CHAPTER IX

EXTSTENCE OF ROOM SQUARES

9¢1 Existence of Room Sguares.

Theorem 9elel There exi\sts,g/%;/ém Square of side r, for all odd integers
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Pas sevecey pk are primes larger than‘g, b1, b?, evoey bk are

non negative integcrs.
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By thoorem Ye.1.3 , there exist Room Squares of sides p, for all
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i 7 3 . Therefore by theorem 4,1,4, there cxists a Room Square of
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side (p3 ST B pk ) o« OSince therc exists a Room Square of side 15,
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therefore by theorem 4.1.3, there is a Room Square of side
b b

15(p,” pE)me
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casre2, If b1 =13 b2 #1 o Then r can be writton in the form:
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T = 3(3b2 an k )
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Since 1 £ 3, thorefore ( Dy o Py e sesce oD } 51 &

Similarly to these in case 1 we see that by theore? Teleld and
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and theorcm 4.1.4 there ig a Room Sgvare of side (p2 enal 3

Therefore by theorem5.1.2, there is a Room Sguare »f side

’ By
3(}?2‘ e-.-..,’{)k‘ ) s T e

case 3 . If b, £71; b, =1« Thow o can be written in the form
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r = 5(p11 . 1)33 0coseo Pk'{ )o

since r# 5. Hence (p, .vp3J ceeaeeD . s S . 1
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Since (p,‘ o 'p3 -Qcoon-pl{ ) > 1. Hence there c¢ziste b E‘ib" ? bz egeo0o

such that b > 0 say bj

by by by by
= [l - - . . A
Therefore 5r = 5pj (p1 e Py eccseeiy o P

By theorem T.1.3 and 4.7.4 there is a Room Square »f side
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B, b3 J~1 341 k - .
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by by B Bag B b,
a Room Square of side 5p‘_j (p1 * Py oeeee 0 Pylge pj+1 ceese s Py ) = 1.

case 4. € o b1 A1, b, #1 . Then r can be written in the form
b, b. D b, b,
21 2 k i .

r = P1- Py e Pg” eeeces B where D; #3 or 5 for any i.
by
By theorem Me1e3 , there exists a Room Square of gide Ps and by theorem
b b b,
Leled there is a Room Square of side p11. p22 e o pk“ = T ,

Prom case 1 to case 4, we can conelude-that there is a Room Square of side

r except for 3 and 5

QsEeD.
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APPENDIX

Theorem A 1 If p 4is any odd prime, then p can be written in the
form

(I) » = oK 4 1 ; where k is a positive integer and +

is an odd integer greater than 1, or
k

(I1) p = 22 + 1 3 where k is a non-negative integer.

Proof., Let p be any o0dd prime. Then p = 1 is an even integer,

Them p = 1 can be written in the form

CAe

p=-1 = 2 <%t/ 3 where <L and t+ are positive integers
and t is odd .
ol
i i g t=1, 'bhenp=2+1.
Suppose <L is not a power of 2, then ol has an odd factor k, say

L=kl ',

Hence p = (Zl)k + 15 s Wwhere k is odd integer.
Using the identity

k=2

a +b = (a+b)(ak-1-a .b+.--oc'-abk-2+bk-1);

where k d4is an odd positive integer.

We have

(k=101 _ ,(k=2)1

p = (2t + 1) [2 # sansess = B B 1)}, which

show that p is not a prime. Hence ol must be a power of 2.
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That is 3§ when t =1 we can write p in the form

k
P = 22 + 1 ; where k dis a non-negative integer.

Q.E.D.
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