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APPENDIX A

GEOMETRIC CONSTRUCTION FOR LENZ VECTOR

We can easily make a simple geometric construction for this
vector U, First, let us recall Bq. (3.2),

the definition of this

vector,
1}
\\ =

Rewriting the in the  f \{\ (the notation ”
used to denote \\\\x

—= | A

u | \' pr +r (A.1)
where o jis the T
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potential energy (Vv = - & J

(A.2)

) to the

The construction is given now.

For our example below we will take
R tobe -1



Step 1 Draw circles around and through the nucleus S and electron

E as shown in Fig. A.1 Mark off arc QS so it is double
the arc RS on the circle around the electron and draw
straight line through E and Q

Step 2 mﬂ ﬁ ﬁ:fjs?] M wgrl ﬂ %& circle around

the fucleus. A lme drawn thmguh E and T should be

A RAREN TRIHWN TN U Fose

! Point E corresponds to R = 0 while T corresponds

to R = -1, and the R scale is linear (see Fig. A.2)
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R axis

Step 3 Locate the g
we take R =F -/ and-

rale (for the example
id a line from the nucleus S

through this point-ghtil j sects the line QES' at S'.

Point é:-*";’ﬁ_;f dnfc section orbit
tangent | he appropriate ellipse
has been dry.m by using fu S and S
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: -znum L*p
.,r
Fig. A.3#

f t‘;{ "-.-:. 4

It is also showd i Fig,: hat U points along the line

= —
To show Ft' 7 fHis yector U is the eccentricity

of the orbit, we tgk the dot product of this vector with the radius

e * B PRI BV Goe i

equation (Aql} of a conic section in pelar coordinates, which is the

sene i WY BT 3 T ARINGIAE

U.r = Urcose = —-1—2 (L xp.t) +r (A.3)
m,e
- =
- H“Z + 'r'
m e
i
.1 Mot
o ¥ e (1 - Ucosa) (A.4)




APPENDIX B

PROVING THE CONSTANCY WITH TIME OF VECTOR MATRIX U

To show that the vecto
i

in the special case of a Coulont d o
by setting up the rules of cal é

T and trying

o
—

matrix U is constant with time
f force, we must start

the radius-vector matrix

el

A
let x, ; : . \\ : Cartesian coordinates
ke up the ¢ \ ; of the vector matrix

the magnitude of the

isfy the relation

(B.1)

-
-

From the ,I#_ X

P, . (B.2)
.@}Lﬂ ?ﬂﬂﬂl HL&L Qll,.g —
R

=
also

VTR IPLYEY ey 1201

commutes w1 X VL.

vector equation :

~ #

T = Ir (B.3)
Secondly, for any arbitrary rational function f of ?, ;c, ;r. E,
the relation

2 (B.4)

A A = h
Pxf‘fpx = Z_ﬂfa_g'““
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holds, and in particular for f = ;, we obtain

pr-m = Gk

===

(B.5)

Conversely, (B.4) follows generally from (B.2) and (B.5) for

every function which can be expressed as a series of positive and

d /7, as can easily be shown by

_ﬂcord with (B.1) For this
w\d (B.4) constitutes

> ‘er ergy censervation law,

induction. Relation {B.5)

reason, the existe

a3 RG2S AN or) natrix)  (B.6)

together with

Ed- QF

A,
y quantity @ ,

(B.7)

: A .
We Of a matrix r which

satisfies relatiof B ')

Next, we m.ll evaluate the tmede@vatwe of
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Now we make use of (B.4) to obtain
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gt % = (B.8)
For the special afoutombifield of force we set
F(X, y, Z, 1)
in (B.6) The'izﬂ, ed from energy
conservation wit ; the aid of the quantum rufes assume the same

ic ““ﬁﬂﬂ“’z‘ﬂﬂwﬁw 21NT
aw'mﬂifuwnwmaﬂ

It then follows from (B.8) with the help of (B.9) that

gt(%) - %ﬂ[[ix{-%] [EZ}XL]]

1 d f’, X j! -
- ;__E "7a@ | P xL-Tx p
e

o

bod] —




Hence ,

a1 af* 5 3 5] 4
&'E[,;—ez-%[‘txpl-{prJ}+{J = 0
8]

r

A

The above relation shows that ﬁ is constant with time

L
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APPENDIX C

PROVING THE COMMUTATION RELATION IN EQ. (3.15b)

To prove the correction of the commutation relation in Eq. (3.15b)

Fa
[ch : (c.1)
we will use (3.10) ;
Fal
[Ld ; (c.2)
and from (3.12)
A
[Ia,t~ ; IT3 (C.3)

Now we can sufficier ection of the commutation
relation (C. 1} ‘—_=—-_-——=—'-=-“-“""—\ f this relation.
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APPENDIX D
PROVING THE EQUATION (3.15c)

To prove the correction of the equation (3.15¢c)

(D.1)
Taking the cross
UxU = [;:;2(
- m—é;g . [(f‘.x; xgﬂw 2)
With the help of the f !a : m vector algebra,
(AxB) x (AC) = (R BXC)F /8
the term (%xfp.} xp) in
thp) x (pr) f (L. PpIT .
ﬂ u EJ ’{ﬂvﬂ n}? Px * :E]XQ jl‘xffa
RN IHHIINYIAY
P x O - [(L PyLyp, )by +(Lb, L0, 0p, +ciy5x-ixﬁy1$ﬁ

We make use of (3.10) to obtain
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a3y dd . [{%ﬁxlﬁx* (et + il 53}5.3]1'

A o~ —
= ghﬁ{pi«*pf,**pin
= g L (D-3)
Next, considering the tern_ + BN 1n (D) and by
using the vector formul fw“ﬁ“
S,
A x (BxC)
(AxB) x C
We then have,
% aa 4 b i AN, . 2., s
% x (Lxp) + (Lxp) CEINAN I - @ D5 - 6. 5
r - r r
(D.4)

“‘L’*"Pm@'m ﬂWﬂﬂ’im
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Finally, substituting (D.3) and (D.5) into (D.2),

A A AL A
o e 1 h =2= 1 h 2,
UxU -—.—.-._p[_, + (- =) L
5421'1', mt;-:2 2111'11
0
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h 2 -'2 ,Ez‘
= m° (£ -=
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APPENDIX E

PROVING THE EQUATION (3.15d)

To prove the correction of the equation (3.15d)

(E.1)

- (E.2)

17 - RSLEEFRY NG
BRSNS 115

sz XPZ

With the help of Eq. (3.10) ,we get
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i g AZAZ A202 Alald A0 alad A28l alad A8 adnd
prl = prx+pry+prz+p x+py Y+sz z+pzf'x+pzl‘ }r+szz
2 2 2
A2 h A2 h A2 h
+ p O + p - -+ p N
e el By gl ol
2
A2 A2 a2 g1 82 82 h
= (pytP,+P;) [[L;L;LZJ b 1]
A a2
[T | - (E.3)
To determine the teal 4 Wp) ¥ Uxp). i (E.2), we will use
the formula from veg
e . |
A. (BxC) (E.4)
Hence, Iﬁ : m

= (‘E‘xﬁh(fﬁ}ﬁ Ej‘ﬁ ° ﬁ’ﬂ%‘ﬁﬂ h" ﬁ;’%ﬁza};)
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