CHAPTER IV

ON (p,q ; 2) = COLORING OF K,

4,0 Introduction

In this chapter some structures of (p,q 3 2)~ coloring of Kn
are derived for later uses. /A method for constructing a (p,q ; 2)-

coloring of Kn will be discussed,

b1 Some Structural Theorems for (p,q;2)-Coloring of K

441.1 Theorem Let ((S,E1),(S,E2)) be a (p,q;2)-chromatic graph.
For any point vy € 8 et X be the set of all points of ((S,E1),(S,E?))
which are joined to 5 by red lines, and Y be the set of all points

of ((S,Eq),(S,EZ)) which-are—joined to Vo by blue lines, i.ec.

= [ . i~ { 0 = g { 5 l i

X ) v/ Vt,S,i v,vb} € 31} , and- Y v/ v eo,zv,vbse EZ .
. / 7 1 i ]

Let ¥ = ((X,E,),(X,E,)) ”4 "= ((Y,E;),(Y,E,)) be the chromatic

subgraphs of ((S,E1),(S,E2)) induced by X and Y, respectively.
Let n,x,y denote the numbers of points of S,X,Y, respectively. Then
)4

(2) 2%,18 a (pyq=132)-chromatic subgraph of ((S,E1),(S,E2)),

(1) 3{ is a (p-1,q;2)~chromatic subgraph of ((S,E1),(S,E

and

(3) x+3y+1=n.

Proof : First, we shall show that ¥ is a (p-1,q;2)-chromatic subgraph
of ((S,Eq),(S,EZ)). Suppose that there exists a (p-1)-subset of X

which forms a red K(p_1) in ¥ . Thus this (p-1)-subset together

I 15N



36

with Yo will give a p-subset of S which forms a red Kp in ((S,Eq),(S,EZ))9
which contradicts to hypothesis. Hence there does not exist a (p-1)-
subset of X which forms a red K(p-1) in the chromatic subgraph.?f.

Since there does not exist a g-subset of S which forms a blue Kq in
((S,Eq),(S,Ea)). Thus there does not exist a g-subset of X which forms

a blue Kq in the chromatic subgraph}f. Therefore, a coloring of the
chromatic subgraphf%?of ((S,E1),(S,E2)) is a (p-1,q32)-coloring. Hence

¥ is a (p~1,q3;2)-chromatic subgraph of ((S,E1),(S,E2)).

Next, we shall show that % is a (p,q-1;2)=-chromatic subgraph of
((S,E1),(S,E2)), Suppose that there exists a (q-1)-subset of Y which
forms a blue K(q_1) inéf ./ /3Thus this (g-1)-subset together with vy
will give a g-subset of £ which forms a blue Kq in ((S,Eq),(S,Ez)),
which contradicts to hypothesis. Hence there does not exist a(q~1)-
subset of Y which forms a blue K(q-1) in the chromatic subgraphg% .
Since there does not rexist—a—p=subset—of S which forms a red Kp in
((S,E1),(S,E2)). Thus there-does not!exist a p-subset of ¥V which
forms a red Kp in the chromatic subgraph . Therefore, a coloring
of the chromatic subgraph.%% is a (p,q-1;2)~coloring. Hence %/is a
(pyg=132)~chromatic subgraph of ((S,E1),(S,E2)). It is clear that
X +y + 1 = ne

Q.E.D'

L.1.2 Remark From Theorem 4.1.1 we may conclude that a(p,q;2)-
chromatic graph with n points exists, then it must contain chromatic
subgraphs ?f, U with X,Y points, respectively, where

(1) X is a (p-1,q;2)~chromatic subgraph,

(2) éf is a (p,q=1;2)~chromatic subgraph, and

(3) X+ 3y +1=n.
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This fact can be used as a basis for constructing a (p,g3;2)=coloring
of Kn as follows
(1) Determine all positive integers x,y such that

x+y +1 =n

X < N(P'f19q;2)‘19

y < N(p,q-1352)-1.
(2) Construct (p-1,q;2)-chromatic subgraph ¥ with x points and
(pyq=132)=chromatic subgraphl% with y points.
(3) Construct the complete graph K by taking the points of ?f s
and an extra point vy 28 points of Kn. Let the lines of the
chromatic subgraphsx ,3 Have the original coloring. Let each line
from Vo to points of)( be colored red and cach line from Vo to points
of l{ be colored blue.

Then we try to color the lines joining 3{ and 1/ , one at a tinme,
in such a way that no-red Kp or blue Kq occurs as a subgraph of Kn.

This method officonstructing (pyg;2)-coloring K is rather
cumbersome for large values of n,  However, when n is nct so large,
this method give us all non-isomorphic (p,q;2)=-colorings of Kn'

As an illustration, let us apply the above method to obtain
all (3,332)-colorings of Kge

First, we look for positive integers X,y such that
x < N(2,332)-1, vy < N(3,2;2)=1, and x +y + 1 =5, Since
N(2,332) = N(3,2;2) = 3, thus x = 2, ¥y = 2. Hence }f,% which are
cl.romatic graphs with 2 points is the only possibility. Next, we color
X',éf so that %, is a (2,3;2)-chromatic graph and gp is a (3,232)=-

chromatic graph, The only possible colorings of ?é enuiéy, are shown

below.
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Figo L}o‘l

In our diagrams red lines will ‘e represented by heavy lines and

blue lines will be represented by dotted lines. Since Y is joined
to points of %’kw‘red lines and joined to points of gf by blue lines.
Hence in our (3,3;2)=coloring of K5 the coloring of the lines

%vq,vB% ; {va,vq% , {vb,v1}\, gvb,ng \ {VO,Vé} ,; VO’VEQ must be

shown in the following figure,
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Figo 1"’.20

There are two possibilities for coloring the line {VH'Véi .
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Case I : The line % VyaV l is colored red :

)
Vo
// \\\

V\'// \ \\-V
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Fige 4,3

If %v1,v4“ is a red line, then {v1,v2,vu% is a red triangle.
Hence ) v1,v4% can -not-be/red. Therefore, 5v1,vh} must be blue

line :

Fig. L.h

By a similar argument, it follows that {VE’v4% must be red line :
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Finally, we see that the line {vé,VBE must be blue., Hence the

coloring of K5 must be as shown in the following Fige.h.6.

\\\
V //t\\ \\. vV,

Fig. L"n6

In fact, this is a (3,33;2)&coloring of K

5.
Case II : The line {v,l,ve} 36’ blue
VO
==
\ -
V — PR W\
= \ vz
| \
) \
| \
! \
i \JV
Va 4
Figo Ll'a?

By arguments similar to Case I, we obtain a coloring of K

5

as shown in the following Fige 4.8
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This is also a (3,3;2)-coloring of K However, it can be scen

5°
to be isomorphic to the (3,332)=coloring obtained in Case I. Hence
there is a unique (3,33;2)~coloring of K5.
By applying the method illustrated above to obtain all (3,452)-
colorings of K8 we obtain 3 non-isomorphic (3,4;2)-colorings of K8’

We state this result in the following.

4.1.% Lemma Let ((S,E1),(S,E2)) be a (3,4;2)=coloring of Kg where
S consists of 8 points. Then (S,E1) must be isomorphic to one of
the colorings shown as G1,G2,G3 in Tige 4.9. By counting the lines
Of (y4G,,CG5 we see that (S,E1) must have at most 12 lines,

Observe that if (S,E1) is/ isomorphic to G, in Fig.4.9, then

1
(S,Eg) must be isomorphic to Gl+ in Fige4.9, the complement of G

1.
Using this fact together with Lemma 4.1.3 we have

bkelel Corollary Let ((S,E1),(S,E2)) be as in Lemma 4.,1.3., Then

(S’EE) must be isomorphic to one of the graphs GM'GS’G6 in Fig.4.9.
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Lk¢1.5 Remark Observe that if ((5,E,),(8,E,)) is a (4,3;2)-coloring
of.K8,'then ((sta),(s,E1)) is a (3,4;2)=coloring of Kge Hence
(S,Eq) must be isomorphic to Gh or G5 or G6 in Fig.4.9.. By counting
the lines of Gq, GS’ G6 we can conclude that (S,E1) must have at
least 16 lines.

L.1.6 Theorem Let ((S,E1),(S,E2)) be a (4,4;2)-chromatic K, where

17
! /
5 consists of 17 points. Let x,y, X,Y, %& = ((X,E1),(X,E2)),
/7 "
= ((Y'Eq)’(Y’Ez)) be as in Theorém 4.1.1, Then x = y = 8, and

/
(X,E1) must be isomorphic to G, im Fig.4.9.

3

Proof : By Theorem k4,%4.7y4 ¥&is a (3,4;2)-chromatic subgraph of
((5,E,),(5,E,)), ;}ris o (4y332)=chromatic subgraph of ((8,8,),(5,E,))
and x + y + 1 =17, Thus x gN(3,4;2)=1, y < N(4,3;2)=1. Since
N(3,432) = N(4,33;2) = 9, hence x ="y = 8. Fron this,it follows that
% is incident with 8 'red lincs. Since ¥4 is arbitrary, hence every
point of S is incident with 8 red linesy Assume thatﬂﬁ has r red
lines. Therefore, therec are 8.8 - 2.r red lines from X to the points
outside X. Among these lines, 8 of them are the lines joined to Vg
Thus there are 8.3 - 2r - 8 red lines from :x tog%,. Since every
point of ¥ is incident with 8 red lines. Therefore, (Y,é;) has

[8.8 ~ (8.8 = 2,1 = 8)]//2 red lines. By Remark 4,1.5, (Y,é;) has

at least 16 red lines. Hence we have [8.8 - (8,8 =« 2or - 8)] /2 > 16,
Thus r 212, By Leumma 4.1.3, (X,Eg) has at most 12 red lines. Hence
(X,E;) has exactly 12 red lines., Thus (X,E;) is isomorphic to G3
in Fig.h4.9. |

'(./.u.D.
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4,1,7 Theorem Let G3’ G, be as shown in Fig.4.9. Then G, contains

no subgraph isomorphic to G3.

Proof : Suppose that six lines can be removed from Gh to obtain a
graph isomorphic to G3. Now G3 does not contain a triangle or an
independent set of four points, furthermore every point of G3 has
degree 3. By Remark 3.1., the six lines must be removed from G4 in
such a way that in the resultinpg graph there does not exist a triangle
ér an independent set of four points and every point has degree 3.

For convenience, we denote the lines { v1’V2% ’ {VZ,VB} .

{vj,vhk ? {vu?VSk ,{ vs,v6t A {ve?v7} 5 {v7?v8} ,{ v8’v1% ,{ Vq!V3§ 3
S(Vz?vl{_\; ] {VB’VSI_’ }l V#’VG} ) %V5yv7} ] & V61V8¥ ’ {V:?,Val} ) {Vgsva} )
{v1,v5§ and { v2,v6% of G, by gD+ 1PgasqsSpaeee1Bg d, and d,,

respectively (see Fig.4.10 below).

Fig. 4.10

First, let us suppose that the lines d d., are among the six

1 2

lines removed from Gh‘ Then we obtain the graph G6 as shown in

Fig.4.110
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Fig. .19

The other four lines must/be removed from G6 to obtain G..

3

Suppose further that the line 8o can be amohg the four lines

removed from G6. Thus we/ have the graph as in Fig.hk.12.

Fige 4o12

We see that the point Vo has degree 3, so the lines 55,p6,p7
can not be renoved. In order that no triangle occurs in the
resulting grarh, the lines p5, sg must be removed., But, if these

lines are removed, the resulting graph (see Fig.4.13 peloy) contains

a point of dc rea 2,
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Fig. 4.13

Hence the line Sy can not/be)among the removed lines. The same
argument shows that none of ‘the lines s; can be among the removed
lines.

If both of the lineés P4 and p2 are removed from G6’ the

resulting graph (sec:Figehsts below) contains a point of degree 2.

Fige 4.14
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Hence the lines P, and p2 can not be both removed from G6.Similary,
we can show that no pair of adjacent lines p's can be both removed
from G6° S50 the only possibilities are that Pqs p3, p5, p7 or
Psy Pyye Pg: Pg are the four removed lines.

If the lines Pqa PE’ p5, p7 are the four lines removed from G6’
the resulting graph (sece Fig.%.15 below) contains an independent set

of four points, f V}’VH’VV’V8§ is such a set,

Fig 4,15

Hence the lines Pqs P33l Pgs Py-can not be the four removed lines.,

Similary, we can show that the lines P>s Py Pgs Pg can not be the

four removed lines.,

The above argument shows that not both of the lines d1, d, can

2
be among the removed lines. So at most one of di can be among the

six removed lines,

Suppose that the line d2 is removed from Gh' Thus we obtain

the graph G5 as shown in Fig.hk.16.
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Fig. 4.16

In order that no triangle occurs, the line 85 OT s, must be removed.

If the line So is removed, Thus we obtain the graph as

shown in Fig.4,17

Fige 4.17

We see that the point<v7 has degree 3, so the lines 35, Pgs p7 can

not bc removed, In order that no triangle occurs in the resulting

graph, the lines p5, 56 must be removed. But, if these lines are
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removed, the resulting graph (see Fig.4.18) contains a point of

degree 2,

Pigs’ 4,18

Hence the line 57 can not/ be removed. The same argument shows that
the line 85 can not be removed. In order that no triangle occurs in
the resulting graph; the line d1 must be removed, which is a
contradiction. Therefore, the line d2 can not be removed from G,.

I

Similary, we can show that the line d,I can not be removed from Gh‘

Hence none of the lines di can be among the removed lines,

So the other six lines are removed from Gq.

Suppose that the line sg is among the six lines removed

from G4' Thus we obtain the graph as shown in Fig.4.19
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Figc l"o 19

We see that the point Vg has degree 3, so the line 56’ p7, pg can
not be removed. In order that no triangle occurs in the resulting
graph, the lines Pg s7 must be removed, DBut, if these lines are
removed, the resulting graph (see Fig.4.20) contains a point of

degrece 2.

Fige 4.20

Hence the line Sg can not be among the removed lines. The same

argument shows that the lines Sq1 By 55 can not be among the removed

lines.,
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Since d2 and sg can not be among the removed lines, hence Sg
must be among the removed lines. Otherwise dZ’ Sg and Sg would form
a triangle. By the same reasoning we can conclude that S5 83, 57

must be removed. Thus we have the graph as shown in Figelos21.

FigJl.21

We see that each of the points V}, v#, v7, Vo has degree 3, So no
more lines which are incident with the points v3, V), v7, Vg can be
removed. In order that no triangle occurs in the resulting graph,
the lines Pqs p5 must be removed, But, if these lines are removed,
the resulting graph (see Fig.4.22) contains an independent set of

four points.iv1, Vo Vi v7 } is such a set

Figeh.22



Hence no six lines can be removed from G, to obtain a -graph

isomorphic to G3. Therefore, Gh contains no subgraph isomorphic

to G,
03_

Q.E.D.

:

|

3

v o a [

‘ IWIANNTUAUIINGIa S
i CHuLALONGKORN UNIVERSITY
!

!‘,

!.

| ,

-



	Chapter IV On (P, Q; 2)-Coloring of Kn

