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CHAPTER I

INTRODUCTION

1.1 Functional Equation

Functional equations are equations such that the unknowns are functions

rather than real numbers. Some examples of functional equations are

f(x+ y) = f(x) + f(y),

f(x+ y) = f(x) · f(y),
f(xy) = f(x) + f(y),

f(xy) = f(x) · f(y),
f(x+ y)− f(x− y) = 2f(x) · f(y),

f(x+ y) = g(xy) + h(x− y),

f(x)− f(y) = (x− y) · g(x+ y),

and

g(f(x)) = g(x) + c.

To solve functional equation is to find all functions that satisfy the functional

equation. Unfortunately, there is no systematic method or algorithm to solve gen-

eral functional equations. But the very first step is often involved the suitable

substitutions. Once the solution is obtained, it is imperative to verify the solution

by substituting back to the original functional equation. For example;

Example 1.1. Find all function f : R\{0, 1} → R satisfying the functional equa-

tion

f(x) + f(
x− 1

x
) = 1 + x. (1.1)
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Solution. Substitute x by x = 1
1−x

in (1.1), we get

f(
1

1− x
) + f(x) = 1 +

1

1− x
. (1.2)

Substituting x by x = x−1
x

in (1.1), we obtain

f(
x− 1

x
) + f(

1

1− x
) = 1 +

x− 1

x
. (1.3)

By adding (1.1), (1.2) and (1.3) and dividing the result by two, we have

f(x) + f(
x− 1

x
) + f(

1

1− x
) =

1

2
(3 +

1

1− x
+

x− 1

x
+ x). (1.4)

By (1.3) and (1.4), we get

f(x) =
1

2
(3 +

1

1− x
+

x− 1

x
+ x)− (1− x− 1

x
)

=
1

2
(1 +

1

1− x
+ x− x− 1

x
)

=
−x3 + x2 + 1

2x(1− x)
.

Conversely, we can easily verify that f(x) = −x3+x2+1
2x(1−x)

satisfies the functional equa-

tion. Therefore, the function f(x) = −x3+x2+1
2x(1−x)

for all x ∈ R\{0, 1} is the unique

solution of the functional equation. �

In some cases, the solution for the functional equation may not exist.

Example 1.2. Is there a function f : R → R satisfying the functional equation

2f(5− x) + xf(x) = 1, (1.5)

for all x ∈ R?

Solution. We will prove that there is no solution by contradiction. Suppose that

there is a function f : R → R satisfying (1.5).

Let x = 1 in (1.5), we get

2f(4) + f(1) = 1. (1.6)



3

Let x = 4 in (1.5), we have

2f(1) + 4f(4) = 1. (1.7)

It is obvious that there is no f(1) and f(4) satisfying both equations (1.6) and

(1.7) simultaneously. Therefore, there is no solution for the functional (1.5). �

The functional equations may involve more than one variable such as in the

following example.

Example 1.3. Find all function f : R → R satisfying

f(x2 + f(y)) = y + xf(x), (1.8)

for all x, y ∈ R.

Solution. Putting x = 0, then f(f(y)) = y. Therefore, we get

f(y + xf(x)) = f(f(x2 + f(y))) = x2 + f(y). (1.9)

Now substituting x by f(x), we have

f(y + f(x)f(f(x))) = (f(x))2 + f(y).

Since f(f(y)) = y, we obtain

f(y + xf(x)) = (f(x))2 + f(y). (1.10)

By (1.9) and (1.10), we get

(f(x))2 = x2. (1.11)

Note that f(0) = 0.

Now replacing y by f(y) in the original equation, we have

f(x2 + y) = f(y) + xf(x).
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Squaring both sides, we get

(x2 + y)2 = (f(x2 + y))2

= (f(y) + xf(x))2

= (f(y))2 + x2(f(x))2 + 2xf(x) · f(y)
= x4 + y2 + 2xf(x) · f(y).

From this, we obtain

2x2y = 2xf(x) · f(y)

Hence, for x �= 0, we get

xy = f(x) · f(y). (1.12)

From (1.11), we have f(x) = x or f(x) = −x.

If f(x) = x, then from (1.12) we have f(x) = x for all x ∈ R.

If f(x) = −x, from (1.12) we get f(x) = −x for all x ∈ R.

By verifying f(x) = x and f(x) = −x, we see that both solutions satisfy the

original functional equation. Therefore f(x) = x and f(x) = −x are solution of

the functional equation. �

The following example shows that there may be more than one function in-

volved in the function equation.

Example 1.4. Find all functions f, g, h : R → R satisfying the functional equation

f(x+ y) = g(x) + h(y), (1.13)

for all x, y ∈ R.

Solution. Let x = 0 in (1.13), we have

f(y) = g(0) + h(y). (1.14)
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Let y = 0 in (1.13), we get

f(x) = g(x) + h(0). (1.15)

From (1.13), (1.14) and (1.15), we obtain

f(x+ y) + g(0) + h(0) = f(x) + f(y). (1.16)

Define A : R → R by A(x) = f(x)− g(0)− h(0) for all x ∈ R.

Therefore, we can write equation (1.16) as

A(x+ y) = A(x) + A(y). (1.17)

It is well known that the general solution of equation (1.17) is the Cauchy additive

function. Hence, we have that

f(x) = A(x) + g(0) + h(0),

g(x) = A(x) + g(0),

and

h(x) = A(x) + h(0).

The functions f(x), g(x), h(x) can be easily verified that they satisfy the original

functional equation. �

Next, we give an example pertaining to our work where the domain of f is R2.

Note that there is a parameter λ ∈ R\{0} in the functional equation. Geomet-

rically, let �z,z0 be the line passing through the point z parallel to a fixed vector

z0 ∈ R
2. The following functional equation implies that the sum of the values of

f on any two points on �z,z0 is always equal to zero.

Example 1.5. Let z0 ∈ R
2. Find all functions f : R2 → R satisfying the functional

equation

f(z) + f(z + λz0) = 0, (1.18)

for all z ∈ R
2 and λ ∈ R, λ �= 0.
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Solution. Replacing z by z + λz0 in (1.18), we have

f(z + λz0) + f(z + 2λz0) = 0. (1.19)

By (1.18) and (1.19), we get

f(z) = f(z + 2λz0). (1.20)

Replacing λ by λ
2
in (1.20), we have

f(z) = f(z + λz0). (1.21)

By (1.19) and (1.21), we obtain that 2f(z) = 0 and therefore f(z) = 0, for all

z ∈ R
2. Conversely, f(z) = 0 obviously satisfies the original functional equation.

Hence f(z) = 0, for all z ∈ R
2, is the unique solution of the functional equation

(1.18). �

1.2 Literature Review

It is well known that harmonic functions on R
2 can be characterized as those

continuous functions which have the mean value property over any circles in R
2.

In particular, it is the result of the following theorem.

Theorem 1.6. Let f : R2 → R be a continuous function. Suppose that ∀z ∈ R
2

and ∀r > 0,

f(z) =
1

2πr

2π∫
0

f(z + reiθ)dθ.

Then f is harmonic.

Analogously, functions satisfying the mean value property over other geometric

figures in R
2 have also been studied. For examples in 1968, J. Aczél, H. Haruki,

M.A. McKiernan and G. N. Sakovič studied the functional equations

f(x+ u, y + v) + f(x+ u, y − v) + f(x− u, y + v) + f(x− u, y − v) = 4f(x, y),

(1.22)
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and

f(x+ u, y) + f(x− u, y) + f(x, y + v) + f(x, y − v) = 4f(x, y). (1.23)

Geometrically, the functional equation (1.22) says that the value of f at the center

of any rectangle, with its sides parallel to the coordinate axis, equals to the mean

value of f taken at all its vertices.

Figure 1.1 : Rectangle

Similarly, we can geometrically interpret functional equation (1.23) as the value

of f at the center of the rhombus, whose diagonals are parallel to the coordinate

axes, equals to the mean value of f taken at all its vertices.

Figure 1.2 : Rhombus

Later on, in 1982, S.Haruki[4] was able to determine the general solution of the

functional equation;

f(x− t, y − t√
3
) + f(x+ t, y − t√

3
) + f(x, y +

2t√
3
) = 3f(x, y). (1.24)
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Geometrically, the functional equation (1.24) implies that for each triangle ob-

tained by translations and dilations of an equilateral triangle, with one side parallel

to the x-axis, the value of the function at its centroid is the arithmetic mean of its

values at the vertices.

Figure 1.3 : Equilateral triangle with one side parallel to x-axis

With more regularity conditions imposed on f , J. Aczél, et al[1] were able to

establish the general solution to the mean value functional equation on regular

n-gons;

n−1∑
k=0

f(z + λωk) = nf(z), n ≥ 3 (1.25)

for all n-gons z + λωk where ω = e2πi/n. In particular, they have shown that the

general solution to (1.25) must be a harmonic polynomial of degree n.

Note that functional equation (1.25) says that the value of the function at the

center of homothetic regular n-gons is the arithmetic mean of its values taken at

its vertices.
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Figure 1.4 : Regular n-gons

In 1995, J.A.Baker[2] studied the triangular mean value functional equation;

f(z + eit) + f(z + eitω) + f(z + eitω̄) = 3f(z), (1.26)

for all z ∈ C, t ∈ R and ω = e2πi/3. The functional equation (1.26) is different

from (1.25) in the sense that it only allows the rotation instead of dilation of an

equilateral triangle. The author was able to prove that the general solution must

also be a harmonic polynomial, provided f is continuous. Recently, R. Kotnara[3]

has studied the case when the right hand sides of equation (1.22)-(1.24) are equal

to zero. He was able to determine the general solutions of the so called zero-mean

functional equations on arbitrary triangle and quadrilateral as follows.

Theorem 1.7. Let a1, a2, a3 ∈ C. A function f : C → C satisfies the functional

equation

f(z + λa1) + f(z + λa2) + f(z + λa3) = 0,

for all z ∈ C and λ ∈ R, λ > 0 if and only if f(z) = 0 for all z ∈ C.

Theorem 1.8. Let a1, a2, a3, a4 ∈ C. A function f : C → C satisfies the functional

equation

f(z + λa1) + f(z + λa2) + f(z + λa3) + f(z + λa4) = 0,

for all z ∈ C and λ ∈ R, λ > 0 if and only if f(z) = 0 for all z ∈ C.
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The geometric meaning of Theorem 1.7 and 1.8 are that if for each triangle

(quadrilateral), which is obtained from dilations and translations of a fixed trian-

gle(quadrilateral), the sum of the values of f at its vertices is always equal to zero,

then f must be identically zero on C.

1.3 Proposed Work

Our main result will be divided into two parts. First, we will give another proof to

the R. Kotnara’s result[3] on the zero-mean functional equation on planar quadri-

lateral. Afterward, we will extend the result by establishing the general solution

for the zero-mean functional equation on planar n-gons.



CHAPTER II

ZERO-MEAN FUNCTIONAL EQUATION ON PLANAR

QUADRILATERAL

In this chapter, we will give another proof to the following theorem which first

appeared in R. Kotnara[3].

Theorem 2.1. Given a1, a2, a3, a4 ∈ C. A function f : C → C satisfies

the functional equation

f(z + λa1) + f(z + λa2) + f(z + λa3) + f(z + λa4) = 0, (2.1)

for all z ∈ C and λ ∈ R, λ > 0 if and only if f(z) = 0 for all z ∈ C.

Proof. Step 1: We let λ = 1 in equation (2.1) and have

f(z + a1) + f(z + a2) + f(z + a3) + f(z + a4) = 0. (2.2)

We then make the following substitutions.

Substituting z by z + a1 + a2 + a3 in equation (2.2), we get

f(z + 2a1 + a2 + a3) + f(z + a1 + 2a2 + a3)+

f(z + a1 + a2 + 2a3) + f(z + a1 + a2 + a3 + a4) = 0. (2.3)

Substituting z by z + a1 + a2 + a4 in equation (2.2), we have

f(z + 2a1 + a2 + a4) + f(z + a1 + 2a2 + a4)+

f(z + a1 + a2 + a3 + a4) + f(z + a1 + a2 + 2a4) = 0. (2.4)

Substituting z by z + a1 + a3 + a4 in equation (2.2), we obtain

f(z + 2a1 + a3 + a4) + f(z + a1 + a2 + a3 + a4)+

f(z + a1 + 2a3 + a4) + f(z + a1 + a3 + 2a4) = 0. (2.5)
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Substituting z by z + a2 + a3 + a4 in equation (2.2), we get

f(z + a1 + a2 + a3 + a4) + f(z + 2a2 + a3 + a4)+

f(z + a2 + 2a3 + a4) + f(z + a2 + a3 + 2a4) = 0. (2.6)

Step 2, We let λ = 2 in equation (2.1) and have

f(z + 2a1) + f(z + 2a2) + f(z + 2a3) + f(z + 2a4) = 0. (2.7)

We then make the following substitutions.

Substituting z by z + a1 + a2 in equation (2.7), we get

f(z + 3a1 + a2) + f(z + a1 + 3a2)+

f(z + a1 + a2 + 2a3) + f(z + a1 + a2 + 2a4) = 0. (2.8)

Substituting z by z + a1 + a3 in equation (2.7), we obtain

f(z + 3a1 + a3) + f(z + a1 + a3 + 2a2)+

f(z + a1 + 3a3) + f(z + a1 + a3 + 2a4) = 0. (2.9)

Substituting z by z + a1 + a4 in equation (2.7), we get

f(z + 3a1 + a4) + f(z + a1 + a4 + 2a2)+

f(z + a1 + a4 + 2a3) + f(z + a1 + 3a4) = 0. (2.10)

Substituting z by z + a2 + a3 in equation (2.7), we have

f(z + a2 + a3 + 2a1) + f(z + 3a2 + a3)+

f(z + a2 + 3a3) + f(z + a2 + a3 + 2a4) = 0. (2.11)

Substituting z by z + a2 + a4 in equation (2.7), we obtain

f(z + a2 + a4 + 2a1) + f(z + 3a2 + a4)+

f(z + a2 + a4 + 2a3) + f(z + a2 + 3a4) = 0. (2.12)
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Substituting z by z + a3 + a4 in equation (2.7), we get

f(z + a3 + a4 + 2a1) + f(z + a3 + a4 + 2a2)+

f(z + 3a3 + a4) + f(z + a3 + 3a4) = 0. (2.13)

Before proceeding to step 3, we make the following computations.

Subtracting the sum of equations (2.8)-(2.13) from the sum of equations (2.3)-(2.6),

we have

4f(z + a1 + a2 + a3 + a4)− f(z + 3a1 + a2)− f(z + 3a2 + a1)−
f(z + 3a1 + a3)− f(z + 3a3 + a1)− f(z + 3a1 + a4)− f(z + 3a4 + a1)−
f(z + 3a2 + a3)− f(z + 3a3 + a2)− f(z + 3a2 + a4)− f(z + 3a4 + a2)−
f(z + 3a3 + a4)− f(z + 3a4 + a3) = 0. (2.14)

Step 3, We let λ = 3 in equation (2.1) and have

f(z + 3a1) + f(z + 3a2) + f(z + 3a3) + f(z + 3a4) = 0. (2.15)

We then make the following substitutions.

Substituting z by z + a1 in equation (2.15), we get

f(z + 4a1) + f(z + a1 + 3a2) + f(z + a1 + 3a3) + f(z + a1 + 3a4) = 0. (2.16)

Substituting z by z + a2 in equation (2.15), we obtain

f(z + a2 + 3a1) + f(z + 4a2) + f(z + a2 + 3a3) + f(z + a2 + 3a4) = 0. (2.17)

Substituting z by z + a3 in equation (2.15), we get

f(z + a3 + 3a1) + f(z + a3 + 3a2) + f(z + 4a3) + f(z + a3 + 3a4) = 0. (2.18)

Substituting z by z + a4 in equation (2.15), we have

f(z + a4 + 3a1) + f(z + a4 + 3a2) + f(z + a4 + 3a3) + f(z + 4a4) = 0. (2.19)
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By adding equations (2.16)-(2.19), we get

f(z + 4a1) + f(z + 4a2) + f(z + 4a3) + f(z + 4a4)+

f(z + a1 + 3a2) + f(z + a1 + 3a3) + f(z + a1 + 3a4)+

f(z + a2 + 3a1) + f(z + a2 + 3a3) + f(z + a2 + 3a4)+

f(z + a3 + 3a1) + f(z + a3 + 3a2) + f(z + a3 + 3a4)+

f(z + a4 + 3a1) + f(z + a4 + 3a2) + f(z + a4 + 3a3) = 0. (2.20)

We add equation (2.14) with equation (2.20) and obtain

4f(z + a1 + a2 + a3 + a4) + f(z + 4a1)+

f(z + 4a2) + f(z + 4a3) + f(z + 4a4) = 0. (2.21)

Step 4, We let λ = 4 in equation (2.2) and get

f(z + 4a1) + f(z + 4a2) + f(z + 4a3) + f(z + 4a4) = 0. (2.22)

From equations (2.21) and (2.22), we finally obtain

4f(z + a1 + a2 + a3 + a4) = 0. (2.23)

But equation (2.23) is true for all z ∈ C. Therefore we must have f(z) = 0, for all

z ∈ C.

�



CHAPTER III

ZERO-MEAN FUNCTIONAL EQUATION ON PLANAR

N-GONS

In this chapter, we will extend the previous result to any planar n-gons. In

particular, we will show that the only solution to the zero-mean functional equation

on planar n-gons is the identically zero function.

First, since we are dealing with an arbitrary n-gon, let us introduce some

notations.

Given integer n ∈ N and a1, a2, ..., an ∈ C.

Let α = (i1, i2, ..., ik), where k ∈ N, ik ∈ N and 1 ≤ ik ≤ n, be a multi-index.

We define Aα = ai1 + ai2 + ...+ aik and

∑
1≤i1<i2<i3<...<ik≤n

Aα

be the sum of all Aα where α is subject to the condition 1 ≤ i1 < i2 < i3 < ... <

ik ≤ n.

Example 3.1. For n = 4, α = (i1, i2, i3) we have A(1,2,4) = a1 + a2 + a4 and

4∑
1≤i1<i2<i3≤4

Aα = A(1,2,3) + A(1,2,4) + A(1,3,4) + A(2,3,4).

Our main result is to establish the general solution to the zero-mean functional

equation on planar n-gons. Geometrically, the functional equation implies that

for each n-gon obtained by translation and dilation of an arbitrary fixed n-gon

determined by a1, a2, ..., an, the sum of values of f at all its vertices equals to zero.
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Theorem 3.2. Given n ∈ N and a1, a2, ..., an ∈ C. A function f : C → C satisfies

the zero-mean functional equation;

n∑
j=1

f(z + λaj) = 0, (3.1)

for all z ∈ C and λ ∈ R, λ > 0 if and only if f(z) = 0, for all z ∈ C.

Proof. We make various substitutions in steps as follows:

Step 1: First, we let λ = 1 in (3.1) and get

n∑
j=1

f(z + aj) = 0. (3.2)

We then make
(

n
n−1

)
substitutions by replacing z by z + Aα in (3.2),

where α = (i1, i2, ..., in−1) and 1 ≤ i1 < i2 < i3 < ... < in−1 ≤ n.

Observe that when we substitute z with z + Aα in each terms of (3.2),

it will result in either kinds of these terms.

If aj = aik in α = (i1, i2, ..., in−1) for some k, 1 ≤ k ≤ n− 1,

then f(z + Aα + aj) = f(z + 2aj + Aβ) where β = (i1, i2, ..., in−2) and ik �= j

for all 1 ≤ k ≤ n− 2 in β.

If aj �= aik in α = (i1, i2, ..., in−1) for all k, 1 ≤ k ≤ n− 1,

then f(z + Aα + aj) = f(z +
n∑

�=1

a�).

Note that we will have new
(

n
n−1

)
equations after all the substitutions.

Adding all these new
(

n
n−1

)
equations up and denoting the sum by I1, we

therefore get

I1 =

⎛
⎜⎜⎜⎜⎝

n∑
j=1

∑
β=(i1,i2,...,in−2)

1≤i1<i2<...<in−2≤n
ik �=j

f(z + 2aj + Aβ)

⎞
⎟⎟⎟⎟⎠+

(
nf(z +

n∑
j=1

aj

)
= 0.
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Step 2: We let λ = 2 in (3.1) and get

n∑
j=1

f(z + 2aj) = 0. (3.3)

We then make
(

n
n−2

)
substitutions by replacing by z + Aα in (3.3), where α =

(i1, i2, ..., in−2) and 1 ≤ i1 < i2 < i3 < ... < in−2 ≤ n.

Observe that when we substitute z with z+Aα in each terms of (3.3), it will result

in either of these terms.

If aj = aik in α = (i1, i2, ..., in−2) for some k, 1 ≤ k ≤ n− 2,

then f(z + Aα + 2aj) = f(z + 3aj + Aβ) where β = (i1, i2, ..., in−3) and ik �= j

for all 1 ≤ k ≤ n− 3 in β.

If aj �= aik in α = (i1, i2, ..., in−2) for all k, 1 ≤ k ≤ n− 2,

then f(z+Aα+2aj) = f(z+2aj +Aα) where α = (i1, i2, ..., in−2) and ik �= j in α.

Note that we will have new
(

n
n−2

)
equations after all the substitution. Adding

all these new
(

n
n−2

)
equations up and denoting the sum by I2, we therefore get

I2 =

⎛
⎜⎜⎜⎜⎝

n∑
j=1

∑
β=(i1,i2,...,in−3)

1≤i1<i2<...<in−3≤n
ik �=j

f(z + 3aj + Aβ)

⎞
⎟⎟⎟⎟⎠

+

⎛
⎜⎜⎜⎜⎝

n∑
j=1

∑
β=(i1,i2,...,in−2)

1≤i1<i2<...<in−2≤n
ik �=j

f(z + 2aj + Aβ)

⎞
⎟⎟⎟⎟⎠ = 0.

We continue this process similarly for each step. The following is the pth step

where 1 ≤ p ≤ n− 1.
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Step p: We let λ = p in (3.1) and get

n∑
j=1

f(z + paj) = 0. (3.4)

We then make
(

n
n−p

)
substitutions by replacing z by z + Aα in (3.4), where

α = (i1, i2, ..., in−p) and 1 ≤ i1 < i2 < i3 < ... < in−p ≤ n.

Observe that when we substitute z with z +Aα in each term of(3.4), it will result

in either kinds of these terms.

If aj = aik in α = (i1, i2, ..., in−p) for some k, 1 ≤ k ≤ n− p,

then f(z + Aα + paj) = f(z + (p + 1)aj + Aβ), where β = (i1, i2, ..., in−p−1) and

ik �= j in β.

If aj �= aik in α = (i1, i2, ..., in−p) for all k, 1 ≤ k ≤ n− p,

then f(z + Aα + paj) = f(z + paj + Aα), where α = (i1, i2, ..., in−p) and ik �= j

in α.

Note that we will have new
(

n
n−p

)
equations after all the substitutions. Adding

all these new
(

n
n−p

)
equations up and denoting the sum by Ip, we therefore get

Ip =

⎛
⎜⎜⎜⎜⎝

n∑
j=1

∑
β=(i1,i2,...,in−p−1)

1≤i1<i2<...<in−p−1≤n
ik �=j

f(z + (p+ 1)aj + Aβ)

⎞
⎟⎟⎟⎟⎠

+

⎛
⎜⎜⎜⎜⎝

n∑
j=1

∑
β=(i1,i2,...,in−p)

1≤i1<i2<...<in−p≤n
ik �=j

f(z + paj + Aβ)

⎞
⎟⎟⎟⎟⎠ = 0.

Finally, we make the last substitution by letting λ = n in (3.1) and get

In =
n∑

j=1

f(z + naj) = 0.
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Since I� = 0 for all �, 1 ≤ � ≤ n, we clearly have

n∑
�=1

(−1)�+1I� = 0.

By computing the telescoping sum above, we get

n · f(z +
n∑

j=1

aj) = 0, (3.5)

for all z ∈ C.

For any y ∈ C, we have

f(y) = f((y −
n∑

j=1

aj) +
n∑

j=1

aj) = 0

by letting z = y−∑n
j=1 aj in (3.5). Since y is arbitrary, we therefore get f(z) = 0,

for all z ∈ C.

Since f(z) = 0 for all z ∈ C is obviously the solution of (3.1). Hence, the only

solution to the functional equation (3.1) is f(z) = 0, for all z ∈ C. �
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