CHAPTER III
A MORE REALISTIC MATHEMATICAL MODEL FOR THE TURBULENT

DIFFUSION OF SMOKE FROM A CONTINUOUS POINT SOURCE

Let us consider a new model. We shall replace the squares
in the XZ-plane by hexagons using the coordinates g,OZ with oblique
axes as shown in figure 3.1(a). For each step in time, assume that
a particle is emitted from a hexagon, called the source, at the
origin,

At each step assume that the combined effect of the wind
and turbulence causes the particle to move from its original hexagon
to one of the three hexagoné adjacent to it on the right hand side
as shown in figure 3.1(b). It is assumed that the turbulent motion
of the particle is random with fixed equal transition probabilities
for each of the three possible directions.

If for each step, we draw a separate random number to indicate
the turbulent motion of each particle according to the rule in
table 3.1, then each probability of moving up, sideways or down is
equal to % .
We can find the probability distribution for a single particle

in each step as shown in fugures 3.2 (a),(b),(c),(d),(e), and (f).
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In figures 342| we hotice that, the denominatof in each
step is equal to 3n, where n is the number of stepg iies n = 0§1,2,4.4

After the twelveth step the probability distribution fotr the
whole system of particles is shown in fugure 3.3, and the contours
of the distribution of a single particle in the twelveth step
(shown in figure 3.4) are shown in figure 3.5, which are obtained
by linear interpolation between the data points. Finally we can
find the distribution function as follows

We calculate the probability distribution along the g—axis
by assuming the following model :

A particle is emitted at time zero at the origin. At each
step in time the particle remains stationary with the probability %
and moves one unit in the g -direction with the probability %. The
probability distribution at successive steps are as shown in table 3.2.

From table 3.2 we can see that :

(1) the sum of the probability values in each row is equal to
unity.
(ii) the average distance § in each step is equal to % n, where

n is the number of steps. For example, in the second step

we have the average distance

E: Ox%-ﬂ»'lx
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n § 0 & 2 3 4 5 S
0 1 0 0 0 0 0 i
1 % % 0 0 0 0 S
A § gy
R R TR R
37 TR\\WeT/8 B
R I N
Table 3,2

Let Pn(g) be the probability that after n steps the

random particle is E steps from the origin ; that is

2)§(1)n'§ vornibsnive. CRIHS

— .n —
Pn(‘ﬁ) = cn_,ﬁ(3 3

Let p = % and q = %. From (3.1) we obtain

_ n! £ n-¥
Pn(E) = r;:igjjng P q s sEsimans - RIaES

which is the binomial distribution.
Let n tend to infinity. As the number of steps n increases,
we expect that also the numbers § and (n-é) will increase,

so that

n__;oo, §_.__.,°o ’ n-’g._.__,oo ...-(3-3)
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Then we express the factorials in (3.2) by means of Stirling's
formula

L i BT
r!{ ™ (2M2) re s @B Y s OO o

From (3.2), we get

e - (s ™ o
" 21 E(n-¥) € ) ln-g

The last two factors on the right are equal to unity

for ? = np, and their product decreases as 'E-npl increases.

- Therefore, it is natural to replace § by the new variable

o

From (3.5), g

i

8 -np (3.5)

np + & \ n-§= nq-é 5

so that (3.4) becomes

P () u{ n }1/2 61 T (3.6)
% 2M(np+8) (nq-9) (1' +_é_)np+ (1 _9 )nq-
np nq

To evaluate the last fraction we use logarithms. In the
interval ‘é ' & npq we may use Taylor's expansion and find for

the logarithm of the denominator

(np+ & )1n(1+%)+(nq_ § )1n(1_%)

A $ §° $2 ¢ 82 §° )
= (np+é)(np - 2n2p2 + -3“;1'3“;)—3' -.noc) +(nq-é)( ‘I-la ot 2n2q2 - 3n3q3 —0-0(307)

Reordering the terms according to powers of cs s we get

'é_z_(1_+1)-_§3{1-i2) (3.8)

2n\p q 6n2 p2
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Suppose that é increases with n in such a manner that

53
= — 0 (3.9)
n

(In this case also 2 -~ 0 so that (3.3) holds and the expansion
(3.7) is justified.)

. From (3.9), the term within braces in (3.6) is equivalent
to (2Tn p q)-1/2. The logarithm of the denominator in (3.6)
is given by (3.8), but in view of (3.9) all terms except the -
first one may be neglected; the first term equals __é_a__ .

2npq
Combining these results, we have

*
1 e-(§-np)2/2npq
2T npg

. (3.10)

P (8) =~

where & = B -np ,
which is known as a Gaussian distribution.

%and q = -;- into (3.10), we get

2
P (B) ~ 3 e-9(§-np) /bn
n(® 2(am) /2

The average distance€ ™ is

Substituting P s

00
% 5% P(8)de
~o0

oo

2
2 - - L
2(am /2 S € e 9(§-np)“/4n ¥
—00

See from Willjam Feller, An Introduction to Probability Theory

and its Applications, Volume 1, Chapter 7.
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The same result as (ii).

If n is small then we can prove that g 2 -;— n by using
Pn(E) from equation (3.2) using mathematical induction, i.e.

we have to prove that

g - ;gp ()

n =0, thenE

O=-no

Assume that it is true for n = k ,

33

See appendix A.
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g %L/Z\é 1 \<-8 5
el €=0 (k-s)ggg‘\?) (3) = Sk
& —k-1 ' R
(3 3 (3) - §
=k-1 : E _; k
%T%O—a%—g(%) (‘%)k 3 %k' k(%) (3.11)

To prove that it is also true for n = k+1 we have to prove that

E=k+1 E
& E(ks1)t . /2 1\1"‘5*1 2
g - E_ SEE '<3) (3) = SO
§—O (k-g+1). E
Proof
. €
€. B (k1) (é) (.1)1{-@1 " (k+1)(-2-)k+1 ’
B0 (k-gen)r@1\3/ \3 5
Let k+1=h), i.ee k= h -1, so that we get
=h-1
= € B h
€ - ERT—12V{1 2
o0 TholE 3) (5) - +(3)
h h
2 2 2
-3 r h(g) + h(-}-) ¢ from (3.11)
. 2 Wl
2= 3 h = 3 (k+1) o

Therefore g = % n for all n 3 O.
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The probability values for single particles referred to

the VL -axis and the number of steps n are as follow :

n
% e Y 4 5
5 1 A
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Table 302
From table 3.3, we can sece that :
(1) each probability value of moving up, sideways or down
from left to right is equal to % .
(ii)  the sum of the probability values in each column is equal
n
to unity because it is the value of (-;— + % + %) ’
Where n=O, 1, 2’ e e o0
(iii) the maximum values of the probability lie on the E’ai -axis

T1534540b



and the probability values are also symmetrical about
this line.

(iv) the average distance .Vi in each step is equal to zeroe.
For example, in the third step we have the average

" 3(;—7>+ 2('-2—7)4, 1(2—7)+ o(%) ' <-1)<g—7-) i (-2)(%,;)+ <-3>(%7)

= 0,
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Let p(n,'rl) be the probability that after n steps the
particle is q' steps from the origin.
Table 3.4 (a), (b), (c), (d), (e) and (f) show how
can we find the value of p(n,i). Wie can see that from table 3.4
(a), we get
1.4 when =0, 0
p(o”yl) = { ‘VL
0O , when Ql A 0,
from table 3.4 (b), we get

p(1,?p

1
W
Q
-\.
b
~~
O
53
p—_

from table 3.4 (c), we get

p(Z;Q)

nn

"

from table 3.4 (d), we get

p(}{i) =

6 l+ 1 _
3 3,1/ 33 2-”’, ; p(1, ol) p(2, Wl)

W |-

16 3 % L 22 1
- - <5 -, p(Om)
353 T 53 Caen T 53 Taeg T 3 TN

3.6 3, b 3, 2 5
I:c C e +02 C1"’l 03 p(O,ﬂ.)},

0 3=~ 01 i 2—01

\Nl—\
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from table 3.4 (e), we get

1 8 1 6 3 )=
B T T g C3-1" 331’“' Prarty $ »(1, K
18 4 6 6 b L 2
==, Cp = Cii® B8 Vo o W0 ,0(0,7)
34 4-‘1 34 3-41 34 2 11 3‘+ 'YL h 1
i [L‘c . 6 e, M LYot )],
3‘* 0 4-”2’ 311 2 2-@1 3 1-1 L "2

from table 3.4 (f), we get

p(5,‘7,) =

1o 1 8
5_»,1 35 h_yL 341’(1 11)' 3P(2 "'I‘)— 29(3 ‘1)-—})(4 "L)

4
1 10 6C _10 +_§ 2. sp(o’vl)

O
5 5135 Cua 35 3—1135 2-71 1-113

W = b‘lé

§=>

3
8 4
5[500 % vLSC “y vl 6,05 vL ~%¢ Ca-rl 4 C1-1‘505p(o’“z)] '

W

and so on,

Therefore, we obtain

i=n-1
e 1n[2< PRl 918 (. q)n p(o’?} ,
i=n-1 ( )i ) ___)
-i)"n! 2n—i ! n
ng'm-i)!(n-i-ylﬁ(n-h?, +(=1) p(O,vl)] voes(3:12)
Ty when y{, =0

where p(O,q} = {- o
o, when vl .

Hence, the average distance ﬁi is

or p(n,'vl)

Substituting p(n,m) from (3.12), we obtain
1



L2

N =+n i=n=1 .
- (=1)* n!(2n-i)! e
4 gngn{gi!(n-i)!(n-i-ﬂ)!(n-i+'1)! ke p(o”l)]

O.

The same result a; (iv) bvefore.
In this case, the formula for p(n,1) in equation (3.12)
is so complicated that we shall not find the formula for p(ll{?)
- when n is very large. Now we know the probabilities Pn(g) and
p(n,1) that after n steps in the time a particle is E steps
c and 2' steps from the origin rgspectively. In this method we

cannot find the probability values of a particle in each hexagon

as in figure 3.3. But we can find these values by the following

procedure,
Let Pn(g’Q) be the probability that after n steps a

particle is at the point (E'T} in the Eol-plane. Then, aceording
to figure 3.2, we have

¥ s
5 g o g U

where/ € = 0,1,2,.004n,

and 'Y

Therefore, we can find the probability values as in

O,t1 ,1'2,. e e 'tné

figure 3.3 from this formula.
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Appendix A

—ax 1
To show that .f W dx = = I .
2V a
2 -axz
By the symmetry of the function e s We have
Joe) o0
-ax2 1 -ax2
ge dx = '2' e dx EEEEEE (A--“)
00

-00 -
00 00
-x2 B
we let L7 /# Jﬁ N = S eV dy .

Since a definite integral is a function of its limits only,

not of the variable of integration.

o 00
So 12 =45 g. x V dxdy.
-0 00
00 o6
= j S —(x .7 )dxdy.
-00 -0

The limits on the double integral indicate that the
integration is over the whole (x,y) plane. Now we change to
polar coordinates, writing

% r cose ,

y = r sin®@ , and the element of

area in polar (r, ©) coordinates is r d r 4 ©.



Hence
So
‘1/2
Writing a X
o0

for x, we

og 217 2
Q’ e rdr do
0
2m °_ 2
[O]O j>e rdir,
0
2 %)
ZW—[- % e-r }
0
e s A = F
2 Ll
o0
2 o
j e-x dx = JW .
-0
have
T
a

os v eds ok had)

Ll
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Apgendix B
O
r 2  §47
To show that J xme i d& = (211) ) .
2a
0
i m -ax2
Let Im = j X e dx ’ secessevcsccsoe (B-1)
0

w&ere m is a positive integer.
Wle shall separate m into odd and even numbers. For m

odd, (B-1) becomes

oC °0

-ax2 of -ax2 1
I, = éxe dx = [‘EE" L=§E’ (B=2)

by using the method of differentiation under the integral sign,

R
2
_ 3 -ax . _Q_ ~-ax
13 = .[ i - -S xe dx
0
9 <1 ) 1
= - \—y = Rt seve v (B-B)
“da 2a2 3
©0 o0
2 2
15 = J 5 . dx = -%5 g x3e-ax dx
0 0
= i( 1) = 1 ) e e e 0 s 00000 (B-LI')
2a 2a a3

and so on,

For m even, (B=1) becomes

o0 2 = :
IO= J e-ax dx - -;- T—a‘l.- N eesesvrecsee (B-S)o

0
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L6

then using the technique of differentiation under the integral,

o 2 @0

2 =-ax --ax2
I2 = glx e dax -J—e dx
20

|

1
Qqc)
w

. oAl 1 /2 o
& —aa(‘a-ﬁj-a_:->= T} 32 g ®ecosccers (B-6)
a
(o%] [e¢ 5
I, = ‘f xhe-ax df /2, = g% é-xze'-ax dx
6]
3 1 ﬂ’l/Z 3 17/2
= —é—a-(-l; -a—3-72 B Ea 2 ’ EEREEEREEEE] (B-?)

and so on,
Thus from the recursion formulas of the Gamma Function

that

*T}n + 1)
.rkn + 1)

and the value of ~r}%) = JET, we can sce that (B-2), (B=3),(B=4),

n_Wﬁ(n) =

e if n=0,"1, 25e¢s where O! = 1,

(B=5), (B=6) and (B-7) are in the form

—

o | [men)/z2]
m -ax dx = y for both odd and even
X e m+1)/2
2a
0

values of m,

oom —ax> ] (m+1)/2 . .
Therefore .j X e dx = e B ¥ s Where m = O, 1, 240000
0

2a
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Appendix C

Find o€ {e‘a"rs_}, where a » O.

I) If i{f(t)}

F.d {f‘(t)}

Thus if‘éﬁ-1{F(s)}= £(t) ‘and £(0) = O, then
2-1{SF(S%: £1(t).

II) By using the complex inversion formula we can show that

/oAt
- g i 1 /s f e
s = o m— 3 e u

F(s) s then we have

"

sF(5)-£f(0) = sF(s) if £€0) =

1 - orf (a/24t) s where a > O,

Hence F(s) = e-aJE- and £(t)
Sif

1 - erf (a/24t) ,

]

with £(0) 1 = erf (o0)

"
B

1
P

1]
(@)
.

Then by I, it follows that

Z'“{e““’g} A TN
erf(a) 3 z{a (T) {3—) (% )}

"Wk e v B
: { A2 33/2  5.-5/2 7.7/ }
at + ierets

=ﬁ'a*4“6

3'201! 502.2! 7.2.3!

Q—'Qu

{ -erf(a/2f~)

\o-.g,\J




%; 1-erf(a/24f)}
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