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CHAPTER V

EXISTENCE OF ROOM SQUARE OF SIDE 2n ;3 =n > 1

5.1 Existence of Room Square of side 3n ; n 3t 1

Lemma 5¢1.1 Given a Room Squave 7}.-1 of side r 3 where r = 2s + 1,
there are s permutations 1.’,"“}/1, (:éz, “”";/;s of 3‘1, Oy wwag B /3 with
properties that

(1) k ?Si =/ k ¢JJ neversoccurs uwnless i = J,

(11) CE; kjf‘i) cell dsdempty for 1< k ¢r ;3 1 £ i £ s,

Proof Let M = (a,.9) where
£
C il (3577 6811 of Y is empty
a.. = 4}
T
~ O s otherwisc .

M is a matrix of zeros and ones with every row and column sum

equal to S .
{

So by theorem 5.149 of f1 1 M is a sum of.s permutation matrices, say

M = P1+P2+..OO+PS.

For each i = 1; 2; aesy s, let (;51 be defined by putting kg/)i s .1
ifam&mk}iaf(k, 1) entry of Pi is 1 « Then {]i\'i are permutation on the

set 51, 2, seag I g.
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If k(f)i = k ,¢3 for some i, j such that i £ j, then Pi and. P,j
would both have 1 in position (k, 1) ; where 1 = k/l = K?/J 5

so M would have an entry equal to 2 or more,

Since for each k, 1 < k £ =, the (k, k/(?i) cell of P, equal to 1,
hence the (k, kg,ji) cell of M is equal to 1 .+ Therefore (k, k/d/{i)

cell of 1’32 is empty for 1%k 4w, 1¢41i ¢ s,
Therefore the lemma follows.

QeE.D.

Theorem H5e142 If there pxists-a Room Square of side n > 1, then

there is a Room Square of<gideé 3n,.

Prootf, Let \)T“ be a standardized Ruom Square of side n Dbased on

¢
.-:O, 1, 2, eeey B (e
4 J
For i, J €& i,(‘], 2 B \, we defincd 3\113 for the array formed

from 5—2 in the following way

{41) delcte all diagonal entries ;

¢ 7 e )i
3x, ypoof §2 by §xi, ¥ ¢ .

S

Let Q§ be a permutation that satisfies the condition (I1) of Lemma 5.‘1.1 °

(ii) 4if x 4 y replace the entry

Let 2;(\1? denote the array obtained by carrying out the permutation géon

V) . a v S N
the column of 5<ij 3 iee column k of \"gij becomes column k.// of ’{1’? o



39

Let \;f, be the 3n x 3n array whose n x n subarrays are displayed

as follow :

Ry

Ry

&5

el

K

R,

&

R-IQ

R¢

Ry | R

Figure 5.1

2 :
Let S =%0, ‘I,‘, 21, cees B, 12, s e Dg, ’13, n3 )L Since
~)
k“ is obtained by deleting /all diagonal entries, hence O, i,‘ do not

™ 4
appear in the ith row of 1;2,,‘ e Ry the same argument, we see that

0, i, do not appear in the PRASROR P k?E' Since the 1P row of 7\,2?
9
and \kzg consist of the same set of elements, hence O, 12 do not

o=
appear in the ith row of }\“55 g

Y7 A
Similarly, we see that 0, i, do not appear in the ith row of "&% .

i row of

3

Therefore elements (O HEH ‘amd i1, do not appear in the 1

351500 3
{ where 4 & i £ n.

By the same arguments, it can be seen that 0, i

1° 12, and 13 do not

appear in the (n + 1)*® row ana (2n + 1)*® rov of L
e s
Let . be the array obtained from X by placing
10, i, 5 in the (i, i) cell of ¥ ,
.z . '} . . < \/
11ss iy in the (i, 1(,‘0) cell of L ,

fo, i, }

110 is 7 in the (i+n, i+n) cell of  ,

J

in the (i+n, i(fﬂn) cell of i, )
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io, 13‘% in ‘the (i + 2n, i¢+ 2n) cell of i;
{iv s 1 inthe (1 +2n,4+2n)callor ¥,

for all i = 1.2, #iks B

¥
We shall show that \o‘é is a Room Square of side 3n based on S,
% . “
It is clear from the construction that each cell of z is empty or

contains two distinct elements from S

; w # .
Next, we shall phow that each row i of f, contains all elements of

8 precisely once, This will be done in three cases;

case | 1 441 &1

We shall show that for all s & S, there exists a unique 3 such

¥
that s is in the (i, 3j) cell of » .

*
case 1.1 If s = 0 or i,, then s appears in the (i, 1) cell of £ .

1,

] *
case 1.2 If s = 12 =32 13 then & appears in the (i, 3¢’) cell of £ .

case 1.3 If w # O, i, then there exist x # i, O such that

13,

s =x, or 8= X5 or s = x3. Since R is a Room Square, hence x

appears at least once in the ith row of R . Since x #1i, x is not 2

diwwnaﬁ entry of Q . Hence if s is x1 or x, or x,, it must appear

2 3

4 '3
in the ith row of R“ or Rég/ or }2?’3 respectively, Therefore
* .
every element of S must be in the (1, J) cell of 3, for some

3 1 &35 & 3n

-~

Next, we shall show that each element of S appears at most once in

*
any row i of X, 3
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It can be seen that O, i,, i, and i appear precisely once in

2 -

1’

each row i of i/ « Therefore, we only need to prove the case s = x1,

s =X, and s = Xq where x #i e Let s & S be such that s # O,

11, 12 and 13 °

o sk
Suppose that s appears twice in row i of Z 3 therefore there

exist Tpr %0 €s and 1 £ §/h/yi ¢ 3n such that

i S, yk_} and i Sy 7y % are in-the (i, j) cell and the (i, j')

%
cell of ./ respectively whéwe 3 # " .

{ 3 ) i ¢ B
then .s, ¥ 1 andd) s, z,vy must be of the form iX,, ¥.¢
I L i 1 L1 12

1’

y
N

3 Theretore, they must appear in the 1 - row of 2§a1°

< Hhy - . ’ o 3
Hence the i ~—~ zrow 01’3231 contains x1 twices, From the definition

of %&1 this can happeén only if x appears twice in the i o row of

&3 which is not possible. Hence we have a contradiction.

& { 4 { )
If s X5 then }s, I { and Ls, Zl\% must be of the form ?xz, y2}
andl%xz, 22; . Therefore, they must appear in the ith row of7%§§ .

Hence the ith row of-xgéé contain x2 twices From the definition

o wQéé s this can happen only if x appears twice in ith row of}Q}

which is not possible. Hence we have a contradiction. By similar

argument if s = X3’ we can show that s can not appear twice in row

UL
’ i
i of b 3

-
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case 2. n £3 L&

/

Since n ¢ i % 2n, hence we may write i =n + i' ; where

1 ¢ i' £ n. We shall show for all s & S, there exists a unique

j such that s dis in the (i, j) cell of :;(:*

case 2.1 If 8 =0 or 4t then s appears in the (n + i', n +i"7f§ )

2’

*
cell of =

case 2.2 If s =4i' ori'.), thenm s appears in the (ni# i, n + i')

a3
cell of

case 2,3 If s £ 05 iy Aty and i'3 » then there exist x # 0, i’
such that s = X, or g/=/XA0F (s =X_ .
1 &) 3

Assume that s = x

. Yy 2 . ,Th
Since R is 4| Room-Squaxre, henée x appears in the i' row

-

of R. Therefore there exists' a # x  such that %a, x'; appears in

. yth :
the 4i! row or@ Since | x £ &, then' 'x < a or a<x.

If x < a, then the pair }x a ’, appears in the i'th row Ofﬁlza

3 T2

R R i
39 X, ?e) appears in the i' row ofp31 .

If a < x, then the pair }a
{ 3
Hence, either p,' or % must contain x in the i'.';h row that
¥ 2 1 1 = .
* °
is s = x, appears in the (n + i', j) cell of ¥ for some Jr ¥

1

Suppose s = X, e Since XQ« is a Room Square, hence x appears in

the ith row of }% Therefore there exists b # x such thatg, X b73

appears in the i'th row of R Since b # x, hence b { x or x < b,
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If x < b, then EL‘XZ’ b3

S ad

appears in the i'th row of &3.

b 7 appears in the i'th row of .Riél} .

Therefore %XZ’ 3

If b ¢ x, then l‘,.'b,l, x appears in the 1% pow of paz N

1
2 3

Hence, either or K/ ¢ must contain x., din the i'th TOWoe
e 2

By similar ergument if s = x we can show that s appears in the

3’

-

. 5 / /
(n + b j) cell of i foxr somek~)1 i 7 S 3n .

Next we shall show that each/element s of S appears at most once

< . * i L
in any row i of ¥, ./ T4/can be seen . from the definition of ;C

that 0O, i', 1'2, and 1'3 appear precisely once in each row i of

and i'. .

E
I/ o So,.we only nced to prove the case 5#’0,3‘.'1, i'2 3

Let s €& S be such that—s#0;, i',’, 1'2, :i.’3 « Hence there exists

Xx #0, i' such that s =x, or s = x

1 or S =X °

g 2

; *
Suppose that s € S appears twice in row i of Z/ s therefore there

exist ¥ €S and 1 £ 3, 5 3' % 3n such that

Kt 21

7 7

< \ / 5 X 7 : . ; 2
108 ¥y g and ¢, Zq -/< are in the (n + i', j) cell and the

¥
(n +1i'y, 3') cell of . respectively where 3 £ ' .

T _ . £ ) )
f s Xq o it follows that s appears in fV31 or ﬁm » Hence

55

there exists + # x such that jx, ‘b')z appears in the i'th row of’p,.
] {

~

Since x A%t , then x £t or ¢+ {x ..
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If t { x, the both pairs gs, yk‘i and % S, zl% must be of the form

Eé
Since we only consider the case s = x,, therefore %s, yk‘zg and

%s, z % must be of the form %x1 o 7) Therefore they appear in the

" row of R . Hence i’ L row of \R'31 contains X, twice. From

the defimtlon of R this can happen only if x appear twice in the

.

th

g row of \u'/\)_ , which is not possible. Hence we have a contradiction.

By a similar argument the supposition x { t also leads to a

contradiction.

By similar arguments if s = X, or s = x3 we can show that s can

*
not appear twice in row i of :f, p

case 3 2n {i £ 3n

#
By similar arguments we can show that each row i of X

contains all element of S precisely once.

#*
Therefore each row i of X, contains all elements of S

precisely once.

o 3 *
Next, we shall show that for each j, the J* column of .f
contains all elements of S precisely once. This will be done in three

cases.

case 1 4 £ 3£ n

e

We shall show that for all s & S, there exists a unique i

*
such that s is in the (i, j) cell of X .



If s =0, or j1, then s appears precisely once in the (j, J)
cell of 7 .

If s = (j;§—1)2 or (j¢JN1)3, then s appears precisely once in the

(j‘¢-1,, j) cell of‘Qf "

It remains to concider thke cascs wherce s £ 0, jJ, (jﬁ>-1)2, (j¢1-1)3 -
Therefore there exists x £ 0, Jy/ 6dch that s = x1 or there exists

x £ 0, jiﬁ-l such that. e =x,/ or there exists x £ 0, jg§-1 such

that 8 = X.
LK

We first show that s appearsiin the (i, j) cell of 7 for some i ,

I£f s=2x where x # 0, [ s®&dRen there exists b # x such that

( B il il O " I 1 i

Xy b t is in the j column of }ga_ Hence % Xys b1( appears in the
\ ; )

89

jvk column of3%31 ° Thexcfore s = x1 appears in the (i, j) cell

Y e . s s
of or soile 1 ¢ 0 At
PR T i /,/,1\ w80 V4
W) B ool
If s = X5 3 where x # 0, J ¢ ’ then by a similar argument there

. , i . ,=1 th k
cxists ¢ # x such that %x, c; is in the J column of ):%
) i

Since x £ ¢, nence x < ¢ or c¢ < X.

- { f i . 2 =1 th

o P P o
If x £c 4 then ixz, 03 ¢ appears in the JQ column 01)§%3 o
Therefr:a %ng cy % appears in the jth column of }%ﬁ? "

(o] % appears in the j¢>-1 o column of }J s

If ¢ < xo then %xz, 3

Therefore

~n

X,y C } appeafs in the jth colum of X/ .
e 35 3
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Hence either jgééb or'}Q5§f’ must contain x, in the jth column,

2

- . - - . \ * . o
that is s = X, appears in the (i, j) cell of ;i for some i ;31 £ 4 £ 3n

: - . s A=
By similar arguments if s = x_ where x £ O, agﬁ s We can show

3

¥
that & = X4 appears in the jth column of QL

Next, we shall show.that s # O, 3qs (3;9-1)2 " (3/6-1)3 appear at most once

i column 3 ofiif e That is we only consider the cases s = %y where

x #0, j and s = X, where /x # 0, 3,5-1 and s = %4 where x # O,

. (=1
id .
.L‘_\ \ *
Suppose that & appears ‘twice in the j"“ column of;{' s Then

therc exist o z14; 8/ ad@ONA s g A 3n such that i # i' and

4 Bg i é and 2_5, Zy ﬁ appear / in‘thHe (i, j) cell and (i', j) cell of
*
7/ ~respectively.

I¥f 8 32X then the pairs zs, ku% and

~AGB,

g L
4 S, Zl% must be of the form

¢ i C 7 ) : g
{x1, y1z and ;x1, z1 ( respectively. Therefore, they must appear in

the jth column of );31 .

th

Hence the column of 2&%1 contains X twice, From the definition

1

of 11° this can happen only if x appears twice in the jth column of

}Q? which is not possible. Hence we have a contradiction.
s o ;
1f § = x2 s it follows that s appears in }2%%> or )Q;? o Hence

there exists »- # x suct that 'gx, %,} is in the jgﬁ—1thcolumn ofﬂz.

(O

Since X #y, hence x <{» or » { x .



LT

]

If x < r, then the pairs ‘ts, Y 7 and "{s, zl—{; must be of the form

-l / "-: ) -
{ x2, r3 , or 1 x3, r2 ;. Since we only consider the case s x2,

{
1

- must be of the form 'l;xz, r3 (;-

Ho .
Therefore, they appears in the ,jgb-,‘ column of };{23, that is in

therefore both l Sy Yy / and EL s, z

' . 5 b . .
the ,jth column of '}\2? . Hence Jt} column of pg’? conteains x?

twvice. From the definition of R% , this can happen only if x

appears twice in the jqb"‘ R column of 7@ which is not possible.

Hence we have a contradiction.

By a similar arcument the supposition r ¢ x also leads to a
contradiction. - Ry similar argument if s = X3, We can show that
‘ *

4 4 th
s can not appear twice in the j column of ,Z .
case 2. n <3 < 2n

We shall that for all s & S, there exists a2 unicue i such that
%
s is in the (i, }) 'ecell of .7 . Since n { j £ 2n, we may write

j=n+3’ where & 3" ¢ n.

If s =0, or (J:?ﬁm‘ )2, then s appears precisely once in the
- ' *
(j/¢ 1'+n, j’+n) cell of \“{ .
If s=3', or J;, then s appears precisely once in the (3 +n, J,+n)

-
cell of ';f .
It remains to consider the case s # 0, ,j’.l, 3'3, (J'¢")2. Hence

there exists x # 0, ,j' such that s = xl or there cxists x # 0,

3" such that s = x. or there exists x # 0, J'¢‘—1‘ such that s = x

3 2°
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3
We first show that s appears in the (i, j) cell of for some i .

If s =x, where X £ 0O, j;f-1 , then there exists k # x such that

) el /7 &
ik, X % appears in the j'¢3 1 tﬁ' colunn of ?Qé Hence 3-k2, x. ¢

-1th

appears in the j'4 column of ) s that is in the J° ik column
22

of Rg :

If s =x, ; where X # 03 3% )y//Apen there exists e # x such that

?x, e E is in the j'th

column of-)g Since x £ e , hence x < e or

O<X.

4 ( :’, o | |
If = <&, Tthen 3 x1, 93 { ;@ppears in the j' th column of bgaB °

5 ~ \/ - . . < p i
If e 4 x, then y ey, X, % appedrs in the j' th column of ]ﬁ%1 .
Hence, either 1%53 or.¥%1 must contain Xy in the Jj' th column,

X
that is s = x, appe&rs in the (i, j' ##) cell of Y for some

1

iy 1 43 % %0,

By similar argument if s ='x, , we can show that s = x

3

appears

3

. 3 % %
in the ath columnn of e

Next, we shall show that & # O, j'1, j's, (j'gﬁ-1) appears at most

2

%
once in column Jj of ;i e That is we only consider the cases s = x1

where x #0, j' and s = Xy where x #0, J and s = x, where

X # 0 (] JL¢-1 L]

*
Suppose that s appears twice in the jth column of 7 ,

then there exist y , =z, & 8 and 14 i, i'< 3n such that i # i' and

K’ 1
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38, Yy 1 and s, 7, ’eppear in the (i, j) cell and the (if, )
" 7 Lif o

*
cell of \{ respectively.

If s =x, where x #0, ] ;[71, it follows that s appears in }{Zg‘ "

-1

¢ " 1
Hence there exists P # x such that 7Py X [ appears in the j'(/“/ th

column of)@. Since x # p , hence x Z p or pL % 4

A

If x “p , then the pairs . .7'e4 Yy and

Qf:s, zl"/gmust be of the form
(. . Yong
758 Ig Y8 {30 By

WS

respectively.~ Therefore, they appear in the

ik ¢1j;—1 th column on@Zz, that is in the j° L column of )ng o

Therefore s = XZ appgars twiece ' in the J' th column of )@{QA s

: . : " .q /=1 .
this can happen only if /x l\@ppears twice in the Jj'lo th column of

j?, which is not possible & Hence we have a contradiction .
By a similar argument dif p { x alsqg leads to a contradiction .,

If s = x, where X #0413%, it follows  that s appears in 5-"/.31

or \1\33 o« Hence there exists a4 # x 'such that itx, dﬁi;is in the
j* th column of }l. Since x # d, hence x £ d or 4 £ X.

e

CIf x £ d, then the pairs '{rs, yk ') and %.s, zl'*g must be of the form

"\'.!?x,], d3]§ oxr :EXB, d1 (f . Since we only consider the case s = x1,
then $Ss Yy ¢ and 18, zll{ both must be of the form Lx‘], d3 5 =

Therefore they appear in the J' th column of 7.’\')13 e Hence j' th

%) g ~ s N S i “
column of;).{13 contains Xy twice. From the definition of ){13 %

this can happen only if x appears twice in the j' th column of'\)‘;f .
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wnich is not possible. Hence we have a contradiction.
By a similar if d < x, it also leads to a contradiction.

By similar arguments if s = x where x # O, j' we can show that

3

R ]
S = X, can not appear twice in the jth columm of I

3

case 3. 2n < j £ 3n.

By argument similer to . those in case 2, we can show that for
all s & 8 there exists a Unigue i such that s = (i, j) cell
5 gk
of 7,
1t remains to bé ghown that every unordered pair of elements

& W Ly K
of S appears precisely oncefam~ il

Let s, t be any two.distirnct elewents of S « We shall show that

gs, t 2' must appear in sgme cell ofz* >

If sor t =0, letus assume that is'/=0-. Since t # s hence

t=xi for some (AHE|NL 2YGEHOEMA JRIYERSKE Y

g < i *
If i =1, then {0, x, ! appears in the (x, x) cell ofi .

1
1f i =2, +then %O, x2—5; appears in the (x + n, xgé-l- n) cell of x_* o

1f 4

4 D ) *
3, then {0, x,1 appesrs in the (x + 2n, X+ 2n) cell of L. .

If s £#0 and t #0 +then there exist x, y such that x = x; and

t=y%(where 1¢ 4, J £3 a.nd1$x.,y5"n.
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case 1 X =Y.
®

Since s # t hence i # j.

N

If i=1,; 3 =2, then the pair lx1, X, ; appears in the

¥
(x + 2n, x + 2n) cell of L .
If i=1; 3 =3, then the pair {XP x3 % appears in the

X *
(x + n, x + n) cell of oL .

If i=23; J =3, then the pair ?xz, x3} appears in the

(x, xB) cell of .7, *,
case 2 x #y.

Since s # t, hence’ i # J or i = j.
case 2.1 i # J

Since x # ¥, hence ix,y% appears in some céll of }2

or )Q,.¢ .

J iJ

i

s . )
Hence ixi, V. 75 appears in some cell of Y\.
a' > &

case 2.2 i=3j

Since x # y, hence %x, y'IS appears in some cell of 72
Hence ixi, y,j’]S = %xi, yi’}; appea.rs. in some cell of Qii or Rg
where 1 £ i 4 3. Therefore every unordered pair of elements of S
appears in i*.
Next we shall show that each unordered pair of elements of S appears
at most once in z *,

Since each row of ]{ contains j2— (n+1) pairs, hence each row of 5%1

J

- SN ,
or J{¢ ; where 1 £ i, j £ 3, contains = (n=1) pairs.
¥ 2
# : .
To obtain :C , we insert 2 new pairs of elements from S
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in somec empty cell of each row of ;Zi.

Therefore each row ofikf* contains 3-{% (n - 1) } + 2 pairs .
Therefore the total number of pairs in ;{$ is
3.n[3é{:-;-(n-1)~)5+21 - 922- 9g-t-Gn,
= % (9n? - 9n + 12) ,
= % e3n (3n+1) .

This is preeisely the number of unordered pairs which can be formed from
1

elements of S, so each unoédrdered pairs of elements of S appears at

C mg ok . "
most once in J , Theréfore ;é 4Ys a Room Square of side 3n based on S .

Q.E.D.
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