CHAPTER IV
ON THZ STRUCTURE OF J - RINGS

The materials of this chapter are drawn from references Lﬂ]
Lh] and [7] .

In this chapter, we prove that every J - ring is a direct
sun of rings with prime characteristic., /e also investinate
further properties of these suinands in order to morefully study
the structure of J - rinzg.

befinition 4,1, A ring R is ealled a pk- rinz if there exist a

k
prime p and integer k » 1 such that px = 0 and x° = x for

every x in R ,

iheorem L,2 _  If Mgy Moy eesil, are positive integer » 2  then
thiere exists a prime p such that = 1 , p=1 Wiz 1Ty seer o

1, therefore

proof Let a = (m1— 1)(m2— Vniy ,im Wiy and b
T

by Dirichlet's theoren, therz exists a prime of the forn

P = (m1-1)(m2é1)....(mr—1) n+1 for some integer n.  Thus

mi-‘l ,p-1 Vi=1' eeey I o

Theoren 4.3. If n is an arbitrary intoger > 1 and if q is a

————————

prime then there exist intezers. k > 1 and t » O such that

qt(qk- 1) ¢ O mod(n=-1) .

1
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proof, If n=2, the theorem is truec ,

¢ . t

Suppose n 7 2 , write n-1= mq .- - - _ . __.(1)
where q Xlﬂ o+ e can do this, since n -1 2 1 and every
integer nrcater than 1 can be written as a product of primes,

X

5 1 % - by letting

5uppose n = = PyPolececedP 40 A7, ¥ letting
;(‘ "(2 d‘lu 4 e -
p,lp2 ceseP = m we zet the result,
By the rfermat - Tuler Theorem , qk = 1 mod ()

- -k
where k = @m) /{hH8« ri , q - 1
hl 1'1—'1
Pron (1) , m = eSS
q
Thus 5:% ‘ qk- 1 which implies that n-7] ; 1t(qk—1)
4

. t, )
Therefore Qg (g -1 =- 0 mod(n=1)

such that xn = X

=3

Theorem L.k, If x is an element of a ring
SO al te

xm(n-‘l)+’l

then for all integers m % O, = X and if h

and k are positive integers such that h k mod(n-1) then

h k

proof We shall use induction on n. If m

e

1, we get,

P 3
J(n £ = xn = X
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Assume the statement is true for m = k o+ For m = k+1 , we get

LK+ ) (n=1) +1 L(n=1)+1 L=

xm(n-1)+1

Thus for all m % O , = x
‘e assume that h »k ,

it k=1, Bzl mod(n=1)

ieCe h 7 il nai40 with m 2 0
so that xh = x S xk .
If k » 1, then S p—— kK =1 mod(n=1)

80 h S5~ = n(n=1) +.k=1 withm >0 ,
llence we have

xh _ xh-1. 0 xm(n-1)+k-’l .
B xt-1. xm(n-1)+1 _ xk-1; n
k
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Theorem 4,5, A ring R is a J - ring if and only if there cxists
—_————

a prime p such that x* = x for every x in R .

proof, The sufficiency is obvious.

< s : n i
lecessity, suppose that x = x for every x in Re. Since

n 72 , by theorem 4,2 there exists a prime p such that,

n-1 l p=1 i.e, p s 1 mod(n=1)
By applying theorem 4,4, we have
X = X for every x in R .

Lemma 4,6, If a ring/R/ has positive characteristic n = nn,

where n, and n, are greater than 1 and (n,, nz) = 1 then

R = R1(E) R, where R is a ring of characteristic ng e

i.

proof Since (n,y n2) = 1, therc exist integers k, 1  such thot
1 = n1k + n21

and hence for every x in R .

x = npkx + n,lx S m e e e e (R)

LY

Let R2 = {n1kx l X € R 3 and R,| = { nzlx I x 6—R}.

It follows that R is a ring and its characteristic does not exceed

2



is

n, , since na(nﬂkx) = nkx = 0., In like manner, R

2 1

ring whose characteristic does not exceed n,o

From (2), we see that

n1kx = (n1k)2x + nklx
and since nx = 0, this implies that
2 i
(nqk) x = nﬂkx for every x in R.

Similarly, we can show that.

2
(nal) % ) nalx .
Define g 1 R~ R, @ R, by
#(x) = (n1kx, nzlx) .
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a

/e shall now show that @ is an isomorphism of R with the

direct sum R and R, o If x and y are arbitrary eclements of R,

2 i

I

then P(x+y) [qu(x+y) ’ nElCX+y)]

= (n1kx + nqky, n.lx + naly)

2

L1

= (nﬁkx, nalx) + (nqky, nzly)

= P(x) + B(y)

and P(xy) = [n1k(xy) N nal(xy)]



Lo
5 S
#(xy) = [(n1k}2(xy) v (1) (xy) ]
= (n1kx, nalx) i (n1ky, nzly)
= @gx)e 2(y) .
Furthermore, if #(x) = (0,0) we éee that
nﬂkx = nalx = 0 and then (2) show that = =0 ,

Thus @ is an onto homomorphism having zero kernel and is

therefore actually an isomorphism,

To complete the proof of the theorem, we only need to

show that the characteristic of Ry is n; (1 = 142)s 1If R; has

characteristic mi(i = 142), we see that & ong (i=1,2)

1f (xz, xq) is any element of R,(¥) R, , it follows that

rgt, (xa, xq) - (mimgxa, m,mX, ) = (0,0) .
‘herefore, the characteristic of R, ) R, can not be
greater than mym, e

Since n is the characteristic of R, it is also the characteristic

i T i i L7 ; \l 4‘{ i 4 - ‘r} t
of the isomorpyhic ring Rzébfﬂ1 and thus n £ ., pu
i < = 2 ir i y 1 < b = 1
my n, (1 = 142) irplies that mem, £ A0, = n, and hence
we must have n = NN, = WM Again making use of the fact that

my < n, (i = 1,2) we see that mi'= ni(i = 1,2), and the proof

is therefore complete .
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k. k. 5
Lerma 4,7 . If R has characteristic n = pﬂ1 p2“ oo pmm where
the p; are distinct primes and each ki 21 (i=1 ¢aeym) then
o el .-:‘ -‘I T i " i B
R = R, @ Ry (4) oo e R where R, has characteristic
ki

pi (i=1' ey m).

proof . Using induction on m y for m = 2, the theorem is

true by lemma 4.6, Assume the/theorem is true for m = neq .
'or m = n .
Let n B ﬁk1 k2 kn;1 nd n = kn
1.5 AP ”""phdE a 2 T Py i
then (n,, n,) = 7% / It follows from lomma 4.6 that
™ :
R = T1 G) Rn
where T has ch teristi -y g B
1 5 aracteristic P Py eee e
, kn
and R has characteristic p "
n n
Since the theorem is true for m = n-1, this implies that
T’i ':»_ R,T('lj Rz('t.! «s w Rn_1
k.,
where. Ri has characteristic pil (L = 1y 25 siay nst) .
Hence R= RE Ry@eee @ R where R.  has

k,
characteristic pil (L = Ty seagm)
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Theorem 4,8, If R is a J - ring,there exist rings Rqs RE' ceesR
such that R = R169"'€Jnm v Ry (i = 1, eeey m) has prime

characteristic,

proof. I"irst we need only to show that the characteristic of

R is a product of distinct primes.

Since (ax)n = ax we get (an- a) x =0

for every x in R and every integer a, there exists a least positive
. n
integer m such that mi'# 0, Clearly m ' a = a for every

integer a.

»

‘Je claim now that m is a product of distinct primes. To sce

this, it will be sufficient to show that if m = p,m,  where p,
is a prime factor of m, then (p1,m1) 2 1.
Suppose that m, = p;lm2 for some inteper e Then, for
every x in R
m,x (m )n = 4 - ok
1 - Ge RN s T T
Nne2 n=1
= P? m2 mx = 0

which contradicts the choice of me Thus n = pqp? ......pr1

where Py arec distinct primes. 1By using lemma 4,7 the proof is

complete .
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Theorem 449 . A ring R is a J = ring if and only if R is a

direct sum of finitely many pk- rings.

proof, To prove the sufficiency, by theorem 4.8 , we get.
R = R,]@ o.ootﬂ-;lRm H

where R, = -{x [ x €ER such that p;X = 0 S (i=1, .

Clearly, Ri is a subring of R with characteristic Py .

k(i)
ilow we want to prove that Ri is a p; - ring. In fact, by

theorem 4,3 there oxigt integers t(i) > 0 and k(i) 71 such

Bed) . k(i)
that A~ 1 ' Py (pi - 1)
50 pt(i)+k(i) = p;(i) mod(n=1)
Dy theorem h,k, we have
t(i)+k(d 171 80 &
pi(1)+ (i) Pi( ) .
x = X (J.:‘I,...,m) °
Ilence, for every x in Ri.we have
(4 s t(i (1) . £ {3)- % k(i)
g2 JB(1)  b(4) - o B(L) P Cmq By
i . 5 i i
(x = x ) = X = 1 X x
pz(i)+k(i)

eveceesse = X

oo yil),



A

t(i) t(i)+k(1i)
= X - X
= O L

By theorem 3.4, R has no nilpolent element other than O, .

Therefore, we obtain thai.

k(i
pi(1)
X - X = (0]
k(i)
. Py
leCa x = X .
: i k(i)
q‘l 4 - r *
Thus Pl is a pi ring

To prove necesscity, assume that R is a direct sum of

peias

~

finitely many rings say IR % R, @ eeeeeeee & R, e

Since p?cl} 2 2in £ v b eran i) by theorem 4,2 there exists
i ] ] 1

a prime p such that

k(i
p_(l)— 1 P- 1 i-': 1' e 0 ey m
i
or P = 1 mod (pgcl)- 1),
Therecfore, by theorem 4,4 we have

yoo= ¥ for every y in Ri &
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T'or any X in R,

Y = (x,]' Xa, LRC xm) xiE‘Ri
xp = (x X cae x )(X avesn X ) tococc(:"' sen X )
11 21 ;_m_:__"l’ ] m 19 } 1 B
p - times.
P p
= (x1g xa g *teewey x:':

= (x“l’ xz‘ LA B ] xm)

Oy theorem 45, R ig a J ~'ring.
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