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CHAPTER IV

SOLUTIONS OF CLASS 1

In this chapter we shall determine all solutions of (*) of

class 1. The main result of this chapter is Theorem 4.9.

Lemma 4.1. Let (f,g) be (*). For each x,y in S,

if £(x) = 0 = £(y), th

Proof. Let x,y eM it F(x) £ Therefore

e
= glxyy b0 ,
- oy Pe Vi 6080 + 0] 2
= gloyy DXl
= le)gly) »E0)E - g0 g

- ggh NeME - g(x) e
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The first equélity follows from (3.3.1); the third and fifth and seventh

equalities follow from (*); .the fourth and sixth and eighth equalities

follow from hypothesis; the ninth equality follows from (3.3.2). #

- Lemma 4.2. Let (f,g) be any solution of (*). If e is any element in

E(S) such that g(e) = 1, then
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f(x) = f(xe) and g(x) = g(xe)

for all x in S.

Proof. Let ee E(S) be such that g(e) = 1. Therefore, by (3.4.2) we

have that f(e) = 0. Thus

Next we shall hat f(x xe) First, consider the
case f(x) = 0. Si . ] emma 4.1, we have that
f(xe'l) = 0. Ther ; %} )4 e). In the case f(x) # 0, it

follows from g(x) =

s ﬂuﬂqwﬁwﬁwa1ﬂﬁ

f(x)f(xe)s = g(xx (Jc)
e AT RSO IUHIN VTN
f(x)fixe) = f(x) s
From f(x) # 0 we have that f(xe) = f (35) #
Now we shall make use of the concept of the minimum group

congruence mentioned in Theorem 2.2. We recall that the minimum group

congruence on an inverse semigroup S is given by
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¢ ={(x,y)e S xS/ xe = ye for some e in E(S)}.

Lemma 4.3. Let (f,g) be any solution of (*) of class 1. Then f,g are

constant on each o-class, whereo is the minimum group congruence on S.

Proof. Let x be an arbitrary element in S. Let ye¢ xo . Then there

f(xe) = g(ye)
Thus, by Lemma 4.2, we
£,
and
giy).
Hence f,g are constant #
Ve
Theorem 4.4. The solutions of (*) 0 ass 1 are those and only those
IR S s R —“" a"'i-/.-" "f :.‘l -3 = .
(f,g) of the forms? : _—
£(x) = Df; g,(x0)

, where gis the minimum/group congruence on S and (fo,go)

v ame B ANEHIREANS
et QAR RATOE HY IR B

S/o + F by

f, (x0) = £(x) and g (x0) = g)

for all x in S. By Lemma 4.3, f,, g, are well-defined, Since (f,g)
satisfies (*) on S, so (f,, g,) satisfies (*) on S/;. Since E(S) is
contained in the o-class respersenting the identity of the group S/c

and (f,g) is of class 1 on S, then (f,, g ,) is of class 1 on S/o.
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Conversely, assume (f,, g,) is a class 1 solution of (*) on

S/o. Define f,g: S > F by
£(x) = £, (x0) and  g(x) = g, (x0)

Since (f,, g,) satisfies (*) on Slo (f,g) satisfies (*) on S.

Because for et E(S), es is the 1dent1ty of S/o , we have g(e) = g (eo) =

Ay, |

wdse (f g) is a «class 1

1 for all ecE(S).

Remark 4.5. From Th
negative-type solutlon 0 a class 1 negatlve-type
solution; and if (£, e solution, then (f,,

g.) is also a clas Hence to determine

all solutions (f,g) o to determine all solutions
(o, g.) of (*) on the ab such that (fo, 8,) is of class
1. This problem is sol rom 3.20 and Theorem 3.29)
We state these results of rminologles in the following
theorems |

Theorem 4.6. ( [@) eg;ﬁive-type solution of

(*) on an abelian group. ( G if and onl 1f f,g are of the forms:
ﬂuﬂqwgnswawq
% 2i ¢ ; (x)

s 38 b im0 ot RNYIN El

Theorem 4.7.  ([1])(f,g) is a'class 1 positiye-type solution of (*)

on an abelian group G if and only if f,g are of the forms:

Qg % ‘3‘
Unzfs S,
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o4 0 , xtH ! 1 , xeH
(4.7.1) f(x) = { s gk¥) = {

d , x¢H c , x¢H

where H is a subgroup of index 1 or 2 in G and c,d ¢ F are such that

2 2

CF 1, ¢ +4° =1 op

X €¢H
(4.7.2) £(x) = xcxlﬂ
>
X € sz
x:€x3H
where H is a subgroup X x2H,
XSH} is the Klein fot that ¢ # %1 .
c2+ d2 =1,
Theorem 4.8. (f,g) is a 85/ | i,n. pe solution of (*) on an
abelian group G e """"_"“" ns :
|
> XeH hi{x) , xtH
(4.84.1) £f(x) = s gx) =4 _

Al UsSmansnegnns e

where H is a group of index,1 or 2 in and h is a omorphlsm

tron SRR U W\h’% [0 @ Bi -1

Proof. By straight forward verification it can be shown that if f,g:
G >~ F are of the form (4.8.1) , then (f,g) is a class 1 positive-type

solution of (*) on gG.

To show the converse, assume that (f,g) is a class 1 positive-

type solution of (*) on 8. Therefore, by Theorem 4.7 we have that f,g
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are of the forms:

0., xeH 1, xeH
(4.8.2) £(x) ={ , glx) = {
d , x¢H c, x£H

where H is a subgroup of index 1 or 2 in G and c,d ¢ F are such that

2

o St +d2=1;or

1, xeH

0
(4.8.3) f(x) = [ -1, xex H

C xesz
=€ 5 Xe XSH
where H is a subgr G/H = {H, le, sz
xH} is the Klein 'fnd o, d \ that ¢ # 1, c?+d’=
1. Observe that
. [ h(x) , xeH
fx) ={ '
: ‘ ‘L ch(x), x/H

where h is given b -
S Y]

To see tha -E“x , 8 be written in the form
(4.8.1), let K=H uli( H and define h G~ {1, -1} by

ﬂuﬂ’mﬂmwmm

3 er*ax

G awﬁadﬂwwﬂwmaa

Since G/H is the Klein four group, it follows that K is a subgroup of
index 2 in G and h is a homomorphism. Observe that f,g can be written
in terms of K and h as follows:

f(x)

[‘0 ’XEK h(X) s XCK
: > 8(x) ={

‘[dh(x), x£K ch(x), x;{K
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2 2

w,here' c,deF are such that ¢ # #1, ¢c“ + d” = 1. Thus f,g are of the

form (4.8.1). #

Theorem 4.9. The solutions of (*) on S of c1as§ 1 are those and only

those (f,g) of the forms:

0 h(x) , xgl
(4.9.1) £(x) ={ -{ ;

ch(x) , x exln

where n is a ‘?Jl 5

1 # Xin and h is a
2

thatc;é 1, ¢ *

h(x) + h(xH)
7

(4.9.2) f(x) =
~ where h is a homomorphi

Proof. By straight

--}- shown that if f,g:
S =P are vf the ',g) is a class 1

solution of (%*).

o P BRVIE RSN G e o coee 1 sttt

of (*). Thenmby Theorem 4.4 we have th

.93 Ned ANTL 9 EM um’mma EJ

where ¢ is the minimum group congruence on S and (f,, g,) is a class 1
solution of (*) on S/0. By Theorem 3.9 and hypothesis, we have that
(f,g) must be a class 1 negative-type solution or a class 1 positive-

type solution.
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Case 1 (f,g) is a class 1 negative-type solution. Therefore,
by (4.9.3), we have that (f,, g,) is also a class 1 negative-type solution.

Thus, by Theorem 4.6, we have that

h,o(x0) - ho(x"lo)

h,(x0) + ho(x'lc)

£y = — ) 8, (x0) = .
where h_ is a homomorphism f
Define h: S -~ M(F) b
2 /
where 0# is the n : 3 phism from'S onto S/c  Therefore h
is a homombrphlsm e . Thus
h(x) - hx"h
£(x) :
2i
and :
i o o e e e  — h(x) + h(X-l)
g(x) =2 - ;

for all x in S. Theza;afore f,g are of the forms (4.9.2).

jum DENTNEDD T e
” A R

0 ; , XEH h,(x0) , x€eH
£ lxe) = { y Bolxe) ={
dho(x0) , x g H

chy(x0) , x £ H

where H, is a subgrdup of index 1 or 2 in S/0 and h, is a homomorphism

from S/o into {1, -1} and c,d € F are such that c # *1, c2 + d2 =1,
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Let
n = {(x,y)esS xS/ xy'lo e H.l,

and let h: S » {1,-1} be defined by

h(x) =-(h,00") (%)

: ‘
for all x in S, where ¢ omomorphism from S onto S/o.
Then, it is clear that. ¢ nom nd n is a congruence on

S such that S/n

‘ j { e
’ \ () 5 xexn

are of the form (4.9.1). #

ce.. n s Yﬁ é—congruence and

f(x)

ne

where {1, xln}

Remark 4.10. 1In i4.9, we see that (f,g)
only if f,g are of the

forms ik;i,

{ h(x) ,V xel

ly
BOMSERTNI o - rone
O 13N gl 20T

E) .xei

that c # 1-1,. c2+ d2 =

~

In the case (f,g) is a class l-negative-type solution, f and

g are of the forms



h(x) + h(x'}
7

i 1 =1
L foo = MR g -

where h is a homomorphism from S into M(F).
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