CHAPTER IT

PRELIMINARIES .

Let I, J Dbe any two finite sets. Any set S of the form

S = Ixd will be called a xrectengle.
If {I| = {J| , then S = I xJ will be called a sguare. The

cardinality of I will be called Ahe gide of the square. Each element

of the square will be called alcells The element (i, j) will be called

'the (lq j)“ Cello

The sets of the form 3 i} xp Ioand | I\ %jg will be called the row and

column, respectively, 0f/the square %:ié x I will be called the 13k TOW,

and I x {jl will be called the Q}h column of the square.

Any function A-on a square S into some set R will be called an

array, it will be said to be an array-based on R The values of A will

be called the.entries of the arrays. A(iy j), the value of A at (i, j),

will be called the (i, j) .- entry. Ve shall write A = (aij) to indicate
that A is an array whose (i, j) entry is 2y 5

LE I1 € I and J1§;J, then S8 = I1 x J, will be called a subrectangle

I1 x J, will be called a gsub array.
)

Each square of side r can be represented physically by a square
(geometric figure) which is subdivided by r - 1 vertical lines and r - 1

horizontal lines into r2 smell square,




Each row of the sqliare can be represented by a rectangle determined by
a pair of consecutive horizontal lines. Similerly a column of the square
can be represcnted by a rectangle determined by a pair of consecutive

vertical lines,

The (i, j) = cell can be represented by the small square which lies in

the rectangle representing the ith row and the jth column,

An array based on R can be represented by a square whose small

square representing (i, j) = cell die filled by the (i, j) = entry. For

g i
example if I = %,1, 2%, R = % L5080 o, a1, 1) =,

401, 2) = 5, (2, 1).7= \6 and  A(2, 2) = o« . Then the array com be

represented as follows

|

o
X

Definition 2.1 Let 'R/ be a finite sets 14n array ¥, based an ' (R),

o e

the set of all sub sets of R, will be said to be a Room Squarc if,
(1) each entry of J2 has cardinality O or 2,
(2) for every a, b &R, if a # b, then {a, b} appears precisely
once inlﬂa,
"3) every member of R appears precisely once in each row and

precisely once in each column of 62 .




Such a Room Sguare will be said to be a Room Square bascd on.R.

P

The number of elements of R will be called the order of B<,

For example, if R = %O, 1o By 35 45 54 65 T E, then Room

Square can be represented aos follows;

fMpoure 2.2



To simplify the writing we siiall omit the set notation in writing the
unordered pairs and the empty set. Hence the above Room Square may be

represented as follows :

Figurc 2,3

~

Another example is the trivial Room Square of side 1




Theorem 242 If there existe a Room Sguare of ride 1 bared on

R of order n, then r muet be an odd integer and »n muet be

evene, Further more ¥ = n -« 1

Proof Let Yl be a Ronm Squarce »f eide r Dbared on R
s e

Since cach entry of ¥ har cardinality 0 or 2, and every
menber. nf R appears precirely once im cach row, hence n must bo

QVCnN e

By counting the nuvmber of accuvrences of the n clemonts in
tws different wayre, we have
m
nr = 2(2) .

The gvantity nx on the left of this equatiosn counts the oecurcnces
n

nf the n olemente by rows, while the quantity 2(2

} an the right
counts ncourences of the n elements i paire.
Honee wo have

ni{n~1}

nNe = 2 ~————

2

Therefare v = n - 1, which is an odd integer.

Q.EOD.

Definitign 243 Twn Room Sguarcs arc called irgonorphic if it ie
Poerible to abtain one from the other by a finite scguonce of the
fallouwing nperatinone,.

(1) permvte the rows;

(ii) permute the columne;

(iii) rolabel the clements ofthe sot on which it

is bascd,



7

A Room Square of sied r based on R = Q5 2y awsy B %is called

o L

standardized if the pair %.O, i’% appears in the (i, i) cell of Room

squarc.

Definition 2.4 Let ) be a Room Squarc. We say that jc, is a
8 R Pl (<9

subsguare of \%Z o }81 is & subarray of ) which is itself a Room
Square.

it r1 and T are sides of.§%1 and‘}l respectively such that

N, ) ) 2y
Ty LT, then we say-that }m1 is a prower subsqguare of )ﬁLo

From the definition 3.4 we/gecPblyet every Room Squarc has itself as a

2

subsquare and cvery Roo Jqua¥e/iias a subsquare of side 1 .

2.5 Non - Exigtonce of Room Squares of sides 3 and 5 .

Suppose we has a Room Square of side r = 3 Dbascd on

0, 1, 2,3 § .

¢ j P
By reordering rows and columns we can ensure that ) 0, 1{ is in the

( 2
(1, 1) cell of the 3 x 3 array. In order tc have a Room Square based
on 40, 1, 2, 3+ 4 the pair 12, 3! fwst apvear in row 1 as column 1,

r ' g B o e
that is 52, 3 4 must cccur twice. This is a contradiction.
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It doés-mot - matter whether the first column contains%'Z, 4} ’ §'3, 5 é

4
’

. W ;
or %2, 5‘§, 13, 4}, as the first can be converted into the second
case by the element permutation 4<—> 5 , and this does not alter
the pairs in the first row. So there is no loss generality in

assuming a Room Square of side 5 has the form

10,1 231405 | - | ~ |

o e

Fipurs 2.5

where a dash indica%es an empiy cell o

The entries §2, 5.% and %3, 4 % nust appecar somewhere, but they

can not be in row Ay row'2%6r "irow'3y 0¥ column 1, column 2 or

column 3. Morecver, they can not bec in the same row or the same columm,

’ 6
%2y S¢ dg 4dn the

2

as this would entail 30, 1 ; occuring againe. OSay
{ )

(4, 4) cell and 33, 4 | is in the (5, 5) cell .

If there is an cntry in the (4,5) cell it must be 0, 1 ; s Which has
2

already been used, so the (4, 5) cell is cmpty as in the (5, 4) cell.

The (4, 2) cell, the (4, 3) cell, the (5, 2) cell and the (5, 3)
cell must be occupied in order that the fourth and fifth rows shall
each contain three pairs. The (5, 2) cell can not contain 2, 3 or 4,

¢

sc it may have %O,S % or 1, 5% in it 3 4if it were

ALY

Vo 2 { we could

interchange O and 1 through out square, so assume the entry is fo, 5'7
5 { ~




e can now fill in the (5, 3) cell, (4, 2) cell, and the (4, 3)
cell, there being anly onc posegibility in cach cagee So the squarce

& a completinn of

Figure 2.6

The pairs 30,2} and {0,4fgr©main to be placcds They can nnt both
be in the third row, but ncither osnc can e in row 2. So conpletion

nf the Squarce is impoesiblo
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