CIAPTER IITX
STARTﬁnsz ADDIERS AND ROOM SQUARES

5 : - n ;
34 Construction »f Roon Square of side p where p is an

. . .0 . —_ n_ Ak
odd prime and » can be vritten in the form p = 2 t413 wvhere t

Dofipition .44  Let @ be a finite Abelian group of order
r= 28 + 1, where s is a positive integer. By a starter in G we
"
#hall mean an s~tuple X = (§x1,y5% 1 ixz,yzg § lo:ooo.,%xsgys} )
of unordered pairs of elemenis: of G with the propertieg that:
(i) the elements T R yenee Xy Ty aToreeesTg comprise all
the non -~ zero elements of/G
i 2 8,5 - Y , :
(ii) +the differences = (xi- yi) i 21, 2, «es,F comprise all
she non - zere elemettg of C generating cach precisely once.
A starter X is sadd to be strong if all sun (=.+ y. )
Skrosg (=+ 7. )i

v

A =1;2,000,8;, are distinct and are nor zero elenents »f G

~

By an adder foxr a starter X, we shall mean an s--tuple

A = ( 84 1 Dogeccesd ) of non -~ zero elements of G such that the
elements it oagy Yiv oy i=21,;2,000:48 are all dirFtinet and

comprise all the non ~ zero elements of G.
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Theoron J«de.2 If an abelian group o7 odd srdoer v has a starter and

an adder, then there is a Room Sguarc »f gido T

€ ) oA -
‘t}\-gv :Yz’} ,O.ooo’zl\.s, .)fs ; ) anc

~

Proof Let X = (§,4 ¥4}
A = 1 Bqs Bppeeeqdy ) be a starter and an adder of an abelian group G
of 2dd erder v = 29 + 1o

Let ws label the grevp elements of G as O = 34’ & ,.“,gr . Let

G = GUE 30}, where 8 i not-a nember »f G, Extond « to G

by cotting g0+ g = 3 A8 gg far.all ge G ﬁ
‘we firet consbtruvet the Fireh vow of K as followr
(| ) nlace {r o ( in th ) 1 of R
: Gp 1/ 6,Viu ihe (1 4.1) cell of K,

4

(2) for k£ /iF ~§k = ay for some i, then we place
{:ci , yi)s in the (1, k) ccll otherwise the (1, k) cell will be

left enptye.

The construction »f other rows will be barsed »n the first row as

followg! For cachd W GNTIRWERWIPNG IAK k£ v ; we have gl - 8. =
K J
: ¥ >
and g+ gj = 8p for 2 vnigue 1 and 1°, 1£1, 1l ér.
* *
We shall cdenote 1 and 1 by 1jk and 1. <vrespectively.

Mew £for j L , we construct row j as follow:

) .

Put %go " gj} in the (J, j) cell. We leave the (j , ¥ ) ccll empty

vhen the ( 1 1jk ) cell ir ompty ; hewever if gxi g yi% is in the
L 35 ljk ), then we place %xi + gj » T3 + gj & in the ( j , k& ) coll.
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We shall show that the resulting array is a Room Square. By property
(1) of a starter X, we observe that the elements appearing in row 1

will contain all elements of a* exactly once. The elements appearing

in row J are obtained from those in row 1 by adding &. to the elements

of row 1. So, by the group property we sece that all elements of G*

will appear in row j precisely once.

Let ?g&, gbk be any unordered pair of elements of G, From the

property (1i) of X, there will be élxi, yi§~ in X such that

(oL) 8, = &> (2 S ¥),
£/ NSRS %\
(3) 8y " 8By S/ EL Ty e / N\
P
( 8 = 4 if (<) holds 2
Let g o 9
L 8, = V4 if -~ {B) nolds .

Then %xi + 2, Y. + &

C i B -
Vg g, |, of elements of G- ‘ds a member of the set
£_ 9 &y 5

L

& 4 RN T :
aixi +0 ,y, +8fii=1,2, «ooy 5; 6 & Gty so every unordered pair
£ ¢ J

of elements of G appears some where in }2,.
T

The unordered pairs of the form égo, giz 3 8y & G appears in the (i, i)
4 u -

cell, By counting we see that each row contains s unordered pairs from

re

- . < "y
G and one unordered pair of the form ‘3g 5 B. %. Hence each row contains
(0" "1

s + 1 unordered pairs. Hence the entired array contains r(s + 1) unordered

. . * z
pairs. ©Since G contains r 4+ 1 elements, hence there are exactly

r + 1 "
Q 2—2&32 = r(s + 1) unordered pairs from G « Therefore every

E 3
unordered pairs of elements of G appears precisely once in‘ﬁl °
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*
It remains to be shown that each elements of G appears in
every columm .

H

i 0 *
Let % u, v gbe any unordered pair of clement of G in the k =‘column
of 'R-
Assume that Su, v} 4is in the (j, k) cell. By the construction of R ,

we see that u = X _ + g

for some p 3 where the unordered pair % Xp, yp + appears in the
P

& 1jk) cell.

*
X s ¥t is 4n/the {4, 1. ) cell if and only if the (1540 2

The pair
P b

poeAs

kt
xp + %1* Z yp + %lf E. Since gl* = &5 + Byise
3t Jt ok

cell contains

e )
i

.(‘ -~
Hence the (j, k)cell contains i.Xp + 8ys I + g % if and only if the

* *

_ b
it * lkt X+ 8. + 84 yp + gj + 84 |

g
( p J

=N

) cell contains

Note that the (1% ) is the (10,, 1.,) cell wh
ote tha e ljt , 1) cell is the ljt’ xt’! ©¢€ where

* ) * . , m i
lkt = 1. Since 1kt = 1 if and Only if gk + gt = O, that is if

and only if <~ & = gt « For any *, ‘%xp + g‘.j + gt, yp + gj + gtl

X
i
> i

appears in column 1.

Since w=

.
g, = 8 for some t . Hence {XP ¥ 8y =By T, By -

P i~ &3

appears in column 1, Choose u = xp + gj “ BV yp + gj -8 .
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Then u = u' + &) and v = v' + g So, we see that the elements

in column k are obtained from the elements in column 1 by adding gk to

those in column 1 . Thus, if the &lements of column 1 comprise all

*
elements of G cexactly once, then so do those every column .

For column 1, we observe that when k > 1, the (k, 1) cell

- &
contains i X, + g y. + gkll if and only if (1, l1k) cell contains
)

il k? <
%xi, Yy % s that is if-ané only4df g = By o So, the entries in the
first column are go, g1, xi + ajr . 3 + aj L =2 Uy 2y seew = 5
Since A.X is an addery /hence X, + ai? yi + ag 3 I = Ty 25 eesy S

comprise all the nan ~ gero eloment: o2 G « Therefore the first column

contains all the elements .of G exactly oncee.

0.E.D

. : ) " y ¢ . 1 .
Theorem 3.1.3 If X («tx1, Yqb s 1%p yz% poeeeeesd X ysg )
is a strong starter in an abelian group G of odd order xr = 2s = 1.

Then Ax = (- (x1+ y1), - (x2 + yz).,.., - (XS + ys)) is an adder for X.

Proof First we show that the components in Ax are distinct and

non - zero elements from G .
Suppose that = (xi +.yi) = - (xj + yj) for 4 £ 3 , then
Xi +y. = X, + yj which contradicts to the assumption that X is strong

starter,
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Since each component in ((x1 + y1), (x2 + yz), cesnay (x  + ys)) is
non - zero then each component in ( - (x1 + y1), - (x2 + y2), ap——
- (xs + ys)) is non = zero.

To show that A.x is an adder for X, we must show that the elements

X, = (xi + yi), ¥y = (xi + yi) 3 1 = 1, 2, eeey 8 are distinct and

comprise all the non = zero elements of G,

It X, = (xi + yi) BES (xj + yj), or

Ty (xi + yi) =—{{ 3= (xj + yj), or

X, = (xi + yi) =y, - (x,. +y.) for i#t j , then

¥ 3 T3

we would have yi = yj T T = X. 4 OF yi = xj respectivelys

In any case, the conclitsion is contrary . to the assumption that X is a

starter.
Now, if 'x = (xi + yi) = 0 for some i , then y; =0 which
is a contradiction. Similary if ¥y = (xi + yi) = 0 for some i, then
x. = 0 which is a contradiction.
By counting the elcments x& - (xi + yi),' Iy - (xi + yi), w8 0nsy By
we see that there are 2s elements,
So x, = (xi + yi), Yy = (xi + yi) i = 1, 2, eesy S comprise

all the non - zero elements of G precisely once.

000684

3 “
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Hence Ax is an adder for X.
Q.E.D.

Theorem 3.1.h4 There exists a strong starter for G = GF(pn); where

p is a prime and pn = 2kt+1 for k a positive integer and t an integer

greater than 1.

Bemt, a6 8°° =4 560 % %88 primitive elements in ar(2Ke+1).

o ¢ o -.a a+ d-1 _23-1
Let XO = i lx K %, % K } 5 A ke 5 g 5 } i 9

(_ 24 (o ly 243+). a+1
X8 (x ,x3 f, {x ,x3 E P 05 AET RS .
-4 hd-4
3947788 1),
_ o (2t=2)a (2t-1)d] ¢ _(2t-2)a+t _(2t-1)d+t ]
X(2t—2)d = ( X ' }, 1% 3 X £

x2td-1 g).

----------

)

( % L(2t=1)a-1

We shall show that

X @ KK X ) is a strong starter for

oY Tipq¥ wreeve X(2t—2)d
n
x2td-1 = 4B - 2

=

1
G = GF(Ekt + 1). The elements xo, B wanE PREE

comprises G - %O% .
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The differences between elements in the components of x”)XZd’

®e0o 000y X(zt-2)d are

t xo(1 e xd), & X(1 - xd)’ @conccey

§ 420, | L8y & 20410,
t glet=2)a, _ 4y
t glet=1)a=1 4,

1 (2t=2)ar |

¥ xd-1(1 L xd)a

xd), Seesecsvcoey : x3d-1(1 " xd),

xd)

9 OGsseesecceny

respectivelye.

Note that (1 = de is non = zero element of G, since the order of x

is by hypothes is 2td > d.

We claim that all the differences are distinct and comprise the non~zero

elements of G.

cose 1 T4 =230 _ &

xZi'd+j'

Then xz‘id"'j

4

~

0 L3y §'4& 3 =1,

. 2 o el
" Therefore 121d+j - le d+J

Homoo  x2i'd#3' - 24d-j

p—

'3
H

1! 31
x21 d+j (1 -

A Y B
x21 a+j (1 -

where O

o,

) L IREAT 5 B
that is xo (g o x21'd43 s J) = o,

1+ Since x is of order 2td ,
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Hence 2i'd #+ j' = 2id = § = O (mod 2%d), .

In particular j' =~ 3j = O(mod 2 d) , and since O < j , §¥ <« 4 - 1,
we must have Jv -3 = 0 . Therefore 2(i' = i)d = O(mod .2%d),
That is (i' - i) = O(mod t), and since 0 £ i, i' ¢ t - 1, hence

i"‘i = Q.

3t 3 !
- x2H (L 5%y for 0£i, i'L ¢t -

{ 2id+]

1 ] 38
and O £ j, 3" & 4 =1 4 then x le el

+ 0. Suppose that

2id+) = 2i'd+)' . [Then we have 2x21d+a = 0 « Therefore the field

. ; n
GF(pn) would have characteristic 2, an impossibd%)since P .is.odd.

Therefore 2id + § # 2i'd + j' .

Assuming that 2id +0j < 2i'd"'+ J' , we'write

B S MRt b o D4 i
x21d+;](1 & x21 a+] 21id 3) o,

2i'd+j' = 2id = j

then X = =1 , and squaring

x2(3'=3) + 4a(i'-4) _

This must mean

2(3'= 3) + 4a(i'=- 1) = O(mod 2 dt) , since 2 dt is the order

-

of X « In particular

2(3"' = j) = O(mod 24)

/
and since 0 ¢ j & d=1 and 0 £ j £ d =~ 1 we must have j' - j = O,
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Therefore

43(i' = i) = O(mod 2dt) . That is
2(i' = i) = O0(mod t) .

Since =t+1 £4i' =1 £ t =1, so i'=4i or 2(i'=-i)=2% ¢,

-

If 4i' = i , then we have ox2ta+] (1 = xd) = O which is impossible

since 2, x and 1 = x*  are.non j zero in GF(fn) .

i 2(i' = i) = % ty —then )it-contradicts the fact that t is

an odd integere.

Therefore differences between elements ids the component of

X i X

b og? e X(2t~2)d are distinct and non~zero . By counting the

clements in the components of Xo’ X eoey X d.’ we see that

24? (2t=2)

there are ﬁn - 1 elements,; hence they comprise all elements of G\~30'}.

L 2

The fact they that starter X is streng can be seen by noting that

the sums of elements in the pairs in the components of X , X _ .j5e0c0,
o) 24

i M i d
% arc the same as differences with the factor (1+x ) rather than

(2¢=2)a
(1 ~»Xd) e But (1 + xd) is non-zero, since X is of order 2td. Then the

sums of elements in the pairs in the components Xo’ X2d""’ X(2t-2)d

are non=zZeroOe.

Eid+j(1+xd) _ x2i'd+j'(1 & xd) .

Suppose that X 4 ; where 0 ¢ i, i' £ ¢ = 1

and O <j, j' 4 d = 1. By similar argument that we have shown in case 1.

~

we shall have i = i' and J = j' .
Therefore the theorem follows.

QoEoDo
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Theorem 34145 If p is an odd prime such that pn = Zkt + 1, where
t dis an odd integer greater than 1 and k is a positive integer, then

there'is a Room Square of side pn "

Proof. This theorem follows from theorems 3e¢1e¢2, 3el1a3, 3eled.
OOE.D.
Corollary 3.1.6 There is a Room Square of side py where p is an odd

prime and p = th + 1 ; where k is a positive integer, +t is an odd

integer greater than 1.

Proof. This corollary is just a special case (n = 1) of theorem 3.1.5 ,

Q.E.D.

3¢2 Construction of Room Square of side Spn where p is an odd

prime and P° cen be written in the forn p" = 2% + 1, whore % is

an odd integor greater than 1.

Theorem 3e2.1 If G 4is a finite abelian group of order relatively prime
to 6
which admits a strong starter, then there is a strong starter in the .

direct sum of G with the cyclic group of order 5.

Proof, Let us write n = 2s + 1 for the order of G Since G is finite
abelian group, then it is a direct sum of cyclic group, we can interpret
any cyclic group of order m as the ring of integer modulo m underxr

addition, and consider G as the additive group of the direct sum of
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these rings. In this way we endow G with a multiplication. This

multiplication will have an identity element, 1 say ;. We write

1+ 1as 2and 1 + 1+ 1 as 3 and g~ and 3-1 will exist since (n,6) = 1.

Let the strong starter in G be
- 15 { § §
X L <tx1’ y1()’ X2, yz)F), s ss g %XS’ ys.% )0

Choose two non-zero elements a 2nd b of G such that neither a noxr b

equals Xi + yi for any i « This can be done as there are s elements

in the set of sums of X, ~while there are 2s - non - zero elements of G

and & >/ 3.

Write h = 2~2(b-a) and . g = 2-1a 3

Finally, partition the set of non-=zerc elements of G into two classes

P and N, in such a way that h &P, - 3'1h € P and x & P if and

only if =-x € N ,

For convenience, we assume that P = h, Xyqe Xype eeey Xyq %;

¢
2
t

N o We shall denote the elements of Z_. by

5

e~

= L%y Sppe veesy g

0, 1, 2, 3, 4 and denote the elements of G (3) Z5 vy (x, i), where

x &G and i & Z5 %
Now setting

(

ao= (00, 3730, {5000 35500 sernns §0x50), (3,005,

B = <_i(x11+g,1), (2x11+g,2) %, g(x12+g,1), (2x12+g,2)} PR D

Sl~(x11+g,1 )’ (2X11+g’2) )( )7
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{ !
’ {L(x12+8,4), (2X12+g, 3)) 90000000y

),

A i

H i(X22+€o1)s(2X22*g,3)} 9 ©evecvcoey

)5

N—

D = ( (x,,+8,1), (2x,,+8,3)

R

{(xpte,1), (25, +8,3)

> %_(x22+g,4). (2x22+g,2)}, NP

G

E = ({(x21+g,4), (2x21+g,2)
| ),

N S

(x,, +844), (2X2m+892)

Po= (Yaee,1), (@22}, $(mrg,4), (8.3)}a } s 1), (8)'4)_%'

A

%ﬁﬁg&),(ﬁw&B)%)~

*
We claim that X = (44 B,/ CyD, E, F). is a strong starter for G&) Zg .

*
To prove that X is a starter, we must show that every non-zero elements
Ay g x
of G (& ZS occurs in oné-component of X and that the set of all
SR : T <% "
differences between clements of pairs in the components of X also consists

of non-zero elements of GC& Z

Since X is a starter, we see that each non=zero element of G ® 2z

g
of the form (x,0) appears precisely once in some pair in the components

of A,

Since x + g will run over G as x runs over G, hence cach element

of the form (x,1) appears precisely once in one of By, D or F.

Since 2x + g will run over G as x runs over G, hence each element

of the form (x,2) appears exactly once in By D or ¥ Similarly all

elements of the form (x, 3), and (x,4) appear exactly oncee

Next we shall that all non-zero elements also occur .-

as the difference of pairs in the components of X &
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Again, since X is a starter, it follows that all elements o&%ﬁz
form (x,0) occur as differences of pairs in the components of A,
Observe that from B and C we can obtain the difference

(xg401) = (2x,,+8,2) ~ (x,;48,1), and

- (x1i,1) = (x1i+g,1) - (2x1i+g,2) -
Since x1iér P , hence -x1ié: N . The only elements of G (® Zg of the
form (x,1) which are not among the (x1i,1) and - (x1i,1) are (0,1),(h,1)

and (~h,1)e However, these elements can be seecn to be the differences of

pairs in F

(0,1) = (2h+g,3) = (2h+g,2) ,
(h,1) = (h+g,4) = (8,3) ’
(-h,1) = (g,2) - (h+g,1) .

The remaining non-zero elements of G C} Z_ can be seen to be differences

5

*
of elements in the pair in X in the same way as those of the form (x,1).
It can be seen that all the clements of the form (x,2) can be written as

differences of elements in the pairs of B, E, and F .

All the elements of the form (x,3) can be written as difference of

clements in the pair of D, E and F,

All the elements of the form (x,4) can be written as differences of

elements in the pair of B, C and F.

* 3
So X is a starter of G 69 ZS'
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*
We compnlete the proof by showing that the starter X is strong.

We shall show that the sums of elements in prirs in the comronents of

*

X are all distinct and non-zero elements of G& 7 The sums of

5.
elements in the pairs in / have the form (x + Yy 0). Since X is
a strong starter. Hence X; + vy i=1,2, ..., s are non-zero and

distinct.

Hence the sums of elements in the pair in the components of A are

non-zero and distinect.

The sums of elements in the mairs in the components of B are of the
form (3x + 2g, 3) vhere x/& P and x # h. Similarly the sums of
elements in the pairg/ix the compcnents C are of the form (3x + 2g, 2)

vhere x € P and x # h.

Similarly the sums of elements in the .pairs in the components D, and 7

are of the form (3x*+.2¢, ) and (3x #/ 27, 1) for x & M,

Cleerly all the elements of the forms (3x -+ 2¢,3),(3x + 2g,2),

(3x + 2g,4) and (3x + 22,1)  are non-zero.
Suppose that 3x + 2¢ = 3x1+ ?g where’ X, # Xx. Then ve have

. -1 . :
3x = 3x.. Since 3 exists., tHence x, = X.

3 1
Therefore gll elements of the form (3x + 2¢, 3),(3x + 2¢, Pi,(3x + 200, U)
and (3x + 2g, 1) are distinct and@ non-zero.
Finally the sums of the pair from F are (» + 2¢, 3),(h + 2¢, 2)(2, 0)
and (Lh + 2g, 0). These are distinct froﬁ the other sums. Suppose

that (h + 2g, 3) is among the above sums.



{}f&s %,
»i 4 :' N "\‘ }M:
{1 { AN )
o B\ Wi |
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Hence (h + 2gy 3) = (3x + 2g, 3) for some x & P, and x # h.
Therefore we have must h+2g = 3x + 2g,
h = 3X’
3—1h = X o

. -1
This shows that 3

h & P, which is a contradiction. Hence (h + 2g, 3)
is distinct from the other sums. /The same argument shows that (h + 2g, 2)

are distinct from the othexr sumse.

Suppose that (2g, 0) is eaméng the above sums.

/58 -~
H‘ = 5. ! . \ H b . . (- i °
egnce (2g, 0) (xl + ¥ Q) for some 1% Y34 dn x
Therefore a = 2g/ = xi + yi s Wwhich is contrary to the choice
of ae

dence (2g, 0) is notlamong the above sums. Similarly we can show that

(4h + 2g, 0) is distinct from the other sums.

* Y
Therefore X = (4, B, C, D, E, F)  .is a strong starter for G(}y 25 o
QB D
. : n k ke
Theorem 3¢2.2 If p is an odd prime such that p =2 %t + 1 ; where

is a positive integer, and +t 1is an odd integer greater than 1, then there

is a Room Square of side 5p% -

Proof. This theorem follows from theorems3e.2e¢1, 3el1e2, 3e1e3 and 3e¢1e4d o

Q.E.D.
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Coxro o . If p is en odd prime and such that p = Zkt +* 1,

where k is a positive integer and +t+ is an o0dd integer greater

than 1, then there is a Room Square of side 5p .

Proff. This Corollary is Jjust a special case n = 1 of theorem

3ecel

Q.E.D.
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