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Chapter 1

Introduction

The phenomenon of Bose-Einstein condensation was predicted by
S.N. Bose and A. Einstein in 1924 [1], during the early days of quantum mechan-
ics. They studied the statistical properties of massive particles with integer spins,
which are known as bosons. It was found that not only it is possible for two or
more bosons to share the same quantum state, but also the bosons actually prefer
being in the same state. It was predicted that at a finite temperature, almost
all the particles of a bosonic system would occupy the ground state as soon as
the quantum wave functions of the particles start to overlap. In a Bose-Einstein
condensate millions of atoms occupy a single quantum state, thus bringing the
quantum world into the macroscopic regime.

In the 1930, Fritz London investigated superfluidity in liquid helium.
From the very beginning he realized that superfluidity could be a manifestation
of Bose-Einstein condensation. However, due to the strong interaction between
the helium atoms, the analyses have remained unsatisfactory.

After the huge success of the cooling atoms by laser light, a method
proposed by T.W. Héansch and A. Schalow in 1975, researchers investigated the
possibility of producing a Bose-Einstein condensate using alkali atoms. In the
summer of 1995, BEC was reported by scientists at JILA (Boulder) [2], followed by
similar reports from Rice University (Texas) [3], MIT (Cambridge) [4], the MPQ
(Max-Planck Institute of quantum opties) group and the University of Munich.
The breakthrough was made possible by combining laser cooling with evaporative

cooling in a magnetic trap. The first evidence for condensation emerged from time



of flight measurements. A sharp peak in the velocity distribution was observed
below a critical temperature.

In 1978 Thomas Greytak and Daniel Kleppner, leaders of a group at the
Massachusetts Institute of Technology, started intensive efforts to form BECs in
dilute hydrogen gases [5]. Twenty years later (in June 1998) they finally reached
their goal by using dilution refrigerators, magnetic trapping and evaporative cool-
ing. Hydrogen is a very interesting element to study BEC, because its small scat-
tering length makes it an almost ideal Bose gas. Furthermore a hydrogen atom is
generally appealing for basic studies because its structure and interactions can be
calculated from the first principle and should allow for more precise comparisons

with theories.

1.1 Hydrogen is Different

Hydrogen differs in several ways from alkali metal atoms that have been Bose
condensed. The principal differences are its small mass and small s-wave scatter-
ing length as shown in Table 1.1. How do these properties influence the system?
First, the small mass implies that BEC should occurs at a higher temperature.
The transition temperatures is roughly 50 times higher than in other systems.
Further, thermal equilibrium must be balanced by heating and evaporative cool-
ing. For hydrogen the equilibrium condensate fraction is small because the high
condensate density leads to high losses through dipolar decay, which results in
heating of the system. Finally, hydrogen has small collision cross-section, which
should allow condensates of H to be produced by evaporative cooling that con-
tains many orders of magnitude more atoms than those possible in alkali-metal

species.



Elements H Li Na Rb
Mass (amu) 1 7 23 87
BEC transition temperature (uK) 60 0.3 2 0.67
S-wave scattering length (A) 0.648 -14.4 27.5 57.1
Peak condensate (cm?) 5x 10" | 2x 10" | 3x10% | 5x 10"
Collision cross section I1x107"® | 5x 1078 [ 2x 1071 | 8 x 10712
Dilutivity, an; 3 I1x1072 | 4x1073 | 4x107% | 5x 1072

Table 1.1: Comparison of the the parameters of alkali metal atoms [2].
1.2 The Organization of the Thesis

This thesis is organized as follows. Chapter 2 provides a detailed description of
the trapped gas and a review of the concept of path integral theory. Chapter
3 describes the experiment on BEC in hydrogen. [ will explain a technique of
probing Bose condensates, optical spectroscopy. Using this tool, one can mea-
sure the density and momentum distributions of the sample, and thus infers the
temperature, size of the condensate, and other properties. Chapter 4 describes
the ground state properties of atomic hydrogen, using many-body Feynman ’s
path integral theory. I also calculate the expression of ground state energy and
its wave function. Chapter 5 provides interpretation of the meaning of the results
from Chapter 4. I minimized the expression of ground state energy by a numeri-
cal method that yields the values of ground state energy, size of the condensate,
peak condensate density and other properties. I found that the results are in good
agreement with the experiment. Finally, conclusion and discussion are drawn in

Chapter 6.



Chapter 2

Theoretical Reviews

In this chapter I will review the basic concepts of BEC, which are used
in this thesis. I also describe the occurrence of BEC and description of the
condensate. Finally, I will briftly discuss the concepts of Feynman’s path integral

theory.

2.1 Degenerate Bose gas

2.1.1 Bose Distribution

The statistical mechanical description of classical gas is not correct when the
temperature approach to zero. A simple way to understand the crossover to
the quantum regime is to recall that particles are characterized by wavepackets
whose sizes are related to their momenta by Heisenberg’s momentum-position

uncertainty relation. The thermal de Broglie wavelength is defined as

omh?
= T (2.1)

where h and kg are Planck’s constant and Boltzmann’s constant respectively, and

m is the mass of the particle.

As the gas is cooled, the particle momenta decrease, and wavepackets
become larger. The classical description of the system breaks down when the
these wavepackets begin to overlap. The quantum treatment thus deals with the

effect of the particle indistinguishability.



Here I review the basic features that are important for this thesis. The
occupation function for gas of N identical bosons in a box of volume V| and in
the limit of N — oo and V' — oo but N/V is finite, is called the Bose-Einstein

occupation function [6]

1

e) = emamar 1 (2.2)
where p and T are Lagrange multipliers which constrain the system to exhibit

the correct population and total energy through the conditions

%: /ds@ﬁ(e) (2.3)
and
gz /de@sﬁ(e) (2.4)

respectively, where p(€) is total energy density of state function. The physical
interpretaion of these parameter is that p is the chemical potential and T' is the
temperature. The energy distribution of the population in the trap for a classical
gas is described by the Maxwell-Boltzmann distribution and for a quantum gas is
described by the Bose-Einstein distribution. Bose-Einstein condensation occurs
when the chemical potential goes to zero and the occupation of the lowest energy

state diverges. This‘occurs at the critical density [6]
e = g2 (1)N(T) 25)

where g,(z) = li%; g3)2(1) = 2.612. A gas that has undergone the Bose-

Einstein phase tr;nsition is said to be in the quantum degenerate regime because

a macroscopic fraction of the particles are in an identical quantum state.
Although a hydrogen atom consists of two fermions, it behaves like a

composite boson for the studies in this thesis because the collision interaction



energies are extremely small compared to the electron-proton binding energy [7].
The two fermions acts as a unit except in high energy collisions when electron
exchange is possible. The typical interaction energy during low temperature
collision is ~ 1 mK, which corresponds to 1077 eV, 10® times smaller than the

binding energy.

2.2 Description of the Condensate

2.2.1 Gross-Pitaevskii Equation

When Bose-Einstein condensation occurs, a macroscopic fraction of the particles
occupy the lowest energy quantum state of the system, and thus have the same
wave functions. For a non-interacting Bose gas, that wave function is simply
the lowest harmonic oseillator wave function for the harmonic trap. Interactions
become important when many particles occupy the condensation in space and
the local density increases. In this case the wavefunction spreads out due to the
repulsion among of the atoms.

The Schrodinger equation for the interacting condensate is called the

Gross-Pitaevskii equation [1], and has the form
el 2

~5 V. @) £ V(X)) + U [(r) " (r) = py(r) (2.6)
where 1(r) is the condensate wavefunction. The eigenenergy of the wavefunction
is p, which is the total energy of each condensate atom. The quantity U, =
4rh*a/m is the mean field energy, which is the energy of interaction among the
atoms per unit density, which is repulsive for s-wave scattering length a > 0.
For a hydrogen atom in its ground state, a = 0.648 A [8], and Uy/kp = 3.92

10710 yKcm?. The mean field energy augments the trap potential by an amount



proportional to the local condensate density neoma(r) = [¢(r)|*. It should note
here that the interaction between the condensate and non-condensate atoms are
neglected here. The eigenenergy p in Eq. (2.6) and p in Eq. (2.2) are the
chemical potential of the system in equilibrium. The chemical potential is the
energy required to add a particle to the system. When a condensate is present,
the normal gas is saturated, and any particles added to the system go into the
condensate. The energy required to add the last atom to the condensate is p,
and so I relate p with the chemical potential. In some experiments p is measured
spectroscopically through the peak density at the center of the condensate, which

is in turn measured through the cold-collision frequency shift [5].

2.2.2 Thomas-Fermi Approximation

When Bose-Einstein condensation occurs, many atoms occupy the lowest energy
quantum state, the kinetic energy approaches to zero, then the kinetic energy term

in Eq.(2.6) may be neglected. This leads to the Thomas-Fermi wave function

_ N2 n, = V(@) [}V (x) < U
Wlr) = { 0 elsewhere (2.7)

where n, = u(N)/U, is the peak condensate density and V(r) is the potential
energy. Here, neong(r) = N |ib(x)[° is the density distribution in the N-particle
condensate. One can interpret W(ri)|2 as the probability of finding condensate
particle particle ¢ at position r;. Therefore we obtain the condensate density
profile.
Neond(T) = n, — V(r) /Uy (2.8)
The Thomas-Fermi approximation is valid over most of the volume of the
condensate, but at near the edges the condensate density approaches zero, and

kinetic energy term should be included.



The condensate density profile may be obtained without the Gross-Pitaevskii
equation by assuming that the condensate is stationary and its particles are at
rest, and then balancing hydrodynamic forces. A condensate particle in a region
of the potential energy ¢ has total energy E = € + nepna () Up . Since there

must be no net force on the particle, on the particle, £ = const = n,U, and

Neond (€) = ny — €/ Up.
2.3 Feynman’s Path Integral Theory

In classical mechanics, the principle of the least action is a way of expressing the
condition that determines the particular path Z(#) out of all the possible paths.
That is, there exists a certain quantity S which can be computed for each path.
The classical path Z(¢) is the path that S is extremum. So the value of S is
unchanged in the first order if the path Z(¢) is modified slightly from the classical
path. The quantity S is given by the expression [9]

"
S= [ L(i zt)dt, (2.9)

ta

where L is the lagrangian for the system. For a particle of mass m moving in
a potential V(x,t), which is a function of position and time the lagrangian is
L =24 —V(xt).

In quantum-mechanical, we can not exactly know in which paths the
particle go from a to b. Consequently, the total amplitude to go from a to b
must be contributed by all path. Feynman found that they contribute equal

amounts to the total amplitude, but contribute at different phases. The phase of

the contribution from a given path equal to S/h.



The probability P(b,a) to go from z, at the time t, to x;, at the time ¢,

can be calculated as follow:
P(b,a) = |K (b, )| (2.10)

where K(b,a) is an amplitude to go from a to b. This amplitude is the sum of
contribution ¢ [z(t)] from each path
K (b,a) = 7, Bl(t)), (2.11)
over all paths from a to b

where

¢lx(t)] = (const) exp

%S{x(t)}] . (2.12)

The action S is that for the corresponding classical system. The constant
will be chosen to normalize A conveniently.

Constructing the sum.

One choose a subset of all paths by first dividing the time intervals into
small interval, e. This gives a set of successive times tq,1s,t3,... between the
values t, and t,, where t;;1 = t; + ¢. At each time, ¢;, one select some special
point z; and construct a path by connecting all of the successive points by straight
line. This processes are shown in Figure 2.1. It is possible to define a sum over
all paths constructed in this manner by taking a multiple integral over all values

of x; for ¢ from 1 to n — 1, where

Ne = tb — ta
€= tiy1 =
to = ta , In=1

To = Toq, IN=2Tp (2.13)
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Figure 2.1: Diagram showing the sum over paths defined as a limit, in which at
first the path is specified by giving only its coordinate x at a large number of
specified times separated by very small intervals € [1].

The resulting equation is

K(b,a) = // . ./(const) exp [%S{x(t)}} dxidzs ... .dr,—q (2.14)

We do not integrate x, or x,, because these are the fixed end point z, and
xp. In order to achieve the correct measure, Eq. (2.14) must be taken in the limit
of € — 0 and some normalizing factor A" which depends on € must be provided

in order that the limit of Eq.(2.14) becomes

K(b,a) =~ lim — // / (const) exp { S{z(t )}} i dm % (2.15)

€—>0

This equation can also be writtenin a less restrictive notation as

K(b,a)~ N//.../(const) exp [%S{x(t)}] D(path) (2.16)

This is called a path integral and the amplitude K (b, a) is'known as the Feynman

propagator or the kernel.
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Harmonic oscillator

We consider the one dimensional harmonic oscillator described by the Lagrangian

1 1
L= §m$2 - §mw2x2. (2.17)
Thus the kernel can be written as
i Tl 1
)
K(b,a)= /exp [ﬁ / <§mx2 - imwzﬁ) dt] Dx(t), (2.18)
T2 0

the integral over all paths which go from (zy,0) to (z2,T")

In classical mechanies, the form of the action integral S = [ Ldt is inter-
esting, not just the extreme value S.;. This interest derives from the necessity to
know the action along a set of the neighboring paths in order to determine the

path of the least action which the following condition is always satisfied:

d (0L oL

For a harmonic oscillator, we can write Eq. (2.19) as
T A W= O (2.20)
The solution of Eq. (2.20) is
Z(t) = Asinwt + B cos wt (2.21)

where A and B are constants. By applying the boundary conditions z(0) = z;

and Z(T') = x to Eq. (2.21), we can obtain the constant A and B,

A To — x1 coswT
sinwT ’

B = . (2.22)
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Now
S, = / 5 (@) - wz()?) dt
— % T(t)f(t)‘OT— 0/ T(t)z(t)dt — o 0/ f(t)th]
= 5 [FDFT) - 7(0)z(0) - O/ T(f(t)—wzf(t))dt]- (2.23)

We find that the second term of Eq. (2.23) is equal to zero, so we obtain

m
SCZZE

[ (T)E(T) = E(0)a(0)] - (2.24)

Differentiating Eq. (2.21) with respect to ¢, we obtain

T(t) = Awsinwt — Bw coswt. (2.25)

Substituting Eqs. (2.21), (2.25) and (2.22) into Eq. (2.24), we can write the

classical action of the harmonic oscillator as

mw
2 sin wT’

Scl

lcoswT(af + 3) — 2217 - (2.26)

Let Z(t) be the classical path between the specified end points. This is the path

which is an extremum for the action S. In the notation we have been using
Sealra, z1] = S[Z(t))]. (2.27)
We can represent z in terms of ¥ and a new variable y by
x(t) =T(t) + y(t). (2.28)

This is to say, instead of defining a point on the path by its distance z(t) from
an arbitrary coordinate axis, we measure in stead the deviation y(t) from the

classical path, as shown in Fiq. 2.2. Thus, we can write the action as
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Figure 2.2: The difference between the classical path Z(t) and some possible
alternative path x(t) is the function y(¢) [1].

stat] = 45 oo 0] = "5 o)+ vo)]
y /( 2 04 2% (00() + 570 )dt 2.29)
I S22 (0 4 22%(0020) + (1)
sla() =sale@l+ [|F P05 0| e

Substituting Eq. (2.30) into Eq. (2.18), we obtain
K(b,0) = e {1 8alz(0))} [ e {h [ 530" 120 dt} D(y(1))
f . (2.31)

We find that the integral over y(t) does not depend on the classical path and
0

y(t) =0 at t,, and. t;, so we use symbol [ for integrate closed contour. We may
0

write the kernel as

K(b,a) = F(T,0)exp {%sd (1)} (2.32)
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where

0 T )
F(T,0) = /exp {%/ l% v () — %y%)] dt} D(y(t)). (2.33)
0
We can calculate F(T,0) by expanding y(t) as a Fourier series

nmt

y(t) => a,sin d (2.34)

and then consider the paths as a function of the coefficient a,, instead of functions
of y(t). The details for calculating F'(T,0) is given by Feyman and Hibbs. The

result is
mw ) 1/2

2mih sin wT (2.35)

P(T) = (

Therefore the kernel of harmonic oscillator is

mw 1/2 imw -
K(b,a)= <W> exp {m [COSWT(LBI + x5) — QxleH . (2.36)

This kernel can be expanded in exponential function. That is,

1/2 /
<L> exp {ﬂ {cos wT(z] + x3) — 21‘1:1;2}]

2mih sin wT 2h sinwT’
= Y e WMETe (29)dr(2y), (2.37)

where ¢, () is wave function and E,, is energy levels for n = 0, 1,2, .... Using the

relations
o . 267in
(Z S1n WT) = m
2€—in
=1
(COS LUT> = m (238)

We can write the left-hand side of Eq. (2.37) as

(m;;)lﬂ 6—in/2(1 -~ 6—2in)—1/2
T

mw 1+ e~ 2T Axqzye T
X exp {_ﬁ l(xf + z3) (1 — e_mT> R (2.39)
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We can obtain a series having the form of the right-hand side of Eq. (2.37) in

—wT/2 it is clear that all

successive power of e=™7. Because of the initial factor e
terms in the exponential will be of the form e~*7/2e="T for n, = 0,1, 2, ... This
means the energy levels are given by E, = hw(n + 1/2).

To find the wave functions, we shall have to carry out the expansion com-

pletely. We shall illustrate the method by going only as far as n = 2. Expanding

the left-hand side of Eq. (2.37) to this order we have

1/2
(mw) / ei“T/2(1+%e_2i‘”T+...)

wh
mw mw . ; 2mw ’
X exp [—(m% +23) = —— (2 + 23)(e T +..) + riwee” T 4
2h h h
(2.40)
or
(::3;) e—ﬁ(x%-l-xg)e—sz/Z(l g 56—21wT + )
2 4 2mPw? . ,
X [1 + mwxlxge—“”T + ”;Qw St 2T %(m% + x)e 2l 4
(2.41)
From this we pick out the coefficient of the lowest term. It is
mw /2 —mw (24 42y T2 —(i/h)EoT %
— e 2n 1T P)e -y oo (z2) 5 (). (2.42)
This mean that £y = %hw and
do(x) = (ﬁ) o~ (mwz?/2m), (2.43)
The next-order term in the expansion is
efsz/Zefsz/%efﬁ(forxg) mw — ef(z/h)ElT(bl (:CQ)(ﬁT(ilj'l) (2.44)

7h h
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which implies that F, = %hw, and

2mw
h

¢1(x) = Po(). (2.45)

The next term corresponds to Fy = ghw. The part of the term depending on x

and xy 18

2 2m22 1

This must be the same as ¢o(29)@5(21). Since the expression in the brackets can

1 /2mw 2mw
7 ) (e 1) (2.47)

be re written as

we find
I 2nw ,

o) £ 7 (T4 < 1) dnle). (2.48)

All wave functions may be obtained in this manner. However, it is a difficult
algebraic problem to get the general from for ¢,(z) directly from this expansion.

From these results, we obtain the energy levels of the harmonic oscillator,

B S S %) (2.49)

where n is an integer 0,1,2.... and all of the wave functions can be written in the

term of Hermite polynomials [9],

mw mw

g =(2""n!) (ﬁ> H, <g; 7) R 2, (2.50)

Therefore we can obtain energy levels and wave functions from the kernel of the
harmonic oscillator.. This chapter T have described basic concepts of BEC for
ideal Bose gas. I also described BEC for interacting Bose gas, which is described

by Gross-Pitaevskii equation and Thomas-Fermi approximation. These concepts
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allow us to understand the behavior of the trapped gas. Finally I discussed the
concepts of Feynman path integral theory. I will use this concept to find the
ground energy and the wave function of hydrogen condensate. This will be done

in Chapter 4.
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Chapter 3

Experiment on
Bose-Einstein Condensation
of Atomic Hydrogen

Bose-Einstein condensation (BEC) in hydrogen was observed for the first
time by MIT (Massachusetts Institute of Technology) research group in 1998 [5].
However, the search for BEC in hydrogen began in 1976 [10]. Originally they
polarized the gas by letting it flow into a strong magnetic field that attracted
atoms with spins oriented antiparallel to the field and repelled the others. How-
ever the group found that with this method they could not reach the extremely
low temperatures needed for a BEC because of collisions with the walls of the
container. They solved this problem by reconfiguring the field to be weaker in
the center, so that atoms with spins parallel to the field collected there, in a mag-
netic trap. Gradually reducing the field strength at the edge of the trap made
it shallower and allowed higher energy atoms to escape. This method was called
evaporative cooling. To reach their goal, the MIT group added a final cooling step
by applying a radio frequency magnetic field that tuned to flip the spins of the
most energetic hydrogen atoms, for this reason they were immediately attracted
to the outer, stronger-field regions. Finally, the gas was cooled into the quan-
tum degenerate regime. The hydrogen condensates were rather different from the
other alkali metal atoms and they used different techniques to probe the sample.
Attainment of BEC in hydrogen required 22 years of research effort which was

a revolution in techniques for cooling and manipulating atoms using laser-based
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methods. In this chapter I will briefly summarize the method of cooling process

and a technique to study BEC in hydrogen atoms.

3.1 The Basic of Trapping and Cooling Hydro-
gen

Spin polarized hydrogen is created by the magnetic state selection of hydrogen
at a cryogenic temperature. In high magnetic fields the electron and proton spin
quantum numbers are m, = —% N, — :t% for H | and m, = +%,mp = j:% for
H 7 which the spins of the 1S state of atomic hydrogen can couple in four ways.
The four hyperfine states are labeled a-d as shown in Figure 3.1. The lowest two
states a and b are pulled toward regions of high magnetic field, and the low field
seeking states (c and d) are expelled from high field regions.

At the beginning of an experiment [5], molecular hydrogen is loaded into
the cryogenic apparatus by blowing a mixture of Hy and “He into a cold can
(T =~ 1 K). The Hy molecules are dissociated by pulsing an rf discharge in a region
of 4 T magnetic field. The low field seekers are blown into a confinement cell in
the trap. The trap field are created by currents in superconducting coils which
create a trap with maximum trap depth 0.82 7". The trap depth is the difference
between the field at maximum field and the minimum field in the center of the
trap. There are seventeen independently controlled coils in the apparatus which

are used to adjust the trap shape.

The magnetic trap consists of a long quadrupole field to confine the atoms

radially with axial solenoids at each end to provide axial confinement an elongated



200

100

eneray/kg [mK]

_1m L

=200

Figure 3.3: Hyper fine diagram for the ground state of atomic hydrogen 2].

AOUUINBUINT )
RN ININENAY

20



21

variant of the Ioffe-Pritchard configuration (labeled "IP”), as shown in Figure 3.2.
The field increases linearly away from the z axis of the trap (the potential exhibits
near cylindrical symmetry about the z axis); the potential is small and roughly
uniform for about 20 cm along the z axis.

The trapping fields are produced inside a cell that confines the gas cloud
while atoms are loaded into the trap. For trapped atoms, their total energy must
be less than the trap depth. Two techniques are used to cool the atoms into
the trap. First, superfluid *He film is covered the walls and reduces the binding
energy of the H atoms. In order to prevent the hot atoms stick tightly to the
cold surfaces. The second stage of cooling involves collisions among the atoms
that are crossing the trap region. Sometimes these collisions result in one atom
having low enough energy to become trapped. The partner atom in the collision
goes to the wall and is thermalized.

The cell walls are quickly cooled to below 150 mK. At this temperatures
the residence times of the atoms on the surface of the cell are much longer than
the recombination time, and so the surface is sticky. The warm atoms go to the
surface recombine before having a chance to leave the surface. Thus no warm
particles can leave the wall and carry energy to the trapped gas.

Both d and ¢ low field seeking states are caught in the trap. However,
inelastic collision processes involving two c¢ state atoms quickly deplete the ¢ state
population, and remaining atoms constitute a ‘doubly polarized sample (both
electron and proton spins are polarized). For peak densities in the normal gas of

n = 10'*em=3 the characteristic decay time is 40 s.
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3.2 Evaporation Techniques

Evaporative cooling occurs when highly energetic atoms are permitted to escape
over a saddle point in the magnetic field at one end of the trap. Evaporation is
forced by lowering this axial confinement field while simultaneously holding the
radial confinement field fixed. Energetic atoms are able to escape out the end
of the trap. With this method, called saddle point evaporation, it was possible
to achieve conditions close to BEC in hydrogen but the cooling power is not
adequate to cross barrier. Evaporation requires collisions for maintaining thermal
equilibrium as the system cools. Because of hydrogen’s small scattering length,
its collision cross section is small and evaporation is much slower than in other
alkali metal atoms.

In saddle point evaporation of harmonic trap, atoms escape only along
the z-axis. For atom to escape, it must have a sufficient energy in the axial
degree of freedom [11|, E; > Vi, where V,,, is the trap depth as set by the
saddle point potential. Because only the z-motion is involved, the evaporation
is one-dimensional. To solve this problem the magnetic trap often called the
“Toffe-Pritchard” type (abbreviated as “IP”) was used. This magnetic trap causes
mixing energy in axial and radial degree of freedom thus all atoms with total
energy & > V4, can promptly escape. The energy mixing will be explained
theoretically in Chapter 4.

As the energy decreases and the IP trap becomes more harmonic, the
mixing time lengthens. When it becomes comparable to the collision time, the
evaporation rate falls [11]. To'solve this problem the technique of rf'evaporation
below 120 K, which permits evaporation in three dimensions, was used. A radio-

frequency magnetic field drives transitions between the trapped state and some
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other (untrapped) hyperfine sub-level, causing the atom to be ejected from the
trap. In hydrogen the trapped hyperfine state is (F' = 1,m = 1). By starting
with an rf field resonant with the highest fields in the trap, then slowly lowering
the frequency, successively lower energy atoms can be expelled. Since all the
atoms on a specific energy surface in the trap are affected, the process is more
efficient than saddle point evaporation. This process allowed us to achieve the

conditions necessary for BEC. Figure 3.3. summarizes the entire cooling process.

3.3 Observation of BEC

We now describe the first observations of Bose-Einstein condensation of hydro-
gen atom. The technique was used in the experiment is laser spectroscopy. By
this probe, we are able to monitor the density and temperature of the gas as
the temperature is reduced by rf evaporation. When the gas is cooled into the
quantum degenerate regime, signatures of the Bose-Einstein condensate appear
in the spectrum; these can be analyzed to reveal the size and population of the

condensate.

3.3.1 Two-Photon Spectroscopy

Since the energy levels in hydrogen atoms are so widely spaced, two-photon spec-
troscopy of 1S-2S transition was used to study the trapped hydrogen atoms [12].
When illuminated with photons of energy exactly half the 1S to 2S level spacing,
the atoms are promoted to the 2S state by absorbing the two photons (see Figure
3.4). This differs from the one photon process used to manipulate and study

the alkali-metals in two important ways [13]. First, the resonance is extremely



25

room temperature long, open trap
hydrogen gas for initial loading
L 0.3 K deep
=|'\ Hy :u

.. . Cryogenics

: 20 -3
density: 10 cm

temperature; 300 K

i

i 13 -
density: 2x10 ¢m
temperature: 40 mk

saddlepoint
evaparation
trap used for BEC shallow, harmonic
(300 uK deep) loffe-Pritchard trap
(1.1 mK deep)

10
0 .f'fgaa
E
1 - i
energetic atoms 4 -3 i 3
escape here density: 2x10 cm density: 6x10 cm
temperature: 50 uK temperature: 100 uK

Figure 3.5: Schematic diagram of the cooling process [2].



26
Stark Mix
25 Long-lived 25 state

s 3P

!

xﬁ/
[
LA
'

SV AT, VAVAVAW

e

e

™,

243nm

o

Mean Hield Shift‘

(due to density ) Lyman- I:u.:
\ 243nm .

‘x._ -'~

\ y.

1S iS5 P S5 1S ¥

Figure 3.6: Two-photon spectroscopy of the 1S-2S transition in hydrogen [3].

narrow allowing it to be used for very high resolution spectroscopy. Second, the
absorption is so weak that the resonance can not be detected by decreasing the
amplitude of the transmitted beam. Instead, an electric field is applied to the
atoms which mixes the long lived 2S state with the short lived 2P state. The
atom then returns to the ground state by emitting of a Lyman-a photon. The
resonance is detected by recording the Lyman-a production as a function of the
frequency of the illuminating beam.

In the experiment-a laser -beam of 243 nm is reflected back on itself by
a mirror at the bottom of the cell creating a standing wave in the trap. In this
configuration the atom may absorb two photons from the same beam or one
photon from each beam. Atoms that absorb two co-propagating photons produce
a recoil shift and Doppler broadened feature in the spectrum [13] (see Fig. 3.5).

The excitation is said to be “Doppler-sensitive.” The shape of the Doppler line
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Figure 3.7: Feature of the two-photon spectrum in a standing wave [3].

gives the momentum distribution of the gas and thus provides another measure
of the temperature. On the other hand, no momentum is transfered to the atoms
that absorb two counter-propagating photons, and the excitation is said to be
“Doppler-free.” This effect can be used to measure sample density.

The energy equation for two-photon excitation of an isolated atom from
state ¢ to state f, with initial momentum P; and final momentum Py = P, +

h(ky + ka), where k; and ko are the wave vectors of the laser beams, is [5]

2hy = \/PJ?CQ + (me? + 2huy)? — \/Pfc2 + (mc?)? (3.1)

where the rest mass of the atom in the initial state is m, v is thelaser frequency

and 21y = 2.466 x 10'° H 2 [14] is the unperturbed transition frequency. Expanding
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Eq.(3.1), we obtain v

(kl + kz) . Pz h(kl + k2)2 l/oP-2 3
—p b 2Ty LT R gy 0 2
v=uy+ - (1—¢)+ y— (1—¢) 2(me)? +0(°) (3.2
Avp, Avg Avp,

Here Avpiand Avpy are the first and second order Doppler shifts, respectively,
Avp is recoil shift and e = 2 = 1.1 x 1078 [5] is a relativistic correction
which accounts for the mass change of the atom upon absorbing energy 2hu.
For hydrogen in the submillikelvin regime, Avg << 1 Hz and can be neglected.

In the Doppler-sensitive configuration, k; = kg and Avg = 6.7 MHz
[5]. At temperature of 50 uK, Avp, ~ 2.6 MHz, and thus the Doppler-sensitive
peak is well separated from the Doppler-free. In the Doppler-free configuration,

k; = —ks, and there is no recoil or first order Doppler broadening.

3.3.2 The 1S-2S Spectrum of a Non-Degenerate Gas

The spectrum of the trapped hydrogen gas slightly above the quantum degener-
ate regime is shown in Figure 3.6. There are two components of the spectrum,
corresponding to absorption of co-propagating or counter-propagating photons.
The wide, low feature on the right is the Doppler sensitive which is the
Gaussian line shape expected for a Maxwell-Boltzmann distribution of kinetic
energies in a sample at 42 pK [5]. The Doppler sensitive spectrum maps the
velocity distribution through the Doppler shift. The Doppler free spectrum gives
information about the density distribution. At this low temperature the recoil-

shifted Doppler-sensitive line is clearly separated from the Doppler-free line.

3.3.3° Cold-Collision Frequency Shift

The density and temperature are measured through the cold collision frequency

shift. At low temperatures, in the limit a < A (thermal de Broglie wavelength),
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only S-wave collisions are important. These collisions give rise to a mean field
interaction energy, and they introduce frequency shift into radiative transition.
In the presence of a could of atoms of density n in the 1S state, an atom in state

o experiences a shift of its energy by an amount

Arhia,_
DB = =10, (0), (3.3)

where m is the atomic mass and a,_ 15 is the s-wave scattering length which
parameterizes collisions between atoms in state o and in the 1S state. The density
normalized second order correlation function go(x) is [15]
1

o) =< S (W (i~ 1, )] W) (3.4)

wlN

i#)
Here U is the wave function for the system and N is the total number of con-
densate atoms. (For a Bose gas far from degeneracy, g»(0) = 2) Because the
scattering lengths for 1S-1S and 1S-2S collision are not identical, the energy to

excite an atom to 2S state from a gas of 1S atoms is shifted by an amount

d7h’n

hAvis_o5 = (a15-28 — a15-15) 92(0). (3.5)

The frequency shift Avys_sg is known as a cold collision frequency shift. For non-
degenerate gas the two-photon sum frequency is by Awvig_o5 = ny, where y =
47hge(0)(a1s—2s — a1s-15)/m. Once x is known, the density can be determined
directly by measuring the frequency shift. In addition, a measurement of y can
be used to check the theoretical calculations of the scattering lengths. The 15-1S
scattering length is known accurately from theory: a,5_15 = 0.0648 A and a1g_sg
has also been computed: ‘a1 55 = —=2.3 nm [8].

To measure the frequency shift parameter y, a series of line scans were

taken at different densities as shown in Figure 3.7. The first scan is at the
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maximum density and exhibits the largest red shift. Subsequent scans, at lower
densities, are smaller and less shift. The area under each photoexcitation curve
is proportional to the total number of atoms. Five of the forty spectra are shown.
From a plot of frequency V.S. density (see Figure 3.7b), the value of y can be
determined. From a series of such measurements taken at different densities and

temperatures, the value of x is [16]
Xm = —3.84+ 0.8 x 107'° nHzem?, (3.6)

where y,, is the (two photon sum) frequency shift per unit density for excitation
out of condensate (g2(0) = 2). The theory of cold-collision frequency shift inho-
mogeneous system is not. yet fully understood [11], with the above value of x,,
one deduces that a;5_ 25 = —1.4 nm, in fair agreement with the prediction. The
process leads to a frequency shift proportional to sample density, and thus the
spectroscopy is a valuable tool for measuring the sample density which is mea-
sured for densities in the range 2 - 7 x 107" cm 2 and for temperatures between

100 and 500 pK [5].

3.3.4 Spectroscopic Study of the Degenerate (Gas

Bose-Einstein condensation involves the macroscopic occupation of the lowest
energy quantum state of the system. In a trap this state is concentrated at the
minimum of the trapping potential, and it has very small kinetic energy. When
the sample is cooled into the quantum degenerate regime the signature of the con-
densate in 15-2S spectrum of the gas can be observed. In the Doppler-sensitive
spectrum, which maps the momentum distribution, one would expect an intense
line at zero detuning from the recoil shift Avg, rising above the background

spectrum [17]. Figure 3.8 shows the Doppler-sensitive spectrum of the normal
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Figure 3.10: Doppler-sensitive spectrum of degenerate gas [2].

gas and the condensate together. Zero detuning is taken at the center of the
recoil-shifted spectrum, which is detuned at 6.70 MHz blue of the Doppler-free
resonance. Open circles are for normal gas, filled circles are for the condensate
gas. The dashed line is a fit to the normal fraction data which assumes a Maxwell-
Boltzmann velocity distribution. The dashed lineis a calculation which assumes
a Bose-Einstein distribution. The dot-dashed line is the condensate spectrum ex-
pected for a Thomas-Fermi wave function in a harmonic trap, when the dominate
spectral broadening is the cold-collision frequency shift. The temperature of the

Bose calculation was chosen to fit the observed spectrum.
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Figure 3.11: Doppler-free spectrum of degenerate gas [2].

3.3.5 Peak Condensate Density

The Doppler-free spectrum is shown in Figure 3.9. It can be used to evaluate the
density of the condensate. Atoms excited from different regions of the condensate
correspond to different frequency shifts. The signal size at a given detuning A,
is proportional to the number of the condensate atoms on a surface of constant
density (see Eq.(3.5) ) Neona = 248,/Xm- (assuming x,, = X.; where x. is the
frequency shift per unit density for condensate gas)

The intense, narrow feature on the right-is due to the normal gas, and
is shrunk vertically by a factor 40 to fit in the plot. The wide low, red-shifted
feature is the condensate. The line shape is that expected for a Thomas-Fermi
wave function in a harmonic trap. The peak shift, A, is 920 £ 70 kHz, which

indicates a peak condensate density n, = 2A,/x;, = 4.8 £ 0.4 x 10'* ecm™ [5].
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3.4 Properties of BEC in Hydrogen

The peak condensate density indicates the number of atoms in the condensate.
The population of the condensate is easily computed using the Thomas-Fermi
wave-function in the bottom of the loffe-Pritchard trap, which is parabolic for
condensate size. We approximate the potential energy density of states p(¢) is
the differential volume of real space corresponding to a total particle energy. The

potential energy density of state function is [5]

ple) = / Bro (V (r) —¢). (3.7)

The trap shapes in the experiment is called the Ioffe-Pritchard, which has
the form [5]

Vir (p,2) = \Hap) + (522 +6) — 0 (3.8)

with radial potential energy gradient «, axial potential energy curvature 25 (units
of energy/distance?), and bias potential energy . The potential energy density

of states for this trap is then

41
p(e) = &2—\/3\/5(64%)- (3.9)

We approximate the potential energy density state by p(¢) = 24\”/5 NE,

and obtain

Nl E /p(e)ncond(s)ds

16 0 3/2,.5/2
1502/ ° 77

Where neona (€) = n, — /Uy is the condensate density (see Eq.(2.6)). From the

(3.10)

experiment [5], the peak shift of A= 620420 kHz corresponds to peak density
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3.26 +0.10 x10'® cm ™3 and the condensate population is N, = 1.19 £0.10 x10°
atoms. The chemical potential for this peak density is u/kp = n,Uy = 1.9 K.
The extent of the Thomas-Fermi wave function is determined from this equation

by setting the density to zero at the edge of the condensate

ncondUO = K= VIP (P; Z) = 0. (311)
We obtain
1
max s N 2 2 0 = 73 3.12
p VK2 pim (3.12)
and
78 40N
I 5 2.8 mm. (3.13)

The huge aspect ratio, ~400, gives the condensate a thread-like shape.
We can write the chemical potential (u ) that explicitly depends on N.. For
Ioffe-Pritchard trap, it can be shown that
E 2 2/5
n, = (%) : (3.14)
The chemical potential is p(n.) = Uyn, . It satisfies pu(n.) = 0Ey/0n.
and is given by
5

Eo = el (ne) (3.15)

where FEj is the ground state energy. In the experiment, one can evaluate the
ground state energy from the peak condensate density in Doppler free spectrum,
n. from Eq. (8.10) and Uy /kp = 3.92 x 107'% yK ¢m?® parameterizes the mean
field energy. The ground energy of each trap and parameters are summarized in
Table 3.1.

The parameters «, 7, and 6 describe the loffe-Pritchard potential; o,

are calculated and 6 is measured. The peak cold-collision frequency shift in the
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Parameter Trap A Trap B
a/kp (mK/cm) 15.9 9.5
7/ks (MK/CWQ)
0/kB (1K) 3542 34+2
T, (1K) ~65 ~50
A, (kHz) 920+70 62020
Xe=Xe Xe=Xm/2 Xe=Xe Xe=Xm/2
n, (X 1015cm_3) 4840441 | 9.7£0.7£2 | 3.3£0.14+0.7 | 6.5+0.2+1.3
Nc(><109) 1.2+0.2 6.6£1.3 1.240.1 6.7£0.5
1/kg (LK) 1.9 3.8 1.3 2.6
2 Pmax (1) 15 21 20 28
22Zmax (Mm) 5.5 7.8 4.5 6.4
E.=2Ncp (J) ]225x10°%° | 2.47x107" | 1.54x10°%° | 1.67x10"

Table 3.2: Summary of parameter describing the two trap shapes used for achiev-
ing BEC and summary of the properties of the condensates [2].

condensate is A,. The remainder of the table is divided to show the implications
of assuming x. = Xm Or Xc = Xm/2 . The peak condensate density is n,, chemical
potential is p and total condensate energy is F.. The number of condensate
atoms is N.. Finally, the length and diameter of the condensates are given.
The uncertainties are divided into a component which depends on the present
experiment (first number), and a component reflecting the 20% uncertainty on
Xm (second number).

A thorough treatment of the relation between y. and x,, has been un-
dertaken by Killian [15]. -He concludes that x. = x,,/2 because exchange ef-
fects should be present in the normal gas, but absent in a condensate. Here,
the experimental evidence suggests that perhaps-x. = x,,. Firstly if we take
Xe = Xm/2 then the number of atoms lost, as described in Fried’s thesis [5], is
as large as the total original population of the trap. Secondly the condensate

fraction measured spectroscopically agrees well with the fraction one computes
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from the population in the condensate by assuming that x. = xm. If Xec = Xm/2
then the calculated condensate fraction is 2%/ ~ 6 times larger than indicated
by the spectroscopic technique. Therefore the possibility should be explored that
X = 2h(a15-25 — a1s—15) /m (instead of x = 4h(ajs_25 — a15-15) /m ) for ex-
citation out of the thermal gas. There are significant ambiguities so that this

problem clearly requires further study.



Chapter 4

Theoretical Considerations

Having discussed the experimental aspect of Bose-Einstein condensation
of atomic hydrogen in Chapter 3, we now turn to the theoretical aspect of the
phenomena in this chapter. First, we explain why pervious experiments could not
bring trapped hydrogen into the quantum degenerate regime and how the Ioffe-
Pritchard trap influences the trapped gas. We then apply the techniques from
many-body Feynman path integral theory to obtain the ground state properties of
the Bose-Einstein condensation of atomic hydrogen confined in the Ioffe-Pritchard

trap.

4.1 Ioffe-Pritchard Trap

Previous attempts to obtain BEC in hydrogen failed ([18], [19]) because the cool-
ing process became bottlenecked by the slow rate at which energetic atoms could
escape, thus reducing the effective cooling rate. To understand this bottleneck
we must first consider the details of the trap shape. We then study the motion
of the particles that have enough energy to escape.

The trap shape used to confine samples at T" < 200K is often called the
loffe-Pritchard trap [20]. Using axial coordinate z and radial coordinate p, the

potential has the from

Vie(p.2) = \/(ap)? + (722 + 0)* — 0 (4.1)
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with radial potential energy gradient « (J/cm), axial potential energy curvature
27 (J/ecm?), and bias potential energy 6 (J).

In the limit of p << 6/a, the Ioffe-Prithchard potential is harmonic in
the radial coordinate, as may be seen by expanding the potential in power series
2 3

1 1 «
1% =722 4 = RN R 42
1p(p,2) =72 T2 T8y e’ T (4.2)

The trap is harmonic in the radial direction when the third term is much smaller
than the second term. The trap appears harmonic in all three directions to short
samples for which the radial oscillation frequency is essentially uniform along the
length of the sample. This occurs for temperatures ' << 460 /kp. In the harmonic

regime, the axial oscillation frequency is

2y

L ==L 4.3
w. =y (43)
and the radial oscillation frequency is
o
Wy = —F—— (4.4)
¢ m(yz2 + 0)

Previous attempts to cool hydrogen to BEC utilized saddlepoint evapo-
ration, in which energetic atoms escape over a saddlepoint in the magnetic field
barrier at one end of the trap. To escape, the atom must have energy in axial
degree of freedom (z) greater than trap depth. This atom removal technique
is inherently one dimensional. The collisions which drive evaporation produce
many atoms with high energy in the other degrees of freedom, and in order for
these to escape the energy must be transferred to the axial degree of freedom.
This energy transfer process was analyzed theoretically by Surkov, Walraven, and

Shlyapnikov [21], we now follow their analysis.
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In a harmonic trap the potential is separable, and the particle motion is
completely regular; no energy exchange occurs. In the loffe-Pritchard trap, energy
exchange can occur because the potential is not separable; the radial oscillation
frequency depends on the axial coordinate, z, and so radial motion can couple
to axial motion. (see Eq. (4.4)) Therefore, the evaporation efficiency depends on
how strongly the atom’s motional degrees of freedom are coupled in the trap. For
high trapping field (7" > 1 mK), the degrees of freedom in Ioffe-Prithchard trap
are well coupled, and atomic trajectories are stochastic.

This energy mixing can be understood by considering how rapidly the
radial oscillation frequency changes as an atom moves along the z axis. If the
frequency changes slowly (adiabatically), then the energy will not mix among the
degrees of freedom. The adiabaticity parameter is the fractional change of the
radial oscillation frequency in one oscillation period as the atom moves axially
through the trap. Strong mixing occurs when [5]

Wo
2

s

=k (4.5)

Here w,= (dw,/dz)(dz/dt). For a loffe-Prithchard trap with a bias that is large

compared to kg1, w, = a/y/(72%+6)m. We have used the expansion in Eq.
(4.2), which is valid if kgT ~ ap << 6. Given that kg1 << 6, the adiabaticity

parameter is

Wy yza/m

v, .
w2 av/vz%+ 0

We see that several factors contribute to good mixing: large axial velocity v,

(4.6)

(which occurs at high temperatures); small radial gradient «, small bias field 6,
and large axial curvature . In practice, however, achieving BEC requires low

temperatures (v, small) and high densities (obtained with large compressions, and
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thus large o). Consequently, the degrees of freedom do not mix and evaporation
becomes essentially one dimensional. Typical values for the experiment [5] are
a/kp =16 mK/cm, v/kg = 25 K/em?, 0/kp = 30 K, T = 100 K, 2z ~ 2 cm, and
v, = 140 ecm/s, so that u, /w? ~ 107%. For these conditions it takes about 10
oscillations to transfer energy. There is not enough time to transfer the radial
energy to axial energy before the particle has a collision. The energy mixing is
thus very weak and the evaporation is one dimensional. The evaporative cooling
power thus drops dramatically. Experiments have confirmed that phase space
compression ceases near 100 K.

In order to maintain the evaporation efficiency a technique is required
that quickly removes all particles with energy greater than the trap depth. To

this end they implemented rf evaporation as described in details in Chapter 3.

4.2 Many-Body Feynman Path Integral Theory

In this section we calculate the ground state properties of atomic hydrogen using
Feynman’s path integral theory with the assistance of the variational principle.
First we consider NN hydrogen atoms in loffe-Pritchard trap. Retaining only
the first two terms in the expansion (4.2) and treating the interaction among
hydrogen atoms as mean-field energy, which are repulsive for s-wave scattering

lengths a > 0. The Lagrangian for the entire system is

m & ¥ o? drh*a &
L= (@454 2) > s % ———(F+y))] - S 6(r -1
2 i:1(xz + yz + Zz) i:1h/zz + 2(7222 + 0) (‘/L‘z +yz )] ( m ) = (rZ T'])

(4.7)
We use the trial action, which can be solved the density matrix exactly

and Lagrangian of the trial action must be similar to Lagrangian of the real
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system. So we choose

T

/ ( S+ 9l 4 2) = wezd + wplaf + yf)]) dt. (4.8)

4 i=1 i=1

We now find the density matrix of the system. The formulation of the
density matrix bears a close resemblance to the general expression for the kernel,
which was derived in Chapter 4 of the Feynman and Hibb’s book [22]. If the time
of the kernel is replaced by —i/3h, the expression for the density matrix is identical
to the expression for the kernel corresponding to an imaginary time interval. We

thus find the kernel first. It has the form

ry A ?e%(S_SO)e%SODT(t)
K= / oS Di(t) = / AT () — . (4.9)
rl T feéSODT(t)
)

The second factor of Eq. (4.9) has the form of an average of e#(5=50) with e

as the weighting factor for each path r(¢). We thus write Eq. (4.9) as
K=K, (ent- SO>>SO (4.10)

where
71

Ko = /e%SODr(t). (4.11)

T2

Since %S and %SO are real if time is imaginary, then we can use the inequality [9]
{e) > e, (4.12)

The geometrical interpretation of this relation is shown in Fig.(4.1). Note that
Eq. (4:12) does not depend on how the (x) are distributed. Applying Eq. (4.12)
to Eq. (4.10), we can find

F(5=S0)) ¢

K > Koelt (4.13)
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g
=
wa

Figure 4.12: Geometrical interpretation of <e‘f> > =0 1.

This relation is true when we replace the time by —¢8h. The exponent in Eq.

(4.13) has the explicit from

T
(A< /dt O\, (4.14)
0
or
[ ng o 2 [ m 20/.2 2
(S —5)) = /th:l(?wz —) <z >So +/dt§:1 Ewp(<x >So + <y >So)
0o = "
T N 2 2 3 2 N T
o & +y )> dmth‘a
D% < [t tsri— 1))
0/ ; 2 ,-),22+9 B %:0 3718y
(4.15)
Thus Eq.(4.13) has the explicit form
[ R 2 2 X, 2002 2 |
7| (= 02 g+ 2 5w, (), + (7))
I N, 121(2+2)
K > Koexp " _Z; %w§< 722}:6‘ >So
2 N T
—Z (4721 a) %;Ofdt (0(r; 7’])>SO

(4.16)
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Replace t by —iht, we obtain the inequality for density matrix

_ N N -
fdt 205 2= (2 t+ Py 7w, ((2%) 5, + (¥%) )
- 0 s a? ()
P = pPo €Xp =02\ /g,
N 8
( 47722 )%({dt (0(ri = 75)) g,

(4.17)

The parameter ¢ in Eq. (4.17) is not the true time in the usual sense. It is just
a parameter in an expression for density matrix p. However, if we wish to make
use of analogy in our thinking, we can consider ¢ as the time for a certain path.
To evaluate the exponent in Eq. (4.17), we proceed as follow. We first

evaluate (2%)g (y*)gand (%) To do so, consider the quantity

(k] reominy / Sepiz ( - [ 50 ) 2(b). (4.18)

where f(t) is any arbitrary function of time. If the original action S is Gaussian,
then the action is

ars- /f(t):c(t)dt (4.19)
is also Gaussian. Thus the path integral on the right of Eq. (4.18) can be carried
out by the methods of section 2.3 in Chapter 2. If S, is the extremum of the
action S, then the factor exp (@ cl /h) can be extracted as a factor of a path
integral of Eq. (4.18). The remaining factor is a path integral over the closed
paths y(t). The details are shown in section 7.4 Feynman and Hibb’s book [22].
The final result is that the path integral on the right of Eq. (4.18).can be reduced

to an exponential function multiplied by the transition element (1).

(elk S rtomtvany {exp[ (S — SCZ)]}(U. (4.20)
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The extremum S¢; can be obtained from Eq. (4.20) by setting f(¢) to zero and
the action of the forced harmonic oscillator is a special case of action Sg;.
From the transition element given by Eq.(4.20) we can obtain the transi-

tion element of z(t) by differentiating Eq.(4.20) with respect to f(t),

<x(t) exp [% / f(t)x(t)dtb _ ;}S;Ctl) {exp [%(Sbl - Scz)]} . (a21)

Setting f(t) = 0, we obtain

(4.22)

Similarly, we obtain

2 oy i %S (85
(x (t)>—<1>[ mf(t)2+<5f(t)>]f . (4.23)

(t)=0

We now use the action Sy, for the harmonic oscillator driven by an external force

T
cosw (a3 27) = 2zqa, + 22 [ f(t) sinwtdt
0
1 mw 7!
%01 = ST & ' - L (424
U 9sinwT +=5 [ f(t) sinw(T — t)dt ( )

0
i

— 3 [ [ f(t)f(s)sinw(T — t) sin wsdsdt
00

Substitute Eq. (4.24) into Eq. (4.23), we obtain

ahrsinw(T + t) sinwt /), o aysin wt+ pysinw(T — t)

&0),, DS Tl L ( 4 )2 (4.25)

To apply the above result to our case; we replace t by -ifit.- Using the relation
sin(—iwht) = —isinhwht, we obtain

I sinhw,h(8 — t) sinhw,ht L sinhw,ht 4+ x1 sinhw,h(5 — 1)

2
t =
<:r; ( )>50 mw, sinh w,h3 ( sinhw,h3

)2
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I sinhw,h(6 —t)sinhw,ht  y,sinhw,ht + y; sinhw,h(8 —t)

2(4 _ 2
<y ( )>50 mw, sinh w,h 3 ( sinh w,h3 )
<z2(t)> N sinhw.h(B —t)sinhw.ht N <22 sinhw,ht + x1 sinhw,A(f — t) 2

So mw, sinh w,h( sinh w,h(
(4.26)
B 8 B
We next calculate [ (2%(t))g, dt, [ (y*(t))g, dt and [ (2*(t))g, dt
; ¢ R sinhb h(B — t)sinhw,ht
/<x2(t)> dt = / 4, P dt
J So ) mw, sinhw,hi3
B
To sinhw,hit + 21 sinhw,h(6 — 1) 4
dt. 4.2
+O/( sinh w,h 3 ) (4.27)
The first term of Eq. (4.27) can be evaluated easily,
B . /
/ h smhwph@ — 1) smhwphtdt , hg cothw,hf — 1 ‘ (4.28)
) mw, sinhw,f 2w,m 2wzm
Integrating of the second term. we obtain
/ﬁ(l’g sinhw,ht + 21 sinh w, (5 — 1) \2dt
) sinhw,hi3
= —;;f;cschwphﬁ — 1;1:77; cothw,h3 coshw,hB + ;;f; coshw,hBcschw,hB
2 2
1

+x1293 cothw,hBeschw,hF + xlh cothw,hf —

20, T - cosh 2w,h cothw,h3

2w,

2
)

1
— (2] +a3)Beschw,hi.+

5 7 (eschw,h3)? sinh 2w,h3

4w,
2

+ ZZ;h cosh 2w,h 3 cothw,h 3 (4.29)

Using the expansions

2

— 9o~ wphB —2w,h3 —4w,h
coolB(1 — e 2wohB) 27" (1 +e +e +..)

cschw,hf =
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2
ewphﬁ(l + 672wphﬁ>
(e—wphﬁ + e—wph,@)

—2w,h, —4w,h
COtthhﬁ - (eprhﬁ — eprhfg) - 1 + € i ’ ﬂ + ¢ ! ’ ﬂ + (430)

sechw,h = 20 WMO(] — e72olB 4 g Awohl 4y

The coefficient of the lowest order term, we get in Eq. (4.29) and picking

8
/ <x2(t)>sodt = (ﬁﬁ ! + P —2uphs +>

B 2
2w,m 2wpm 2wym

o

(v +@3) 122 o—wphB

prh wph
2
PR Sl D2 s (aa1)
P P

Similarly by changing (y*(t))g, and (2°(t))g, can be obtained the variable z to

y and z, respectively.

: R0k 7w
Our next step is to evaluate decouple, we find [ <*rz2+9 >S dt and [ <%>S dt.
o 0 o 0

Since all coordinate in Sy

<x2(t) > _ [ Da(t)e S@/ha2(8) | Dy(t)e=Sow)/h | Da(t)e” 0D/ ( )
So

v22 + 6 [ Dx(t)e=50@)/h [ Dy(t)e=S0W/h [ Dz(t)e=So(x)/h

9 1
- <:v (t)>so(z) <722 £ 0>So(z) (4:32)

Using the identity % = [ e *dq, we may write
0
L 706—(“2+9>qdq. (4.33)
vz2+0 /

Using the Jenssen inequality from Eq. (4.12), we find

1 [ ~{). o) 1
> /e So Cdqg = ————. 4.34
<7z2—|—0>30 ) v (2%)g, +0 (4:34)

Therefore

7 <952>SO
<722 + 9>SO (g, O (4:35)
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using the relation

49

s, from Eq. (4.26) into Eq. (4.35) and

1
sinhw,n (B — t)sinhw,ht = 5 (coshw,hf — cosh(2w,ht — w,hf3)) (4.36)
We obtain
<x2>so
v <Z2>so +0
cosh(2w,ht—w,hf3) xo sinhw,ht+x1 sinhw,h(8—t)\2
- me coth wﬂhﬁ Qmwp sm}/;wphﬂp 4 ( : . sinhcluphﬂ . )
- h h  cosh(2w.ht—w.hp) zg sinh w; ht+x1 sinhw h(6—t)
21?10.12 coth wzhﬁ Q%wz sinh w, h3 == ,Y( 2 sinhi}zhﬁ >2 + 0
B w,h cothw,hf3 2
w, (yh cothw,hf + 2mw,0)
1 cosh(2wpht—w,h3) 2mw, xg sinh w,ht+z1 sinhwyh(8—t) \2
( B cosh wyh3 + hcothwphﬂ( sinhw,h3 ) )
(1 ( ~h cosh (2w, ht—w . K3) 2mwzy 29 sinh w, Ait+x1 sinh w, h(8—t) 2))
" \(yhcothw, hBG+2mbO)sinh w. h (*yhcothwzh,@—i-meG)( sinh w, 7B )
(4.37)

We then Expand Eq.(4.37) by using the relation

f =1+ Z 2™ and letting

n=1
~vh cosh (2w, ht — w, hf)
fz1,22) = ( : -
(vh cothw, A + 2mw.0) sinh w,h
2mw.y (22 sinh w,ht + xq sinhw,h(f — t) )
(vhcothw, i3 + 2mw.0) sinh w, i3 ’
We obtain
() g, _ w,h cothw,h/3 - cosh(2w,ht — w,h3)
v (2%)g, +0 w, (Yheothw,hf + 2mw,0) coshw,hf
) 2mw, (;B2 sinhw,ht + &y sinh w,A(F — 1) 2
I cothw,h3 sinhw,h 3
> n - cosh(2w,ht = w,hf)
+nz::1f(21722) COShwphﬁ nz:lf 21722

2mw,

T hcothw, i

xgsinhw,ht + 21 sinhw, (5 — t) 2 -

f(z1,22)"]

sinh w,hi3 nzl

(4.38)
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B
Considering the integral of the first term g wp(vhtf)f}fzt:%“;ffmwz gdt, If we

take limit 3 — oo at very low temperatures, then cothw,h3 — 1 and so

/B w.h cothw,hf w.hf
wp (

vhcothw, ki + 2mw.0) - w, (YA 4 2mw,0)

(4.39)

On the other hand if we expand cothw,i3 and cothw,h3 by using the relation
in Eq. (4.30), we find that Mw“’i—% is the leading term depending on /.

1 1 1
coshwyhB’ coshw,hB’ sinhw,hf

We thus expand and using Eq. (4.30) and

1
sinhw. 53
let cothw,h — 1, Then it easy to integrate Eq. (4.38) since all terms are
exponential functions. Retaining only the terms which depend on 3 and the

terms of the lowest power of e™#"? or e=“-"5 in order to find energy and wave

functions, we finally obtain

f @), AL it
J (2 +0 7w, (h+ 2mw.0)
2mw. (22 4 x3) ey
' (vh + 2mw,0) ( Y\ f12e T
[/ 2ymw? = ((zf +2) e )
w, (YR + 2mw,0) 2w,

4’}/m2wg ((I%Z% + ZE%Z%) ) (4.40)

(vh + 2mw,0)® \ 2(w, + w, )
Our next task is to calculate the average of Delta function. To do so, we
first calculate the average of Delta function in real time. In order to manipulate

the delta function within the path integral, we express it by its Fourier transform,

(O(ri — 1))y = _4 dkﬁ ey

$V1.9.194 7 AL
3 i) Tl ghom,

T 1 ik (z;—2;)
x[o Ao (e s, (4.41)
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Consider Eq.(4.41) in the x component only

7D$(t)6%(50(xi)+hkz~xi) TDx(t)eé(So(xj)fhkz-x]’)
T1 T1

<eikz.(xi—xj)>s — = - . T - (442)
’ [ D (t)enSo(z:) J Dx(t)ew o)
In the dominator, the exponent has the explicit form
t
m .o m
So(x;) + ik - x; = / dt(5 & —Zw? + f(t)a) (4.43)
0
where f(t) = hk,d(t — s), so the kernel Kg;(z,)4nkx,; 1S
( m 1/2
2mih sinwT
. ; 2 i .
exp[%(ms wT (@7 + 1}) — 2z, + ﬂfaj Rk sin wt
2z; . : .
+ nfuj hksinw(T —t) — o 72k sin w(T — t) sin wt)]
4 sinwt . sinw(T —1t) ihk?sinw (T —t) sinwt
= Kgy(a K ; —
So(w) P | W@ g o b sinwT 2mw sinwT
(4.44)
where Kg(,,) is the kernel of harmonic oscillator. Similarly, we obtain
: sinwt . sinw (T —1t)
KSO(mi)—hkxi = Kso(ac,-) eXp[_mmksin T 11 T anoT
_ihk? sinw(TI—t)sinwt]. (4.45)
2mw sinwT’
Substituting Eq. (4.44) and Eq. (4.45) into Eq. (4.42), we get
P , sinwt sinw (T —t)
<e k- (i 7)>SO = explk (z(xi2 — sz)m i(x, — le)w>
Je ih-sinw (T = t) sinwt]‘ (4.46)

2mw sinwT

e e]
Using the formula [ dre 9" th = \/geb'?/ e we get

—0o0

T 1 mmw sinw1’ 12
dk— ik (x—x5) —
/ 27 <e >So ihsinw(T — t) sinwt %
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[ 1mw sinwT’
ex
P an sinw(T —t) sinwt

" (@i, — xj,) sinwt + (x;, — xj, ) sinw (T' — t) 2]
sinwT '

(4.47)

The y and z factor of Eq. (4.41) have a similar form. We thus obtain

1 mmw, sinw,T’ mrw, sinw, T’ 1/2
(5(I‘i—l‘j)>50 = 3| 2o L : pra— — :
(2m)3 \ihsinw,(T —t)sinw,t ) \ihsinw,(T —t)sinw,t

imw, (T3, — ,) sinwt 4 (z;, — x;,)sinw (T — t))?
Ahsinw(T —t) sinwt sinwT

imuwy (Ys, = ) Sin wyt + (i = ) sinw, (T — 1))°

dhsinw,(T —t)sinw,tsinw,T

exp|(

+

i, (2, — 25) sinw,t + (25, — 25,) sinw, (T — t))°

)]
(4.48)

dhsinw, (T — t) sinw,tsinw,T

Changing real time to imaginary time in Eq. (4.48), we get
O(r— 7)) = mw, sinh w,hB mmw, sin w,h 12
t S \drhsinhw, A8 — t) sinhw,ht ) \ 4hsinw,h(B — t) sinw,hit
mw, (x:, — 2;,) sithwht + (z;, — z;,) sinhwh (8 — t))?
4h sinhwh(5 — t) sinh wht sinh wh
My ((ylz = ij) sinh wﬁht + (yll - yjl) sinh wph (ﬁ - t))2
4h sinh w,h(5 — t)sinhw,ht sinh w, i3
mw, ((2i, — 2j,) sinh w,fit 4 (2, — 2;7) sinh w7 (8 — 1))

x exp|(

+

4R sinh w, (B — t) sinh w_ kit sinh w, k3 ))
(4.49)
Using the relation
v = Lo 13
e —%H—1+x+§x Tt T (4.50)

We can write (6(r; —1;))g, as

mw, sinh w,n3 m7w, sinh w,h( 12
Amhsinhw, (B — t) sinhw,ht | \ 4hsinw,h(F — t) sinw,ht
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mwp((;viQ —j, ) sinh wht+(x;;, —x;; ) sinh wﬁ(ﬁ—t))2

4h sinh wh(B—t) sinh wht sinh wh
. . 2
1+ i mwp((yi2 —Yjp) sinhwpht+(yi; —yj; ) sinh w,,ﬁ(ﬁ—t))
4h sinh w,h(B—t) sinh wpht sinh w,h3
2
mws ((z%2 —2jq ) sinh w ht4(2;; —2zj, ) sinh wzh(,@ft))
+ 4h sinh w, h(8—t) sinhw, At sinhw, kS (4 51)
’rnwp((a:i2 —j, ) sinh wht+(z;; —x;, ) sinh wh(ﬁ—t))2 ' '
4h sinh wh(B—t) sinh wht sinh wh G
. . 2
_|_l _’_mwp((yiQ —Yjy ) sinh wphit4-(yi; —yj, ) sinh wph(ﬁ—t)) +
2 4h sinh w,h(B—t) sinh wyht sinh w,h
mwy ((zi2 —2jy) sinhw, hit+(z;; —z;, ) sinh wzh(ﬁft))
+ 4k sinh w, h(B—t) sinhw, At sinhw, 7S

2

Considering the first term and using the relation from Eq. (4.36), we can write

mw, sinh w,h g mmw, sin w,h 1z
Arhsinhw, (B — t)sinhw,ht } \4hsinw,h(F — t) sinw,ht

[ mw, sinhw, i3 1
|\ 27h coshw,hB (1 4 %t;gﬂ@)
1/2
mw, sinh w,hj 1 (452)
27h coshw.hf (1 / | %ﬁf—{;ﬁ@) \ '
and the relation
1 N 1 3 5
T Z( 2) (=z)' =14oa+ oo’ + —2’ + .. (4.53)
(I—z) nz0\7 2. 8 16

where (2) — AkD)(k=ntl) \We can write the right-hand side of Eq. (4.52) as

n!

mw, sinhw,hF\ (mw, sinhw,hfF 12
27h coshw,hfB 2mh cosh w,h(

> (cosh(2w,hit — w,hB)\"
8 (1 [; nZ::l ( coshw,hf3 > )

oo /o1 Cosh(2wzht—wzhﬂ) i
(LR o

Integrating Eq.(4.54), we get

? rmw mw 1/2
/( ptanhwphﬁ> (2 gtanhwzhﬁ)
0

21h T
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§ (cosh 2w}plht h(gpﬁﬁ)) + § ( %) (cosh 2w;ht hu;hﬁ))
= coshw, = \n coshw,

X % (COSh(prFLt wphﬁ)>n § %) (cosh (2wzht— wzhﬂ)) dt
=1 coshw,h 3 n=i\n coshw,hf3

(4.55)

Considering the summation terms, the results of integration are exponen-
tial functions and constants. We are interested only in the first term because the
result from integration depends on . Expanding tanhw,h( and tanhw.hf3 as a
power series, we can rewrite Eq. (4.55) as

B

(2 i)

0
e S (=l 5 () ()’

x " dt
X sh (2w, hit—w,hB) \ " OO —l cosh(2w,ht—w,hB)\"
+nZ::1 ((m(mz)ﬁ—wii?{) nZ::1 ( n2) ( coshw,hi )
1/2
(;nwh”) (%) Btanhw,h (tanh w.hB) "> +
s T
1/2
_ (;nwg) (gzwﬁz) / 6(1+26~2wﬁ,n5+672w2m+ef(4wp+2wz)h5+ ) 4
s T

(4.56)

Next, we consider the next integral of the term of the delta function in Eq. (4.51),

/ﬂ mw, sinhw,h B maw. sinh w,h(
4mh sinh w,h(B — t) sinhw,ht | \ 4hsin w;h (5 — t) sinw,ht
" (mwp (232 — 252) sinhw,ht + (x4 — x;1) sinhw,hi (8 — t))?
4h sinh w,h( — t) sinh w,htsinh w,hf
mw, ((yie — yj2) sinhw,ht + (yi1 — y;1)sinhw,h (6 — t))*
4h sinh w,h (G —t) sinh w,ht sinh w,hf
mw, ((2io = zjo) sinhw, ht 4 (21 —2;1)sinhw,h (G— 15))2
4h sinh w, (8 — t)sinh w, At sinh w, A

yit  (4.57)

To simplify this equation, we use only the leading term of the first factor shown

in Eq. (4.55) because we need to find the lowest power of the exponentials e~«#"%
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—Wy

6 Thus we may write the term in (4.57) as

<mwp) (mwz)l/Q
2mh 21h

((zi2 — xj2) sinhw,lit + (51 — xj1) sinhw,h (3 — t))2> it

and e

4h sinhw,h(F — t) sinhw,ht sinh w,h

* i sinhw,1i(B — ¢) sinhw, At sinh w h

T —w “T—x O\Q

( ((yi2 — yj2) sinhw,ht + (yin — y;1) sinhw,h (B — t))2> gt

((zi2 — zjo) sinhw, At + (21 — 2j1) sinhw,h (8 — t))2> dt)

+ 17 sinh W, (B — 1) st waht sinh w78
(4.58)
Consider the first term of (4.58)
/6 mw, (i = 9)8inh w,fit + (x4 — ;1) sinhw,h (6 — t))” 0t
/ 4hsinhw,i(3 — t) sinh w,ht sinh w,h
_ /ﬁ mw, [(Tig — 29) sinh w,fit + (2 — ;1) sinhw,h (6 — 1))
/ 2h sinh w,h3 (cosh w,hB — cosh(2w,ht — w,h3))
B /ﬂ mw, ({5 — xj9) sinhw,ht + (z;1 — x5,) sinhw,h (B — 1))
- ) 2h sinh w,h5 coshw, i3 (1 . W)
B
mw . . 2
0/ o7 sinhwphﬁpcoshwphﬂ ((zi2 — @jo) sinhw,ht + (x;1 — xj1) sinhw,h (6 — 1))
> (cosh(2w, At — w,hB)\"
1 . x dt
( * Z ( coshw,hf3 ) )
m —w
— ek ek ek ) o (o — )@ — ) b (459)

Substituting (4.59) into (4.57), we obtain

5 1/2
0

2mh 2mh

+<m%) (mwz)w(m(az + 22 + 2l + 2 ))
orh ) \ 2rh 4h?
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nmwp mw, 1/2 (ﬂ ) ) , ; )
N (27rh> (27rh> AR2 (i, + Y5, + Yi, T U3

1/2
MWp \ (MW, m 2 2 2 2
- (27rh> (27T71> (4—7'12(Zi1 T +Zi2+zj2)>

y (4.60)

Having evaluated all terms in the exponent of Eq. (4.17), we now find
the density matrix of a harmonic oscillator p, of N particles. First, consider
the kernel of a one dimensional harmonic oscillator that has been worked out in

Chapter 2, that is

- 1/2
K Ton 0 )

2mih sinw,

1w
> 7 (W) [(:B% N lg) cosw,T" — 21’1952} . (4.61)

If the time of the kernel is replaced by —ih so that sin (—iw,8h) = —isinhw,(h

and cos (—iw,fh) = coshw,fh, then we obtain the expression for the density

matrix,
W e
‘% 0) = [ M
P, 5;%1,0) <27rhsinhwpﬁh>
mw
I P -
(4.62)
Using the relations
. h 1
sinhw,Bh = 9o (1 — g—2waih)
1
coshw,Bh = (4.63)

2ewpBh (1 4 e-2wpﬁh)

We can write p(x2, 5;%1,0) as

mw,\ Y2 Bh/2 —2w,Br\ /2
(ﬂ'h) ¢ (1_6 ’ )
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. (1 + e*”pﬁh) Ay zqge—h
(951 + x2) (1 — e—2wp0h) - (1 — e—2wfh) '

(4.64)

{ Nmw,
X exp <_ . )

Expanding the right-hand side of Eq. (4.62), we obtain the density matrix of a

one-dimensional harmonic oscillator in a series form,

1/2 mw
(1) 2 e (a8423) oy 02 (14 e+ )
wh 2
2
1+ ﬂ;bwpxlxze_w”ﬂh - (mf + x%) e 2o } (4.65)

x B

The above result can be generalized to a three-dimensional case as

1/2 mw mw
p(rg, ﬁ; Iy, 0) = <m(2p> (—WLC;Z> @_2_hp (x%+m%+y%+y§)e— M (z%+zg)e—(wpﬂh+“’255/2)
m T

-9 )
1+ 2520 g e e —m;’ (a:? + x%) AR ]

o 2mw » mw AY

1+ prlyge o —h—p (yf + y%) e %l }

_ 2m - mw, da.,

1+ 5 2129”00 F (zf—}—z%)e F zgh‘—l—..l + ...

(4.66)

For a system of N three-dimensional harmonic oscillators, the density
matrix is just the product of N one-particle density matrices of the form (4.67).

In the case of Bose-Einstein condensation in which all particles are con-
fined in a small region, we may make the assumption that all particles are ap-
proximately at the same point in space. We therefore set-x;,, = x1, z;, = 79
for all ¢ = 1,..., N and the same for y and z coordinates. Using Eq. (4.31) Eq.
(4.40) Eq. (4.56) Eq. (4.60) and Eq. (4.66) together with this assumption in Eq.

(4.17), we obtain our approximated result for the density matrix of the system of
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N particles undergoing Bose-Einstein condensation in the Ioffe-Pritchard trap,

_ - NZ;W”Q(:U? Tyl )
mw, N ., N/2 - 2%122(21 + 22)2_ ﬁ(% 2+ 22)2
p:(nh) (wh) exp — S (o) (1 + T3 + UL+ 43)
N(N-1) mwp mwy 1/2 Q?% + x% + y% + yg
I — g Ta (ﬁ) (27rh) +Z%+Z%
2w,
%wph + ihwz + 275(.(1 v+ w (’yh+27Zw 0)
xexp |—N e g I}
+ah (N — 1) /55w, /W

I 2Nmw iy Nmw —o
X |1+ — P moe PPt — Tp (xf + x%) e~ 2wePh 4 }

I 2Nmw Nmw
X |1+ Lo ype @Bl — = 9 4 <y]2 + yg) e~ 2wePh | }

: 2Nmw Nmw

z =0 Ohut® z 2 2 —2w.Bh
X _1 + . 2129€ 770 (zl + zz) e + ]
N N

11— T e 90 4 %(m ¥ )2 2P

Nmw Nmw Nmw, .y
- Lyrype " 4 2y + yo) e 2" — 21296

2h

2
+N’}/2122 6—wzhﬁ _ N’}/(Zl &= 22) 6_2w2hﬁ

w,h

NaPmwy1ys o ns

2h

wih

Na?yhmw?(2? + 23)

2h

(vh + 2mw.0) ‘

2
Nao“*mw,x1xs —wphB

2N yhmw2z1zs o pg

2 ]

)

(vh + 2mw.0)
+...

w i (Vh 4 2miw, 0)° B wy (YR 4 2mw.0)
(4.67)

From this result, we can pick out the coefficient of the lowest order term

e 0o () (1)

Nmw,
4h

(23 + 23 +yf +43)

mwy N
N N/2 _N4h (Z% + Z%) - ijh(Z% + Z%)
= mw, My exp _M(Q?2+ZL‘2—I— 24 2)
mh mh 2hw, (Yht2mw,0) \“U1 2T YT T Y3

v vl
AL+ 2

_ N(N-1)
2

mwy
27h

mwy

27h

w5

a?w,.h

Il ).

(4.68)

h

1 1
X eXp -N prh + ihwz + Qmwzfy + wp(Yh+2mw.0) ﬁ
+ah (N —1) %wp\/w_z
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which means that the ground state energy of the entire system is approximatly

1 1 Ty a?hw, m
Ey=N|-w,h+ —-w,h N — 1) hy| —w,\/w,
0 <2wp e 2w,m * w,(hy + 2mw,0) Fal ) omh VY >
(4.69)

and the ground state wave function is roughly of the form
B mwp N/2 (mwz>N/4
dolr) = ( mh ) mh
mN , (w, a’w, (N—-1) [m 5 5
P [_ﬁ«? i w, (YR + 2mw.0) e 27rhw”\/u7z (a: ty )
mN (w, (N =1) \/W 2
== N 4.70
eXp[ o <2+mwz+ 7 Wamp Vs ) 2 (4.70)

where all particles are assumed to be located at the same point (x,y, z) in space.

And noting that it is still unnormalized, we now normalize it by requiring that

the wave function satisfies
/ do(r) do(r)d’r = N (4.71)

The result is

¢o(r) = VN (J::;? (% + i (fyhajézmwze) - (N; Ua\/gwp\/@))]w
e )
X exp [—]g—hm (% n mzjz LW = l)a\/gwp\/@ ZZ] . (4.72)

This is just a harmonic oscillator wave function with

2
Wp a’w, (N —1) m
( 2 T W, (YR 4+ 2mw.,0) 1938~ Qthp\/w_z

being a frequency in p direction and

w, v (N-1) [m
(2 +mwz+ 2 “ 27rhwp\/@
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being a frequency in z direction of the entire system. We thus approximate the
ground state energy and the wave function by Feynman’s path integral theory.
In the next chapter, we will analyse the physical meaning of these results and

study the properties of Bose-Einstein condensation of atomic hydrogen.



Chapter 5

Numerical Analysis
of the Results

In Chapter 4 we have calculated the ground state energy and the wave
function of atomic hydrogen in an loffe-Pritchard trap. In this chapter we in-
terpret the physical meaning of the results from Chapter 4 and compare these
results to experiments. We address two topics. First, we calculate the ground
state energy by a numerical method. The second topic is related to the ground
state wave function, which tells us the size of the condensate cloud in the trap,

the peak condensate density and other properties.

5.1 Minimization of Ground State Energy

In this section we minimize the approximated ground state energy function.

2w.m wp (hy+2mw,0)

5.1
+a (N —1) /2w, Joh (5.1)

E(wp, ws) = N( Logh + dw, b+ o 4 oot )
obtain in the previous chapter with respect to the effective frequencies, w, and
w,, treated as variational parameters. The parameters o, v and 6 for the trap
shape A are v =25 x k (J/em?), 0 =35 x k (J) and o = 15.9 x 103 x k (J/cm).
Condensates containing 1.2 x 10 atoms are observed in this trap. For hydrogen
in ground state, a = 0.648 x 1071% (m) which is repulsive for s-wave scattering

length and mass of hydrogen is 1.6746 x 10727 kg.
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Figure 5.13: A plot showing energy vs w,.

We minimize the ground state energy by solving the partial derivative of

E(w,,w,) with respect to w,,
—FE(w,w,) =0. (5.2)

and obtain
/2w, 4

w, =+ . (5.3)
\/<a,/2“’#mN + ﬁ) (vl + 2w, mb)

If we fix the value of w, and vary w,, then we find two curves that have

maximum and minimum points; in the case of w, being negative (positive) the

curve has maximum- (minimum) point (see Fig.(5.1)): And we fix the value of w,

and vary w,, then we find one curves that have minimum point (see Fig.(5.1)).
Physically, the frequency can not be negative, thus we are interested only

in the case of positive w,. Substituting +w, from Eq. (5.3) into Eq. (5.1), the
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Enexgy ()
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Figure 5.14: A plot showing energy vs w,.
ground state energy can be rewritten as
Qupml/4 1
= + sz + 2me
2\/((14/ Q“JTZmN—O—\/F) (yh+2w.m0)
E(wz) — N a\/sz (aﬂ\ / (wzmh)N—l—\/?rh) (hy+2mw.0)h (54)
+ 2 Yrh(hy+2mw.0)
» vma(N—1)aw,
%\/(a\/i\ / (wzmh)NJrﬁh) (hy+2mw.0)

The energy function is now a function of one variable (w.). This function is very
complicated and cannot be minimized by an analytical method. Therefore, we
solve the problem numerically. In this thesis I use the Mathematica program
to minimize the energy function, as also shown in Appendix A. We obtain the
values; w, = 3787.54 Hz, w, = 0.02686 Hz and the ground state energy equal to
2.46751 x 1072°J. We can also calculate the size of the condensate in an IP trap.
Since the ground state wave function of BEC obtained in the previous chapter

approximately has a form of the wave function of a harmonic oscillator. Thus we
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Figure 5.15: ate Wavezﬂlnctlon plotted in 3 dimensions.
-3 4 & ’ /)ﬁ‘ J‘

v,

assume the ground state wave fuﬁﬂ"tion 38/1{23]

T !
/ Irl 4

e
or) =N ( N ) U\ 7 T

(5.5)

%l

with w, and w, haw g'”gy function and treated
\/ A
as the effective frequér[lcies of the entire system. ~
il

We plot ¢(r) as a function p and z in 3 dir?;ensions as shown in Fig.
5.2. This wave function is very thin.in p direction and relatively very wide in z
direction, so we can calculate the size of the condensate cloud in the trap from a
Gaussian curve in Fig.'5.3. «

The lengths of the condensate in respectiver p and z direction are

1/2
2
(—h) = 5.8251 x 1075 m,

mw,
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Figure 5.16: The form of the gaussian function G(y) = e v/ which describes
the size of wave function b [4].

1/2
2
( h) = 21872 x 107° m. (5.6)

mw,
The length of the condensate in z direction is very small compared with the length
in p direction. The huge ratio, ~ 375 that makes the condensate like a thread
shape. We also calculate the peak condensate density, the maximum density at
the center of the trap (p =0,z = 0). the result is
1/2
= k)
= 8.2130 x 10" em™. (5.7)

We can reanalyse the same situation using the Thomus-Fermi approxi-
matiom.

In Chapter 3 we have calculated the ground state energy by using the
measured the chemical potential through the peak density at the center of the

condensate. In the Thomas-Fermi approximation, we obtain

E, = %NM(]W

= 2.2490 x 1072°J. (5.8)
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According to the Thomas-Fermi approximation, the density to vanishes

at the edge of the condensate.

Neonalo = pt — Vip (p,2) = 0 (5.9)

Hence, we can calculate the size of the condensate cloud and obtain

1
max — @ 2 2 0 =73 ,
p [t 2 pm
P % = 28 mm. (5.10)

We find that the ground state energy is in good agreement with the exper-
imental results.We can continue the calculation of energy in other trap shapes by
the path integral theory and compare to those obtained from the Thomas-Fermi

approximation. The results are sumarized in table(5.1).

5.2 The Wave Functions

We have calculated the ground wave function in Chapter 4. In this section, we
study properties its physical implication. Recall that the ground wave function

for one particle is

2 1/2
_ (m{w, a‘w, (N=1) |/™m
dolr) = <7rh ( 3 " w, (YA + 2mw.0) ——1° 27rhwp\/@

1/4
m (w, Y (N —1) m
XV —= |5 z
<7rh<2 et 2 VeV
w, a?w, (N-1) m
m <7P + wp(vh+2mw:0) + 2 a\/ 2R WPV wz) p2
X eXp _ﬁ ws v (N=1)  [m 2
+ (7 + - + B a ﬁwm/wz> z

(5.11)
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Parameter trap A trap B
a/kp(pK/cm) 15.9
v/kp(uK /em?) 25
0/kp(uK) 3512 3442

Xc:Xm Xc:Xm/2 Xc:Xm Xc:Xm/2
w/kp(pK) 1.9 3.8 1.3 2.6
Ne( % 10%) 1.2740.2 6.611.3 1.2740.1 6.710.5
Minimized parameter W, (X 10%Hz) 3.79 1.94 2.08 1.01
Minimized parameter W, (X 1072HZ) 2.69 1.35 4.00 2.00
np(X1015cm_3) (Experiment) 4.8t0.4t1 | 9740742 | 3.3t0.11t0.7 | 6.5F0.2+1.3
np(X10'°em ™) (Theory) 8.2 16 5.5 11
Length 20 ax (fAm) (Experiment) 15 21 20 28
Length 20max(ftm) (Theory) 12 16 16 22
Length 2zp,4« (mm) (Experiment) 5.5 7.8 4.5 6.4
Length 2zp,4« (mm) (Theory) 4.4 6.2 3.6 5.1
Total energy (J) (Experiment) 225107 Y | 2.47x107*Y | 1.54x107%Y L67x10 1Y
Total energy (J) (Theory) 2.47x10° 20 | 2.66%107 " | 1.65x1072° | 1.82x107 "

Table 5.3: Summary of parameter describing the two trap shapes used for achiev-

ing BEC and comparing the result from the experiments to theory.

This ground state wave function solved by the path integral theory is of the same

form as the wave function in Eq. (5.5) has different values w, and w. Let

Po(r)
to(r) = 1/2
<27rrf <1+ (72+§:71b0) —Day/ 35 Vw: )
" 1/4
(e (L a3 %))
(5.12)
and
mw
P2 J P 2
4h
mw
7% = L2 5.13
Then
202w, m 2
o) = oxp [ (1 czeiisimm + (N = Doy ve) P (5.14)
+(1+n333+<N—1) o) 27
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Figure 5.17: The behavior of wave function plotted against P. The solid line
represent the ¢y(P) wave function. The dashed line is the non-interaction wave
function and the light solid line is harmonic oscillator wave function.

Consider the P part of ¥y(r), call it ¢y (P),

to(P) = exp [— (1 W Lo sht (N — 1)%/27;%\/@) PQ] (5.15)

w3 (VA + 2mbd

We now study behavior of 1 (P) as a function P. The graphs from Figure 5.5 is a
composite of the data from the trap shape A. The solid line is the function vy (P),
which is of Gaussian shape. The dashed line represents the non-interaction wave
function with the mean field interaction energy, (N — 1)(1\/% V/w- excluded and
the light solid line is 1o(P) = e~ * *. We find that the harmonic oscillator wave
function is very broad and vy(P) is shrunk vertically by the magnetic trap and

the mean field interaction energy. Next, consider the Z part of ¢y (r), denoted by
¢0 (Z )7

2
Yo(Z) = exp {— (1 + ng + (N —=1)a %\;‘%) ZZ] .

The result for this case is similar to that of ¢)0(P). In Fig. 5.5, the plot of the
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-0.001 -0.0005

Figure 5.18: The behavior of wave function plotted against Z. The solid line is
the ¥(Z) wave function. The dashed line is non-interaction wave function and
the light solid line is the harmonic oscillator wave function.

harmonic oscillator particle wave function in Z direction is very wide (as seen
almost a straight line on the top) and ¢y(Z) has a narrow peak.

These behaviors of the ground state wave function can be interpreted
physically. The very wide wave function of a harmonics oscillator implies that
the probability of finding a particle is widely spread. When hydrogen atoms are
confined by magnetic trap, the hydrogen atoms are confined in a very small area
(about 5 mmx10x m) and the probability of finding a particle becomes localized

and has its maximum at the center of the trap.



Chapter 6

Conclusion

In this thesis, we have calculated the ground state energy and the wave
function of Bose-Einstein condensation of atomic hydrogen by many-body Feyn-
man path integral theory. We predicted and studied the behavior and the prop-
erties of hydrogen condensate such as the size of the condensate cloud, peak
condensate density and the value of the ground state energy.

When Bose-Einstein condensation occurs, the macroscopic fraction of the
hydrogen atoms occupy the lowest energy of about 102 J and have the same wave
function. This wave function gives information about the size of the condensate
and the density distribution. We found that many atoms occupy in a very small
volume under the influence of a magnetic trap and interactions among the atoms,
the diameter is ~ 12 pm and the length is ~ 5 mm. The peak density is ~
8 x 10 em™2, which is maximum at the center of the trap. However, hydrogen
condensates are huge when compared with others alkali metal atoms. We also
studied the influence of the interaction of the hydrogen condensate, It was found
that the interaction energy of hydrogen atoms is very small and that it makes
the hydrogens atom behave like an ideal Bose gas. Also the results from path
integral theory are in good agreement with the Thomas-Fermi approximation.

The Calculation in Feynman path integral theory however is very com-
plicated and very much differs from the simple Thomas-Fermi approximation.
Nevertheless, Feynman path integral has advantages over the Thomas-Fermi ap-

proximation in that it is more realistic since we do not neglect the kinetic energy
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term, although it is very small. The results are therefore more reliable. It is
interesting to see if this method can be applied to the study of the properties of
the excited states and other states of atomic hydrogen; it is our hope that this

will be accomplished in the future
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Minimization of
the ground state energy

In Chapter 5, we minimize the ground state energy by a Mathematica
program as shown below.

n=12x10%n"=1.0546 x 104 k = 1.381 x 107%; 0 = 15.9 x 10° x k;

m = 1.6746 x 10727;a = 0.648 x 1071% 4 = 25 x 10* x k;0 = 35 x k;

1 1 al a’w, O e
H = QWP + 4wz - 2w=m - wp (hy+2mw_0) + aN 27rhwp Wz

w, = w,/.NSolve[ds, H== 0, w,][[2]];

FindMinimum[H, {w., 107 *}]

%hn (The result from minimization)

%1.971]6 (This is the calculation of energy from the experiment.)
Out[7]= {194987.,{0.0265919} }

Out[8]= {2.4671x 1072, {1.26547 x 10~*(w, — 0.0265919)}}
Out[9]= 2.24906x 10~

In the 4" line, we solve partial derivatives with respect to w, and select
the second solution of which w), is positive. In the 5 line, we find the minimum
point by supposing the initial value of w, = 10~* and multiply the result in the
5! line by An as shown in the 6" line. We find that the ground state energy by
the path integral theory is 2.4671x1072°.J and is 2.24906x10~2° for calculation

from the experiment data.
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