Chapter 5

Results and discussions

This chapter is W&n cw restrictions of the Bayesian

pter is divided into 3 sec-

5.1 Synthetﬂ data

e it U INIBINGIDT e o e

two carrier spec1es = 2,000 coi®V~1s71) g =1 x 101 emsand g, = 6,000
eyt 7 B4 16T e debdAbe BT DBt o magneti
field equglly spaced from 0.1 to 10 Tesla. Carrier species No. 1 and 2 are superim-
posed by normal distribution with standard deviations of 250 and 500 cm2V—1s-1
respectively. The details are summarized in Table 5.1. Fig. 5.1 illustrates the true
mobility spectrum of a conductivity in an arbitrary unit vérsus mobility. Fig. 5.2

shows the Hall coefficient and magnetoresistivity versus magnetic field. The Hall co-
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efficient decreases monotonically with increasing magnetic fields while the resistivity
has a reverse trend.

Noise in measurement is considered. Although there are many sources of

errors in a real situation, for simplicity, the noise is assumed to be Gaussian noise
and exists only in longitudinal and t rse (Hall) voltages. The magnitude of
noise is defined as a stand @ % ussian distribution, which is a

percentage of the measu e atvAny mﬁeld strength. The Gaussian

error in Hall and resistivity ate ' : e conductivity data by the error
propagation formula in E 4 _ sta s and ) e formulation of conductivity

error propagation are in ' AL { 4 the normalized longitudinal

Species Mobility ] Concentration
(cm®Y57Y) v (cm™2)

Hole#1 _ A Lx10™

Hole#2 00 L B 110

U
5.1.1 Calcﬁlatiorf setti

v
HEIENnInens
To calculdte the mobility spegtrum for a gilgn set of syntheiiﬁ data defined in
Section IWeqﬁ@ﬂr@mS%%aig}IWe%‘lﬂeﬁ%}rd deviation
of Gaussian noise is defined to 0.1%. The numbér of magnetic field points (M)
is selected to be 100 points spaced equally over the magnetic field range. The
number of mobility points (N) in mobility spectrum is set to 50 points covering
the mobility range from +100 to +10,000 cm?V—1s~! for holes and from -100 to
-10,000 cm?V~'s! for electrons. The Markov chain is generated by a random walk

in N dimensions. The proposal distribution of the Markov chain (see Section 4.6
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Figure 5.2: Hall coefficient and magnetoresistivity versus magnetic field for synthetic

mobility spectrum in Fig 5.1.
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for detaﬂs) is a normal distribution of zero mean and unit variance multiplied with
a weight factor w of 1.25% to the current magnitude of the partial conductivity in
mobility spectrum. For the likelihood function, the standard deviation defined for x*

is usually assigned to the same magnitude of noise in order to yield the best fitting,

at which x? approximately equals to mber of data (2M). For example, 0.1%

s.d. is defined to the syntheti W / aussian noise. For the entropic
prior, the default model @

data set in this thesis.

trlbutlon which is used for all
; mfor the calculation of about

B). By further iterations

Kcessive 200,000 iterations
en ms ually stopped decreasing,

and the calculation co for ano iterations or higher to collect

2,000,000 to 3,000,00

(Step 2), the o is dec

the set of most probable . Details ‘ ed in Table 5.2.

«A

Conﬁguratlanﬂ -
# magnetic field points (M) | 100 [0. '
# mobility points (1\75! 50 +100 to 410,000 cm?V~1s~! for hole
: = n t0 -10,000 cm®V~1s! for electron
Default modeﬁ;w i [dIP
Initial o Al o o~ )
Decreased factor 099 | every 200;000 iterations &/
Weigsj ﬁg El 33 |l- 225% {Wﬁt_go 16tivity a %
Noise 1% "of conductivity' data ' ¥ =
s.d. in likelihood 0.1%
Stopped « any | until x? ~ 2M

9.1.2 Selection of stopped alpha

As described in Section 4.4, the decreasing of o is stopped when x? approx-

imately saturates at 2M/. At this point, the peaks appear clearly in the mobility
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spectruxﬁ. This is the situation where the entropy of spectrum is the highest while
x? is the lowest, according to the maximum entropy principle. In practical, how-
ever, the spectrum sometimes collapses even when the x2 has not yet saturated. In
addition, it is hard to seek a certain saturated value of 2 because x? fluctuates due

to the nature of the random process

The following section. : Vy/ ecessary to look for the stopped
value of o precisely. A w

is acceptable. To clarify ent, ‘the method was performed on

synthetic data in Sectio
ration is shown in Table
was run to form the smo '3 “ ’ : decreased with a factor of
0.9. The decreasing o ' | atisome sele alues. The stopped value was

defined differently from 9

s-" f"'r li"‘l

extracted from the nﬂolhty spectrum a% d

of Hole#2 converges to some certa ¢ to 6 Oﬂ(ﬂsz‘ls‘l where « is less

than 125. The error bar of mobility of two speécies at each a do not change with o

significantly, blﬂhug Q QIQ E&L” iluﬂ)lﬂl ively small. This is

due to a low a,cceptance rate in MCMC sampling.<Ehe concentratiof in Fig 5.5 (b)
express@hﬁa% aa}acnlsﬁcw}m wl’aﬂ’la’ m&’]ea Ecln converges
to the correct value where the stopped value of o becomes close to the value at the
saturated x?. We can conclude that the solution is only slightly different from the
correct one, even though the stopped « is doubly different from the best value (satu-
rated value). Table 5.3 shows the x2, H and their corresponding standard deviation

at different stopped o's.
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Figure 5.5: (a) Hall mobility and (b) concentration of Hole#1 and Hole#2 species at
different stopped o.. Dash lines present the correct values.
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Table 9.3 The chi-square and entropy of mobility spectra at different a’s

Stopped o x? Oy H oH
900 444.159 | 24.459 | -1.288 | 0.014
350 262.098 | 12.186 | -1.474 | 0.021
125 203.496 | 5.678 | -1.679 | 0.028

80 197.548 | 4.848 | -1.769 | 0.035

75 194 L 2. -1.798 | 0.025

45 ‘ 8 | -1.793 | 0.045

0.080

0.024

(see Section 4.6), the » i "' numk » hains and starting values (see

Gilks et al. (1995) for | n 9;{;  sect - esigning of the proposal dis-

" ] S
ness of theoretical & fy”__ distribuiion and random sequence
Fety _ A4
to the mobility spectrﬁx

' ¢
o B ANYNINNT
By MCMC algorithm, the Mérkov chain issgenerated as a fafdom walk in N

dmensiobs Whork 94 bl B e k)6 te mamber

of moblhty points in a spectrum. For each mobility point, the partial conductivity

is updated randomly by the following relation:
sPY =s¢ x (1+w x N (0,1)). | (5.1)

The N(0,1) is a normal distribution with zero mean and unit variance. The w is an

arbitrary positive parameter used to define the magnitude of standard deviation of
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N(0,1). ‘Eq. (5.1) guarantees a non-negative partial conductivities for all iterations
(sampling). Eq. (5.1) is also easy to evaluate with only multiplication operator.
In this updating form, the proposal distribution is the normal distribution with

mean of the current value of the partial conductivity and standard deviation of

the current partial conductivity mult w1th w. So, there are many available

proposal distributions dependi %. / of a proposal distribution does

not affect the final solutions ark&v ¢ y converges to its equilibrium
——

state. However, the ratM

on the relation betw ; ition and the target distribution. In

state depends significantly

addition, the Markov

having convergence. A Propos: L I‘N}S cause large computing

time.

- (5.1). To study the effect of
the factor w to the solution, a Béyesian m is performed with varying w’s on

0 002,:0 .01, 0.0125, and 0.014.

:l_; "".a'-u

parameter
A dl
Fig. 5.6 illustrates e mobility spectra obtained romi wdifferent w’s. All spectra

the same synthetic d:ajta. The'7

are collected at o = 4@ Fig soﬁ solutions at different w’s.

From both Figs. 5.6 an@o , we can see @t the mobility spectra, Hall mobility

ot 153 Y3 I . 1

the acceptance te of all w’s. The acceptance rate is decreased gith increasing w
bt the i oo 9 bty dnd defepabe abols tow it i
large wheﬁl compared to the width of the target distribution and the convergence is
hardly obtained. A very low acceptance rate gives a small set of sampling spectra
that may make a statistical test failed. Even though the set of probable spectra
is large when w is small, we observed a relatively slow formation of the mobility
spectrum. Therefore, for all data set in this thesis, the w will be set to 0.0125

which means that the standard deviation of the proposal distribution is 1.25% of
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Figure 5.7: (a) Hall mobility and (b) concentration of Hole#1 and Hole#2 species at

different o’s.
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the current magnitude of the partial conductivity.

Table 5.4 The chi-square, entropy and acceptance rate of mobility spectra at

different w’s.

w X Oy2 H oy | Acceptance (%)
0.008 | 193.143 0.022 4.59
0.010 | 192.714 3.36
0.012 2.59
0.014

Press et al. (1986), nd ). The routines return a number

randomly with the nor ti and unit variance. The routines

e of a random sequence. A different

seed number provides a dlﬁeréﬁtjf‘;ﬁafaﬂﬁﬁ& ice.. In principle, every different

random sequences should-produce-the-same-stat: 1St ults. In other words, a
good program should @ les . e of fferent random sequences.
The sensitivity of the degvellnolped program @initial seed number is demonstrated
by performing Fj& ugﬁn’al%w g%dWr%Ja{s}ﬂh%ame synthetic data
set. Five differemt sequences of Markov chain are&enera.ted to represent the same
mobilih ol oh S bl 3 o i Fies Y e Sd, s mmstenes
the mobiﬂty spectra from different random sequencés, which are considerably similar
in shape. The Hall mobility and carrier concentration of Hole#t1 and Hole#2 species
in Figs. 5.9 (a) and 5.9 (b), respectively, are also insignificantly different. The %=

H, and acceptance rate of all spectra are given in Table 5.5. This indicates that the

developed program is insensitive to the choice of the random sequences as it should

be.
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Figure 5.9: (a) Hall mobility and (b) concentration of Hole#1 and Hole#2 species at
different initial seed numbers.
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Table 5.5 The chi-square, entropy and acceptance rate of mobility spectra at

different seed numbers.

Number | 2 Oy2 H on | Acceptance (%)
1 196.664 | 2.351 | -1.704 | 0.030 2.45
2 196.960 | 2.220 | -1.722 | 0.025 241
a 198.183 | 2.104 | -1.705 | 0.019 2.39
4 196.560 | 2. 07| 0.020 2.41
5 198.646 | 7 054 2.40
5.1.4 Incomplet@ —
From the experlm/ i b incomplete in many ways

such as the low data p6int # end high 1 Wse. In mobility spectrum
problem, the maximum' v: neti is.included. The data imperfection
-

u 'é f the effect of these factors

to mobility spectrum cal “ wough ‘the ian method.

LR

Problem sizd i one of thie factors that affe S the' calculation time. “Size”

er of nﬂ)ility points in spectrum.

Even though decreasing 4 &umber of datq._points reduces a calculation time, it

M TYET Y WY1 E (T ITE Y- S——

points is greateﬂjthan a number of parameters. ‘LE this section,gwe use synthetic

datn. spstfbed Blseioh 5 e ol nde it ot s pertormed

on the sa?ne synthetic data for 6 times. Each time, the number of magnetic field

means a number of m&ure data

points (M) is selected to 75, 50, 25, 20 and 15 points. All set of data cover the
same magnetic field range of 0.1 to 10 Tesla, and data points are chosen uniformly.
The number of mobility points NV is fixed to 50. The resultant spectra are shown
in Fig. 5.10. The two hole species are observed and the peaks are well separated.

The peak of Hole#2 in the mobility spectrum becomes less smooth as the number
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Figure 5.10: Bayesian spectra of synthetic data of different number of magnetic field
points (M). A number of mobility points () is fixed to 50.



66

(a) 2,100 .
2,050 — :
7 r
21000 v o TFear siersis sl s 8 Sk Sssmimrnrere iR aratese crssine o o eCtvaue ﬂl
1,950 —
1,900 —
"o 1,850 —
‘-‘> . o  Hole#1
< 1,800 - , :
3
\; 6,100
)
% 6,050
' ‘ correct value
§ 6,000 ; . f . Al —— ... CQrTect value K,
5,950
5,900
5,850
= Hole#2
5,800 T T
0.8 0.6

(b) 1.08x10"
1.06x10"

< 1.04x10"

9.80x10" —

S o
= 1.02x10 [ te—— .

0 w .

= . correct value

g 1,010 b oo [ % Orrect val °n,n,
q) -

o

c

o

&)

JINYNINYINT

1 .8
2M / N ratio
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of data points is decreased. Fig 5.11 (a) shows the Hall mobility with error bars of
each set of data. The Hall mobility of two hole species for M=15 (% = 0.6) shifts
to the lower mobility than others. The results are the same for Hall conductivity
shown in Fig. 5.11 (b). Considering Table 5.6, the x* decreases by decreasing the
number of data points, and the incr. acceptance rate is observed. Although
the results are acceptable, we@ hould use all available data with

/

\ of mobility spectra at

the ratio 2M > (.8. 2

4
Table 5.6 The Chl-/

2M to N Ratj : ‘ Acceptance (%)
3 (M=T75) 5/ ::13}3; 17836 |'0.05 3.06
2 (M=5 23 | 364 41 754 70 4.26
1 (M=25) [#3819F [2:96 | <1989 [\0. 6.35
0.8 (M=20) .16 41863 | =117 | 0.0 7.94
- 0.6 (M=15) 74477 | 21602 51 9.43

Maximum magne}:jj ﬁeld

According to t}ﬁcﬁa s ,u,ﬂ condition plays an impor-

tant role in mobility spec‘trgn analysis. TIJ&/_LB is the multiplication between the

st e oA B AT e o st

The ability to infér the lowest-mobllgty species de ends on the mwmum magnetic
Reld s o G Pl B Tl‘il’?f%%&ﬂ@ s the poin
where thd mobility spectrum is strongly related to the data [Dzuiba(1990)]. For
example, in the 10 Tesla measurement, the lowest mobility that can be identified is
1,000cm*V~'s7! (107! m®V~s~1). To answer the question how the pB affects the
spectrum, the calculation is performed on the synthetic data with different maxi-
mum magnetic fields between 10 to 2.5 Tesla. The number of data points is selected

to 100 points equally for all data set. This synthetic data has a minimum value
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Figure 5.12: Bayesian spectra of synthetic data of different maximum magnetic field
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of Hall xhobility at 2,000 cm®*V~1s~1. Then, the pB is varied from about 0.5 to 2.
Fig. 5.12 shows the resultant mobility spectra when the maximum magnetic field
strength is reduced. It is found that as maximum strength decreases the quality of
spectrum becomes poorer. The results at uB > 1 present good spectra with well

separated peaks of the hole species. w < 1 the mobility spectrum distorts by

ﬂ bars. It is hard to decide in the

real situation whether thesessi ---.» ar “Teal-omes or just artifacts.. Figs. 5.13

(a) and 5.13 (b) show thedHal Taob i | ‘,Mn value of the Hole#1 and
Hole#2. At uB <1,

small transient peaks Wlth re \{\\

nd the Hall mobility and
concentration are signi e also observed that the

acceptance rate incre

uB ¥ a%i 7 i Acceptance (%)

2.00 %.664 ‘Z‘ggf"’i"ﬁ? {1 2.45

1.75 | 238.415 | 4.302 | -1.811 258

1.50 | 210.189 | 4.321 | -1 D 77

1.25 17@" 06 | 5.236 7 3.16

1.00 3.50

0.76 4.47

11 I. J

Noise in data

Q W ﬂﬁﬂ'ﬁm URIAINYIAL

The most interesting factor that affects the mobility spectrum calculation
is noise associated with the measured data. Noise does not only distort the shape
of spectrum, but sometimes it leads to misinterpretation of a number of existing
carrier species. The effect of noise is demonstrated by performing the calculation
with varying degrees of noise. The Gaussian noise of 0.05%, 0.1%, 0.25%, and 0.5%

are added to synthetic data. The standard deviation of chi-square terms in likelihood
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distribution are set to the same value. The resultant spectra are in Fig. 5.14 which
shows the decreasing in peak quality as the noise level is increased. Considering the
Hall mobility at different level of noise in Fig 5.15 (a), the error bar of the mobility
is large for high noise levels. The same observation appears for the case of Hall

concentration in Fig. 5.15 (b). FromH

9.8, it is found that the fitting to data
of all cases is almost the sam: r

gpectrum is significantly different.
The acceptance rate is alsosin -IQJ,h.. th oise increases.
' e —

Table 5.8 The chi-( and a ‘ of mobility spectra at

o ' EIRE . .
Noise(%) i cceptance (%)
0.05 9 406 { - 0.68
0.10 6644 2.351° 1 =170 | 0. ' 2.45
0.25 934636 |- : ~ 9.18
0.50 194.225 | 3.324 ).C 19.48
JGEgA 2
In conclusion, three typesof T data are examined. It can be sum-
= £ %
marized that the imp e shape, the calculated

mobility and conce

g G
AUt INeninens
IR TN INY Y
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5.2 Experimental data

In this section, the magnetic-dependent resistivity and Hall coefficient of a

modulation doped p-type Ge/Sig4Geys heterostructure in the temperature range

200-300 K are employed to investigat
bility and carrier concentration,

(2002b) at the University
_

&he temperature dependence of Hall mo-

v) / collected by Kiatgamolchai et al.

Shubnikov de-Hass Osciliition®as : _ ed ai lectrical transport can be

rconducting magnet facility for

1,000 magnetic field poi his temperature range, the

The diagram of thefsafnple Struct [4Stratéd in Fig. 5.16. The vir-
tual substrate was prepated ) ! sition (CVD) process. The
sample and the subsequent 1 wg,qe*:f ic e Molecular Beam Epitaxy
(MBE) technique. The Ge i a@d_. stweent SiCe in order to produce quantum

well confinement for holes neax the bottom

ferred to the triangu a"gj antum wel ¥ are confined to transport
|

along the plane parallel to the interface, so they are called a “two-dimensional hole

gas” (2DHG). ﬁ ﬂeﬁtj ﬁ%tﬁﬂgﬂl‘iﬁ@ﬂ 6§e in the Ge channel

and the other infthe B:SiGe layer.

2 WARRIBI UM TN

A maximum entropy mobility spectrum analysis (ME-MSA) and the Bayesian
method are performed to calculate the mobility spectrum. The number of carrier
species is determined, and their Hall mobility and concentration are extracted. The
result from ME-MSA and Bayesian method are compared in Figs. 5.17 and 5.18

respectively.
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Figure 5.16: The nominal gt

8 mod ulation-doped Ge/Si4Gegg
heterostructure used in this 4

200 data points are selec fic field range 0.5 to 11 Tesla. The
mobility range is set.form n*V=1s~! for holes and from -
100 cm?V-1571 to - é?;. MSA is performed using
200 mobility points fo ,000,000 onvergnce parameter of 0.1. The
number of mobility pouts ed in Bayesianymethod are 50 points. The random

noise in the mﬂ ul&j gtaq :ﬂmﬁ Sﬂ 86,1’11 d But can be estimated

from the resolut?gn of an equipment o be 0.1%. The Bayesian meghod is performed

i B RGO BRI ) 71216 ¢
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Figure 5.17: Maximum-entropy mobility spectra of Ge/Sig4Geog in the temperature
range of 200-300 K.
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Figure 5.18: Bayesian mobility spectra of Ge/Sig4Gey in the temperature range of 200
-300K.
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Table 5.9 The parameter setting in Bayesian calculation on experimental data.

Configuration Value Range/Remark
# magnetic field points (M) 200 | 0.5 to 11 Tesla
# mobility points (V) 50 | +100 to +7,500 cm?>V~1s~T for hole
and -100 to -7,500 cm?V~1s~! for electron
Default model {m;} Flat
Initial o

Decreased factor

Weight factor w

Noise (s.d.)
s.d. in likelihood

Stopped o

5.2.2 Tempera
tration of

peak is 2DHG and the low oneisﬂgﬁ'gif;eg and an anknown source electron-like peak.

(¢

Gv__::-:,__:.:_:‘.._:‘.-__;5_.;ﬂ.‘_.:.;_.c_ ....... sbutes. As the temperature
increases, both hole pﬁ(s :

Two hole peaks are
\ wer EFbility. The temperature-
dependent Hall mobility ('md carrier conce&}atmn of 2DHG obtained from both

ME-MSA and ﬁa%}%‘l ﬂ}'n%{l}(%‘l 86 shiow i hbleq 3. 0] and 5.1, and they

are plotted in 5 19. For the 2DI}G the moblhty decreases m&gotomca,lly from
about ﬁ)%ﬁ}’mﬂw2wqq %E(’O’# an%ls concentra-
tion slightly decreases form about 1.7x10'2 cm~2 to 1.3x10'2 cm=2. 2. Considering
B:SiGe carriers from 200 K to 230 K, the mobility is likely to be constant at 1,200
cm?V~1s71. At 245 K, the mobility start decreasing, and it ends at 850 cm?V—1s~1
at 300 K. The results from ME-MSA and Bayesian methods are slightly different
at high temperature. The concentration of B:SiGe increases monotonically as tem-

peratures increase indicating the activation of boron atoms. Although the error bar
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of Bayesian value does not cover the MEMS value, the trend is approximately the

same.

Table 5.10 Hall mobility and concentration of carrier species in Ge/Sig.4Geog

heterostructure by ME-MSA.

Temperature B:Si ITi : 2DHG carrier
(K) mobility " { €0 mobility | concentration
(cm?Viss 10'2cm Ey-1g-1) | {%10%em—2)
200 1, 7,42 690 1.66
228 , 750660 . 3,790 146
245 7t (73@‘ Iﬁﬁo 1.36
260 0BT o 85120 1.29
270 -4 AF . 1.28
230 950 - 0 125
203 8 2 (1 2,670 1.23
300 0 w148 50 127
M

Table 5.11 Hall mobility and

=TT
A MINY

ructure by

Temperature ~ "2DHG carrier
n concentration

(K) bili _
(CBV 8 (cm?¥F1s71) | (x10%cm™2)

= - -
200 1,100£27 | 04310022 | 4,690£45 | 1.71%0.003
228 0 ‘ 377027 1.48+0.004
245 0154 98£002 000260 | 1.39+0.010

260 W] 940+24 02£0.028 | 3,090+£93 | 1.36:£0.066
_%c ﬁﬁ%z 13£0.045, 15 76. |1.33+0.064
o1 . 28 92 | [/ 1:27£0.058

293 810425 | 1.26+0.013 | 2,620£15 | 1.31+0.012

300 800+41 1.48+0.034 2,540423 1.30+£0.017
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Figure 5.19. (a) Hall mobility and (b) carrier concentration of B:SiGe and 2DHG
carrier species calculated form ME-MSA (hollow) and Bayesian method (solid).



81

The observed mobility values from the Bayesian method in the temperature

range of 200-300 K are fitted to equation
oo T, (5.2)

where T is the temperature and n is a fitting parameter. Figs. 5.20 (a) and 5.20

(b) show the fit of temperatur V bility of B:SiGe and 2DHG in the
temperature range of 200-3 \ . (O g tted values of n are 0.84+0.17

The activation @adcan be ‘ e temperature-dependent

carrier concentration ofB:Si€e by fitting owi rmula [Blakemore (1974)]

Po K Ny . (5.3)

P T AT o
N, is the acceptor concentratloﬁ';..ﬁ_l:tis fective density of states in the valence

band, and S is the Y ing-into account the double

The activation energyj 138+16 me\ﬂare obtained for the result

from Bayesian spectrum and MEMS respectively. The obtained results do not agree

with that of sﬂ@ﬂx@%&%@éﬂaﬁj R dnbrky bt B-doped Ge of 10

meV and B—dop%ld Si of 45 meV. However, we note here that Egs (5.3) may not

be applishor o) b b ol ondidn ) &) W) Bt hota or s

temperat%re range where Ny of Sip4Gegy is set to be 7.53x10'8 ecm=3 at 300 K. It
is calculated by finding the weight mean between Ny of pure Si (1.04x10 g )
and Ny of pure Ge (6.0x10'® cm—2) with weight factor of 0.4 and 0.6 respectively

[Sze (1981)]. It is also temperature dependent as

T 1.5
_ 18 4
Ny =17.53 x 10 (30()) . (5.4)
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Figure 5.20: The fit of temperature-dependent Hall mobility of (a) 2DHG and (b)
B:SiGe from Bayesian method.
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5.3 Error analysis

The developed mobility spectrum calculation has been mainly concerned
with the error analysis. In general, the error bar is used to represent an uncertainty

of the required parameter, and the m itude of error bar is the standard deviation

of that parameter. The param: spectrum are the partial conductiv-

ities which correspond to.

—
method, the mobility specé
random vector of N Do 3

sample set of solutio

ility. By the MCMC sampling

ember of Markov chain, a

chain is considered as a
ools. Each component of

ogram of a selected com-

It shows that the standard dglﬂ‘g‘i;ﬁgg;iﬁ "eas

-r__,pl_._,.=_,-__ ._"-.

component is not symmet-
= X |
ric, the standard deviation still be us -- ghly the deviation of that

the spectrum uncertainty can bé calculated by a statistical

¢ o
method. In thﬁeﬂﬂlﬁﬂlﬁﬁ%%ﬁhﬁ ﬂT.TTﬁIt is clear in Section
5.1.4 that the error strongly increases following the level of noise in data. This sec-

€
i

F=% / )
o TN TR R T B En oo
in measurement. numﬂ‘ of tactors are demonstrated in order to clarify which

factors affect the magnitude of the estimated error bar and how the uncertainty

component. As a resu

distribute to the parameters of each carrier species.

After the set of mobility spectrum is yielded, a statistical analysis is per-
formed. First of all, a number of sample of each partial conductivity, s;, are calcu-

lated for its mean and variance to form a final mobility spectrum with error bars.
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By this épectrum, a number of reasonable peaks is determined to a number of carrier
species within the material. Next, the total conductivity, mobility, and concentra-
tion with their error bars of each carrier species are calculated. By considering
points which constitute a peak in the mobility spectrum, the required parameters
are obtained using Eqs. (4.28) to (4. t this stage, only the uncertainty of the
conductivity of each carrier s@lw

one can show that

M __J
2'J2

Using the propagation of error,

(5.5)

where p is resistivity 1 d»u wity of all carrier species within

the sample. The perc is the same magnitude as

the percentage error i to use the conductivity-

percentage error to stu Bayesian calculation.

In this section, é c ) e/SiGe at 200K as a pro-
totype to examine the test. T . i of Ge/SiGe at 200K has been

"-.

calculated with 100 ﬂagnetlc

obﬁy range is extended to
9
10,000 cm?V-1s~1,

%v:—.-:-:-:-.——::::—::—:-::,::-:: ----- Fig 5.23 vIrom this spectrum, two
S wit]ﬂ—lall mobility of 1,230430
cm®V~1s~! and 4,700+£10 g2V‘ s and goncentration of 4.65+0.02 x10'! cm—2
and 1.667:|:0.0ﬂ %12}{1} ﬁ[%dtwylj ’ﬂq %Jl@()ﬂﬂﬁ percentage error of
each carrier spe&!es is 1?1% for B:S?Ge and 0.13‘7£or 2DHG. Thuercentage error

o tralp A slefoh i b i) o £ SpENpied ehoven e

percentag% error of total conductivity has nearly the same magnitude as 0.1% of the

dominant peaks represgt two holes

noise in resistivity data, it is under the question why the conductivity percentage
errors of two carrier species are different by an order of magnitude. To investigate
these results, synthetic data are generated using the mobility spectrum obtained in
Fig. 5.23 (Ge/Sip4Gegg at 200K). It will be called the original spectrum. The data
has 100 points in magnetic field range from 0.1 to 10 Tesla. The 0.1% Gaussian
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Figure 5.22: (a) A sélected S ‘of Markov chain from Bayesian calculation on
synthetic data. (b) A hi tog -‘a."'"-’-'ﬁg cy‘count and a fitting of normal distribution
with mean and standad deyiation 15701 0.2 and 0.037, respectively.
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Figure 5.23: A mobility spectrum of Ge/Sig4Geog at 200 K calculated by Bayesian
method shows two major-hole peaks, B:SiGe (u=1,230 csz"s'l, n=4.65x10" cm'2)
and 2DHG (1 =4,700 cm*V™'s™, n = 1.667x10"2 cm™).
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noise is added to this data and we generate 10 data set randomly.. All data set are
calculated by the Bayesian method. The hypothesis is that if the original spectrum
is reasonable, the repeated spectra will result in the same way. The results are

shown in Table 5.12.

Table 5.12 The percentage e

Data se L:"S‘

Eaweirme

! / ity of each repeated spectrum.
o""‘,.l:ﬂ ty (%)

nduct1v1ty
I 08

A 207/ Q15| 007
Syn-2 4725 [OIT ] 0.06

WS I [] 08 [, 00
S A8 oA |\ '\ "u.
[ 295, [0 N0

Synff | F157 1o081 | |\, 007
Synfr JF F61.% 04354 | \,005
Syn-88| .88 4. 0k 4 . 018

;‘1_';,;4’ s
The total conductmty pe

S approximately match the designed
value of 0.1. The B: 3Ge ] han~a 2DHG peak for about

b Z

5.3.1 Standard d£v1at10n of hl@lhood distribution

ﬂuﬂmmmwmm

The Ba)wlan method require any assumption about the number

of carrqn W?Wﬂsﬂm ﬂl tion cannot

be performed w only e measure ata. It is important to know the level of

ten times.

noise associated within the data so that the likelihood distribution can be defined.
Generally, the noise level can be estimated by considering the apparatus resolution
or experiment setting. If the noise level is not reported, the width of the likelihood,
a standard deviation defined in chi-square (see Eq. (4.22)), can be assigned freely

by guessing; for example, most grade laboratory is set for allowing noise not excess
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0.1%. This section demonstrated how the difference in assigning the likelihood
width for any set of measured data affects the uncertainty in solution. Synthetic
data which are geﬂerated using the original mobility spectrum in Section 5.3 is
employed. The data is considered noise free, and the standard distribution defined
.05% to 0.5%. The results are shown in
Fig. 5.24 in which the conduct'vﬁ' rs of two hole species are plotted
versus the magnitude of sta&via&on of percentage errors of large-

T —
: '%pemes is about 10 times for

conductivity carrier species

in likelihood distribution is varied fro

all values of standard de¥
decreasing standard de
deviation can be set tofa asing standard deviation

% standard deviation, the

‘4. u{e'- -.Iu'

L

acceptance rate is about 0:65 W'h; h s/
T e

b
reasonable acceptance

to 5%.

M"gﬁeﬁﬁf‘fiwﬁﬁﬁfﬁ'ﬁ‘rﬁﬁﬁ

The effecyof maximum magnetic field strength to the uncertainty of solution
s coneded i) Bpglebe i '}’} 4 Byo-d it 5.12 i
0.1% ran(ﬁ)m noise are used. These set are employed by the Bayesian method in the
same way in order to treat the random effect. In each calculation, the maximum
value of magnetic is set differently form 4 Tesla to 15 Tesla so that the uB is varied.
The low-mobility carrier species has mobility about 1,200 cm?V—1s™1, 50 the effective
magnetic field strength is about 8.3 Tesla. The results are summarized in Fig. 5.25.

The plot of percentage error of each carrier conductivity versus uB is shown. As the
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Figure 5.26: A conductivity error of B:SiGe and 2DHG species form three synthetic
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uB incréases, the percentage error gradually decreases. Even though pB for 2DHG
is greater than 1 for all defined maximum magnetic fields, its uncertainly seems to
relate to that of the low-mobility species. This can be summarized that the effect
of maximum magnetic field is less significant when pB of the lowest-mobility carrier

species becomes greater that 1.

——

The demonstrationdn™thi€ section 2 ; the different conductivity

senerated using the original

mobility spectrum (origin@l de , 6t in-Table §.12). this spectrum, the ratio

spectrum is modified in g@ﬁﬂ_ﬁ‘, ot
WLelr
cu..a‘uhf..; .

1e; condu tivity of 2DHG is relatively

decreased from 75% to 10% t@'its ue, So the conductivity ratio decreases.

Each data set of new conductiviéy dded with different patterns of 0.1%
random noise. The results from a VA arg'shown in Fig. 5.26. The
conductivity percentage ‘, vity ratio. At the unity
ratio, the percentage Q ; carrier specles are@qual. This indicates that

the conductivity ratio is dignificant in distributing uncertainty to the parameters of
oo ccsing By LA Y] B SIELNTIZ ey o
U

receive a lesser uncertainty.

ARIASN I ANEAY

ions, we cannot precisely measure af(]egree of influence of
each factor to the uncertainty in solution independently. However, it is helpful to

examine the uncertainty obtained by the Bayesian method.
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