CHAPTER V
MAGNETIC MONOPOLES

Spins in Magnetic Fields i),
In this chapter we will show the relaﬁdnsh!p between the geometrical phase and
the magnetic monopole (Berry, 1984, ﬁolstein, 1989). The geometrical phase provides
an elegant explanation” of [ uantum mechanical phenomena in systems whose
environment undergqes 2 cychc chanjge Now, consider spin 1/2 charged particles
circling an isolated miz}gheqc ﬁeld RQ m;)te we have written the external magnetic field
as R(t) so as not to bc éonfused w1th dse curl of the Berry potential which we have
denoted by the symbol $(t) J and pxck R along the z axis being the case in which the
degeneracy is a spin-type dégeneracy ’I’he ffs_i Jparameter is the spin state of the system,
and the slow ones are the polar _z_x_g%les that;ﬁgr_ﬂ_;e the orientation of the magnetic field.
The relevant Hangiignian is (Stone, 1986)

Yy

AR =-5 o-R() (1)

| .|'.I Ll- -

Lo d ) 1 R i
- 2 x@+iy@®) -z @

where L is the magnetic moment and ¢ are the Pauli spin matrices. The eigenvalues are

given, of course, by

E.(R) = -E (R) 3
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so that there exists a degeneracy when R = 0. The state function for the fast parameter

satisfies
ko ROv(E) = lilw(t‘ 5)
where the magnitude B of en absorbed into p . We consider
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the large p limit, so th not cause transitions between the
two spin eigenstates |7 ; J and |~L 2 R(t) )] (spin  down

eigenstate), in the adi

=0 we start with|T;R(0)) ;

where

R(0) = (sin 6 co o
At a general time t,
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R(t) = (sm&cosq) Sin© sin 0, ¢ 56) A
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where the slow paras yery on the surface of a sphere

( Sz) The Berry pha 'YT (1) from Eq.( 20 ) in chapter for the spin up (1) eigenstate
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We shall calculate this directly using an explicit wave function for l T:R (t)), already
there are crucial features that emerge.

The spin up wave function is

|T:R) = (10)
for a spinor along the di : , rical coordinate angles 8 and ¢.
Then from Eq.( 8 ) ‘

Ar(R) = if (11)
Substituting the state fun

A1 (R) = ifcos L - si i ; (12)
where Vp in spherical {Prm
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Vr = 3 +01 ; e (13)
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We get the vector potential

Ar(R) = -9 —L— sin28 (14)
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From the trigonometric formula
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n 2—2(1 cose)

this vector potential can be rewritten as

Agity Sy iL-cnt] (15)
2rsin 6 V
which is the “vector pot ' e&ole of strength 1/2 located at R =0
- | T———
( the center of the sp i Berry phase
(16)
(17)
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Repeating the above calculations we find the vector potential
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which is equivalent to the Berry Phase
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71 (R) = f&f (_1_*'25_9_). dR (20)
2rsin 6
so that
1 (©) = - 2 (1 + cosB). /. (21)
J

Though good at 6 = w,-Eq('18 ) 151ll-defined at © =0and in fact we are hitting here the
famous problem that, for a monopole chld no single vector potential exists which is
singularity-free over d:n/ ;ntwc mamfold 32 (Wu and Yang, 1976). The A, (R) which
followed from the cﬁ/wb m Bq ('IO )‘\Ba§ a singularity along z = -1, i.e. the negative
z-axis, or 0 = n. This' hn‘é of smg'ulant‘rbs 1s called a Dirac string [ Appendix B ].
Likewise, the A._ (R)chaf’ce has a stnng albing 6 0. But, comparing Eq.( 15 ) and Eq.(
19) we see that A, and A différ by 4 gradx_iug{

AR)-ARIS VA £ (22)
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that is, by a gauge transformation [Appendix A]. Correspondingly,

Y{ - ¥ =2 (A (0)-A (0] (23)
so that for a closed path.on'S ¥ Y4 1s unique

Magnetic Monopole Fields
In this section we will show how to obtain a magnetic field due to the monopole
charge at center of a sphere. We consider the vector potential shown in Eq.( 15 ) and

Eq.(21). But these must yield the same curvature. Hence
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B (R) = VRxAR) | (24)
= -7 5;1—2— 25)

which corresponds to a magnetic monopole of strength 1/2 located at the origin (i.e., at
the place of the degeneracy). According i Eq.(9 ), Berry’s phase is simply the line
integral of the vector potential which, by Stbkéjs',,theorem can be rewritten in terms of

the surface integral of the'magnetic ficlds

¥ () —f»{:‘; B(R)/ as) (26)
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= £ o1 f cos ) 27)
The solid angle swept out bj- this. tinjecto'f%ﬁg
0 2T ~T;‘§J"‘
QC) = f_i_s_ine de f do = 2n(1-cos@) (28)

S

Q__ ;;‘ J 0 Y]

so that the Berry phase i§ the flux associatéd with , this monopole through the surface
which is circumnavigated in parameter space, and is given by
C
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where Q(C) is the solid angle subtended by the closed path as seen from the origin of

parameter space and the sign refers to the direction in which the line integral is

traversed.
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