CILAPTER IV

A RECUREIVE CONRTRUCTION

4.1 Construction of Roor fquare of side v, (v~ v,)+ v, from
o o B < oS Vgt N T8

a Room Square of side Y4 and a Room fquare of side Vs vhich contains
]| fe 4 Locd o f

id r = 2.6,
a subs_ﬂvuare of side v, vhere v,- v, % 2.0,
Definition 4.1.1 Let R be a finite set. /In arrav L based on a set

R is said to be 2 Latin Squ@r_e if-everv memkter of R appears vrecisely
one£in each row and once in/ each column. The numher of elements of T

will be called the order /of /the Latin S%uare.

Suprose that L'= “ii) and M = (mﬁ) are tvo Iatin Tounares of
same order. We write (I4M) to @enote the array vhose the (i,3) entry

is “ij’ m,. ). Tvo Latin Srbuares T, ¥ _are called orthoronal if all

s I

entries of (L, M) are distinct.

Theorem b, 1.2 Supnose there exists a Toom fcuare R,\ of side E g

Room Sc‘uareR? of side v, vith a subsquare R , of side v, such tVat
= J o

2

n=v,- vy # 2 or £. Then there is a Toom Seuare R of side
[ 4

v = v.‘l(v - V3) + v

2 :
with subsquare isomorphic to Rq ,'R,p and R,, ,
Froof. Assume that ﬂ'l is standardized hased on %D, 1,?,...,\{1 }

Let R > be a standardized Room Sauare hased on ikn, Vs Putnanlia¥ 5004 ’V‘o);.‘. .

Ca

We nelabel the objects so thatR,, based on {O, n+l, n+2,...,v, ?
% | & - 3
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and then reorder rows and columns so that F23 occupied the last v3

rows and columns of 532 as follbws

I o] o

A

AT | Ry

I

R,

Figure 4.1
Since n # 2,6, by Theorems 13.2.2 and 13.4.1 of [1], a pair of
orthogonal Latin Squares exist.

Let L and M be a pair of orthogonal Latin Squares of order n based

ondds 25 ssews B %. We arrange the first column of L and M to the

form (1, 2, ..., n). For each i, j = 1,2, ..., vy, where i 4.

let Li be the array obtained from L with each entry x replaced by X, .

Similarly, let M, be the array obtained from M with each entry x

J

replaced by XJ'

Let Zi be the array obtained from (Li’ MJ) by replacing each

J

' ~
ordered pair (Xi’ yj) by the unordered pair }xi, yj<~.
Now for each J = 1, 2, 351 = 1,2, cess Vs let Agg; be obtained

(3) (3)

from A by replacing the pair gx, y% in A by %gi(x), gi(y)} §

where

x s if 14 x ¢ n
gi(x) =

x s otherwise.
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We shall construct a Room Square ]QL of side v Dbased on the set
S = :I: O, 11, 12, ecey 1

V’21’ 22, scey 2V, eo0o0 0 g n.]’ ®0o0 e g

1 1
2
nv1, n+ly N42, eeey Vs 3,

which consists of v + 1 symbols.

We first convert.62ﬂ into nv, X nv1 array'}g by replacing each

of its cells by an n xn array. An empty cell is replaced by an empty

1 X n array, the entry %_O,i’% is recplaced by A§1) and the entry § j,k% g
l . /

A0 3 k £#0 4is replaced /by Z_.lk o\

We now arrange arrays;ﬁ;, A(i), A(z) and~b;$ in a master

array of side (nv1 + v3) X (ny_1 + v3) as follows :=-

i il b e s s s I .. .o~ s e 2y 4 s e skt oy 2

1 E (’1\. i
: b f
' (2 '.
i / "
| A
i !
| © ]
e | i
T < 7
(< = % :
JoNo s X i
K2/
i
i (29
- - s - v’
%) (32 (2)
\ A 2 ’ A vy E

Figure 4,2

we



We shall show thaﬁ;}% is a Room Sqguare eof side N bared oan Sa

3

It is clear frem the congiruction of %Zthat each cell of ¥Zmay contain
an vmordered pair of distinot.elements of § or may bc empty.

Now we shall show that each row of‘yz_contains all elenments »f S
precisely once.

‘Pirst consider the last Vy ) Fow of}Q'QThege vy Tous conprisc

the following subarray mf}2§
(3) (3)

}A A Ay R

SRy
3 :
Observe that each vow of Ai contains elements of {11,2‘,,.u,ni‘}
i

precisely once and each row of }2) contains elements of£0,a+l,..av0;g
P | L -

; " 3
precisely once . hence each row of these subarrays [& (” /{ )fa
1 v, 2

¢ o e

contains elements of S precigely once.

It remains tobe 'werificd that for each i =1 , 2 ..o .,0v

the ith Tow of}%contains all elements of 5 precisely once,

v ?

Let i be such that 1£ iéxnﬁ o LEL "¢ be an arbitracy
element of 8. We shall show that s appcars in row i mfé%

Ohgerve that we may write




case i. If s = Xy for some x = 41,2,..., nand i' =4, 2,..., vy
]
; (1) (2) |
Then s appears exactly once in every row of | A 5t A iy b
In particular, s = X, eppears in the 1"*P row of ! A(12 A(iz "
4
’ !

It can be seen from the construction of ¥ that the i®® row of ) o)

contains the 1" row of A(1? A(§2
i

. Hence s = X, appears

in the ith row of }{{. Note also that s appears exactly once in this row,

since it appears exactly once in ’ A(lz A(iz and does not appear

%

i £z
in any o 5k

\ \ %
case 2 s = xj where /j # i' and j & i’1,2,..., vl} . Since j

—

appears in the i'th row of #L1, hence there exists k # J such that

5 : ’ —oh B : "
%J, k is an entry of the i row of 7%V1. Since x appears in the

Noinpral

jth row of both L and M, hence there exist y, =z such the (x, y) and

th

. s 17 ) 7' 4 .z
(z, x) appears in the i row of (L,M). Hence {xj, Yy § and %zj, X 5

appears in the " oy of ij. From the construction vaﬁq,, we see

" Hence x

that the ith row of ‘§{ contains the i”th row of ij. 3

appears in the £ o of Y. . It may happen that (x, y) = (z, x)
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or (x4 y) # (2, x). If (%, y) = (2, x), then (x, x)

appoars anly once in (L, M). Since j £ k, hence xs

appears cxactly »nce in i th ™o ij.

If (xy y) # (2, x), thon the order paive (x, y) and (z, x) -

give rige o2 the paixs %:xj ’ ykz and %zj , ;kk in the

i0 ¥ pow of ij. Since/ 3 Ak, honco X5 appoars only ance in

the inth rou of ij. Prom the eonstrvction of K, xj mnay

nnt appears clsowhere in the ith rowaf . « Honce o = xj
: s .th N
appecars precisely nnce in the i Y 2f K e
cacec 3 n +41< g < v, oy g = 0,
th

Obrorve that ¢ = O, appcars cxactly once in the i®

row of A( 11') .
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& 5 ; .th
Therefasre ¢ = 0 appears precisely once in the i o of.)QL o

Lot & = 047y D42y eoey V Obrerve that cach row »f A(!) A(z)

20

containg all elemente 50, ey By wsag By B8, avay v2‘z procicely ance,
e 2 §

afl 1al

Hence cach rou »f containg all clemente of

30, 1., 2

it g eeey ni|, N+, eeey v2 } precirely once., Therefaore =

il

1
appecars cxactly once in i"th roy /of Ag;) Ag?) . Ilicnce =

" . .th
appears proecisely once_ in-the i row of]?_.

Therefere all clemente /¢ €, S appears preeisely ance in cach
ot 9f R °

A similar pronf appicd to colvmn,
Next, we shall show that cvery vwnordered pair »f clemente of § appears

preecisely once in XQ,.

Consider the wholc »f }Q/. Since L, M arc »orthogonal Latin

Square, hence every (x, y) appcars in (L,M). Sinco‘fef ie a Room

4

Square, hence cvery ij, k }, JAk; T£ 3, k £v , appoare in.?§21.

Ilonce for cach X, ¥y = 1, 2, eee, n and distinet j, k =1, seey v,
p

the pair BLXJ’ yk'§ appears in ij, which is a svbarray »f 'XQ .

Henece for cach X, ¥ =1, 2, see n and all dirtinct j, k =1, 2, see,
v,, the pair %xj, yk?S appears in )Qz .

For dietinet x, y =1, 2, ecey Vy, Wo goc that %xi, yi}

(1)

appoars in ‘A; nr A(Z) oY A(3) which are svbarray of O

4 i
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Hence all pairs of distinct elements of the form Elxj, ykl ’
(

Xy ¥ = 1y Byewes By 8 ds B = 1y 24 eens v1, appear in some cell of@

Note that any pair of the form j;z, t } where Zz#t ;3 n+1¢ 2z,

(-q—\..’\

t gvz » 2appears in E, which is a subarray of ﬁ: Hence all such
pairs appear in ﬁ It remains to be verify that 211l pairs of the form

%Xi’ Z} where i = 1, 2, soe V1 H x =1, 2, esegy Il agnd 2= DFlgeves

Since ﬂz is a Room/ /Square based on g Gy Ty 29 mesy By DFlsees Vs
hence each pair \Lx, z }’ WhEREOIG £ 202 0 3 2 = 041, eee, Vo 0]
appears :mb?2 .
By definition of A(j) s - we 'see that such pair appears in some A(j) »
Hence f;_xi, z‘% appeaxrs in Ag_j) whexe A_E_'j) is a subarray of&.,
Hence all unordered, pairs, of elements of S appears 11'1R
(3)

By counting' the number of pairs thadt appear in each row of Ai

r(1)T(2) ;
)

" 5 : 1
and 2. we find that 3 each row of A | &, contains m (v,.+ 1)
jk : | 4 2 2
pairs, each row of ij contains n pairs, ecach row of A§_3) contains

-;- n pairs and R@ has %(VB'" 1) pairs per row.

So the number of pairs in R is

N -

1 5 \ v 1 1
v - 1)n + 5 (v2+ 1-)]4- V3 [ 5 V4n o+ 5 (v3+ 1)]

= [vn(vn~n+n+v3+1)+v (vn+v3+1)]
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[(v1n ks v3)(v1n + vy 4 1)]

he] B

viiv+1)e

I
Nl =

This is the number of unordered pairs which can be chosen from S, so each
pair must appear precisely once in R. Therefore ﬁ?l is a Room Square

based on S.

Note that
1) (2)
!L_
(3) Y)
| 72 s

Figure 74,3

is a subsquare of 5{) which is isomorphic tobgé. 2&2 is exhibited as a

subsquare in the last v, rows|and columns &

3

To show that Zg; is a subsquare 0f2ﬁ3 take the intersection of

rows 14 3¥l, 201y seses n(v1- 1) + 1 and correspondhwy columns .

. { N S @
The array formed has entry ; O, 1.{ where q( has 4 0, 4
I = VAN | t

Ny

and entry
] ] 1 - 1 Sk e en ;
113’ 1k [ where Zg; has {3, k ¢ so it is isomorphic to J21

Therefore the theorem follows .

QeEeDo

115525342
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Theorem 4.1.3 If therc are Room Squares of sides vy and Vo o then

there is a Room Square of side v v with subsquares of sides v

1* "2 1
and Vs which are isomorphic to the original squares.
Proof. The construction ;8 in the proof of thevrem 4,1.2 is carried
out with n = v2 and with]@z replacing A(1) o By method described in

that proof, it may be seen that }8 is a Room Square with the required

properties,

Theorem 4.1, If thers/exist Room Squaresof sides v

then there is a Room Sguare of side v = v1. Vpessoeo V with

subsquares of sides v1, v?, coey Vk o

Proof., This theorem follows from theorem 4.1.3 by induction on k.

QoEoDo



	Chapter IV A Recursive Construction

