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CHAPTER VI

ROOM SQUARES AND FERMAT NUMBERS

k
Definition 6.1 A number in the form 22 + 1 where k is a non=negative

integer is called a Fermat number and we shall denote this number by Fk'

6.2 Existence of Room Square of side Fk except k = 0,1,3,

Lemma 60241 If there exists a Room Square of side 2d + 1 and a Room

Square of side NG o 1 with a subsquare of side 2% & 1, then there

is a Room Square of side with a subsquare of side

g8+ (m=1)a 4 o0 - 1ZHBE

Proof. We proceed by induction on m e« The case m = 1 follows

immediately from the hypothesis of the lemma,

Suppose the case m = k is true, so that there is a Room Square

patkd + a + (k=1)a &

of side 1 with a subsquare of side 2 1e

Observe that

pat(s)d o L (o) 228 4 5 (p2*(k=1)a 1)} . (2= 1

a+kd) a+(k=1)d

+ 1) = (2 + 1) # 2 or €

Observe that (22%Kd 4 1) o (22¥(k=1)2 4 1) = pet(k=1)a 54 _ 4],

To apply theorem 4.1.2 we must show that (2

Since the éxistence of Room Squares of sides 2d + 1 and 2% 1 are assuned,

hence &, d # 0,1,2 + Therefore 2% = 1 > 6 . Therefore

(28.+kd + 1) - (2&+(k—1 )d + 1) ‘ 2 0r 6 4
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Therefore by theorem 4.1.2 , the case m = k+1 dis true

Hence the lemma holdse

Q.E.D.
Lemma 6.2,2 If there exist Room Squares of sides x + 1, x = 1
and x2 + 1, then there exists a Room Square of side x2n+3 + 1 with
a subsquare of side x2 S for Ad=wl, 2, 3, sessec
Proof. Since Room Squares of sides x 4+ 1 and x - 1 exist. Hence

x must be even and x4+ 1/# 3, 51 and x - 1 #5 « Therefore x # 2

or 4 or 6 . Hence x > /6

For n = 0, 1, @pFSsrr® we define
2
SO = ¥EFt
Sn = x2n+2 L X2n+1 5 Sn_1 9 n = 1, 2, ®o0oo0 @

We can show:. by induction on n  that

_ 2n+3 i _ S - ~
(x+1)Sn = x + 1 and Sn+1 S, ” 6 for all N = 0,142,055+ =

For each n =1, 2, es.y let S(n) be the statement that there exists

& Room Square of side S = with c.isubsquares of sides S _, and x°+ 1 .

Observe that S = = (x=1) \(X+1) -1} + 1, and that .1, ~

(x+#1) =1 = x#2 o0r 6 .

Therefore by theorem 4.1.2, there is a Room Square of side

(x=1) I(x+1) -1 ] +1 = S_ .



Since a Room Square of side x2+ 1 exists and a Room Square of side

Sy with a subsquare of side 1. exists. Furthermore

§,=1 = x(x=1) > 6(6-1) ,  hence S =1 # 2 or 6.

Therefore by theorem 4.1.2 +there is a Room Sguare of side

(x2 + 1) (So -1)+1 = 8, with a subsquares of sides %%+ 1 end Sg
Therefore S(1) holds.

Suppose that S(k) is true, that iz there exists a Room Square of

side Sk with subsquarcs 0f/§ides Sk-1 and % + 1.

We observe that

N
X2k+4 W, x21{+3 3 xgu+u - X2k+1

Seer T * Pt 0
2 i 3
= (V] S = S, A9+ 8, .
So, by theorem 40.1e2 , there existsa Room Square of side Sk+1 with
subsquares of sides Sk and x2 + 1 o
Hence S(k+1) is true. Therefore the lemma holds.
Q.E.D.
Leomma 6.203 I Fk is not prime, then there is a Room Square of side
Fk o In particular there are Room Squares of sides F5, F6, F7 and F8 °



56

Proof. It can be proved by‘induction on n that
* = . * e 8 000 . W . .
{%) P Fo1° Foo Fye By Fg+ 2, for all

non-negative integers n. Assume that Fk is composite. Hence it hes a2

factorization into primes :
Fk = p,!_p2 v pt "
From a (*), we see that none of the prime factors P, of Fk is of the form

q
5% 4 1. Hence by appendrix 1. all p, must be of the form

1]

Py

Py 2qti+ 1 where ti> 1. By corollary 3.1.6, there is a Room Square

of side p, for all i. So, by theorem 4,1 .4, there is a Room Square of
i

side Fk‘.

According to{f2] it is known that F_, F6, F_ and F

7 8

are composite.

3

Hence by Lemmg 6.2.3  there are Room Square of sides F5’ F6’ F7 and F8'

Q.E.D.




Lemma 6,264

Proof.

Room Square of side 17 exist.

We prove by displaying Room Square of side 17
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Pigure 641

13,4 10,

o . _ e
This Room Square is found by R.C. Mullin by using computer searchtu>j.



Lemma 62,5 There are Room Square of sides Fz, F4 and FS -2 .
Proof. From Lemma 6.244 we see that Room Square of side F2 = 17
exists,

Observe that the following identitys holdss;

(1) T = T 4
(2) 989 = 13(77 = A))+ 1,
(2) F4 = 65537 = -67(989 - 11) + 11 .

By €orollary.3.1.6,therc oxistRecom Sguarc of side 7, 11, 13 and 67 .

From (1) and theorem 4.4.3, itEc1lows that Room Square of side 77

with subsquare of side /117 exigts .

From (2) and theorem 44142, it follows that Room Square of side 989
with subsquare of side 77, —which din tuyl has a subsquare of side 11,
existse.

From (3) and theorem 4.1.2 , it follows that Room Square of side

F4 = 65537 existse.

By theorem 3.1.5 thore exist Room Square of sides 47 and 83, Hence,

by 4e1e2 there exists a Room Square of side 3855 = 47(83 = 1) + 1

Since F5 -2 a B5537:17 » 3855.4

Hence by theorem 44144 , there is a Room Square of side F5 -2

QeE.D.
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Theorem 64246 There is a Room Sgvarce »f ride Fk valere k = 0,1 , 3

Pronf Lomma 64243 and 6425 garantce the oxirtence of Room

Sgvarc of sides F2, F4, F5, FG' F7 and F8 .

Hence we neced only to discussytho caro k> 8 .

Let x = 232, hence Fk = x4(2ﬁ—7) +1 o The case F6‘= x2 1y

F5 =X + 1 o and F5 -2 =X =1, #n0 from lomma 6.2.3 and

642.5, thore arc Room Squéro of pide x2+-1, X417 and x -1 o+ 82
2n+4-3

by lomma 6.2.2 thorc is a Rosm Sguare of gide X -1 with a

. 2
svbeeguare of side x A A/ for n 20,

Lotting a = 64 and d = 64n + 32, in lemma 6.2.1 we reco

264n+32 N

N
that the exigtonce o»f a Resm Sgwarc of gide 2% 31 = 1

d - 296 + 64 n

PR +1 and a Room Squarc of side 2%T% 4 ¢

+1

264 2

203
X et ¥ =X +1

+1 with a rvbsguarc of eide o + 1 =

implics the oxirsteonce of Room Sguarc of gide

64 { ‘ + (204 1
patmd . = 2% + 1;11(6.6111-1'32)'+ Sor 2 (2041 )m £4 fowms B,
a . 4o+ ), .
In particvlar when m = 2, the Room Sgvarc of ride x - Hlexiste,
Since there coxiste a Ronm Sguarce »f side x2n+3 +1 with svbergvarc

) 2 : :
nf eide x° + 1 for covery n 2. IHence thoere oxiste a Room Square

2(n=-1 )43 201

of eide x +1 = + 1 with svbeguarc »f ride x2 + 1

2141
+

for cvery n > 2. 8o the oxistence of Room Sguare of side x i

z 21 2 ! 2
and a Room Sgurarc »f gside x +3 + 1 with a svbesgvarce »f side x + 1
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. n+ -
implies the existence of Room Square of side x4( 1) +1 forn 7 2.

Since 257 = n+ , hence plied % 3, that is k > 9.

Therefore there is a Room Square of side Fk unless k =0, 1, 3 o

6.3 Existence of Room Squarc of side F3 = 257 .

Theorem 643.1 SuppoSe /tHere ig-a Room Square of side r with a

subsquare of side s ; where xr -"8¢ #£ 2, 4, or 12 , Then there is

a Room Square of side 5(xr=s) + 8 with subsquares of sides r and s

Proof. Observe that-if r = s, we have 5(r-s) + s = s « In this

case the theorem is trivial., .Hence we assume s < r ,

Let 3?%1) be a Room Square of side r with a subsquare }Q&
of side s. Since r and s are odd integers, hence r = s is even.

Let us write r - s = 2n, where n is a positive integer.,

We may assume that xﬁé1) is standardized and based on39,1,2,....., 2n,
2n+1y eeeey 2n+S E and 7;& is based on %o, 2n+1yeccey 2n+S 3,

l.b 2 - 9 P ~ i .L'\‘_’ 1)
wnernce XQ! occupied the last s rows and the last s columns of v %y

hence we may rcpresent \52('1) as follows @
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(2)
(1)

Figure 6.2

(1) .(2) .(3)

where A* "', A s A are some arrays.

. *
We shall build a Room Square X, ~of side S5(r-s) + s = 10n + s

vased on § = 90,10,20,..(2n)0,11,2 ..,(2n)1,.;...1u,2h,...(Qn)h,2n+1,..,2n+s}‘

( 17

~ “ ik il
Let &, = 10, 2n#1,...,/20%8/F ‘et R £ 11s2, 000 2n"§ and
¢ e L 1

for i=0,1,2,3,8 1let Ri g li, 21?..., (2n)i g -

For each J = 1,2,3, let us construct arrays A(g) -

i = 0,1,2,3,4, of the same sizz as that of A(J) as follows :=
5 X, if 04x &£ 2n

Let gl(x) =
1. X otherwise.

“

(3)

For each j = 1,2,3, whenever { X, ¥ % occurs in A

%gi(x), gi(y)}- in the same position in Agg).

we place

~

Since r - s =2n # 2,4, or 12. Hence n # 1,2 or 6. Therefore

there exists a pair of orthogonal Latin Square of order n.



Let P and Q Dbe a orthogonal Latin Squares of order n based on

1’ 2,...,1’1}:0

{\.\./ ~

{ =% if 1 41 £4
Let hi(x) = ;!
(x4n), if 8 £4 %9,

“d=5

For each i ; 1 <¢4i 479, 1let P, Dbc obtained from P by

replacing every entry x by hi(x) o—Similary for Qi be obtained
from Q as the same fashiors

For i, J = 1y eesy H /HdT Lij be an n X n array obtained by

\

replacing cach entry {x{ F)iiof (Pi' Qj) by X, y-?.

We now arrange all the arraeys i 8 Lij ' 8 into a new array

%0
?k“ as follows :




Loy L3g AT
A(1 ) A(.z )
© g L3y Liol |Bgg | O
47 40 Yoo ITso| P23 |y
L - 1 L % A 1
29 58 04 Lyq
Lis o3 1y 19 Lsg -
L L A2 A5
_ 89 35 Li6|  [Foq
['26 k'09 I‘14 - L57
A(1) A(2)
Ly7 Lys Tso 3 oz 3
C13 L8 o6 Los (1) (
A 1 A i)
bag Log Lys Lo7
(3) (3) (3) (3) (3) )
A A A A A
0 1 2 3 4 R
Figure 6.3

We shall show that R* is a Room Square of side 10n + s based on S.
* *
It is clear from the construction of )}J that each cell of }Q that

each cell of Y«t may be empty or contain two distinct elements of S,

%
Next, we shall show that each row of )Qd contains all elements of S

precisely onces



Let 1 £ 1 £ 10n + s. Let a be any element of S We claim that a
appears in row 1 precisely oncece

First, we consider the case 1 4 i < ne Assume that a €R,UX

A(1) A(2)

SU—

We first observe that the array K is the first

|
|
1
!

2n  rows of‘dQ,,Therefore row i of K contains all elements of

Rﬁ’&:= iO, Ty 25 ooy 2NEVHNJ/ A0 o 2n+s_% precisely onces Using

(1) (2)

this fact together with the definition of A o A o » We see that

I T

¥ :A<(1)) 4(2)l

row i of the array K = 0

NN Y

contains all elements

of RUY = %O, Tos 24 fenes (2n)o, 2041y eoeey 2N+S } precisely once.

Therefore cach element of. RUYZ = ;0,16,20,..., (2n)o 2n+lye0ey 2048 1

%
appears precisely onceiin the row i _of 3;1 o Hence a appears in row

% -
. \\f . 4
i of X o Now, if a ¢ Re\J Y o then a € R,U R,U R3U R4 5

Assume that a € R Therefore 'a'='x, 35 where 1 £ x £ 2n ,

g 1

% - : . i .
By the construction of L18 from (11, QB) we see that row i of L18

contains a = X

1 where 1 £ x & n precisely onces By the same

contains a = X, where n £ x £2n

e

recason, we see that row i of L67

L contains all
1

l

{
precisely once. Hence row i of the array ] L67

\

elements of R1 precisely once,
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e sbrerve that a = x1 can not appecar in L and L becavee the

24 39

b & . § eodh A Lo ;s € " }
entrics in L24 and L39 are of the form { Xo y4.%anc [X39 (y.n)4

regpeectively.

Therefore a = x1 appears precisely once in vouw i of XQ N

By the same arguments. we shall show that if a = x2 N a = x3 nT

i A

a=x a will appear precirely once in row i of }2 a
4

Therefore a &€ S appears precisely nnce in row i of ﬁe

By similar argument, it can be seen that what we claim holde foxr the

case nd<¢ i £ 10n.

Now, assvme that #0n/'{ /i £ 10n + §¢ Row i is one of tho

~

~% s
last & - roue of R . We first observe that the array S —{ A(B) %

1
congigte of the last ¢ — row of ?2") ¢ Therefore cach row of S
$3 ~
containg all clements of RuUdls {0,4,2,..., 2y 2041 jevesy 2D4E &
precisely o~nce. Using this fact together with the definition of

A(i), i=0,1,2,3,4, we ree that row i of the array

containg all elemente

S IE BN I EE R I B

of S précisely NNCCe
Therefare row i ofifa containge all clemente of S precirsely sance,
Similar pronf is appied to columne.
It remaine to be shown that every uvnardered nair o»f elemente »f

S appears precigely snce in )QL
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Let u, t be any two distinct elements of S « We shall show that

. = X . *
$uyt %must appear in some cell of L e
! "

If one of the element of {u, t% is O, say u =0, then t = Xi where

1 £&x £$2n; 0 44i £ 4 or t=2n+4+2z for 04z <s,
If + = Xi s then glu, t % = «(,O, Xy 2g appears in some cell of A(;)
which is a subarray ofﬁ. Therefore '::u, t )\( = }(O, X { appears in
) b
X

gsome cell of ‘Q °

¢ : > ) -
if + = 2n+z , then ‘tu, t l = 5;O, 2n+yZ ¢ appears in some cell of 2‘3

) f

which is a subaxray ofﬁ s [ Therefore )r_u, T ;= )O, 2n+z l appears
0 E B

in some cell of 'ﬁ .
If none of the element of 21_1, ‘b% ¥s Oy then u = x, or 2n + Z,

and t=yj or 2n+z2 where O-< 4,0 ¢ 4 3 1 £ % ¥ %= 2n

and04z1)22:~s.

kg u o= x, and t=yj; where, 1 4 /Xy ¥yvé n , then (s,

appears in L:'Lj which is a subarray of b: « Therefore su, %

N
appears in some cell of )’{.
v

If u=x, and % = s o8 where n { x, y % 2n then

Y _ , g nich is LY.
u, t ¢ = )lxi, yj % appears in Li+5 345 which is a subarray of }v .
Iherefore tu, | ) . »
Therefore 1u., t e §xi, yj | appears in some cell of YD e

¥y b where 1 < x <& n and n { y £ 2n 'then

If u=x, and %
a

s
uy b }T = E(x., yé } appears in Lij+5 which is a subarray of}‘;?_/ .
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Therefore {u, t‘?j = %xi 4 ijK appears in some cell of X o
IT v =x. and + = y.; where n < x £2n and 1 £ y £ n, then
i >
¢ S . T IR ;
v t% ._(14». g appears in Li-:-5 j which is a subarra.y of K &

Therefeore SLU, t% =$‘xl, y ]}appenrﬁ in some cell of‘b?
If w=x, and % = 2n+ zpwhere 1 £ x £2n and =y » O, then %\u, b )gz“in,QerQ}

(2)

appears in fxl) or A wvhich arce subarray of R.*. Therefore
{u " 't}=%xi 721”*22} appears in gome cell »f ‘@*
If w = 204z, and t = yj wvhere 1 4y & n and z, 7 9, then
{u ,t} =% 2N+ %y 4 yj} appéars in Ag.') or A‘(_jg) which are subarrays
of.“@*. Therefore iu . ‘tlj .----(1231-:-2.l \ yj% appears insome cell of Ry’.
If u =20+ zy and t = 2n47p where Zg 3 Zp » O, then
{ w t} = §2n +Zy g 20 ¥ 22} appears in R.vvich iv a subarray of'\g* "
.Therefore ftu ' t}:iQn +%q 4 2D +22} appoars in some cell of W
Therefore every vwnordered pair of elements of § appears in }f‘at least onge
New, we shall that each wnordered pair of elements of § jppearg at most
once in \K .

Since each A(’) and A(Q) together containe .lz (204 5+ %)
pairs per row. Hence Agi) and A§2) together containg % (20 +s +1)
pairs per row., Lach row of Lij contains ©n pairs. Bach row of Ags)
contains %‘ (2a) poirs and‘z—;-z containg %( s + 1) pair per rov.
Sn, the number of pairs 1n)Q is

10n.[ %(213 +5 + 1) + 4n] + 8 Yl(s + 1 )+ g (21’1)}

- 2 a 2 1
%k20n + 10ns + 10n + 30n ]4. %[s + & + 'LOnsl

. i;(;on-ys].(mn + 859

This ie precisly the nuvmber »f vnardered Pair which can be formed from S,
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(@)

) : . . . N
0 eacil wnordeved pair of elements of 5 avrears at mogt once in )Q, &

* .
Therefore ) ir a Room Sguare of ride 19n+r and based on S,

Lf&ij ) AAEZ)

Finally, observe that subarray l (3) . and W are the
A

*‘2’

reguires subsguvares of ecider v and g o
b

Therefore the theerem follows,
0.E.D

Lemna 6,3.2 Raoan Sguare »f ¢ido 9 exists.

Pronf We prave by displaying Reom Scuare of side 9.

0,1{6,9(4,8 5,7] 2,3
3,4(0,2(7,115,9 6,8
7,9 14,5 0,3 (8,2]6,1
8,1 (5,6(0,4|9,3(7,2
9

-
L]

6,7|0,5|1,4(8,3

143|748 (0,6

2
2.4 8.9 0.7 3’6 1'5

FPigure 6.4

Mhie Noon Sauvare is found by R.C. Mullin by veing conputer roarch[TO }.
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Corollary 6.3.3 There exists a Room Square of side 257,
Proof. By lemma 6.3.2, there is a Room Square of side 9 with subsquare
of side 1. By Corollary 3.1.6 , there is a Room Square of side 7. Hence
by theorem 4.1.2 +there is a Room Square of side T7(9 = 1) +1 = 57,

with subsquare of side 7. Therefore by theorem 6.3.1 here is a Room

Square of side 5(57 = 7) + 7 = 257.

Therefore the Corollary follows s

Q.E.D
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