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Appendix A

A Non-Local Quadratic
Propagator

—>

— -
In order to evaluate the averages, <R(T)>ﬂH ( )and < R(1)- R (a)>
o(w

1t is nescessary to establish a characteristic functional as

<exp (- /O ! dr f (1) - Tz'(r)) >BHOM

_Jo' D [B@)]exp(-BHolw) ~ [ ar T (r) - Rm))
Js" DR )] exp(—pHo(w)

o (AT)

where ?(T) is any arbitray function. Eq.(A.1) suggests that if the trial Hamil-

tonian SHj (w) is quadratic, then the Hamiltonian
/ L —»
BHy () = Ao () + [ ar] (1) R (). (A2)
0

From Feynman and Hibbs (1995), the path-integral of Eq.(A.1) can be carried

out exactly as

<exp (— /0 e F )’ (T)> >BHO(W) =

exp (— [BH(',,mm (7?.'2 _ R, N,w) — BHomin (Tz’z ~ Ry N,w)]) . (A3)

—

where ﬂH{)'min (ﬁg — T?,)l; N, w) and SHy min (ﬁg - Ry; N,w) are the correspond-
ing minimum Hamiltonians of SH, (w) and SH, (w) respectively. These mini-

mum Hamiltonians can be obtained from the most probable chain configuration
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method (Wiegel, 1986) by minimization of the Hamiltonian. To do this we make

a variation on SH, (w) in Eq.(A.2) and thus obtain an equation

&R (r) w* ¥ = =3 v f (1)
2t = = : A4
-5 [ (R - Re) = 2L (A4)
This equation may be rewritten in the form
&R (1) 02 ol b27 (1)
el L S = = — A.
772 w’R. (1) N /. doR. (o) + 3 (A.5)
and introducing a Green Function
(% - w2> dlirg) =6(r,0), (A.6)
where
I _sinhw (N — 7)sinhwoO (1 - 0)
A= wsinh wN
_sinhw(N = 0? sinhw7O (o — 7) (A7)
wsinhwN

with © denoting the Heviside step function, then the general solution of Eq.(A.6)

with the boundary condition R (0) = R and R (N) = R, can be written as

[—ﬁz sinhwTt + 7%1 sinhw (N — 'r)]

sinh wN

N b27(0) 1349 N e
+/0 [T_N/O dUR(O’)

This Eq.(A.8) is an integral equation which can be solved and the solution is

g(7,0)do. (A.8)

- -
[Rg sinhwr + R;sinhw (N — 7‘)]
sinhwN

+/N b2? (0,) (T 0) o (72)1 + 7%’2) SiIlthTSinhﬂ¥2
0 g suo cosh%’!

4b*sinh 4 sinh «(=7) fON 7 (o) sinh ¢Z sinh “’(NQ_") (A.9)

Swsinhw/N
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The minimum Hamiltonian 5H('],min (ﬁ2 = ﬁl; N, w) is simply obtained by sub-

stituting TZ)C from Eq.(A.9) into the expression below

— — 3 K 2
BHo min (Ra - Rl;N,w) - —/ dr R, (1)

2b?
2 - — —%
4Nb2/ / deo R.(7) - Rc(o)] +/0 dr f (1) R.(7)
_ % [ﬁc (N)- R(N) - R, (0)- R. (0)] - (A0
This give
; — — 3w wN (= =¥ 4 3w
6H0,min (R2 - Rl’ N,OJ) N .4[)_2(\Oth [RZ N Rl} + 2b23inth

2Ry [N, = N N—
x| ~ 2/0 dr f (7) (sinh%+2sinh%sinh%sinh w(—QT_))

2b2_f{)1 L L w(N =1) L wN wr  w(N-=T7)
+ %0 / dr f (7 )(311111—2———+asmh731nh—2-sth>

322b42/ / deUf (7) ( o) (sinhw (N — 7) sinhwo

N — N —
% sinh %E sinh %)]}
The minimum Hamiltonian A (ﬁg = ﬁ LN, w) is then obtained by setting
7 (1) =0 in Eq.(A.11).

+45sinh = - " sinh (A.11)

= b 3w wN
ﬁHo,min(Rz— Rl;N,w) =4—b—200h [

R, — Rl] (A.12)
Next, let us evaluate the trial propagator Gy (Rz, _ﬁl; N, w) in Eq.(4.18). We

can rewrite the trial Hamiltonian SH, (w) in Eq.(4.16) in the form

3w? N ’
BHo (w) = BHy, — INbB? [/ dr R (7)] ) (A.13)
0

where SHpy, is the harmonic oscillator Hamiltonian

BHg, = 2:22 /N dr (ﬁz (1) + W2 R? (T)) . (A.14)
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The exponential of the second term of Eq.(A.13) can be converted to an integral

form by an identity

32 [ vV S 2 Nb? 3/2 -2
exp <2Nb2 /0 dTR(T)jl ) = (67rw2> /df

—F N R
X exp —Nb2f2 —/ dTﬁ(T)- f) (A.15)
0

6w?

From Eq.(A.13) and Eq.(A.15) we find that the trial propagator G, (72)2, 7%)1; N, w)

can be expressed as

Go (E’z,fz’l;N,w) X (611222)3/2 /j%) [7{’ (r)] /d?

R,

X exp <—/3HH0 - BN - /N dr R (1) - ?) . (A.16)
0

6w?

Changing the order of integration, Eq.(A.16) becomes

= (B & Nb? W —
Go (Fa, By N,w) = (W> [ d7

sz?’z = = -
X exp (- = >67 (Fo BN, T), (A.17)
where
- — — Ra s
G7 (Ra RN, 7) :/ﬁ D[R (7)]
RolL) —
X exp (—BHHO—/ dr R (1) - f) (A.18)
0

The propagator Eq.(A.18) is the forced harmonic oscillator propagator with a

—
constant external force f, which is

G- (R ,Ri;N, = ——
s o ) (27rb2 sinh wN)

3 N r— — 12 N /— — \ 2
xexp[—(ﬁ (coth% {RQ — Rl] +t.anhw7 (R2 + Rl) )
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1 . wN /= =y — (b WwN  Nb*f?
+;tanhT(R2+ R]) f + <3w3 tanh 2 = 6w2 ))] (Alg)

Substituting Eq.(A.19) into Eq.(A.17), and performing the ? - integration ,we

3
— = = 3 32 wN
Ry Ri;N,w) = B
Go (Fa FiiN.w) (27rNb2> (2sinh%>

3 N |—=
xexp{—4—:;cothw7 ‘Rg—_R’l

get

2} . (A.20)
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