1 and P2 are distinct prime ideals of OK .

Hence pOK = P2
1P2

2 .

Case1.2 (k/p) = −1. By Theorem 2.2.28 pOF = P is inert. Since p | m and m

is a squarefree integer, m = px for some x ∈ Z such that p - x. Then mOF =

pOF xOF = PxOF and P - xOF . Hence P satisfies Theorem 3.3.2(i) with e = 1

which is odd, so P is ramified, i.e. POK = P2
1 where P1 is a prime ideal of OK .

Hence pOK = P2
1 .

Case2 p does not divide m, n and k.

By Lemma 3.3.4 we have only 2 cases as follows:

(1) (m/p) = (n/p) = (k/p) = 1,

(2) exactly one of (m/p), (n/p) and (k/p) equals 1.

Case2.1 (m/p) = (n/p) = (k/p) = 1.

Take F = Q[
√

m], by Theorem 2.2.28 pOF = 〈p, a+
√

m〉〈p, a−
√

m〉 = PP̄ where

a ∈ Z such that m ≡ a2 (mod p). Since N(pOF )=|NF (p)| = p2 and N(P )=N(P̄ ),

N(P )=N(P̄ ) = p. Note that K = F [
√

n] and N(nOF )=|NF (n)| = n2. Since

p - n and p - 2, by Corollary 2.2.13 we have P - nOF , P - 2OF , P̄ - nOF and

P̄ - 2OF . Hence P and P̄ satisfy Theorem 3.3.2(ii). Then we have to check

that X2 ≡ n (mod P ) has solution in OF or not. Since (n/p) = 1, there exists

b ∈ Z such that b2 ≡ n (mod p). Then we choose X = b, so X ∈ Z ⊆ OF and

X2 − n ∈ Z · p ⊆ pOF ⊆ P . This means that P satisfies Theorem 3.3.2(iia),

so P splits completely. Similarly we can prove that P̄ splits completely. Then

POK = P1P2 and P̄OK = P3P4 where P1,P2,P3 and P4 are distinct prime ideals
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of OK . Hence pOK = P1P2P3P4.

Case2.2 Exactly one of (m/p), (n/p) and (k/p) equals 1.

Without loss of generality, we say (m/p) = 1 and (n/p) = −1.

Take F = Q[
√

n], by Theorem 2.2.28 pOF = P is inert. Since N(pOF )=

|NF (p)| = p2, N(P ) = p2. Note that K = F [
√

m] and N(mOF )=|NF (m)| = m2.

Since p - m and p - 2, by Corollary 2.2.13 we have P - mOF and P - 2OF . This

shows that P satisfies Theorem 3.3.2(ii). Then we have to check that X2 ≡ m

(mod P ) has solution in OF or not. Since (m/p) = 1, there exists c ∈ Z such that

c2 ≡ m (mod p). Then we choose X = c, so X ∈ Z ⊆ OF and X2−m ∈ Z ·p ⊆ P .

This means that P satisfies Theorem 3.3.2(iia), so P splits completely, i.e. POK =

P1P2 where P1 and P2 are distinct prime ideals of OK . Hence pOK = P1P2. The

proof is completed.

Corollary 3.3.6. Let K = Q[
√

m,
√

n] where m and n are distinct squarefree

integers and k =
mn

d2
where d = (m, n). Then

(i) No prime p is inert in K,

(ii) If a prime p is ramified in each of the quadratic subfields, then p is totally

ramified in K, and

(iii) If a prime p splits completely in each of the quadratic subfields, then p splits

completely in K.

Proof. (i) Follows by Theorem 3.3.3 and Theorem 3.3.5.

(ii) Suppose a prime p is ramified in each of the quadratic subfields.

Case1 p = 2.

Since 2 is ramified in each of the quadratic subfields, m ≡ 2 or 3 (mod 4), n ≡

2 or 3 (mod 4) and k ≡ 2 or 3 (mod 4). If m ≡ n ≡ k ≡ 3 (mod 4), then d is

odd, so 3 ≡ k ≡ kd2 ≡ mn ≡ 1 (mod 4) which is a contradiction. Hence exactly

one of m,n and k ≡ 3 (mod 4) and the others ≡ 2 (mod 4). By Theorem 3.3.3, 2

is totally ramified.
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Case2 p is odd.

Since p is ramified in each of the quadratic subfields, p | m, p | n and p | k, which

is impossible. Hence this case never occur.

(iii) Suppose a prime p splits completely in each of the quadratic subfields.

Case1 p = 2.

Since 2 splits completely in each of the quadratic subfields, m ≡ n ≡ k ≡ 1

(mod 8). By Theorem 3.3.3, 2 splits completely.

Case2 p is odd.

Since p splits completely in each of the quadratic subfields, p - m, (m/p) = 1,

p - n, (n/p) = 1 and p - k, (k/p) = 1. Hence p - mnk, (m/p) = 1 and (n/p) = 1.

By Theorem 3.3.5, p splits completely.
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