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CHAPTER 1

INTRODUCTION

The phenomenon of Bose-Einstein condensation (BEC) was predicted by
Bose [1] and Einstein in 1924 [2]. They predicted that at a finite temperature,
almost all the particles of a bosonic system would occupy the ground state as soon
as the quantum wave functions of the particles start to overlap. In a Bose-Einstein
condensate millions of atoms occupy a single quantum state. In 1995, BEC was
reported by scientists at JILA (Boulder) [3], followed by similar reports from Rice
University (Texas) [4] and MIT (Cambridge) [5]. The breakthrough was made
possible by combining laser cooling with evaporative cooling in a magnetic trap
achieved a temperature on the order of 107 K. The first evidence for conden-
sation emerged from time of flight measurements. A sharp peak in the velocity

distribution was observed below a critical temperature.

In this thesis we study two main topics: Bose-Einstein condensation in a

double well potential and Bose-Einstein condensation in a disordered system.

1.1 Bose-Einstein Condensation in a Double Well

Potential

In 2005, Albiez et al. [6] reported the first realization of a single bosonic Joseph-
son junction, implemented by two weakly linked Bose-Einstein condensates in a
double-well potential. In the experiment, 3’Rb BEC is loaded into an optical effec-

tive double well potential, which can be modeled by a harmonic trap superimposed



by a cosine barrier. They used a two-mode model based on symmetric and anti-
symmetric wave functions of the Gross-Pitaevskii equation. In 2006, Ananikian
et al. improved the two-mode model for BEC in a double well potential [7]. This
double well potential is taken as a harmonic potential with Gaussian barrier. In
general, these problems cannot be solved analytically. However, we can solve
this problem by using Feynman’s path integral theory. All calculations can be
performed analytically with the help of the generating functional associated with
the trial action containing one variational parameter. The ground state energy
and wave function are readily derived from the propagator in the path integral
formulation. The advantage of this method is that all calculations can be done

analytically.

In this topic, we use Feynman’s path integral theory to study the BEC
in a double well potential of 2 types: a harmonic potential superimposed by a
Gaussian and cosine barrier. The two body interaction is assumed to be a delta-
shaped potential having the scattering length a. The mean field approximation is
performed by replacing the pair potential into a one body potential by neglecting
the fluctuation. The ground state and the first excited state wave functions are
used to calculate the overlap integral «;; and compare with the Thomas-Fermi

approximation and the two-mode model of the Gross-Pitaevskii equation.

1.2 Bose-Einstein Condensation in a Disordered

System

In the last few years great attention has been devoted to the investigation of dis-
ordered Bose systems. The experimental realizations of these systems are liquid
4He adsorbed in various types of porous media such as vycor and aerogel. These
systems exhibit many interesting properties, which have not yet been fully under-
stood theoretically, such as the suppression of superfluidity [8], a rich variety of

elementary excitations [9, 10] a critical behavior near the phase transition different



from the bulk [11-15] and condensate-non condensate interaction generated by the

nonhomogeneity of the matter.

We consider a model of a system consisting of N Bose particles with two
body interactions confined within a volume V. The two body interaction can be
assumed to have the scattering length a and the correlation length [. The porosity
of the system or the nonhomogeneity can be represented by the density of porosity
(n/V) and with amplitude of the fluctuation b and an autocorrelation length L.
The main idea of this approach is to perform the mean field approximation in
the Feynman approach. This approximation is equivalent to replacing the two
body potential into a one body potential interacting with the effective random
potential. Performing the random potential due to the mean field approximation
of pair potential and the random potential of the nonhomogeneous system we
obtained the one body effective propagator. We will show that this effective one
body propagator allows us to determine all physical properties such as the ground
state energy, the wave functions, the effective masses, and the condensate as well

as the superfluid density.

1.3 Outline of Thesis

This thesis is divided as follows. Chapter 2 provides a detailed description of
the review of the concepts of path integral theory. Chapter 3 describes Bose-
Einstein condensation in a double well potential. We will explain the BEC in
both Gaussian and cosine barrier. We also obtain the analytic expressions and
use them to calculate the ground state energy and the wave function. Chapter 4
describes the ground state properties of Bose-Einstein condensation in a disordered

system. Finally, conclusion and discussion are drawn in Chapter 5.



CHAPTER 11

FEYNMAN’S PATH INTEGRAL
THEORY

In this chapter we review the concepts of the path integral theory which
are related to this thesis. The first section gives the detailed description of the
harmonic oscillator and the second section provides the detailed calculations of
the non-local harmonic oscillator. These two propagators are used to study the

systems in the variational calculation in Chapter 3 and Chapter 4.

In classical mechanics, the principle of the least action is a way of express-
ing the condition that determines the particular path or classical path Z(7) out of

all the possible paths [16]. The action S is defined as

tp
S:/ L(z,z,7)dT, (2.1)
ta

where L is the Lagrangian of the system, ¢, is an initial time and %, is a final
time. For a particle of mass m moving in a potential V' (z, 7), which is a function

of position and time, the Lagrangian is

m

L= 55:2 —V(z,7). (2.2)
In quantum mechanics, we can not exactly know in which paths the particle go
from a to b. Consequently, the total amplitude to go from a to b must be con-
tributed by all paths. Feynman found that they contribute equal amounts to the

total amplitude, but contribute at different phases. The phase of the contribution



is equal to S/h [16]. The probability P(b,a) to go from z, at the time 7, to x; at

the time 7, can be calculated as follows:
P(b,a) = |K(b,a)” (2.3)

where K (b,a) is the amplitude to go from a to b. This amplitude is the sum of

contribution ¢ [z(7)] from each path.

K (b,a) = ) ola(7)). (2.4)

over all paths from a to b

The contribution of a path has a phase proportional to the action S.

Slz(7)] = (const) exp |:%S{x(7)}] (2.5)

The action is that for the corresponding classical system. The constant will be

chosen to normalize K.

We separate the time into small interval e. This gives a set of times 71, 75, 73, . . .
between the values 7, and 7,, where 7;,1 = 7; + €. At each time, 7;, we select some
special point z; and construct a path by connecting consecutive points with a
straight line. These processes are shown in Figure 2.1. It is possible to define a
sum over all paths constructed in this manner by taking a multiple integral over

all values of x; for ¢ from 1 to N — 1, where

Ne = 1,—1,
€ = Tiy1 — T
T0O = Tq , TN =Tp
To = Tq , TN = Tp. (2.6)

The resulting equation is

K(ba) ~ / / / (const) exp [%S{x(ﬂ}] dodrs .. dey . (27)

We do not integrate xy or x because these are the fixed end points z, and x;. In

order to achieve the correct measure, Eq.(2.7) must be taken in the limit of ¢ — 0
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Figure 2.1: Diagram showing the sum over paths which is defined as a limit of

large number of specified times separated by very small intervals e [16].

and some normalizing factor A= which depends on € must be provided in order

that the limit of Eq.(2.7) becomes

lgnA// /Const exp{ S{a(r )}} doy dm?...dle. (2.8)

This equation can also be written in a less restrictive notation as

K(b,a) = / exp {%5{;@(7)}} D(x()). (2.9)

This is called a path integral and the amplitude K (b, a) is known as the Feynman
propagator.

2.1 Harmonic Oscillator

We consider the one dimensional harmonic oscillator described by the Lagrangian

1 1
L= §m332 — émwQ:UQ. (2.10)

Thus the propagator can be written as

xo t

' 1 1
P (x9,z9;t) = /exp %/ (me2 - §mw x > dr | Dx(T). (2.11)

x1 0



The integral over all paths goes from (x,0) to (z9,t). The classical path T of the
d (0L OL
— =] ——=—=0. 2.12
dr (85) 0T (2.12)

For a harmonic oscillator, we can write Eq.(2.12) as

least action satisfies

T+wT=0. (2.13)
The solution of Eq.(2.13) is
Z(1) = Asinwt + B coswr, (2.14)

where A and B are constants. By applying the boundary conditions Z(0) = x4
and Z(t) = x2 to Eq.(2.14), we can obtain the constants A and B,

Ty — T1 COSwt
sin wt
= x. (2.15)

Now

— % [T(T)E(T)K]—/E(T)f(T)dT—wQ/fQ(T)dT
= % z(1)z(t) — 2(0)z(0) — / T (2(1) + WZ(7)) dr| . (2.16)

We find that the second term of Eq.(2.16) is equal to zero so we obtain

Su= % [F(t)Z(t) — #(0)T(0)] . (2.17)

Differentiating Eq.(2.14) with respect to 7, we obtain
Z(T) = Aw coswT — Bwsin wr. (2.18)

Substituting Eq.(2.14), Eq.(2.15) and Eq.(2.18) into Eq.(2.17), we can write the
classical action of the harmonic oscillator as

mw

Se

Ry [coswt (] + 23) — 2215) . (2.19)



Figure 2.2: Diagram showing the difference between the classical path Z(7) and

some possible alternative path z(7) as the function y(7) [16].

Let Z(7) be the classical path between the specified end points. This is the path

which is an extremum for the action S. In the notation we have been using
Salza, x1] = S[T(7)]. (2.20)
We can represent z in terms of T and a new variable x =7 +y
(1) =7(1) + y(7). (2.21)

This is to say, instead of defining a points on the path by its distance z(7) from an
arbitrary coordinate axis, we measure instead the deviation y(7) from the classical
path, as shown in Figure 2.2. Thus we can write the action as

t

set] = [ {5 ) +i)] - S w0 + () far
B / 2 7°(r) + 20(n)i(r) + 5|

) 75 [T2(r) + 22%(7)y? (7) + 2 (7)]

dr  (2.22)

or

Sl =salmr)] + [ |50°0) - "] an @



Substituting Eq.(2.23) into Eq.(2.11).

t

P ()2 )i =expSaler)] [ ey [ 5P0) - "5 arDiy)

2
(2.24)

We find that the integral over y(7) does not depend on the classical path and
0

y(1) =0 at t, and ¢, (See Figure 2.2) so we use symbol [ for integrating a closed
0

contour. We may write the propagator as

P (2 (1), 2 (0):1) = F(t,0)exp 1 [7(7)]. (2.25)

/0 ex j l 2<T>—m;"2y2(7)] drD(y(7)). (2.26)

0
We can calculate F'(¢,0) by expanding y(7) as a Fourier series

where

y(r) = Z ay, sin ? (2.27)

n

and then consider the paths as a function of the coefficient a,, instead of functions
of y(7). The details for calculating F'(¢,0) is given by Feynman and Hibbs [16].
The result is

me )1/2 (2.28)

Ft) = (

Therefore the propagator of harmonic oscillator is

P (t),2(0);1) = (

2mih sin wt

mw )1/2 [ imw

Plorar o [coswt (a7 + 23) — 2a12]

(2.29)

2mihsin wt

This propagator can be expanded in exponential function of time multiplied by

products of energy eigen function. That is,

1/2 '
<L> exp {zm—w [coswi(a} + 23) — 23:1.:52}]

2mihsin wt 2h sin wt
= ) e WMEG (2) 5 (x1). (2.30)

Using the relations
S 1 iwt —2iwt
isinwt = —e™(1—e ")

1 . )
coswt = 561“’t(1+e_2""t). (2.31)
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We can write the left-hand side of Eq.(2.30) as

Pz (t),z(0);t)

mw\Y2 _. . .
— e —iwt/2 1 — —2iwt\—1/2
<7rh> ¢ (I—e )

mw 1 4 e~ 2wt Az xoe
X exp {_E {(mf + z3) (1 — e—%wt> Tt | (- (2.32)

We can obtain a series having the form of the right-hand side of Eq.(2.30) in the

iwt —wt/2 it ig clear that all terms in

power of e™**. Because of the initial factor e
the exponential will be of the form e~ **2e~®! for n = 0, 1,2, ... This means the
energy levels are given by E,, = hiw(n 4+ 1/2). To find the wave functions, we have
to carry out the expression completely. We illustrate the method by going only as

far as n = 2. Expanding the left-hand side of Eq.(2.30) to this order we have

P (z(t),z(0);t)
_ <mw>1/2 e~ B (ad+ad) —iwt/2(1 16—2“‘”5 +...)
2

h
2mw . 2m2w? iy mw iy
X [1 + " r1xee Wt 4 2 ripie 2t ?(a:f + xd)e Hwt
(2.33)
From this we pick out the coefficient of the lowest term. It is
MWN\Y2 w2002y it (iR Eot *
(5r) " emttrabemian’s — =GN gy ()i (a1 (2.34)
70
This means that Ey = %hw and
1/4
do(z) = <@> o~ (muwa?/2h) (2.35)
mh
The next-order term in the expansion is
et/ 2t/ T2 o= i tad) 20X 0 o) — e G/MEM G (2) 87 (1), (2.36)
mh h
which implies that Fy = %hw, and
2mw
i1 (x) = —x¢o(x). (2.37)

h
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The next term corresponds to Fy = ghw The part of the term depending on x;

and xy is
MW\ Y2 me 2,0 [ 2mAw? mw 1
(ﬁ e 2h(1+2)[ 3 rir: — h(ac1+x2)+§
1/ 2mw 2mw .
= = xy—1 x5 — 1) do(2) (1) (2.38)
2 h h
We find that
L (2mw ,
6alo) = 5 (2550 = 1) uta). (2.30)
From these results, we obtain the energy levels of the harmonic oscillator.
1
E, = hw(n + 5), (2.40)

where n is an integer 0,1,2.... and all of the wave functions can be written in
Hermite polynomials [16].

6. = ) () s, (w %) e/, (2.41)

Therefore we can obtain energy levels and wave functions from the harmonic
oscillator propagator. This propagator will be used to study the Bose-Einstein

condensation in a double well potential in Chapter 3.

2.2 Non-local Harmonic Oscillator

In this section we give a detailed calculation of the non-local harmonic oscillator

in three dimensions. The propagator can be written as

7(t) T35 m’r’
P(?(t),?(O);t;w):/ D (7 (1)) exp ﬁfod (7) ;
o et [0 Jy drdo (T (7) = 7 (0))

Thoat
(2.42)
Rewrite the translational non-local quadratic harmonic oscillator term by expand-

ing in terms of the local harmonic oscillator plus the nonlocal quadratic harmonic
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oscillator.

() L drimT? (7)
. 2
7 (0) — L2 mw? fot dr7 (1) + %’”2—‘;’2 [fot dr7r (7‘)]
(2.43)

The Stratonovich transformation is a generalization of the Gaussian integral which

/: dzexp (br — az®) = \/Eexp (Z) (2.44)

1t
h 2mw?

b = —% Uotdﬁ’ (7)}. (2.45)

Physically, this transformation is equivalent to transform the translation quadratic

is given as

where in this case

terms into the linear term. Then we can write

exp [% ”;‘:2 { /0 s (T)} 2]

3
Tt 2 — ) L it =
= | = dX —— dr X - — X?| (246
(thmuZ) / P { h [/0 ! " (T)} i h 2mw? 1 (2.46)

We can rewrite the propagator as

P (7 (t),7(0);tw)

= (Pops (7 (), 7 (0) 5 tw))5

7 (1) it gl T
- / D (7 (1)) exp K o e <:) . 2.47)
— 7 — 7 —
7 (0) —Limw? [Jdrr (1) + £ [Jdr X -7 ()
and the average is defined by
—
dX A X?
<A>)—(> _ f exp (h 2mw2) (248)
de exp (7 57172)

The effective propagator can be easily evaluated exactly and the result is given in

Feynman and Hibbs [16].

Py (7 (1), 7 (0):150) = F, (50)exp |1 Suers (T (1), 7 (0):5:0)| - (249)
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where

|

Flp(tw) = (5 (2.50)

2mihsin wt

and

2sin (wt)
2

t ¢
——)_57(75)/ dr sinwt — )_57(0)/ drsin (w (t — 7))
mw 0 mw 0

o X2 ] drdosin (w (t — 7)) sinwo. (2.51)

Inserting the P.;¢ (7 (t), 7 (0);t;w) into the above expression and carrying out

ﬁ
the X -integration, we can write

P (7 (t), 7 (0);t;w)

3 . 2
B ( mw > 2 (1 t 2
- \27ihsinwt h 2mmw?

mw_ (772 (t) + 72 (0)) coswt — 27 (t) - 7 (0)}

2 sin(wt)
_QS?SZZJ,:) %)—5 T (t) f(f dr sinwt

/d)_() exp mw 2 (0) fg drsin (w (t — 7))

" 2sin(wt) mw

mw_ 22 fot Jy drdo sin (w (t — 7)) sinwo

=l

\  2sinwi m2w?
it 32
| A 2mw? X |
(2.52)
Consider the following integrations

/td sin (w (t — 7)) 1 coswt

T—— = —

0 sin wt wsinwt  wsinwt
/ b osinwt 1 coswt
dr— = - - —
o sinwt wsin (wt)  wsinwt

LT i t—7))si t 1 1
/ / drdo ™2 Gl : 7)) sinwa = — 4 — : (1 —coswt) | .
o Jo sin wt 2w w \wsinwt

(2.53)
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Substituting Eq.(2.53) into Eq.(2.52), we have the propagator

P (7 (t), 7 (0):t;w)

B mw S0t :
~ \ 2mihsin (wt) h 2rmw?
i mw —9 —9 o= =
X exp {hQSinwt{(r (t) + 7% (0)) coswt — 27 (¢) - 7 (0)}
/d)_f X (oo (1= coswt)) (F () + 7 (0))
X exp Swsme
“imaX [ (Garm (1 — coswi))]

(2.54)
é
Performing the X -integration we obtain

P(7(t),7(0);tw)

. 3
B ( mw ) 3 %Qwaz
2mihsin wt T

X exp [1 me {(7% @)+ 7% (0)) coswt — 27 (t) - 7 (0) ]

VR
m®
3
S| —
&
[NV
VR
&
0]
5| -
&
~
—
|
o
@]
»n
&
=
—_ —
~
w\lw

h2sinwt

[% (wsiilwt <1 — COSWt))]Q - — 2
X exp [ i ( 1 (1 —COSOJt)) (7" (1) + 7 (0)) ] : (2.55)

i
h mw wsinwt

Rewrite

P(7 (1), 7 (0);t;w)

S (L — r_t 1 ! (1 — coswt) :
~ \ 2mihsin (wt) h 2rmw? hrmw? \ wsinwt

tmwl _, wt

X exp &75 (7 (t) = 7 (0))? cot (7)} . (2.56)

N

N
N

We now consider the prefactor

Fit) = F, () (3 )[ T ] (2.57)

h 2mmw? — (ﬁwsinm (1-— coswt))

Using the relation 1 — cos (w (t)) = 2 (sin %)2, we obtain

F(w;t) = (2:th>3 [2 (Sz"rfw_t)] . (2.58)
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Finally, we obtain the propagator

P 0.7 00 = (o) (et ) [mcot (<) <?<t>—?<o>>2]

2miht 2 sin %t t
(2.59)

We obtain the exact solution of non-local harmonic oscillator propagator. This
propagator will be used to study the system which is translational invariant in the

topic of Bose-Einstein condensation in a disordered system in Chapter 4.



CHAPTER III

BOSE-EINSTEIN CONDENSATION
IN A DOUBLE WELL POTENTIAL

The first experimental implementation of a Josephson junction for Bose-
Einstein condensates was reported by Albiez et al. [6]. (Josephson junction is
weakly-coupled superconductors that are separated by a thin insulating barrier.)
For small initial population imbalances of the two wells, they observe Josephson
tunneling oscillations which are characterized by an oscillating population and
relative phase. If the initial population imbalance is chosen above a critical value,
resonant tunneling between the two wells is prohibited because the difference be-
tween the on-site particle interaction energies in the two wells exceeds the tunnel-
ing energy splitting. As a consequence, the atomic distribution becomes self-locked

which is called “macroscopic quantum self-trapping” as shown in Figure 3.1.

The experiment setup and procedure to create the ¥ Rb BEC is as follows.
The thermal cloud is loaded into an optical dipole trap consisting of two crossed,
focussed laser beams. The higher energy atoms are evaporated by lowering the
intensities. Subsequently, they adiabatically ramp up a periodic one-dimensional
light shift potential in x direction. Therefore, the external effective double well

potential can be approximated by
V(@y,2) = SR+ Oy + Q2 + Vo eos (nafan)) s (B

where the mass of ®Rb is 1.44x10"*°kg, Q, = 2778 Hz, Q, = 2766 Hz and

Q, = 2790 Hz are the harmonic trapping frequencies, ¢y = 5.2um is the spacing
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Figure 3.1: The schematics show the tunneling dynamics of two weakly linked
BEC in a symmetric double well potential. (a) Josephson oscillations are observed
when the initial population imbalance is below the critical value. (b) The initial

population imbalance greater than the critical value.

and a barrier height Vy/h = 412 Hz, where h is Planck’s constant. They observe
the dynamical evolution of the population imbalance, relative phase in a double
well potential, the tunneling oscillation frequency, etc. The experimental results
can be understood by going beyond the two mode model which based on symmetric

and antisymmetric wave functions of the Gross-Pitaevskii equation.

In 2006, Ananikian and Bergeman [7] explored the range of validity of two
mode model for Bose-Einstein condensation in a double well potential was called as
“the improved two mode model”. The derivation, like others, used symmetric and
antisymmetic basis functions for Gross-Pitaevskii equation. The external effective
double well potential was modeled as

2
Vi(z,y,z) = %(QixQ + Q§y2 +Q22%) + Vyexp {— (£> } , (3.2)

g

where V, is a height and o width of the Gaussian barrier. Actually the Gross-

Pitaevskii equation with a double well potential cannot be solved analytically.
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However we can solve analytically by using the Feynman path integral theory. The

advantage of this method is that all calculations can be evaluated analytically.

In this chapter, we study using the Feynman path integral theory Bose-
Einstein condensation in two types of double well potentials: harmonic potential
with Gaussian barrier and harmonic potential with cosine barrier. We obtain
analytical results of the ground state energy and wave functions which are used
to calculate the overlap integral v;; and compare with the numerical results of
Ananikian et al. [7] and the result of Albiez et al. [6] for the first and the second
types of the double well potential, respectively. We will show that our results
are in good agreement with the two-mode model of the Gross-Pitaevskii equation.
An outline of this chapter is as follows. The first part is the model Lagrangian
in one dimension. We present the calculations, including comparisons with the
Thomas-Fermi approximation and the two-mode model of the Gross-Pitaevskii
equation. In the second part, we present a formalism of a Bose system in three
dimensions and the final part is devoted to the BEC in a harmonic potential with
cosine barriers and comparison with the two-mode model of the Gross-Pitaevskii

equation.

3.1 Bose-Einstein Condensation with Gaussian

Barrier in One Dimension

We consider a system consisting of N Bose particles with two body interactions
confined within a double well potential with Gaussian barrier. The Lagrangian of
the system in one dimension can be written as

N

N N N N
=53 it gy oS e |- (2) ] o otwmw). 69

i<j
Here () is the harmonic oscillator frequency, g is a coupling constant, V;, o are

height and width of the Gaussian barrier, respectively. We introduce the harmonic
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trial action and can solve for the propagator exactly.

/ m o m o
s | (5 S Zw%g) . 5.4
0 i=1 i=1
where w is treated as a variational parameter. The propagator associated with

this action is

z(t) i
Polan (0,03 0).7) = [ DY w)esp (gSuan 0).ax 0)) (39

where the path integral “U DN (g (r symbol is defined as
z(0)

z(t) z1(t) x2(t) zN(t)
DN(Q;(T))Z/ D(xl(T))/ D (@3 (7)) ... / D (xx (7).

(0) 1(0) 2(0) ~(0) (3.6)
The propagator can be rewritten in terms of the trial propagator S; as
Pry (), 28 (0),7) = Py (t), 25 (0),7)
f;;v((ot)) D (wy (1)) exp [5 (S — So + So)]
[ D (ax (7)) exp [150]
— Py(ay (), 2n (0),7) <eXp [% (S — SO)] >SO .
(3.7)

Expanding the above average in terms of the cumulants, we can write the above

equation as
P (o (0),ax 0).7) = Fafax (0),0x (0),7)exp |1 (05 - Sl

X €xXp [% <%)2 {<(S - 50)2>so —({(5 - 50)>§0}] :

Keeping only the first cumulant, we have

P(zn(t),zn (0),7) ~ Py (zn (), xzn (0),7)exp [% (S — SO)>SO:| , (3.9)
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and obtain

P(xy(t),zn (0),7)
e (],

~ Fyexp /dT% N
0 =g (0(zi — ;) g,
1<J

To evaluate the exponent in Eq.(3.10), we proceed as follows.

3.1.1 Generating Functional

We first evaluate (%) . To do so, we consider the generating functional [16]. The

generating functional or the characteristic functional is defined as

<x(7’) exp [% / f(T)x(T)dTD _ 55;2?) {exp [%(s’(jl—sa)}}. (3.11)

Thus, by evaluating both sides when f(7) = 0, we obtain

8Sg, }
Sf(7) f(r)=0 .

We can continue this process to get the second derivative as

o | i 628, 350\
<x(”>‘[‘ﬁ6f<f>2+(5f<r>)] ‘ 319

f(r)=0

(o(7)) = [ (3.12)

We use the action S, from the harmonic oscillator which is driven by an external

force f(7). The action is

¢
coswT'(3 + 2%) — 2z125 + 22 [ f(7) sinwrdr
0

t

~ 2sinwt s [ () sinw(t = 7)dr L (3.14)

S—— ftjf(T)f(s) sinw(t — 7) sinwsdsdr
00

mew

mw

Sou

This result is given in [16]. Replacing Eq.(3.14) by Eq.(3.12) and Eq.(3.13), we

obtain
ToSinwT + xysinw(t — 7)

{x(7)) s, (3.15)

sin wt
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and

ih sinw(t — 7)sinwr . (xQ sinwt + 7 sinw(t — T>>2 . (3.16)

<5U(T)2>so =

mw sin wt sin wt

3.1.2 N-body Propagator

In order to consider conveniently, we rescale all the physical scales by using the

relation 7 = g,x =z, k = %,w = Qu,l = %,Vb = hQV, and g = hQGL.

Therefore we can write the model Lagrangian in the dimensionless version.

m N N N2 N
L = 3;i3—§;§22x?—i:1%exp {— (;1) } —g%é(asi—x]—)
1M 2 1 X N 7\ 2 N
= 0 523—5 -V, exp [—(#)]—525@—@)1.
i=1 =1 i=1 i<j

(3.17)

We use the trial Lagrangian

L(]:h,Q

Zz - %Zﬁzﬁ] . (3.18)

Thus the propagator is

L (AT @@, - (e [ (2
X exp i/d? i=1 a >N szjl< p[ ( )]>So
’ X 0@ =T,

(3.19)
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The first term of the propagator in Eq.(3.19) can be calculated exactly and the

result is

t

N
[ 2] ~
exp |i [ 7 > @ 1) ()

0 (2

1

@ -1)

~ o~ 1 w ™ o~
)tcotwt—z (E — Z) ( %—i—ﬁ)cotwt}

i Z1To ~T Lt a2 2~
5oz T “=2 cscwt + (] + 73) cse” Wt

=&

X exp

N | .

— 17109 cot Ot csc Wt

(3.20)

Let us consider the Gaussian terms in Eq.(3.19) and perform the Fourier transform

<exp [— (%)2 > _ (‘%T)_l/z / de (exp [ikF) 5, exp [—52;2] (3.21)

Consider the factor

(exp [ik’@]}so = exp [Iﬁll (T) + K3 (7~')] ) (3.22)

Here, } denotes the first camulant and x? is the second cumulant. Because of the

quadratic action, only the first and second cumulants survive [17]. Therefore,
ki (1) = ik (Z; (7)), (3.23)

and k?

k() = ok (8 ), - @) = 20T (g

where g (ﬁf) is the Green function defined as

sin@(t — 7) sin w7
g(1,7) = .

(3.25)

7
w sin wt

Substituting Eq.(3.22), Eq.(3.23) and Eq.(3.24) into Eq.(3.21), we obtain

(o[ @), Lt (2525

(3.26)

)]
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. [e'¢) —ax? b2 .
Using the formula [~ dze 0% = \/fe4a we obtain
—00 a )

(o[- G,

: R S 105
(+ZeE)"™ L 71+ ZET)
(552 sin GF+E sin & (T—7) > 2

sinwT

1
= ex
(1 + 2@ sin &(t—7) smuyr) 1/2 P

sin Wt

— ——~ | . (3.27)
52 <1+ %smw(;—;ﬁ;mwr)

This average is too complicated. We cannot integrate directly so we rewrite in the

e~ 1\ 2 .
form We p[ %},Where o — (xzsmwt—i—m sinw(T—t)) b= 1_%(:@5 [&jﬂ

sin T

and ¢ = %COS (2@?— ZD%) csct. For large t, cot@t — i,cscwt — 0 and i

, m < 1. We expand 1/2 and exp [—.&2(#

)} in the powers of § and

—m, respectively and then mtegrate each term. After integrating, the infinite

terms can be written in a close form as (See Appendix A for more details)

(=] <fi;f>>1>ﬁ

t , 21n [2] 2In [1 ty/1- 1+é2a}

12
(1+5% / 1+02 ’\/ a‘a

. zmw 2ty

=0
= Digtn2 (14 =2)" Tz (i+n—1) (i + 22) 4l

> -1 ~on 1 )
—1 ( ) ( "+ ) I 2F1 (n7n+_7n+].,—~2~) . (328)
n=1 2nwo?" (1 + ~2_~)(”+5) 2 14+ 2w

Here, o F} is the regularized hypergeometric function. This result is exact for the
limit ¢ — oo. The next task is to find (6(F; — 7)) .- Performing the Fourier

transform
1 [~ o~ o~
(6(xi —xj))g, = o | dk’ (exp [ik (Z; — ;)] g, - (3.29)
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Consider the exponent in Eq.(3.29)
(exp [iki@]}so =exp [k () + &; (T)] - (3.30)

Therefore
ki (1) = ik ((T: (7)) g, — (T (T))g,) (3.31)

and k?

O (<(<fi>so—<fj>s0)2>so‘<fi_”?j>§o>

L[ @), — (@5, + ()5, — @),
2 +2(Ti)g, (Tj) s, = 2 (TiZj) g,
= K (g(77) + (Ti)g, (Tj)g, — @TiTj)g,) - (3.32)

Using the Mean Field approximation (Z,7;) g = (Zi) g, (Z;) 5, Substituting Eq.(3.31)
and Eq.(3.32) into Eq.(3.29) and using the formula [ dre=or*+br — \/éeg, we ob-

tain
- ~ 2

1 (<xz>s — (7)) )
) T, — X = — == € - S ——
Wil =\ grg ) O [ 19(77)

- _ 2
(F2,—F2, ) sin 07+ (&1, —F1, ) sin@(I-7)
1 sin &t
= exp | — -
(47ri sin&(I—7) sinm> 172 P <g sin &(F—7) sin &7 )
= Sinoit w sin Wt
(3.33)

We can write (6(x; — z;))g, = mexp —ﬁ], where b = —Z2 cot &t and
c= %cos (2@? — ZD%) cscwt. We expand m and exp [—(bf“c)} in the power of
+ and —ﬁ, respectively. Integrating each term, we can write all infinite terms

in the closed form (See Appendix B for more details). The result is
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2n ~ n oo Zl:[(j—k%)

)

=3 %f—g :w ln2—zg—(x“2\/§_j;) nx/Zqu ({1 1}, { 2}, —(x“ Tp) @
(T, — 7)) 3 . (T —75)°0
_19T\/— F, ({1,1},{5,2},f>. (3.34)

Here, , Fy is the generalized hypergeometric function. Correcting all contributions

we obtain the propagator of the system.

P ~ exp |—iN —+ — +

S EL) @ 4R

) 5 5 ({1 1), {323, & W“)

s B 5 p F (a0, Bl

i<j

+9

X exp

= A=

~V

o (_Z»)n 52n+52n
b ()

i=1 =1 2nw02”(1+ )n+2

Mz

21 (n n + »n+t ]" 1+U2w)]

(3.35)

This means that the ground state energy of the entire system has the energy

Ey @) ® 1 v, GIN-1) [
Bo _s, 1, W% +g(2 ) ot (3.36)

1+ =k

[ea

wl+n—* z+n—1)(i+%)i!
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This ground state energy is exactly the same as that of Baym and Pethick [18] for
1D when Vj, = 0. The ground state wave function is
¢o (T1,T2, ..., TN) =

' v i
-2 (f+w)®

N o e
~ o [~ ~ \2n Ti—Tj) W
e | X[ WE G- A (0,32, B
<]
_vi i (l)"~2n F(nn—{—ln—Fl 2 )
i bz:l =1 271@0’2"(14-%)7%'—% p 1 ) 27 ) 1+&2& |
(3.37)
Assuming 7; = 0, we can write the wave function in this form.
G0 (T1,T2, ..., TN) = Qo (T1) ¢o (T2) .00 (Tn) (3.38)
Therefore
- (G+%) 7
G(N-1 ~on P2
i@ ~ ew|  FOENER LR (L0.3.2.7)
_‘ZJZ (=prz=n —T o F (n,n—i—é,n—i—l,ﬁ)
n=1 2557 (1+23=)" 2
(3.39)

o0
We can normalize this wave function by using the condition [ |@ (Z)]*dZ = 1.
—0o0

The first excited state wave function can be approximated in this form. (See

Appendix E for more details.)
¢1(T) ~ T (T) (3.40)
The overlap integral v, ., v, and ~v__ are defined as
T++ = ﬁN/qbé (z) dz
e = W [ G@E @@
v = GN / o1 (3) d3. (3.41)

Physically, the 7;; is the transitional probability which can be used to calculate

the tunneling rate as shown in [7].
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3.1.3 The Calculated Results

dE (@)

We minimize the ground state energy by solving —r=

= (0. The parameters
o =15, V, = 4, gN =1 [7]. We find a curve which has a minimum point. From

Figure 3.2, we get

Ey = 3.555

o = 0.282. (3.42)

We find that the ground energy is in good agreement with the Thomas-Fermi
approximation and the two-mode model of the Gross-Pitaevskii equation as shown
in Figure 3.3. Replacing @ into Eq.(3.37) and Eq.(3.40) and normalizing the wave
function, we obtain the normalized ground state and excited state wave functions
which correspond to the potential as shown in Figure 3.4. Substituting ¢g and ¢,
into Eq.(3.41), we obtain ~;;.

vip = 0.230
el = 0.224
vo_ = 0.303 (3.43)

For small gV, we find that v, are in good agreement with the two-mode model
of the Gross-Pitaevskii equation. In this case, the Thomas-Fermi approximation
is different from the two-mode model of the Gross-Pitaevskii equation and path
integral as shown in Figure 3.5 and Figure 3.6. Therefore the Thomas-Fermi
approximation is not valid in this regime. We can continue calculating the ~;;
with various XZ) as shown in Figure 3.7 and Figure 3.8. We find that for large

enough 17;), all ~;; are equal.
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Eo

ern

Figure 3.2: The ground state energy per particle plotted against w.

Eo
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////
1
2 4 ° 8 10 P
Vi

Figure 3.3: The ground state energy plotted against ‘7}) The dash line is calculated
by the Thomas-Fermi, the dot-dash line is calculated by Gross-Pitaevskii and the
solid line is calculated by the path integral. (¢N = 0.5,5 = 1.5)
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(a) Vi
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Figure 3.4: (a) The external potential %EQ + Vbexp [— (%)2} plotted against
Z, (b) the ground state and (c) excited state wave function plotted against T

(§N=1,%:4,&’:1.5>.
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Vb

Figure 3.5: The v, plotted against ‘7}, The dash line is calculated by the Thomas-
Fermi approximation, the dot-dash line is calculated by the two-mode model of

Gross-Pitaevskii equation and the solid line is calculated by path integral theory.

(GN = 05,5 = 1.5)

=2
+
+

O O O O o O o o
R N w010 g9

Figure 3.6: The 7, plotted against V,. The dash line is calculated by Thomas-
Fermi approximation, the dot-dash line is calculated by two-mode model of
Gross-Pitaevskii equation and the solid line is calculated by path integral the-
ory. (gN =1,0 = 1.5)
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Figure 3.7: The ~,; plotted against V,. The dash line is v+, the dot-dash line is
v—_ and the solid line is v4,. (gN = 1,0 = 1.5)

Figure 3.8: The v;; plotted against V,. The dash line is v+—, the dot-dash line is
~v—_ and the solid line is v,,. (gN = 0.5,0 = 1.5)
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3.2 Bose-Einstein Condensation with Gaussian

Barrier in Three Dimensions

We consider the N interacting Bosons with mean field repulsive energy which is a
s-wave scattering lengths a > 0. The N Bosons are confined in the 3D harmonic
trap having a Gaussian barrier in z direction. The Lagrangian for entire system

18

N N N
_ m 2 2 22 m 2.2 2,2 2.2 i\ 2
L = Elz:;(% Ty +5) - 5;(93@1 + Quy; + Q2z)) —;VZGXP [— <;> }
N
i<j
Using the relation t = %,x = 17,0 = lo,w = Qw,Q; = ﬁﬁi,l = mlﬁ’% =

hﬁﬁb, g = 4”7“ and Q = (QnyQZ)l/S, we obtain the model Lagrangian in the

dimensionless version.

N .2 .2 .2 N ~ ~
| 2 2@ T+ E) g (0T + g+ Q2F)
L=r2| =" N L : (3.45)
Vi exp |- ()]~ o(Fi - 7))

=1
We use the trial Lagrangian

11 N 2 2 2 1 N
Lo=1 | 5> (@ + 0 +5) = 5 D G @ +5 + )

i=1 i=1

Here, w is the variational parameter. The propagator of the system is

(
X exp i/d’f +% %@2 - QE) @?)so -V % <exp [_ (%)2} >So
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The next step is to find <5( ri— T ])> in three dimensions. Performing <5( Ti— T ])>
So SO
in the Fourier transform, expanding the exponent in the first and second cumu-

lant and using the Mean Field approximation < rir j>5 = < r i>s < r j>s , wWe
0 0 0

obtain

(57 - 7).

= (0@ = 35))s, 00 = i), 0 = Z)s,

( (521. —Ty; ) sin C)-T-Jr(ili_,glj ) sin & (=) ) 2
sin Wt
1 v Y2, —Y2; Smgﬁ"‘(ﬂl - )sin&(?—?) 2 e
= - _ i y 4
(47Tg (’7’:, ?)) P + < sin Wt > / g (7—7 7-)
zz —zz sm &F-ﬁ-(’z“l . ) sin&;(f_;) 2
+ ( sint : )

(3.48)

Calculating the same as delta function in z direction (See Appendix C for more

details), we obtain

t

g/ (o(Fi - '?j)>50 dF

0

(7, =) (D) 5 (,-7)
—1g 12\/§ (;) PFQ <{171}7{§72}7 9 )

Fo, —7a,) " (@) Fo, —T2,) &
_@“(112—\/_7;) (;) oFy <{1’ 1}7{;2}7%> 7

where
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The propagator of the system in three dimensions is

|
ol

X exp

=1
N (7, -7,)? 50302 - )@
4@;{%W¥%ﬁ pﬂ(ﬂJL{ }< ) ﬂ
NN ?i—Fj ? &\ 3/2 Tio—T 25}
| B @7 o (1 3.2, B )|
(3.51)
Thus, the ground state energy is
E @) 3 © 0 Vi GIN=1) [ 5\*?
= — 4+ =+ = — 3.52
N 4+4w+4w+4w+ 1 2 2m ( )
L+ 55
and the ground state wave function is
(#,7,2)
~ 3 ~ 02 . 5 ]
—(3+B)P-(3+2)r-(3+%)7
IN-1 [ 2 (3)\3/2 P25
FIND L2 (2R, (11,1} (5, 21, 22))
GN— P ()32 7%
< ep|  FEER[ECEP? R ({11, (5.2, 22))]
g(N—-1 2 ] 3/2 zew
+g( 2 : [12\/5 (F) iy <{1 1}, { 2}77>]
TS (—i)na = 1 2
_ Vbn; (150 ) 2Py (nyn+ §5,n 41, 755) |
(3.53)
The first excited state of the system can be approximated as

We can normalize this wave function by using the condition

[Fa@ad [ 6@ [ eEd-1 (3.55)
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The ~;; in three dimensions can be written as
e = W [a@d [ @y [ 6@ a
e = W [G@E@OE [ @@ [ 4G REE
= W [et@a [ @ [ 6l (3.56)

3.2.1 The Calculated Results

We minimize the ground state energy by using the parameters Q, = ﬁy =Q, = 1,
o =1.5, \N/b =4, gN = 1. We find one curve which has a minimum point as shown
in Figure 3.9. Therefore we obtain the value of the ground state energy and the

value of the minimized parameter.

Ey = 4.740
o = 0.657 (3.57)

Replacing @ in to Eq.(3.53) and Eq.(3.54) and normalizing the wave function, we
obtain the normalized ground state and excited state wave functions as shown in
Figure 3.10 and Figure 3.11, respectively. We can continue calculating the 7;; with

various V;. The results are shown in Figure 3.12.



36

el

Figure 3.9: The ground state energy per particle plotted against w.

Figure 3.10: The ground state wave function plotted in three dimensions. (gN = 1,

5 =15)
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Figure 3.11: The excited state wave function plotted in three dimensions. (gN = 1,

5= 1.5)

0.08;

Figure 3.12: The «;; plotted against V. The dash line is Y4 _, the dot-dash line is
~v—_ and the solid line is v, . (gN =1,0 = 1.5)
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3.3 Bose-Einstein Condensation with Cosine Bar-

rier in Three Dimensions

We consider the N Bosons confining in the 3D harmonic trap with a cosine barrier

in x direction. The Lagrangian for the entire system is

N N
m 2,2 2,2) A
= —Z Pyl +27) 22(@1‘ + Q2+ Q22 5; cos (2kxz;) + 1)

i=1

dnh%a
T 25 ; (3.58)

1<J

Using the relation t = ﬁ,x =lz,k = % = Qo Q) = QQZ,Z = m_ﬁ’A = QA

and g = 4’;—“, the model Lagrangian in the dimensionless version is

N .2 .2 2 N - ~
| @ T+ E) - 5 (R + 0+ Q2F)
L = hQ Z:1~ N . i=1 N N N . (3.59)
_4 (cos (%55) F1) =G 8(Fi—7y)
i=1 1<j

We use the trial Lagrangian

1 &2 2 2 1N~2~2~2~2
Ly = hQ2 §Z($i+yi+2i)—ﬁzw(%WL?JZ“{‘ZZ‘) (3.60)

=1 =1

Thus the propagator is

P (?N ®), 7~ (0),?)
~ P, (?N @), 7~ (0),%)

N 5 _
X exXp i/d’f HIE -0 @, - 45 <cos (2%) + 1>SO

(3.61)

Thus we may write <cos (2%@) >s as
0

<COS (2%@) >So = <em£i + 6_2i%ii> /2 = <<€2i%ii> + <6_2i%ii>> /2. (3.62)
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We expand the average up to the first and second cumulants. Because S; is

quadratic, only the first two cumulants are non-zero [17], i.e

<exp [2@Efz}> = exp [2zk (Ti)g, — 2k (<§2>S z)i)} (3.63)

S0

<eXp [—22%55@} >s0 — exp [—2z‘% (Fi)g, — 2K (<’:5§> o (:@-ﬁo)] . (3.64)

The Green function g(7,7) can be defined as
9(7.7) = (7)), — (@)3, - (3.65)

Thus
<eXp [2275%] >s0 — exp [22'75 (Ti)s, — 2K29(F,7)] . (3.66)

Expanding <exp [22E§Z}> in the series by using the relation e = ) %, inte-
So . n=0

grating each term and taking the limit at ¢ — oo , we find that the terms which

depend on ¢ and end point term can be written in the closed form. (See Appendix

D for more details.) Thus we obtain

je(imen]

=1

iNA ( k:2)~ iNA-
= - exp|l —=|)t— t

2 0 2
_ i % (=2 (v Ci |2k, | +n2ka, ) - 2 (v = Ci |2, | + 023, ) )

. ' ~\ 267+1)
—ENJ i i(—mm (27 + 1) (%) 2V
9052 (27 +2)1; LT

y 72\ ~(1H) 12
xe & (j+ 1) (—%) (F(1+j)—F<1+j,—%)>,

where v is Euler’s constant, with numerical value ~ 0.577216, Ci[z] is the co-

(3.67)

sine integral function, I' [z] is the FEuler gamma function. Thus we obtain the
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propagator of the system

3w 02 2 A A 2\ g(N=1 /3 \¥?) -
P ~ exp[—iN(—w+—~+—N+—~+ +—exp< )+—g( >(i) t

4 4w A w2 2
473 {“ =l <;>3/2 (00052 255

N —2 7 Ci 2k 1} +1n2%§1i>
X exp —S L B
=1 —2 ’y Ci Qk } —|—1n2k352¢>

@
&=

i o0 )(j+l>(2]+1)<2k) 2(5+1) 9
2w2 Z (25+2)Y5 ( ! +I )

= (1+5) . .2
xe 5 G+ (-5) T (Pn+q-T[1+5,-E])

M

~—

(3.68)

This means that the ground state energy of the entire system has the energy

Ey 3» @ @ 02 A4 A B2\ gIN-1) [5\*?
W_I+E+E+E+§+56Xp T + o . (3.69)

and the ground state wave function in three dimensions
[ 3, 92\ A2 AR 02 ~2
—<z+m>f - <z+ﬁ>y - <4+4w
+IOGD L2 ()Y R, (11,11 43,21, 52
7

5 )
. +@[ S ()Y F, (1111 45,2), 22)
Do <r> ~ exp g(N-1) [12f (%,)3/2 <{1 1} { 2} z%;)

+A (7 _Gi [2/@} +In 2k§;’) ~ A z bl 7

(j+1) (_%2><1m (F [1 4T [1 +j,—%2D

20

N

SN

Xe

(3.70)

The first excited state of the system can be approximated as ¢, (?) ~ TPy (T) Po (¥) o (Z) .
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Eg 14}
12}

10y

S

Figure 3.13: The ground state energy per particle plotted against w.

3.3.1 The Calculated Results

We minimize the ground state energy using the parameters 521, = ﬁy = ﬁz =1,
g = 0.05, A= 4, N = 20. We find one curve which has a minimum point as shown

in Figure 3.13.

E, = 4.508
o = 0617 (3.71)

— —
Replacing @ into ¢o( 7 ) and ¢4 ( 7 ) and normalizing the wave function. We obtain

the normalized ground state and excited state wave functions as shown in Figure
3.14 and Figure 3.15, respectively. We find that v, are in good agreement with
the two-mode model of Gross-Pitaevskii equation as shown in Figure 3.16. We

can continue calculating the ~;; with various A. The results are shown in Figure

3.16.
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Figure 3.14: The ground state wave function plotted in three dimensions (gN = 1).

Figure 3.15: The excited state wave function plotted in three dimensions. (gN = 1)
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’Y++ 0.1y

6
A

Figure 3.16: The v, plotted against A. The dash line is calculated by two-mode
model of Gross-Pitaevskii equation and the solid line is calculated by the path

integral theory. (gN = 1).

17
Yij 0

0.08¢

Figure 3.17: The ~;; plotted against A . The dash line is ~—_ the dot-dash line is

v+ and the solid line is v, .. (gN = 1)
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We have studied Bose-Einstein condensation in a double well potential in
two types of double well potentials. We find that the ground state energy is
exactly the same as that of Baym and Pethick [18] for the case of the BEC in
harmonic potential (‘7(, = A= 0>. The wave functions of the system are used to
calculated 7;;. We find that v;; are in good agreement with the two-mode model of

Gross-Pitaevskii equation for small g/V in both types of the double well potentials.



CHAPTER IV

BOSE-EINSTEIN CONDENSATION
IN A DISORDERED SYSTEM

Bose-Einstein condensation in a disordered system or “dirty Bose system”
recently has attracted many researchers, both theoretically and experimentally. In
the experiment, liquid *He adsorbed in porous media, such as Vycor or silica gel
(aerogel, xerogel). The suppression of the superfluidity and the critical behavior
at the phase transition have been investigated by Reppy [8], and the elementary
excitations of liquid “He have been studied by Glyde et al. [9] using neutron
inelastic scattering. The system exhibited many interesting properties such as the

suppression of the superfluid and critical behavior near the phase transition.

In a dilute Bose gas, the transition temperature 7, will be an increasing
function of the interaction parameter, Na® [22-26] where @ is the hard sphere
diameter and N the particle density. In the case of liquid *He, the transition
temperature would be reduced as a consequence of interparticle interaction. In the
experiment of Reppy et al. [12], they study the liquid *He in a Vycor glass for the
low density regime. The *He-Vycor system offers advantages over the BEC systems
of trapped atomic gases because in the Vycor case the interaction parameter can
be varied continuously from the low density to high density regime. The *He-Vycor
system allows sample sizes on the order of a cubic centimeter. The interior channels
of the porous Vycor glass used for measurements range in diameter from 4 to 8
nm and form a highly interconnected 3D network. The superfluid helium atoms

are constrained by van der Waals forces to move over the complex 3D-connected



46

surface provided by the pores. The system is cooled by the cryogenic techniques
and thermometry methods [12]. They used a torsional oscillator technique to
obtain a signal proportional to the superfluid particle density. In the low density
limit, thermodynamic properties similar to an ideal Bose gas with an effective
mass, m*. From the experiment, the critical temperature increases by the effect

of Vycor system.

The dilute Bose gas in the presence of quenched impurities can be worked
out analytically within the Bogoliubov model by treating the random external
potential as a perturbation. The effect of disorder on the ground state energy,
superfluid and condensate fraction are calculated by Astrakharchik et al. [15].
They have found that the superfluid and condensate components of the system

are suppressed by the disorder.

We study Bose-Einstein condensation in a disordered system in finite corre-
lation length using the Feynman path integral. The advantage of this method is
that we can study the system in both white noise limit and long length correlation.
In this Chapter, we consider the model of Bose system consisting of N particles
with two body interactions confined within a volume V' under the nonhomogeneity
of the system. The two body interaction is assumed to have the scattering length
a and the correlation length [. The nonhomogeneity of the system can be repre-
sented as porosity of the system. The main idea of this approach is to perform the
mean field approximation in the Feynman approach. This approximation is equiv-
alent to replacing the two body potential into a one body potential interacting
with the effective random potential. Performing the random potential due to the
mean field approximation of two body potential and the random potential of the
nonhomogeneous system we obtained the one body effective propagator. For high
density and weak scattering potentials, the effective propagator can be assumed
to be under the influence of Gaussian random potential. We consider the correla-
tion function arising from random potentials are Gaussian functions with different
scattering strengths. The calculation is carried out within the first cumulant ap-

proximation measured with respect to a non-local harmonic action containing one
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variational parameter. Taking the trace of the propagator and performing the
variational calculations we obtained analytical result of the effective mass and the
ground state energy. Several limiting cases, both for short and long ranges of the
interacting Bose gas and the correlation function of the impurity. The propagator
of the system is used to calculate the partition function, specific heat, the critical

temperature condensate density and superfluid density.

As a consequence of the above assumptions, we will show that all the above
mentioned physical quantities of the dimensionless parameters are: Na® is the gas
parameter, a/l and b/L are the ratio of the scattering length and the correlation
length of the interacting particles and impurities, respectively, x = n/N is the
concentration of the impurity, and R = x (b/ a)2 is the strength of disorder. An
outline of this Chapter is as follows. Section 4.1 is the model Lagrangian of the
system. Section 4.2, we introduce the non-local harmonic trial action. Section
4.3, we present the single propagator which leads to calculating the ground state
energy in both short and long correlation lengths. In the final section we study
the statistical properties of BEC in disordered systems such as condensate density,

critical temperature, superfluid density, etc.

4.1 The Model Lagrangian

We consider the N Bosons interacting with the pair potential u (7”; — 7;) under
é

the influence of n external impurities potential v <7i — Rj) distributed randomly.

The Lagrangian in this model system is given as

Lzzlm : iu i i v(?i—]?k}), (4.1)

i=1 1<J i=1 k=1
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_>
where R; is the positions of impurities which are assumed to be completely random.

The action associated with this Lagrangian is

S EORORENY

- [ [fﬁ;gwf (1) = S u(Filr) - 7 () - i (7~ )

and the propagator associated with this action is
—
P(7x(t),7x(0).6:{Rn})
?N(t) Z N
_ / DN (T (7)) exp <ﬁ5 [?N (t), T (0); {R}]) . (4.3)

7 N (0)

Carrying out the random average, we can write the averaged propagator as

PP, 7x )0 = (P (7“”’”(0)’“{ﬁ"}»{ﬁn}

—
dR /ng/ng dR _

= D r (T

5[5 [ DY)

X exp ( =S [?N ), T { D (4.4)

— — — —
[ dB, [dBs [dRs dR,
A>{ﬁn}_/ = / = / L) (4.5)

We average the propagator with respect to the impurities as shown in the details

where the symbol

below.
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N - 2 N
where O = 1 ['dr [Z%m?i (1) =S u (7 (1) =7 (r))|. Using the formula
i=1 i<y

e’ ~ (1 + %)n, which is valid for large n, we obtain

-/ T ()

—

7 n(0)

xe? exp [ﬁ/d?ﬁ>

(4.7)

where n = n f d]—% and m = {;. Then the averaged propagator with respect the

impurities or disorder becomes

1<J

N
i [t
— 3 i fdru (T (7) = 7 (7))
(4.8)
For Gaussian approximation we can expand the (e_% Jo dro(Ti(m-R) _ 1> in power

H
series and keep only second orders in the random potential v <7i (1) — R).

P(Tx (), 7N (0),1)

T (t) i [t N -2 al
= [ D ) x e [;L | o [Z;m?i <r>—2um<r>—mr>>”

7 n(0)

N_ = rt —
—yoa [dRy fydro (Fi(r) - R)
=1

+§%ﬁ (—%)2 fot f(f deadﬁv (?Z (1) — ﬁ) v <7>z (o) — ﬁ)

=1

X exp

The next step, we make the mean field approximation which is equivalent to aver-
age over the j particles. Physically, this approximation is equivalent to replacing

one of the dynamics variable 7; (1) of the two-body interaction into a static pa-
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—)
rameter R ;. We can write the the propagator as

PN O Ty .8) = (P(Fx0. Ty O.{Fr}))

—

dR; [dRp [dR; dR;y [TV0 o =
- 7 J 3 O DY (R
/V/V/V VL(O) (N(T>)
i

TN

X exp <ﬁs [?N (1), 7 n (0); {ﬁjN}]) . (4.10)

—
We average the propagator with respect to the static parameters 2 ;. For high den-
sity and weak scattering of the interacting particles, we can write the propagator

as

P (7T (t), 7 (0),1)

cexp | +XS (<) i fldrdo [ dBu (77 - R, )u (7o) - B))

The two-particle interacting potential is assumed to be a Gaussian function of the

form

u (71 (1) — ]—%>J> = <47rh2a> (WZQ)_S/Q exp |— (M) . (4.12)

m

The random potential is taken as

v(?m—ﬁ):(m%) (L?) " exp —(Lﬁ> ()

m

Here a and b are the scattering lengths of the interacting particles and impurities,
[ and L are the correlation length of interacting particle and of impurity, respec-

tively. The first term of the impurities in Eq.(4.11) is easily calculated and the
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result is

. t _ 2 .
_ _1/ g2 16, (4.14)
0

o . :
where &, = %. The second order or the correlation term is

i (-5 [ [arto [ (700~ T (7o) - 7). 19

Performing the B -integration we obtain

/de( Z ) <?i(a)—]—%>
B (27rh2 ) /Zd )3 o { (?i(rz—ﬁy

Using the formula

[ dzexpfaes = o exp (o~ "] = |/ exp L

we obtain
ﬁ/dﬁv <7>Z (1) — ﬁ) v <7>Z (o) — ﬁ)

_ ﬁ(%h%)?( 1 )3/26Xp [_(?i(f)—?i(a))? (418

m 2 L2 212

Similarly, we can calculate the interaction term. The results are

1— — i [t _ — i [t 2N7rh2a z{a
iN/de(—ﬁ/OdTu(T’i(T)—RJ))——ﬁ/OdT T

(4.19)
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Collecting all terms we have the average propagator as

P (7N (t), 7N (0),1)

TN (t)
= / DN(7N()eXp[ /drz mT, ]
™ N (0)

X exp ——N—t+Z(——) //deaflexp[ (?1(7)2;2?"(0))2”
X exp ——N t+2(——) //deafLexp[ (r 1(7)222?2(0))2”’

_ 2 2
Wherewedeﬁneparametersfl:}lN (@) (L)g/2 and &, = im (%—h%> ( L )3/2.

m 22 Tk m 2n L2

4.2 The Trial Action

After averaging over the random potentials, the system becomes translational
invariant. Therefore, it is reasonable to model the trial action with translational
invariance action given as

So = Z/ dr— mr ;nz; / drdo (7 (1) — 77 (0)),  (4.22)

0 JO

here w is a variational parameter. The averaged propagator can be rewritten in

terms of the trial propagator as

P(Tn@), TN (0),t)=P (7T n(@),Tn(0),t) <exp [% (S — So)} >so . (4.23)

Expanding the above average in terms of the cumulants
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Therefore, our calculations reduce to determine the trial propagator Py (7" n (), 7 n (0) , 1)

and the action difference £ ((S — Sp))g, -

4.2.1 The Trial Propagator

This propagator can be obtained in a closed form and the result is given in [20].
The exact expression is

By (Tn(t), TN (0),t) = ( - )N (w—t)w

2miht 2 sin %t

This expression is reduced to free particle propagator for w = 0.

Y [gZ? (t) iz (0)) ] (427

N|wW

Po (T (1), T (0),1) = (2:th)

The next step is to evaluate the action difference £ (S — Sp) g which is written as

1 . [ fa gb
fomang - i (&8s

FC [ ool iy
+§ <—%)2 Ot OTdeofL <eXp [_ (7 (7)22273 (0))2]>SO

_i\f:mw /Ot Othda <(7>Z (r) =77 (U))2> . (4.28)

(1) =Ti(0)) 2
Let us consider <exp {—W ] > and perform the Fourier transform
So

(7. (1)~ Tilo))®
)

- (%) e /Z dk <exp [Z? (Ti(r) =7 (0)) - L22?2] >SO -(4.29)
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We expand the exponent in the cumulant expansion

<eXp [z? (Fi(r) =7 (a))]> = exp [} (1, 0) + K2 (1,0)] . (4.30)

So

Here k; denotes the first cumulant and x? denotes the second cumulant. Because

of the quadratic action, only the first and second cumulants survive. Therefore,

ah(r0) =ik - (Ti(r) = 7 (o)), (4.31)
and the second cumulant x? (7, o)
K2 (1,0) = — kK °G(1,0), (4.32)
where the Green function G (7, 0) is given by
Grno) =5 |5 (O -ROP) ~F@-ROPR]. 4

The k-integration can be calculated by using the formula [ dxexp [—az? + bx] =
Vv Eexp [%]. Thus we obtain

(7. ()~ Tilo))®
)

_ (2—7;) o /w dF exp [z? (Ti(r) — T (o)), — K2 (G (7.0) + L;)]

0
—00

. [_ <?i<7>—ﬁ<a>>§0]
1+ &G mo)" | 2P0+ ECEa)]

We have
o (o) [ o o [0

) ; (_%) 2 /Ot /Or drdoér, i %Gl(ﬂ U))3/2 exp [_ 2<L7; Z((lTl_L%Z ((i,)ffs)o)] .
(4.35)

(4.34)

] =
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Therefore we obtain the first averaged action £ (S)q
0

1 ) 1 <?z‘ (1) — v (‘7)>io
- pNG] ( h) / / T ae eyt [‘w <1+%G<m>)]
(75 (1) =77 (U)>zo ]

(4.36)

Finally § (So)g,is given in the paper in [20]

%(5@50 = _i%%/ot Otd7d0<(?i (1) =7 (U))2>SO

i |1 1 1 1 N\’| (77 (t) = 75 (0))°
——m | -wtcot —wt — | —wtcsc —wt .
4 2 2 2

4.2.2 Approximated Propagator

Collecting all contributions, we have the approximated propagator in the first

cumulant approximation as

p(= N m \3N wt N

(7w (@), TN(O)’t)_(Qm'ﬁt> (ZSinw—t>
3N (1 1 i o &b

X exp {7 <§wt cot §wt — 1)] exp {—?_LN (5 + 5) t}

X exp [Zil (%)2 /Ot /DT drdoé; 1 N l%Gl(T, 0))3/2 xp [_ ;; Z((lT—)l-j%g((zz;; ”

X exp [i (;) / / drdofy, (- Gl(r 0))3/2 exp

X exp [Z;m [—wt cot 1u)t — (%wt csc %wt) 2] (i () — 7 (0))2] . (4.38)

2L2 (1+ &G (1,0))

2t
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The averaged propagator contains only the following averages (7 (7)) So’ <7> (7’)2> Sy’
(7" (1) -7 (0))g, and <(7 (1) =7 (U))2> . These averages can be obtained from
So

the generating functional.

4.2.3 Generating Functional

Generating functional or the characteristic functional is defined as

<exp {%/Ot??(f)mbso - <eXp [% <SO+/0td(T)7.?(T))}>S
(oot} o

S = Sy + /t 77 (r)dr. (4.40)
0

where

The classical action Sj , associated with this action S” can be determined exactly.

The result is given in [20)]

b = et (5) 70 -7 O

4 2
+7(0) - /0 d(r) f (r)- (Sm (;fw; m) (s C(;—(;;))sm gT)
7 [anT o (Zﬁﬁ*sm(%i;z smgT>

sin(w(t—7)) sinwt

+/t/td p 7)( ) 7( ) mw sin wt
o Jo Tao T a _4sin<%(t—7)) sin(%(T)) sin(%(t—U))sin%U

mw sin wt

(4.41)

Using this generating functional and using the following expressions given in [16].

(7 (1)), = [ 2 ] (4.42)
B CF AR b sy

7 ()T (o)), = [(E> N el 556,6[] "
So i 57(7).57(0) (57(7) 57)(0) T (r)=0 |
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One can obtain the averages by differentiating the classical action once or twice
— —
with respect to f (7) and setting f (7) = 0. Following these procedures we obtain

the linear terms

F (), = 7ww'<QHWT—Sm<§“‘TDsm%T>

0 sin wt cos %t

7 (0) - (sin (w(t—1)) _ sin (% (t — 7-)) gin %7’) |

tr sin wt cos 5t
(4.44)
Then the difference of (7 (T)s, — (7 (0))50 is
7 (g~ (7 (o, = S G GT0) 7 ) g
’ (4.45)
The second cumulant or Green Function is
s = 5 |5 TER,, - T,
_ ﬁ@Fm«uu—7»$nw7_4@m<%@—7»$n%ﬂ1
2 mw sin wt mw sin wt
(4.46)
and
Gro) = 3 [HE-TEF) -7 -7 0]
insin (25720 sin (#2=G=2)
- < ? ) ( 2 ) (4.47)

4.3 Single Particle Propagator

Since every term is in the power of the order N, therefore we can consider only

the single particle propagator.
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o ) [ f st [ e

T =T 0 ]
e [< ) / / drdoty 1 + 5 Gl(T 0))3/2 P Y (1 + %G(T, 0)) ]
X exp [;—im [iwt cot %wt _ (%wt s %wt) 2] (77 (t) =i (0))2

The single particle propagator contains all information which we will try to work

(4.48)

out from this propagator. To obtain the ground state energy, we expand the

exponential term in a series and keep only the first order. Let us consider the first

order
drdo / / drdo —— (4.49)
// +%Gm B+C)3/2
ihpcot( 2w ihcos( 2wt—2w(o—7)) cse( 2w ~ ~
where B =1 — %(ﬁ,t) and ¢ = (g1 QLQ(WJ ) ese(3 t). For large t, cot wt —

. ~ C . 1 . C
1, CSC [wﬂ — 0 and 7 < 1. Expanding Bicyp? I the power of 7 and then
integrating each term. After integrating, the infinite terms can be written in a

close form (See Appendix F for more details)

//drda 2 Gl( ))3/2

2ih 2F
- _ +t ‘ 1—In2—J1+Z= m|1+
2\ */? 28, \*? E 1+ 2Lz
(1+Ew) <1+Ew> E,

This result is exact solution for the limit ¢ — oo. The first term is the width of the
ground state energy due to fluctuation and the second term is the ground state

energy term. Similarly, we can calculate the interaction part.




59

4.3.1 Ground State Energy

Collecting all terms, we obtain ground state energy in any correlation lengths of

the interaction and impurity.

b
E, — EE + 47d°NE, (1+—3>

2
+ & < —In2—

(1_’_2E_Ewl>3/2 v
2¢ 1
i (R ( @))’

where E, = hw, E, = B = 5 and By, = 52

2ma2 ’ 2mL2 "

White noise limit

Taking the small [ and L limit so QEZ >> 1 and 2EL >> 1. Therefore we have

— b 26 (1—In2)VE, 2, (1—-—In2)VE,
Ey = 4na*NE, (1 + —3)+§Ew+ il n3)2 P2l n3)2 Su S
aN 4 (2E)) / (2Ep) / E Ep
(4.52)
Consider the 4*™ term in Eq.(4.52)
— ( 2rh2 2 3/2
200-w2)VE 5 (5) () VL
= —In
(280" (25)""
= 2yma*Nv/E,\/E,R(1 —In2) (4.53)
and the last term in Eq.(4.52)
1— ( 2xh2b 1 \3/2
éL - 21 m (7r2L2)
Er Tz
212 /5~
= _nh b7v2m = _4na®*NE éﬁié
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We can write the ground state energy in term of the dimensionless parameters:

Na? 2 2 % and R.

a’ 1’ L

— bn — 2a bn 1 b
Ey = 4na’NE, |1+ -— ) —4na’NE, \/j_ - -2
0 Ta ( —l—aN) Ta ( 7TZ+CLN 27TL>
3 _
+ B +2a°N\/E\/E V7 (24 R) (1 —1n2) (4.54)

In order to avoid the divergency in taking the “White noise limit”, we consider
l > a,L > 2b — a. The physical meaning of the hard-sphere model is that the
correlation length of the interacting particle and the impurity cannot be less than
diameter of particle a and diameter of impurity 2b—a [15]. Minimizing the ground

state energy by solving dEy/dE,, = 0, we get
A o 2
E, = <§ﬁa3N (2+R)(1—1In 2)) E,, (4.55)

where R = & (%)2 Substituting Eq.(4.55) into Eq.(4.54) and setting | = a, L =

2b — a, we obtain

Ey — bn — 2 1 1 an
— = 4nd®N 1+ -~ ) —4na®N -———_———
E, ma < +aN> ma ( 7r \/_QWQ—%Z)N>
+47 (@*N 2+ R) (1 —n2))”, (4.56)
This ground state energy is lower than the ground energy from the Bogoliubov

theory which is in agreement with Feynman path integral theory as shown in

Figure 4.1.

Long length limit

Taking the large [ and L limit so ZE—E:Z << 1 and % << 1. Therefore we can
. 2F, 2F [1 L 2B E T ~
expand in the power of 72t and £ as /1 + -~ 1+5tand In (1 + +—21§f) ~

In2— 2% Thus we can write Eq.(4.51) as

— b 1263 NV E,/2rn B> SN/ E2rE?
EO ~ ?le+47Ta3NEa (1+_£> . [0 a T, _6@ a Ly R

aN E? E?

(4.57)
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Eo /Ea

0.001 ¢

0.0001 F

0.00001

2. 10°¢ 5. 10 ¢ 0.00001 0.00002 0.00005 0.0001

&N

Figure 4.1: The ground energy in the unit of F, against ¢>N. The dash line is
calculated by Bogoliubov theory and the solid line is calculated by path integral

theory for the white noise limit.
Minimizing the ground state energy by solving dFEy/dE, = 0, we get

B, =-2V2 (a3N\/7r_Ea (2Eg”/2 + EE/QR))I/S. (4.58)
Substituting Eq.(4.58) into Eq.(4.57), we obtain

% = 4na®N (1 + S%) - % <ﬁa3N (%)5 (2 + (%)5 R)>1/3' (4.59)

This ground state energy for long length limit is shown in Figure 4.2. We find
that the second term in Eq.(4.59) is so small. Therefore we can approximate the

ground state energy for long length limit as the mean-field energy.
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Eo/Ea 1

01 ¢

0.001

0.00002 0.00005 0.0001 0.0002 0.0005 0.001

a’N

Figure 4.2: The ground state energy in the unit of E, for long correlation length
limit against a®*N. (a/l = 0.0001,1/L = 0.5)

4.4 Condensate Density

The propagator of the system is reduced to the free particle propagator when
w = 0 (no harmonic trap). This means that we measure the system by free
particle propagator. To obtain the condensate contributions and contact with the
Bugoliubov approach, let us consider the single particle propagator in Eq.(4.48)

again. Taking the limit w = 0, we have

(7 (s, = (T (), =y~ (T (O =7 (0)) (4.60)
and
G(ro) = M= T27) (4.61)
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The single particle propagator can be written as

h
m 8/2 tm— 2 &a &
= T or 7 - i 0 t
<2mht> p[th(T ()= ())}GXP{ h(2+2
bt 1 =)} (F (t) — T (0))°
X exp —%/ drdo 4 373 OXP | — ( 2 ) ( ‘hE )_ )(t_(<_))))
0o Jo <1 +l%m<rfa>2<;<rfo)>> 972 (H,%%)
t T 1 T—0 2 — t _—) O 2
X exp —%/ drdo : 373 OXP |~ (5%) (;,i() )(:f))))
0 Jo Q+%@i%ﬁﬂ) 2p1+ﬁ__%__>
(4.63)

Expanding the exponential term up to second orders, we can calculate the first
and the second terms exactly. The results are

LT 1 202 mt?
_& / / drdo = —% T (4.64)
0 (1+ 2G(1,0)) R2int (1 — 452)

and the second term is

) (FO-TO) & 2w’ O,
// drdo 2[2 1+Z2G<T 0))5/2 - h23(iht)2 (1_%)2( () (0))".

(4.65)
For large t limit, we can expand Eq.(4.64) and Eq.(4.65) in the power of % and
keep only the first two terms. Thus the propagator can be written in the simple
form as

*

PUF (1), T (0),1) = (m >3N/26;NEM

2miht
i5 (1-=a'N (2 + LR))
X CXp — — 2
x> (77 (t) = 77 (0))
=1
(4.66)
In order to obtain the normalized wave function, we set

m ~ 1. (4.67)

m (12N (2 + £R))
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Therefore the propagator of the system can be written in the simple form.

£ \ 3N/2 ‘ .« N
PU(T (8), 7 (0),8) = 2 “ENEot e | L ELNT (R (1) — 74 (0))?

T 0700 (55) e | (0 - 7.0

(4.68)
where the ground state energy is
_ bn — 2a —  bn 1 b

Ey=4na*NE, (14+-— | —4 3NEa\/j——4 SNE,~————. (4.69
0 = 4ma < +aN) ma —7 —4ma N L (4.69)

This ground state energy is the same as the ground state energy in Eq.(4.54) in

the limit of £, — 0. The effective mass ratio is

m* 16v/27 (2[ L ) |

2 __
— =1- 7Ta3N —+ —R
m 3 a a

(4.70)

Thus we obtain the ground state energy and effective mass for any correlation
lengths of the interacting particles and of impurity. We replace ¢t by —th3. There-

fore the N-body density matrix can be written as

m* 3N/ m* al — — 2
(P 0.7 0.0 = (T ) e e [_W S -7 ] |

(4.71)

o

Suppose a permutation contains C,, cycles of length v and Y vC, = N for v > 1.
i=1

Thus the partition function is

N v
) = exp [~ Ff] = h 4.72
QW = exp [~ Ff] eXp[;uy], (4.72)
where a = e*? and
, B 1% m* 3v/2 27Th2ﬁ 3(v—1)/2
Y u32 \ 2nhp m*
m 3/2
v <27Th2ﬂ1/) (4.73)
Therefore
mr \3/2
exp [-Ff] =exp |V (m) C5/2 (0‘)] , (4.74)

N
where F' is the free energy, o = "7, (55 (@) = Y V‘;;. For temperature T' < T, so
v=1
a=1and (52 (1) = 1.341. Thus the free energy of the system is

% £\ %2
F:—Q’/Q(ﬁ) (2:;%) . (4.75)
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The specific heat is

TO2F 15VE [km*T\*?
¢ =~ =0 (5w )
. 3/2
15Vk (kmT\*” 16V21 4— (20 L
= C5/2 <1)T (W) <1 — 3 a’N <E + ER) (476)

The critical temperature T, is

) — 2/3
T, = 2mh ( Ne ) . (4.77)
m <1 — 16vam s (2 4 %R)) E \Gs2(1)

Where N, is the condensate density of the system. For dilute gas a®N << 1, we

obtain the critical temperature

16V27 — (2 L

a

—\2/3
where Ty is the critical temperature of ideal gas Ty = 2mh? ( Ne ) . We find
mk \ (3/2(1)
that the critical temperature is increased by the repulsive interaction and the
strength of disorder which is in agreement with [22] as shown in Figure 4.3. The
condensate density is

_ 1 0QwW  /m*kT.\*?
Ne = 50w :(27rh2) Goy2 (1)

3/2
mkT, 16v2r .— (2l L

No (1 — 821N (%l + %R)) : (4.79)

12

where Ny is condensate density of ideal gas Ny = (’2”75}?2)3/ ? (372 (1). We find that
the condensate density is depleted by the repulsive interaction and the strength
of disorder (see Figure. 4.4). If there is no interaction and impurity, the system
is the ideal Bose gas. The condensate density is also depleted by the correlation

length of interaction and the strength of disorder. Therefore the long correlation

length can suppress the condensate density.
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TC/TO 2
1.8¢t
1.6
1.4
1.2¢ “"””“"””"“"
o 0002 0.004 0.006 0.008 0.01
3N
Figure 4.3: The critical temperature against «®N.  The dash line is crit-

ical temperature of Bose gas with no impurity and the solid line is crit-
ical temperature in the presence of the impurity for white noise limit.

(l=a,L=2b—a,R=2andb/a =2)

0.005 0.01 0.015 0.02 0.025 0.03

a’N

Figure 4.4: The condensate density against a®N. The dash line is condensate
density with no impurity and the solid line is condensate density in the presence
of the impurity for white noise limit.

(l=a,L=2b—a,R=2andb/a=2)
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Figure 4.5: The superfluid fraction against a®N. The dash line is superfluid
fraction with no impurity and the solid line is superfluid fraction in the presence

of the impurity for white noise limit.

(l=a,L=2b—a, R=2and b/a =2)

4.4.1 Superfluid Fraction

The superfluid fraction can be defined as the difference between the energies F,

and ground state energy FEj.

Nmov? p,
MO P _ B, - B, (4.80)
2

where p; is the superfluid density, p is the total density of the system, F, is the
ground state energy of the system moving with velocity v and FEj is the ground

state of the rest system. Using this definition we have

N 2 Nm* 2
Mo ps _ AU (4.81)
2 p 2

Therefore

(4.82)

p m

* 1 o
ps _ M _ 6\3/27TCL3N<2Z L )

—+—R
a a
We find that the repulsive interaction, the strength of disorder, the correlation

length of interaction, and impurity deplete the superfluid fraction, as well as the

condensate density.
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Bose-Einstein condensation in a disordered system was studied using Feyn-
man’s path integral theory. The correlation function of the interacting particle
and impurity are assumed to be a Gaussian function with different scattering
strengths. The mean field approximation on the two body interaction is equiva-
lent to replacing the two body interaction into a one body interaction by averaging
over the interacting particles. After averaging over the impurities and the inter-
acting particles, the system became translation invariant so we chose the non-local
harmonic action to be the trial action. Performing the variation calculations we
obtained the analytical result of the ground state energy. We studied the ground
state energy into 2 main cases: short and long correlation lengths. Short correla-
tion length or white noise limit is in good agreement with Bugoliubov approach.
We also considered the statistical properties. We have found that when w — 0,
the system reduces to the free particle system with the effective mass m*. We
summed over all permutations so we obtained the partition function which led to
the critical temperature, condensate density and superfluid fraction, etc. We have

found that the impurity suppresses the condensate density and superfluid fraction.



CHAPTER V

CONCLUSION

5.1 Bose-Einstein Condensation in a Double Well

Potential

We have studied the Bose-Einstein condensation in a double well potential of 2
types: harmonic potential superimposed with a Gaussian or with a cosine barrier
using the Feynman path integral theory. The mean field approximation is per-
formed by replacing the pair potential into a one body potential by path integral
approach. The calculations are carried out within the first cumulant approxima-
tion measured with respect to a local harmonic action containing one variational
parameter. The advantage of this method is that all calculations can be evaluated
analytically. We obtained analytical results of the ground state energy which is
exactly the same as ref. [18] for V, =0 or A =0. The ground state and the first
excited state wave functions used to calculate the overlap integral v;; are in good

agreement, with that from two-mode model of Gross-Pitaevskii equation for small

GN.
5.2 Bose-Einstein Condensation in a Disordered

System

We have studied Bose-Einstein condensation in a disodered system by Feynman’s

path integral theory. This leads to determining the propagator in the limit of



70

very low temperatures. The propagator contains all information of the system
such as the ground state energy and the wave function which is similar to the free
particle wave function with an effective mass m*. We study the system in two
main cases: white noise limit and long correlation length of interacting particles

and of impurities.

For white noise limit, the system go beyond to the limit of Bugoliubov
approach which is a special case of our model. The interacting potential and
impurity potential are reduced to the Dirac delta function. In dilute Bose gas
a®’N < 1, we obtain the ground state energy which is in good agreement with
Bugoliubov theory. Moreover Feynman path integral theory can be used to study
the long correlation length of interacting particles and impurities by taking the
limit of long correlation length of interacting particles and impurities, Therefore,
the Gaussian potential of interacting particles and impurities is broad and flat.

This implies that these potentials are too weak.

In the limit w — 0, the propagator of the system reduces to the free particle
propagator. We obtain the density matrix. After summing over all permutations
of N-body density matrix, we obtained the partition function, specific heat, criti-
cal temperature and condensate density. We found that the repulsive interacting
particles, the strength of disorder, and the correlation length of both interacting
particles and impurities, suppress the condensate density and the superfluid frac-
tion. The critical temperature is increased by the repulsive interacting particles,

the strength of disorder and the correlation length.
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Appendix A

Average of Gaussian Potential

We show the detailed calculations of the integral of the Gaussian function

of the propagator in Eq.(3.19). Let us consider

o Fp sin G4+ 5y sin&(E-7) | 2
(fﬂl) 1 sin &t
exp |[— | = = ~ ~ €Xp | — = o
< [ o . <1 N %sin@(t?)sin@t)l/Q 52 (1 + &W)

i 52w sin &t
sinwt
(A1)
We let
~ 2
ToSinWT + Ty sinw(t — 7)
a = —
sin wt
1
b = 1+ ==
0w
¢ = —cos (207 — &t] esc [wt] . (A.2)

oW

Therefore we can write in the form

[(o [ CE - [ misals o

For large t, cot@t — i, csc [C&ﬂ — 0, §, m & 1. Therefore we can expand
exp [—m} in the series.
t ~ 2 t a 1 a 2
z; (1) - 1 L= 550 + 3 (52(b+c)> -
/<exp[_( ; >]>d7:/<b+c>”2  (sres) 4 (i) o )
0 0 "6 (m) o (52(b+c)> + -

We consider the first term in Eq.(A.4) and expand in the series

11 ¢ 32 15 35 N
m B g B 263/2 + Rp5/2 - 16b7/2 + 19819/2 + ... ( . )




5

Integrating in each term, we have

t ~
1 t
st AT —
1% /\/;dT—bl/2
0

o R~
2 ’ / 2h3/2 dr = 252052b3/2
0
t ~
g 3c? = 3ot [@t]  3tese? [0t
) s T T 162 1664002
0
t
g 15c® 5i 5 cot? [t | 25 csc? [t
C T 1T T T o6 T 965552 T 96555
0

(A.6)
In order to study the Bose-Einstein condensation, we have to consider in the

large ¢ limit (?—> oo), we find that cot [&ﬂ — ¢ and csc [@ﬂ — 0. We continue

integrating in every terms in the large ¢ limit, we get

t ~
1 t
st . =
1% /\/;dT——bl/2
0

nd . ¢ =~ _ _ i
2 ) /253/2d7 952052b3/2
0

3c? 3i
rd . ~_ _
3 ' /81)5/2 a7 1605403b5/2

o

S () [ ———

~ey o~ S 1 . .
021w1+1b1+§ (7/ + %) /L!

[\.')ID—‘ G“Iﬁ

(A.7)
Thus

22 2 [H L- 7

25b
= — —1

b1/ N VG A9
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The first term is the ground state energy and the second term is the normalized

factor. Consider the second term in Eq.(A.4)

7 7
1 —a —a
= dr = /—d?. A9
0/ (b+c)? 0% (b+c) ) 5 (b+c)*? (4-9)
For t — oo, 7 << 1, we can expand Wi)m in the power of 7.
- 3 15ac? 35ac? 315act
a __a n ac_ 1bac n ac® ac L (A10)

52 (b + 6)3/2 &’2b3/2 5-’2b5/2 8’0‘-’2[)7/2 16’0‘-’2[)9/2 1285—’2()11/2 ’

Considering the integration of the first term, we can calculate exactly as shown

below.
t ~
ot A cot [@t] (# +32) - csc [Wt] 7372 _ teot (1] esc [0] 7273
: 5253/2 9520h3/2 \1 2 F20b3/2 F25b3/2
0
t csc? [@ﬂ N
Integrating all terms in the large ¢ limit, we get
,tv .
st a o~ ' ~2 A2
= /_52b3/2d7— T 9F2b3/2 (xl + x2)
0
t
3ac 31
nd . ~ ~2 2
2" /252b5/2d7— S22 (21 +13)
0
/ 15ac? 5Y)
rd . ac” i~ t ~ | 2
(. /_852177/2dT ~ 160%030b7/2 (xl +x2)
0
b g o HU+3)
i /—b <j+—> dr = S — (] +13) .
b3/ (i + 5) il S5 2 srgiplits) (i+3) !

(A.12)

Collecting the infinite term, we can solve the second term exactly for large ¢ limit.

The result is

S i
/ Wd?22~ Sip(3) (i+ D)4l (71 +73) (A.13)
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Consider the third term in Eq.(A.4).

/ 1 1( a )QdN /1 @ - (A1)
5l = T=[| -——=d7 )
(b+c)l/22 02 (b+c) J 254 (b+c)5/2

—( RE in the series, we obtain

1 a? a? 5a%c 35a2c? 105023 1155a2c*
9~ 5/2  o=4p5/2 g4 72+ ~419/2 99~4pll 5+ ~4 132+"" <A'15)
204(b~|—c)/ 20405/2 45407/2 16040972 3204b11/2 T 25654613/

Expanding

We integrate all terms in the large ¢ limit. Therefore

t

2 .
st . a ~ _ ¢ ~1 |~
1% / S5ap2 dr = I (xl + xQ)

0
A 2
Ha‘c 51
nd . =~ _ ~4 | ~4
2 : /_454177/2 T = T 245605207/2 (ml + ‘752)
0
35a2c? 35i
d . ~_ ~4 | ~4
(. / o5 = Toggegpe (01 T T
0

j=0
(A.16)
Collecting the infinite terms, we have
f 1 a? ° i J.HO (j + %)
s andT = — — 4T . (AT
0/254 (b+c)5/2 oo ;U%leb 6(z+ ) ( 1 2) ( )

Similarly, we can solve the N*® order terms, the results are

d f —a > 1 jHO(j—i-%)

n — =~ = ~2 | ~2

2 : /52< 3/2dT:Z~A~. 1Y (1 1)) (INL%)
0

b+ C) i—1 O'QZwlb(l+2> (Z + 5) 2!

) ; 2 . . z'jHO (+3)
g [ — L ar—— = 7+ 7
0/ 254 (b + )/ ! ; s2it2gip(i+3) 6 (i + 1) (i + 3) 4! (71 +72)

t i1G+3)
4th . / _ ; B B
656 (b + C 7/2d7' Z ~2H‘4oﬂb 3() (Z + 2) ( + %) il (x1 + :CQ)
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7
1 a "
¢, —= dr
" /m (b+c)'/? ( o (b+c)> '
0

. : . 2n—1
(_1) (~2n + fgn o0 Z]'I;IO (J + T)
B (2n — 1) n! Zz; F2i+(2n— Q)wzb(ZJr (i +n—1) (2 + %) il
(A.18)

Thus we can calculate

o o

<exp [— (@gf))?] > d7 in the large T limit.
[ (o[- (%))

~ 1
0 21n[2] 21“[“ 1 -5

N NG

i1 (G +#5)
j=0

=) (i+n—1) (i + 21!

() @) &
Zg (2n —1)n! Z F2i+(2n—2) ip(i+2"
f  [2m[z 2 [H 1 - 5%
Z —
b1/2 \/T)@ \/T)&

(D" @+ 33

=1 onenb(nt2)

1 1
2F1 {n,n—l— §,n—|— 1,m:| .
(A.19)

Here 5[ is the regularized hypergeometric function.



Appendix B

Average of Delta Interaction in One

Dimension

In this appendix we show the detailed calculation of the delta function in

Eq.(3.19). The average of Dirac delta function can be written as

To.—To. )SinWT+(T1. —T1. Sin@(?—?) 2
( 7 ]) ( ? J)

1 sin Wt
O = )05, = <4ﬂ¢sinw(?—?)sinm% 7z P (gsinﬁ(?f?)gin®?>
= ot o sin ot
(B.1)
We let
Xy sind7 + Xisind(f =)\
Y ( zsmwT—l—. stlnw( —T)) (B.2)
sin wt
7 o~
b = ——<cotwt = =
w t—oo W
¢ = <cos (2&?—@5) csc ot (B.3)
w

here )N(Q = (521. — 52].) and )Nfl = (%’11. - Elj) . Therefore

j<5(xi — ;) dT = jmexp {— (bj—c)} dr (B.4)

a

(b+c)

Expand exp [— } in the series.

t -t d ()

~ / 1 T bte bte =
/<5(l’i—l’j)>sod7'—0/‘ﬁ(b+c)1/2 ( _l(L>3+L( “ )4+'“)d (B.5)

0 6 \btc 24 \b+c
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We consider the first term in Eq.(B.5) and expand in the series

: S S N . (B.6)
\/7?(6+c)1/2_ 7b o2 | R a2 16 /mbi2 | 128 /w92 T N

In the large ¢ limit (f—> oo), we find that cot @t — i and csc &t — 0. We continue

integrating every terms in the large ¢ limit. We get

t
1 t
5t / —d7T = —
J V 7b b

2nd ¢

C
e —
/ SN W e
0

t

grd / 3c? e 3
’ 8\/mho/2 N 4/Tw3b5/2

TS

Z't

=

N)D—‘ @‘IO

PEADE R (R )
7t N R LR
(B.7)
Thus

t

/;d? — i_zi 2 oG +3)
S (bt e)? Vb S Jroitbits (i 3)dl

= \/% —z\/;mz (B.8)

The first term is the ground state energy and the second term is the normalized

factor. Consider the second term in Eq.(B.5).

/\/_ b+cl/2(b+c /\/— b+c3/2d (B.9)

Expanding ——%-~ in the series, we obtain
panding e series, bta

—a

_ G n 3ac _ 15ac? . 35ac? _ 315act .
Vibto? VAR /ab 8/ai R 16yab 128wl

(B.10)
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Integrating all terms in the large ¢ limit, we get

I dT =

T
/ NG N (%1 +%3)
0

[

3ac 37 ~ ~
nd . ~ _ 2 2
2 /zﬁbm‘” Nk (%3 + %)
0

t

15ac? 5i ~ o~
rd . _ ~ 2 2
o / s/ = L (Xl * X?)
0
¢ i i . i+ 2
o [ (e )2 G+ (2 5)
: , : = : : . 1 2 ) -
/ V2 (i 4 3) il i 2 ﬁ@ib(l"r%) 2(i+3)!
(B.11)
Collecting the infinite terms, we have
¢ ., TG
———dT =1 = , <X2+X2>. B.12
o/ vV (b+ 0)3/2 121 Toip(+3) 2 (i + 1)l ! 2 ( )

Consider the third term in Eq.(A.4)
t

O/ﬁ(bic)”zé <(bic))2d%:/%ﬁda (B.13)

0

Expanding W‘Z)m in the series, we obtain

1 a? o a? Sa’c N 35a2c? 105a%c3 N 1155a2%ct N
2w b+ 0)5/2 C 232 4 /mbT2 16y/TbY2 32/mbll/2  256,/mbi3/2 T
(B.14)
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We integrate all terms in the large ¢ limit. Therefore

t

1 / -
C) o2ymbieT
0

5a’c
nd . _ = _—
2ne / —4ﬁb7/2 dr

0

grd / 35a%c? P
16/7b%/2
0

c\?

1
8 /r b2

O/ \/%175/(2 (Z‘ +32)

12/702b7/2

32\/7b/2

()N(f +)N(§>
5 ~ =
! (Xf +X§>
351 <)?f +)~(§)

G+

Collecting the infinite term, we have

[

1 a? _
5 5/2d7-_
NI

Similarly, we can solve the other terms, the results are

2nd / —a
S (bt c)3/?

t
2

3rd /—a dr = —
02¢%w+qw2

t

dr

=

43
4th . /—amd’f
/ 6/ (b+c)”

% 5 Z ) )
. o ~_ X4 X4> .
! ”1:[0 (j ) 2) v Vazibl+2) 12 (i +3) @+ 1) ! (% %2
(B.15)
S 1 H G+3
_ =0 o X4>
ZZZI\/_WZI)Z+2 12(—|—%) Z—|-1 Z'< 1 T Xy
(B.16)
> o ;'Ho (G+3) -
- 3 X+ X2>
Z; Toip(t3) 2 (i + 1)l ( 1T A2
> i v ﬁ (J+3)
.2 J=0 <X4+X4>

i (i +3)

2! =0

0 Jamip(it3) 60 (1 +2) (i +

e}
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5t / T = &
/ 24/7 (b+ )
t . n

nt / <— a ) dr
J nly/mb+co)/?\ (b+c)

(—)" (X + X3") = o

i ; (1) 336 (i +3) (i + 3) !

Jj=0

(f(f 1 )?5)

P11 (G + 2)

—1

2(2n —1)n!

i=1 ﬁ@ib(” "z

t

Thus we can calculate [ (6(x; — ;)
0

t

/ (0 —
\/gf— z\/% In 2]

ZL‘j))SO dt

~1 )2n+ (%21 ~ )277, 00

2i

D (i+n—1)(i+252) 6l

(B.17)

g, d7 in the large t limit.

P11+ 22

7=0

—ZZ

ﬁ—m

(2n —1)n!

[B1 —xl [ 3 (51- —fl-)

_ F ol {20y 2 75) 7
2 /27'(' p-q { ) }7{2’ }’ 2
I G0 R PR P c e
2@ ptq ) ) 2a ) 2

where ,F} is generalized hypergeometric function.

=1 \/_wlb(

=) (i +n—1) (i + 21) 4

: (B.18)



Appendix C

Average of Delta Interaction in Three

Dimensions

We show the detailed calculation of the integral of the delta function in three

dimensions in Eq.(3.47). The delta function in three dimensions can be written as

_ ( (F2,—2; ) sin@7+(%1,—31; ) sin@(I—7) ) 2 -
sin &t
1 3/2 (T, T2, ) sin @7+ (31, 01, ) sin&(E-7) 2 o~
= | ——= — U] i 4
(mm) o || +( ) |mEn
- 2
(2, —%2, ) sin@7+ (%1, — %1, ) sin@(1-7)
+ < ’ sin@t :
(C.1)
We let ) )
<)?2 sinm+)?1§ina(f—%)) I (?2 sin@7T+Y1 sin@(f—?))
a = sin wt sin wt (CQ)

" < Zo sin 57421 sin &(1—7) ) 2 _

sin &t
Here }72 = (%Z - gzj)7 571 = (@vll - ﬂlj) and 22 = (:Z’vzi - 52j)7 21 = (%i - 51j) .

t t

/<5(?i —?j)>50 &7 = !mexp {— (bic)] d7. (C.3)
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Expanding exp [—ﬁ] in a series and integrating all terms for the large ¢ limit,
therefore we obtain

t

1 1
st . =
= /Wg/Q(b_i_c):de 3/2p3/2
0

. @(E“ﬁég) 116+2)

2nd

d?— ,
732 (b+ c) _3/2 (b o /2 — G3/2gip(+3) (i+2) il

o (P4 P4 z’]i[j—i-é
. :/ @ i(Ri+ry) THE+D)
0

w2 b+ o) = gomspip(itd) (i +1) (i + 3

SN—"
~.

e e i(mem) 16D

4th / J
e Ve e T

Therefore the integral of delta function in 3 dimension is

R ) o @- z’ﬁ(j“"—;l)

-t
2(2n+1)n!

st — rapagip(i+25) (i + 2) (i + 255 )l

1 iR R
= T3/2p3/2 121/2773/2 pFy [{1 1}, {2, }

2i

i3/2R2

R el

(C.4)

where

(F,—7,)° = BI=X{+V2+2}

(Fo-7) = - R4Ti4 22 )



Appendix D

Average of Cosine Function

We show the detailed calculation of the integral of the cosine in Eq. (3.61).

We can write (cos (2kz;))g, as

<cos <2E§i>>so = <62i%5i + e_%%"> /2 = <<62i%%i> + <e_2i%5">> /2. (D.1)

We expand e2ik%: in the first and second cumulants. Because Sp is quadratic, only

the first two cumulants are non-zero (Kubo 1962) [17].
<eXp [22%@]> = exp [22% (Ti)g, — k2 (<ZEZ2>SO — (EEQEO)]
So

— exp [22% <:v2 sin w7 + 71 sinw(t — 7‘)) 92 (7, ;)] .

sin wt

(D.2)

We let

o3l Tosino7 + Ty sinw(t — 7)
= 21 ~
P sin wt

) —2k%q (7,7). (D.3)

For large ¢, p << 1. Therefore we can expand e” in the series by using the relation
el =3 ’;—T =1+p+ %pQ + %p?’ + .... Let us consider the 2" order of e?
n=0

t —~ ~ —~ ~
_ k2 ik*tcotwt  2ik . _ o~
/pdT - O L T+ T) tandt. (D.4)
w w w
0

the 3' order

t ~ —~ ~ o~ ~ o~ ~ ~
1 / 2 3k cot Wt N k't k'tcot?®t  4k? (7 + ) tan? 5T
~ =5 = - =5 @ €T an- w
par ar A 437 gz

2

0
E? ~
+— (27 + 73) cot ot + ...
w

(D.5)
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t

1

0
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11ikS  11ikSt cot2t  ikStcotot  ikStcotd ot

14404 4804 w3 24003

2k5 cot ot 2k5 cot3 0t ik,
_T(l’l—iﬂfg)—f—w $1+1’2)—@($1 :KQ)

3ikt cot? Ot ik cot Ot

—m @A T+ = (T + 1)

ik cot3 ot .
B (a:i” + :c%) + .. (D.6)

Taking limit ¢ — co. Thus cot@t — i and cscwt — 0. We find that the term

which depend on ¢ and end point term can be written in the closed form as shown

below.

t
/pd7~' =
0
7

/pzd? =

0

t

/pgd? =

0
¥
1 [,
= d= =
24/p7
0

DO | —

=

=

/ ptdT

o

k2 ik 2k
= _T+T(x1+w2)
w w w
ikt RN ARd ik,
“i Taw T am )t (W)
11k kS~ 8k ikt . AR
3ot oo ae T T o (B ER) - g (4 E)
25ikS kS~ 16k kS, 8K .
s ot Tosmt 0 T g (T ) + o (T4 T)
kL
_Z_(lei 7

t~+5 iy T+ 73)
~\ J+2 ~ \ N
L 2GR e ()
=5 B ($1+x2)z
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Therefore
7 n 7\!
~ " > 1 k2 0 ]_<2Zk> )
/exp [22]@9@] dr = tz Sz t2= T (T1 +73) (D.8)
0 n=0 n=1 '
~\ J+2 ~5\ T
x 241 (j + 1) (ik) = (-1 (£)
1 J IS &
D S s e G R 1D D .
j=1 nzoml;[()(2l+]+2)
(D.9)

Similarly we can calculate

y > 1 ( E?)"Jr > 1@(5{+5§)

t

/exp [—2@'7&}} dr = t — | —= ——
e~ n! w —~w 7l
0
. N\ J+2 ~
LGy (R) T e ()
L ~j | =
> (j+2)! CREDY o
=1 : n:omH(Qz—l—]—l—Q)
i=0
(D.10)
Thus

/ cos Qkxl dt
0

]{32
exp [ 2zkxl} dT = exp t
w

—_
o\wn

7
1
= §/exp QZk::I;2 d7'—|—2
0
Ny ~\ J
= (mk) = (—2ik> o
o= > FF (7 +3) + T(m{m;)
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Therefore we obtain

g P 2

N 2 (7= Ci |2k, | + 2k, )
-3 1 (

- (

v — Ci [2%”3?21} +1In QEEEQZ)

(=1)9) (25 +1) <2E>Q(j+1) -

N 1’4’ 00
_22&22 (2 +2)1

Here v is Euler’s constant, v ~ 0.577216, Ci[z| is the cosine integral function and

' [z] is the Euler gamma function.



Appendix E

The First Excited State

We consider the terms which depend on csc @t in the propagator and expand

csc Wt in a series.

o~ 2ie~ it . .

R TP (1 + e P 4 ) (E.1)
(1 _ 672“‘)%)

T N ~
Consider exp [z [dr5 > (ZDQ Qi) (72) So] in the propagator.
d :

=1

t

N
exp i/d? Z > —1 <§7Q>So
0 =

1

DN | —

[ 1 @ 1 @\, - ]
—N (— - 4) tcot Wt —iN (4w Z) (77 +x§)cotwt]

- P 4w

X exp [Z;V (@ —1) xf2

Using the same method we can calculate the Gaussian term. Keeping only the

csc wt}

terms which depend on csc@t, the result is

[{on - (212))

1= —1
L 1+(14zk)

= 27179 csc ot -
G52 (1+2)" | “motm [1 +(1+ =) 1/2]

Fo (E.2)

and the interaction term.
T
- ol (E.3)

/<5(CCZ — xj»So dt = XlXQM % In 2 csc wt + ...

0
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Collecting all terms, we can write the propagator as

P (Zn (t),2n(0),7)

~ P (7n (t),7n(0),7)
@ =)@ - B (e [- ()],

t 1
2 .
=1

X exp Z/d? =1 N
0 =92 (6(Fi — Tj)) g,
1<
= o(F2)(T1) exp [—iN Eyl]
oS53, - f (5 - 1) B
V2717 1_1 1 11 -1/ ~7
exp +% +(1+55) » cscwt + ...
)T —m2rm 14+ (14 )7
i —fg/N(]gil) 53/157/2\ / % In2 i
(E.4)

Expanding the exponential term in the series and keeping only the first two terms,
we obtain

P (Tn (Z> ,ZN(0),7) ~ ¢o(T2)5(T1) exp [—’iNEOﬂ (1 + (constant) ’951’37264?)_’__
(E.5)

Thus the propagator for the first excited state can be written in the simple form:
¢1(Z) = (constant) T¢y(T) (E.6)

We can also find the constant by using the normalized condition:

/ 61 (D)2 dF = 1.



Appendix F

The Ground State Energy of BEC in a

Disordered System

In this appendix we give the detailed calculations of the ground state energy

in Eq. (4.51). The Green function G (7,0) can be rewritten as

L?mw L?mw

Let us consider the first order

1 b 1
/ / drdo 5 = / / dea—?’/Q,
(1+ &G (1,0)) 0 Jo (B+C)

ik cot 1wt 2F
_dhpeotgwt 2B,
L2m2y  t—oco E,

ificos (3wt — 2w (0 — 7)) csc 2wt

where

B —

C =

L2mw
For t — 00, << 1 so we can expand m in the series.

1 1 3C 15C? 35C3 315C*

(B1C)P? B2 2B 8B 16B2 | 18BU2

Integrating each term, the results are
t T 2
1 t
/ / WWU =B

3iht
/ / B5/2 Smspdrde =  9B5/2[ 2002

)> _ il cot swt N ificos (3wt — 2w (0 — 7)) csc 2wt

15C2 B 15h%% csc? & 15h%t cot &
8B = T A e T 6B R Limie

(F.1)

(F.2)

(F.3)

(F.4)
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In order to find the ground state energy, we take the limit t — oo. Integrating all

terms, we can write the infinite terms in the closed form as

t T
/ / CZTCZO';32
0 Jo (B+ )Y

t* _ BihEp  15ihE} - 35ihBj - 315ihE} - 693iME}
TBE T BPEZ ABTPES  GBYPES | 32BUPLS  40BUPES T

t? ih X2+ B\ L 1
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33/2 T B3/2Ew; 1! (BEW> jH0<j+2>

2 9ilh 1 2F
_ . 1—1n2——+1n<1+ 1+ L)

—— e+t
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2 2ih 2F 1
= — +t ! 1-m2—/1+ =L 41+ .
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