CHAPTER 4

NUMERICAL RESULTS AND DISCUSSION

This Chapter is concerned with the numerical results obtained from the

solution procedure described in Chapte computer program has been developed

to study electroelastic response of & | oelectric cylinder subjected to
; relectrodes are considered, i.e. a
smooth flexible electro | id vergence and stability of
numerical solutions are i f the present solution is
verified by comparing isotropic and transversely
isotropic cylinders. Num onstrate the influence of
piezoelectric material par and. loading conditions on the

displacements, stresses
4.1 Numerical Scheme

Py
The solution pfﬁ:edure descri apter is implemented into

a computer program. -_-..-—----»--——-—-f ————— ticai foadir s three roots in equations
(3.33) are first obtainedﬂ; 3
the boundary conditions glven by equations (3. 64) to (3.69). For the case of electrical

loading, the mi s (3.86) and (3.90)
for a smooth ﬂﬁmmgm (mftﬁ 5) for a rigid electrode
with a ro i 'li em of linear
simultane ﬁﬁﬁ é ﬁ mﬂﬁﬁ] rﬂ\a:l Ejnder can be

obtained by substituting the arbitrary constants into equations (3.58) to (3.63).

fhultaneous equations from
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4.2 Convergence and Stability of Solution

First, the convergence of the loading function given by equation (3.77) is
examined. For the parabolic loading applied at the top and bottom surfaces of the

cylinder as shown in Figure 4.1(a), the Fourier Bessel series can be expressed as -

follows:
P(r)
(4.1)
Figure 4.2(a) pre( al sums of the parabolic loading function given
NN o
by equation (4.2) for was found »\: € maximum error in the
approximation of P(r)" occ gure 4.2(b) shows the percentage
of errors at »=0.0 an erms. The errors at both
locations are less than 3%
Next, consider the ¢ 2 ylinde; ed to the uniform pressure at the
top and bottom surfaces as sho fin Figure 4 b), in which
O (7, 1 h R — (4.2)

e
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P(r) = —q, [r02 + 2%7407)% (lsr)] (4.4)

Figure 4.3 presents the convergence and error in approximation of the uniform
load in Figure 4.1(b). It is obvious that the uniform loading requires more terms in the
infinite series given by equation (4.4) to converge when compared to the parabolic

loading. In addition, the number of terms required for convergence increase at =0
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and at the points of discontinuity (»=0.5). For example, in Figure 4.3(b), the error in

approximation of P(r) is less than 3% at »=0.05 and 0.10 when s>30, whereas, for

r=0.0, the error could be as high as 10% even when s >100.
4.3 Comparison with Existing Solution

Chua and Wei (2000) presented the stress distributions within a finite isotropic

solid circular of diameter 2R and leng

two rigid circular punches of diameter 24 arg‘applied at the top and bottom surfaces
inder subjected to the double-

o..12) (4.5)
a.(1.2) (4.6)
e At the top and botto | oS p and —1<r<1
o, (r,th) W 4.7)
o._(r,th) - (4.8)
and
ﬂ‘UEl’J NYNTNYINT
P(r) = (4.11)

awmﬂm UYRIINYIRY

where F, 1s the magnitude of the applied point force. The boundary traction on

z =*h can be expanded into Fourier-Bessel series as (Watson, 1944).

B, & sin(da)
c,=- = Js(A .
D Yy RO (4.10)

where A, is the s root of the J,(x) =0, and J,(x) is the Bessel function of the first
kind order ».

h under the double-punch test, in which
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Figures 4.4 to 4.6 show comparisons of normalized hoop stresses and
normalized vertical stresses from the present study with those given by Chua and Wei
(2000) along the vertical axis of the cylinder by varying Poisson’s ratio, the size of a
punches and the shape of a cylinder. Excellent agreement between the two solutions fs

clearly demonstrated in those figures for all values of parameters.

Vendhan and Archer (1977) considered a transversely isotropic solid cylinder

of radius R and height 24 subjected t L? following boundary conditions.

(4.11)
4.12)

(4.13)
(4.14)

where P(r)=(1—2r2 )Em, B is A e modulus of elasticity of a magnesium
u _

cylinder.

Figure 4.7 sh;lrs a comparison between n a11zed hoop stresses of
magnesium cyl (ﬁ (1978) along the z-
axis at /R Oﬁjﬂ ﬁsﬁlﬁﬁ Wmﬁ between normalized
hoop and radlal stresses along the # -axis at z=@:0 for a magnésium cylinder with

110 Sp YD 5154 ok b b § H o) . om s

4.7 and 3.8 that both solutions agree very closely. Note that the properties of the

magnesium cylinder are given in Table 4.1.
4.4 Electroelastic Field of Cylinder under Mechanical Loading

Numerical results for four different types of piezoelectric materials, namely,

BaTiO,, PZT-4, PZT-5H and PZT-6B are presented in this section to demonstrate
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the influence of various governing parameters on a piezoelectric cylinder. The

material properties of the four piezoelectric materials are given in Table 4.1.
4.4.1 Cylinders under Different Mechanical Loading.

Numerical solutions for four different piezoelectric cylinders under both

parabolic and uniform loads as shown in Figure 4.1 are presented in Figures 4.9 to

4.21. The case of a cylinder without piezoelectric effect, i.e., e; =0, is also considered

i “W .9 to 4.21 correspond to the case of
the ¢ loading area for the uniform
\

for comparison. All results prese

cyhnders with H/D=1.0.
<

under parabolic loading and
igures 4.9(a) and 4.10(a), it

approaching zero at the ¢
radial stress at »/R=1.0 is me cases for uniform loading
. In addition, it is also found that
the magmtudes of radial stresses eSpo! ..._ ...... se of four piezoelectric

C ones.

Figures 4.11 and 4.12 show the nommalized hoop stress oy, =o0,,/q, for

different plezoelﬂnuﬂ.’} w Q % '51 m ’;—ﬂﬁxes under parabolic

loading and unlfoglln loading, respectiyely. It is foulﬂfrom Figure 4,11(a) and 4.12(a)
ot the SRRARERE G BEU SV YR § Bliczoctoric
materials. The hoop stress for BaTiO,, PZT-4 and PZT-5H decreases along the » -

axis, whereas, for PZT-6B,, it increases before reducing near the edge of the cylinder.

For non-piezoelectric materials, except BaTiO,, the hoop stress increases along the

r-axis. The variation of o, along the z -axis is similar to those of o, in Figures

4.9(b) and 4.10(b) because of the axisymmetric condition.
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Figures 4.13 and 4.14 illustrate the non-dimensional vertical stress,

o., =0,/q, along the radial and vertical axes, respectively. The vertical stresses are

compressive at »=0 and then decay rapidly along the r-axis as shown in Figures

4.13(a) and 4.14(a). They become zero in the vicinity of »=0.7 since the function of
the parabolic loading is P(r)=(2r*-1)q,, therefore, P(r) vanishes when r
approaches to 0.7. The piezoelectric effect i.e. e; # 0 results in lower vertical stress.

for both parabolic and uniform loads: It is also noted from Figure 4.13(b) and 4.14(b)

displacement, D, = D,c : T-5H and PZT-6B along
radial and vertical axe’s, i :.. 7'.--:1- O%that the materials without
piezoelectric effect, i.e., ¢ - in Figures 4.15 and 4.16. In Figure
4.15(a) and 4.16(a), the v t is positive at the center of

cylinder and then decreas g theradi | axis. zero near »=0.7 due to the zero . -
normal pressure at that locatloa:_&e at the condition of zero vertical electric
dlsplacement at the top end of-ﬁe’éﬁiﬁldpr e 4.15(b) and 4.16(b) is not

positive along the vert'l' axi incr f center of cylinder to peak

value near z/R=0.7. Thecl;eaﬁer it gradually decreases along the z -axis approaching

zeroatthetopﬁ@ﬂﬂ’g'ﬂﬂ‘ﬂjw&r]ﬂj

on-dxmenswnal vertical eléctric fields B=E e e radial and
vertlcala ﬂ’]hamqnggul unm’] ’A II Els] ﬁlgjre 4.17(a) and
4.18(a), the vertical electric field is maximum at »=0 and gradually decreases along
the r-axis for both parabolic and uniform loads. The maximum value of E. along the
z -axis in Figure 4.17(b) and 4.18(b) occurs near z/R=0.7 for all materials. Note that
the vertical electric field under parabolic loading is always negative along r -axis and
z -axis except near the edge and the top end of the cylinder. However, for uniform

loading, E, is negative throughout the two axes.
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Non-dimensional radial displacements u, =u,c,,/Rq, for all materials along

the radial axis as shown in Figures 4.19(a) and 4.19(b) for parabolic and uniform
loading, respectively, are zero at »=0. The radial displacements then increase along

the 7 -direction reaching the maximum values near »/R=0.6. In Figures 4.20(a) and
4.20(b), the vertical displacements u, =u.c,,/Rq, along the vertical axis under

parabolic and uniform loading, respectively, are presented. They are zero at z=0 for

all four materials and gradually increase along the vertical axis. Significant difference

between u, and u, correspondi \% #/ f e =0 and ¢; #0 is noted. It

appears that the absence of 1ncrease the displacement due’

to the parabolic and unift ielectric failure would lead

to softening of the mat sence of the piezoelectric

effect does not produce

properties of PZT-6B

displacement because the

material. This was earlier

Figure 4.21 shows'th vanﬁ!dﬁ" | ic potential ¢" = ge, /Rq, of four
piezoelectric materials alon the'é‘efﬁcal A48 to the parabolic and uniform loads

of magnitude g,. It can be seen-’ﬁ‘-cﬁnfﬁmp‘é, qgures that the electric potential is zero at

z =0 before monoto" icteases alony o z -axis. te that the shear stress,

c z@o along the r-axis at z =0

and z-axis at r=0 for the parabohc and umform loading. In addition, the radial

w7 ULCLIELLC AT
Qﬂ@?ﬁs\&ﬁ‘%&%ﬁ?’ﬂ NYINY

Flgures 4.22 to 4.34 show the normalized radial stress, hoop stress, vertical
stress, electric displacement, electric field, mechanical displacements and electric
potential for different shape factors, i.e., H/D=0.5, 1.0, 2.0 and 5.0, along the radial
and vertical axes. In addition, two piezoelectric materials, BaTiO, and PZT-5H are’

considered for both parabolic and uniform loads.
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Figures 4.22 and 4.23 show the normalized radial stress along the radial and
vertical axes under parabolic loading and uniform loading, respectively. The variation
of the radial stress due to the parabolic loading is similar to that in Figure 4.9(a) for a

short cylinder (H/D<2.0). The radial stress is maximum at the center before

decreasing along the radial direction. The magnitude of o, decreases with increasing

the value of H /D . Only tensile stress occurs for o, along the r-axis at z =0 of the

CW
The results in Figure 4.22(b) 4.2 3(b) t the maximum compressive

stress occurs near both end Thec . hni T%?Slle shifts towards the end of

cylinder under vertical loading at the cept for a short cylinder with #/D=0.5.

Significant compressive stress is dev >0.5 as shown in Figure 4.23(a).

maximum values of tensile

ies that the tensile strength’ |

Figures 4.24 and 4 onal hoop stress along the radial and
vertical axes of piezoelec abolic and uniform loading,
respectively. The values of the h / D >2 are almost negligible for both
BaTiO, and PZT- SH:,lthch is conmsteﬁt with d?_rensmnal theory as shown

0 j
Figures 4.26 and 4 27 show the non-dlmensmnal vertical stress o, =0_/q,

along the radlaﬁlu%jcqa% E‘Jc‘iﬁrﬁr Wﬁﬁfﬁﬁj‘m uniform loading,

respectively. As &xpected, the vertlcal stress at the mlddle plane of the cylinder (z =0)

are conanmmﬂ muﬁ n!]dtgmogjl lﬂoE]For parabolic
loading 1 (a), the total vertical stress in this caseis equal to Zero since

1
[2rr2r* -1)dr = 0 (4.15)
0

whereas, for uniform loading in Figure 4.1(b), the vertical stress is equal to 0.25 since
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rp=0.5

J 27rdr
9 = 0.25 (4.16)

nr

Figures 4.26(b) and 4.27(b) show the variation of the normalized vertical

stress along the z -axis at »=0 under parabolic and uniform loading, respectively. I-t'

can be seen from these two figures that only compressive stress occurs along the

vertical axes under both loading types he maximum stresses are found at the end

surfaces. The vertical stresses deca V%appmaching a one-dimensional
2.

solution for a long cyli D> once again demonstrates the

applicability of one-dimension: tio *for ' der.
Figures 4.28 an slt e n ~dimensional vertical electric
displacement under paraboli ! o_n_n;t | ely, for different ratios of

H /D . The variation.
H/D<1.0, in Figures
4.15(a) and 4.16(a). Note

what observed in Figures
H /D >2.0) diminishes into a

negligible value at the mid €z =0); erical results in Figures 4.28(b) and
4.29(b) indicate that, for all -r-ﬁ.ﬁjdﬁfﬂf‘ﬂ BD. is zero at the loaded ends. For
(A

H/D21.0, D ab pUy-inasepses caching the me alue at the vicinity of the
end surface before d‘:aréii' ing I - veﬂcal axis. For H/D=0.5,

however, the maximum v,g,h‘l,;c;.h of D] is foun%gt the middle plane of the cylinder.

 PLUEINEVI I WE TS

Figures and 4.31 show the normalized vertical electric field along the 7 -
RN M S L1440 e 1 1
and 4.3%),t e i0 \ e c field, "E, = /q, alofig the r-axis is

z731

qualitatively similar to that of the vertical stress shown in Figures 4.26(a) and 4.27(a).
For the case of a long cylinder (H/D>2.0), E. at the middle plane (z=0)
approaches the one-dimensional solution, i.e., zero for parabolic loading, and 0.0137
and 0.0323 for BaTiO, and PZT-5H, respectively, for uniform loading. The

variation of the vertical electric field along the vertical axis in Figure 4.30(b) and

4.31(b) is similar to that of the vertical electric displacement in Figure 4.28(b) and
4.29(b).
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Figure 4.32 shows non-dimensional radial displacement at the middle plane

under both parabolic and uniform loads for different values of H /D . For parabolic

loading, «, for a short cylinder (H/D <1.0) increases from zero at the center

approaching the maximum value near r/R=0.6. Thereafter, it gradually decreases

along the r -axis to the edge of the cylinder. On the other hand, for a long cylinder

(H/D=>2.0), u, is almost negligible at the middle plane. For uniform loading, u: for

a short cylinder is similar to parabolic loading. However, for a long
cylinder, u, is zero at the cent Q&E ?&l increases along the radial direction
reaching the maximum va &

The variations o i \g{epresented for parabolic and

ATl

loading, u, decreases rapidly ﬁmﬁ 'ﬁ axi

the vertical axis of cylinder under both g

* N— . ‘I‘ .
0 f u, along the vertical axis as shown in Figure 4.33. Note that

cimmot e B Bl '?IETW’E ﬂﬂiﬂiﬁf““
OV SEREDRITT At TR ]

Figures 4.35 to 4.42 show the normalized stresses, electric displacement,'

of ¢" is similar to that"

electric field, mechanical displacements and electric potential along the radial and

vertical axes due to the uniform loading of intensity g, for various radii of applied

load (see Figure 4.1(b)). Note that all numerical results correspond to the case of
cylinders with H /D =1.0.
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Figure 4.35 shows the normalized radial stress along the radial and vertical
axes. The radial stress is positive at the center of cylinder and diminishes along the

radial axis to the zero value at the curved surface for r,/R=0.50 and 0.80. However,

for r,/R=0.10 and 1.00, o, is nearly zero for the entire middle plane as shown in

Figure 4.35(a). In Figure 4.35(b), the tensile stress occurs when —0.6 <z <0.6 for

r,/R=0.5 and 0.8, and the maximum tensile stress is found at the center. For

r,/R=0.1 and 1.0, no significant te

Note that the maximum !@
cylinder for all ratios of é

Figure 4.36 pr

stress is developed along the vertical axis.

ound near the loaded ends of the

stress along the radial and

vertical axes of the cyli ong both axes are similar to

those of o, shown igfFi . The variation of\o,, along the r-axis when

Figure 4.37 i

axis. For 7,/ R=0. 10&1 1.00, it 1 at the g'tical stresses are —0.01 and

-1.00, respe?iJ ly at thesmiddle aﬁlElane of'the chmder (z=0) as shown in Figure

13700 his B ke LB Y] 3 bbb Jodion
G.r] W”’lmﬂe i and mT.sg; ﬁl@egc displacement

which is positiv ecays to zero near =0.6. In Figur

4.38(b), it is found that the vertical electric displacement remains positive along the
vertical axis and increases from »/R=0.0 to its peak value. Thereafter, it gradually
reduces with z/R to zero value at z/R=1.0 due to the boundary condition. The

location of the peak shifts towards the end surfaces as the radius of applied load is

increased, while the maximum value of D, decreases with increasing 7,. Note that
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D! is equal to zero throughout the r-axis and z -axis for 7,/ R=1.0. This implies that

the piezoelectric effect does not occur when 7, =R.

Figure 4.39 shows the non-dimensional vertical electric field along the r -axis

and z -axis. The variation of E_ along the r-axis is similar to those for o, shown in

Figure 4.37(a). Note that the vertical electric field is uniform for 7,/R=1.00 along

both 7 - and z -axes. ‘
J
. /7 . |
Figures 4.40 and 4.41 show the flon dimensional radial and vertical
displacements along the r-axis.and z -axis, respectivély. It is found that both radial
and vertical displacements’ﬁf with increasing the radius of applied load. For

r,/ R=1.00, the radial and

1 displa&ements linearly increase along the r-axis

and z -axis of a cylinder wiich'is gimilati to one-dimensional behavior. In addition,

the general trend of eleetric poten al ﬁlon"'the vertical axis shown in Figure 4.42 is

similar to what observed Flgure 4:40 Note that ¢ increases as 7, increases
.-‘f- ¥
‘ -SH generaf?s hlgher electric potential than BaTiO, .

T - T

-

4.5 Electroelastic Field of Cylmderunder Eje;:trw Loading

I"l‘

and a piezoelectric materia

In this sectlon, ic cylinder subjected to

the electrical loading apphed to the top and bottom surfaccs as shown in Figure 3.3 is

A .
A o

investigated.
4.5.1 Cylinder under: Different Electrodes

The Gnfluenc? of) the &tiffriess tand) the “conditiontofcontact surface of the

electrodesiis examined by considering three piezoelectric materials, namely, BaTiO, ,

PZT-4 and PZT-5H, under applied electric potential. All results presented in Figures
4.43 to 4.50 correspond to the cylinders with H /D =1.0 the radius of electrodes being
equal to 0.5R.

Figure 4.43 shows the variation of non-dimensional radial stress,

*

o. =0, R/e,d,, along the radial and vertical axes of a cylinder for flexible and rigid
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electrodes. The maximum tensile stress of o, along the radial axis at z=0 for both

flexible and rigid electrodes occurs at » =0 and approaches to zero value at the curved
surface where r/R=1.00. The radial stress along the z -axis is tension at the center,
z=0, and decreases with the vertical axis. In addition, the magnitude of the radial

stress for the case of the rigid electrode is always higher than that of the flexible one.

Profiles of non-dimensional hoop stress, o, = o ,R/e, @, along both r- and

z -axes as shown in Figure 4.44 indicate that/o, is positive at the center of cylinder

(r=z=0) and remains positive throughout the r,édial axis of cylinder for the case of

the rigid electrode. For the'case of the flexible electrode, the hoop stress is positive at

=0 and becomes negatiygfor.#/R>0.5. The variation of o, along the z-axis is

similar to that of &, in ;a‘:ﬁ_re 4430, 1

4

Figures 4.45(a) angl 445('b) shovis the variation of non-dimensional vertical

stress, o, =0 R/e31¢0, along ¢ ax15 at z=0 and along z-axis at r=0 of a

l‘;i #:

o

piezoelectric cylinder, respecﬁvely The m@tlmum value of o, in the case of a rigid

electrode occurs at the center oF cylmder jen it decreases with the radial distance.

The vertical stress along the vestical axis mcfé&Scs from the center to the maximum

value at the top end fmxgxialmtmd&ﬁoﬂh&ﬂembln gIectrode on the other hand,

it decreases from the’ max1mum value at the center to ze-ro at both ends. The vertical
stress in the case of flexible electrode is significantly smaller than that of a cylinder

under the rigid electrode.

Figure 4.46 shows the vyariation of non-dimensional, vertical electric

displacement, D, = D.c,,R/e}d,, along 7 +axis at z=0-and zaxis at r=0 of the

piezoelectric cylinder. The profiles of D, are almost parallel along both 7- and z -

axes for both flexible and rigid electrodes. Numerical results indicate that the vertical

electric displacements for all three piezoelectric materials are negative along both
axes. The maximum value along the r-axis is at the center and D, decreases along
the radial distance for both flexible and rigid electrodes. However, the maximum
value of D, is found at both ends of cylinder and it gradually decreases to the

minimum value at the center.
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Figure 4.47 shows the variation of non-dimensional vertical electric field,
E; =E,R/¢,, along r-axis at z=0 and z -axis at =0 of the piezoelectric cylinder.
E." is negative along the r-axis with the maximum value being at the center of
piezoelectric cylinder. Thereafter, it decreases rapidly along the radial axis. On the
other hand, the minimum negative value of E. is at z=0 before increasing along the

vertical axis reaching the maximum values at both ends.

Figure 4.48 shows the normalized rad'i/a«l )splacement u =ue,/ Cuills along »

r-axis at z=0 for both flexible and ngld electrodef The radial displacement is zero

at =0 and gradually inCreases along 1he radial axis for the flexible electrode.

However, for the rigid el:’}wyu:* 15 nearly zero for.0<r/ R <0.4. Profiles of non-

dimensional vertical di

ofiif fu = wey /e, g, along z-axis at r=0 are
presented in Figure 4.49 eftical d'isplacement is also zero at z=0 before

increasing almost linearly along the ‘z _-,axis,&fo'l" the case of flexible electrode. For the

rigid electrode, u. is almOst! zerg throughout the vertical axis. A substantial

) conesponi:.pg to the case of flexible and rigid

A ---..

electrodes is noted. It is found that smaller dfs?lécements along both - and z - axes

i
-l

oy
occur under rigid electroges due to the electric potential loac;dng

difference for both u” and

7 X
Figure 4.50 shows'the non-dimensional electric poi“enual ¢ =p/ ¢, along the

z -axis at r=0 for d1fferent electrode conditions. The electnc potential is zero at
z/ R=0.0 before(incieasing ncarly linearly along/\z ~axis approaching 1.0 at the end
surfaces. It is found;that the difference between of electric potentials corresponding to

the case of flexible-and, rigid-electrodes isialmast neghgible.

Figures 4.51 to 4.53 present the normalized shear stress, vertical stress and
vertical electric displacement along the 7 -axis for various different value of z/R for

BaTiO, cylinder under rigid electrode. In addition, H/D=1.0 and 7,/R=0.5. In

Figure 4.51, the shear stress under the electrodes is zero at the center of cylinder, i.e., |

r=0 before increasing to the maximum value at 7 o/ R=0.5. The shear stress becomes
zero outside the electrodes, i.e., o/ R>0.5, which agrees with the boundary condition

given by as shown in. equation (3.104). The vertical stress and the electric
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displacement are negative under the electrodes and equal to zero outside the contact

area, r,/R>0.5. In addition, the variation of vertical stress along the r-axis in Figure

4.52 is similar to that of the vertical electric displacement in Figure 4.53.

Figures 4.54 to 4.56 present the non-dimensional radial displacement, vertical

displacement and electric potential along the r-axis for different the z/R . From the

boundary conditions given in Chapter 3, #. and . are zero at the contact surfaces.

4.5.2 Cylinders of Different £/ ) Raios

-

Figures 4.57 to 4:69 show the eléctroelasticfield of a cylinder under electrical
loading with different geometry of cyhnder 1. -H/D=0.5, 1.0, 2.0 and 5.0. Two
piezoelectric materials undef both ﬂex1bij: and rigid electrodes are considered with the
radius of the electrodes?.n’g gqual'to 0.5R.

Figures 4.57 and }/58éshow the no‘i"x dimensional radial stress along the r-axis
at z=0 and z -axis at r—O,J(Nlﬂ‘l flexible ané rigid electrodes, respectively. In Figures
4.57(a) and 4.58(a), the varlaﬁon ofxadlal sﬁ'ess along the r-axis is the same as those
in Figure 4.43. The magmtude Qf_radlal sﬁﬂs’sf decreases with increasing the shape
factor, H/D. The radial stress- along the “z-ax1s at r =0 for the short cylinder
(H/D<1.0),is pos*tg&&atiheﬁenxer_o.ﬂcgdmdenand_theg fapldly increases along the
vertical axis. For a féﬂg cylinder, H/D >2, the radial stress at the middle plane
(z=0) is nearly zero which implies that a one-dimensional solution is valid for a long

cylinder under applied electric loading;

Figures 4.59 and 4.60 show the non-dimensional hoop stress along the r-axis
at z=0pand/\z -axis at |n=0 of two piezoelectric \cylinders with flexible and rigid
electrodes, respectively. The hcop stress for the case of the flexible electrodes is
positive at =0 and decays along the radial axis, until becoming negative near
r/R=0.5. For the case of rigid electrodes, the hoop stress is positive throughout
radial axis. In addition, it is found that the hoop stress for a long cylinder (HI/Dz2)

is almost zero along both axes which is consistent with the one-dimensional solution.

Figures 4.61 and 4.62 show the non-dimensional vertical stress along the 7 -

axis at z=0 and z -axis at »=0 with flexible and rigid electrodes, respectively. For a
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short cylinder (H/D<1.0) the maximum compressive stress for the flexible
electrode is found at the center of a cylinder. o then decreases with radial distance

and becomes positive for »/R>0.5. For the rigid electrodes, the vertical stress is

compressive and decreases with increasing the shape factor, /D . For a long
cylinder, H/D>2, o-z': is nearly zero for the case of flexible electrodes. However, for

the rigid electrodes, the vertical stress of a long cylinder is almost constant along both

r-and z-axes.

Figures 4.63 and 4.64 show the non“diménsional vertical electric displacement
along the r-axis at z=0 and z-axis at »=0 for both flexible and rigid electrodes,

respectively. Along r-axis, the vertical electric displacement is negative with the

maximum value being at #=0' /D] qecays with the radial distance for a short

cylinder, whereas for a lon,g cylinder (/D 22), the vertical electric displacement is
almost constant along ffle r- ax13_F1gure§ 4:65 and 4.66 show the non-dimensional
vertical electric field along the # -éxiSf at 'z'}';f—O and z -axis at »=0. The variation of the
vertical electric field is sin_ﬁlar‘toz"'chéi of th;é”{/éf-'tical electric displacement as shown in
Figure 4.63 and 4.64. L =

Sersd )

Figures 4.67 and 4.68 show: the noﬂhahzed rad1a1 _displacement along 7 -axis

at z=0 and the normg}lzed_vemw:hsplacemem_along_z saxis at =0, respectively

for both flexible and” ngld electrodes. The radial dlsplacement is zero at »=0 and

&

increases along the radial axis. For a long cylinder with H/D>2, the radial
displacement is-nearly lincar due tothe;solution approaching-to a one-dimensional
solution. In the'case of flexible electrodes, the vertical displacement along the z -axis
at r=0 increases with the vertical distance. In addition, for the rigid electrodes, the
vertical displacement is\zera at) z0.0@nd ‘then increasésito the maximum value near

z/ R=0.5. Thereafter, it decreases to zero at the top end of cylinder.

Figures 4.69(a) and 4.69(b) show the non-dimensional electric potential along
z -axis at r=0 for flexible and rigid electrodes, respectively. The electric potential is
zero at z =0 and increases almost linearly to unity at z/R=1.0 due to the boundary
condition. The variation and magnitude of the electric potential corresponding to the

cases of flexible and rigid electrodes are nearly identical.
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4.5.3 Influence of Various Radii of Electrodes 7,/ R.

Figures 4.70 to 4.83 show the non-dimensional electroelastic fields of two
piezoelectric materials, i.e., BaTiO, and PZT-5H, subjected to electrical loading at

the top and end surfaces with the shape factor H /D =1.0. The influence of the radius

of electrodes is examined in this section.

Figures 4.70 and 4.71 show the non-dimensional radial stress along the r -axis
at z=0 and z-axis at r=0 for ﬂex1ble/ }tﬁdﬁ rigid electrodes, respectively. From
Figures 4.70(a) and 4.71(a), it can be seen the ﬂﬁ:a.dlal stress is positive at the center
of the cylinder before apg—r’B;gghirngﬁ zZer Jat the-curved surface of the cylinder for both

types of electrodes. Thcz}grgt{ .

the case of 7 /R=0.5 40l

adial stress along the -axis at z=0.0 corresponds to

*d by-7,/R=0.1, 0.8 and 1.0, respectively. For

ffia:l si_fg%s is nearly zero for both flexible and rigid

# | 'l
., | W& 5
b *y

Y] eJiJ_

7o/ R=1.0, it is observe
electrodes.

..-i."-;;i L)

Figure 4.72 and ow :the noq-'ﬁimensional hoop stress along the r -axis
Al ool

at z=0 and z -axis at r =0 for flexible and.@ electrodes, respectively, for different
radii of electrodes. For the ﬂexﬁ electl;(ﬁ"q{the hoop stress is tensile at »=0 and

then decays rapidly. aIpng the r-axis as shown in Flgu_ref 4,72(a). It becomes zero in

the vicinity of »/ R-—J) 5 before changing to compresswe} stress when »>0.5R . In

addition, for the case j rigid electrodes, the hoop stress is positive throughout the
middle plane at z =0.

Figures 4,74 and 4.75 show the non-dimensional vertical stress along the #-
axis at 2.=0 and-z -axis,at-y =0 for flexible and\nigideelectrodes respectively. For the
case of a flexible electrode,’ the vertical stress is negative at the center of the cylinder

and changes into tensile stress at /R>0.6 for PZT-5H . In the case of a BaT10,
cylinder, o, remains tensile stress at /R <0.6 before becoming compressive stress.
However, the magnitude of 0': for a BaTiO, cylinder is smaller than that of a

PZT-5H cylinder. In addition, o, is negative throughout the radial distance of

cylinder at z =0 under a rigid electrode.
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Figures 4.76 and 4.77 show the non-dimensional vertical electric displacement

along the r-axis at z=0 and z-axis at »=0 for flexible and rigid electrodes,

respectively, for different the radii of electrodes. When r,/ R=1, it is observed that
the vertical electric displacement is nearly constant for both conditions, i.e., flexible
and rigid electrodes. In addition, D" corresponding to the case of a flexible electrode

is smaller than that in the case of a rigid electrode.

Figures 4.78 and 4.79 show. the non-dlmensmnal vertical electric field along

the r-axis at z=0 and z -axis at »=0 for ﬂex1’6‘le and rigid electrodes, respectively,

with different radii of electrodes. It is found that, £ is -1.0 when 7, =R at thel
middle plane (z=0) as shown.in Figures 4.78(a) and 4.79(a). In addition, it is also
observed that the vaﬁatiw £ 4 jor bl§th flexible and rigid electrodes are nearly

identical. This implies t?matc/{el__variaﬁon of the vertical electric field does not depend
on the rigidity of the el tr/o!ésgéqd the co?{tagt condition between the electrodes and
the cylinder. y 224

e

Non-dimensional radléi and*ivertlc{ _’-:dlsplacements along the radial and
vertical axes are shown in F1gurés#80 anm{ respectively for both flexible and
rigid electrodes. The radlal dlspiacements 1S zéro‘ai‘ r=0.0 before increasing along the

r -axis and reaching th

c’p, ie., r=R . Itis found

"-—

that both radial and vertical displacements increase with increasing the radius of
electrodes. When ro/R=1, u, and u, for the flexible electrode linearly increase
along the r- axis and (Z taxis, réspectively: Il ‘addition, ‘the “vertical displacement

along the z -axis for the rigid electrode is zero at z=0.0 and 1.0 due to the boundary

conditions.given in Chapter.3,

Figures 4.82(a) and 4.82(b) present the non-dimensional electric potential

along the z -axis for the case of flexible and rigid electrodes, respectively. It is found
that ¢” is zero at z/R=0.0 and 1.0. For ,/R=0.8 and 1.0, the electric potential

linearly increase along the z -axis from the center to the end of the cylinder.
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Table 4.1 Material properties

PZT-5H PZT-6B

¢, (10'°Nm?) 12.6 16.8
¢, (10"°Nm? 7.95 6.0
¢ (10°°Nm?) 8.41 6.0
¢, (10°Nm?) 11.7 16.3
¢, (10"°Nm?) P 2.71
s (Cm? 17.0 4.6
e, (Cm? “6.55 0.9
e, (Cm?) 233 7.1
&, (10°Fm™) =1 1538 3.6
&, (10°Fm™) , 62 M 1276 3.4
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Figure 4.1 Piezoelectric cylinder subjected to axisymmetric load.
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(b) Percent of error for the series expansion of the parabolic loading at »/R=0.00 and

r/R=1.00 for different s values.

Figure 4.2 Convergence of parabolic load on the top and bottom surfaces of cylinder
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(b) Percent of error for the series expansion of the uniform loading at »/R=0.00, 0.05

and 0.10 for different s values.

Figure 4.3 Convergence of uniform load on the top and bottom surfaces of cylinder
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Figure 4.5 Normalized stresses o, /0, and o, /o, stresses versus normalized

distance z/h for isotropic cylinder for various size of punches.
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Figure 4.7 Normalized stress o, /o * versus normalized distance z/h for transversely

isotropic cylinder of Magnesium.
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Figure 4.9 Non-dimensional radial stress profiles due to parabolic load for different

materials.
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Figure 4.10 Non-dimensional radial stress profiles due to uniform load for different

materials.
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Figure 4.11 Non-dimensional hoop stress profiles due to parabolic load for different

materials.
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Figure 4.12 Non-dimensional hoop stress profiles due to uniform load for different

materials.
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Figure 4.13 Non-dimensional vertical stress profiles due to parabolic load for
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Figure 4.14 Non-dimensional vertical stress profiles due to uniform load for different

materials.
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Figure 4.15 Non-dimensional electric displacement profiles due to parabolic load for - -

different materials.
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(b) Along z -axis at »=0.

Figure 4.16 Non-dimensional electric displacement profiles due to uniform load for

different materials.
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Figure 4.17 Non-dimensional electric field profiles due to parabolic load for different

materials.
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Figure 4.18 Non-dimensional electric field profiles due to uniform load for different

materials.
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Figure 4.19 Non-dimensional radial displacement profiles along r -axis at z =0 due

to (a) parabolic load and (b) uniform load for different materials.
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Figure 4.20 Non-dimensional vertical displacement profiles along z -axis at » =0 due

to (a) parabolic load and (b) uniform load for different materials.
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Figure 4.21 Non-dimensional electric potential profiles along z -axis at »=0 due to

(a) parabolic load and (b) uniform load for different materials.
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Figure 4.22 Non-dimensional radial stress profiles due to parabolic load for various

shape factors.
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Figure 4.23 Non-dimensional radial stress profiles due to uniform load for various

shape factors.
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Figure 4.24 Non-dimensional hoop stress profiles due to parabolic load for various

shape factors.
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Figure 4.26 Non-dimensional vertical stress profiles due to parabolic load for various

shape factors.
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Figure 4.27 Non-dimensional vertical stress profiles due to uniform load for various
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Figure 4.28 Non-dimensional electric displacement profiles due to parabolic load for

various shape factors.
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Figure 4.29 Non-dimensional electric displacement profiles due to uniform load for

various shape factors.
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Figure 4.30 Non-dimensional electric field profiles due to parabolic load for various

shape factors.
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Figure 4.31 Non-dimensional electric field profiles due to uniform load for various

shape factors.
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Figure 4.32 Non-dimensional radial displacement profiles along the r -axis at z =0

due to (a) parabolic load and (b) uniform load for various shape factors.
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Figure 4.33 Non-dimensional vertical displacement profiles along the z -axis at » =0

due to (a) parabolic load and (b) uniform load for various shape factors.
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Figure 4.34 Non-dimensional electric potential profiles along z -axis at =0 due to

(a) parabolic load and (b) uniform load for various shape factors.
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Figure 4.35 Non-dimensional radial stress profiles due to uniform load for various %
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Figure 4.43 Non-dimensional radial stress profiles due to electrical loading for
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(b) Along z -axis at r=0.
Figure 4.47 Non-dimensional electric field profiles due to electrical loading for
flexible and rigid electrodes.
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Figure 4.52 Non-dimension vertical stress profiles along the 7 -axis for different z

due to electrical loading with rigid electrode.
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Figure 4.61 Non-dimensional vertical stress profiles due to electrical loading for

various shape factors H/D with flexible electrode.
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Figure 4.67 Non-dimensional radial displacements profiles due to electrical loading

for various shape factors H/D with (a) flexible electrode and (b) rigid electrode.
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Figure 4.70 Non-dimensional radial stress profiles due to electrical loading for

various radii of flexible electrode.
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Figure 4.73 Non-dimensional hoop stress profiles due to electrical loading for various

radii of rigid electrode.
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Figure 4.74 Non-dimensional vertical stress profiles due to electrical loading for

various radii of flexible electrode.
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various radii of rigid electrode.
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Figure 4.76 Non-dimensional vertical electric displacement profiles due to electrical

loading for various radii of flexible electrode.
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for various radii of flexible electrode.
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Figure 4.79 Non-dimensional vertical electric field profiles due to electrical loading

for various radii of rigid electrode.
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Figure 4.80 Non-dimensional radial displacements profiles due to electrical loading

for various radii of (a) flexible electrode and (b) rigid electrode.



25

126

2.0 A

1.5 1

BaTiO,
— — PZT-5H
e r,/R=0.10
u  r/R=0.50
A r,/R=0.80
e 1,/R=1.00

*%

0.0

0.0

— — PZT-5H
=0

1.0

0
a 1,/R=0.80
-14 ¢ 1/R=1.00
=4 1 6 T T 1 T
0.0 2 4 -8 1.0
zZ/IR
(b)

Figure 4.81 Non-dimensional vertical displacements profiles due to electrical loading

for various radii of (a) flexible electrode and (b) rigid electrode.



1.2

1.0

1.2

1.0

— BaTiO,
— — PZT-5H
r/R=0.10
ry/R=0.50
ry/R=0.80
r/R=1.00

® > m o

1.0

127

Figure 4.82 Non-dimensional electric potential profiles due to electrical loading for

various radii of (a) flexible electrode and (b) rigid electrode.
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