CHAPTER IV

THE SEMISIMPLE ALGEBRAS

The material of this chapter is based on referénce[il] .
In this chapter we sﬁudy the structure of semisimple algebras,
We begin by recalling a defiﬁitioﬁ which is used repeatedly in this

chapter. A ring R is called right:Artinian if it satisfies the

descending chain condition on right ideals or, equivalently, every
nonempty set of right ideals of R possesses a minimal member. We have
already shown 1v Chapter I tlat every algebra A finite dimensional

over a field K is a ring with minimum condition.

Lemma 4.1 : Let A be a ring and suppose that for some a & A, az- a is
nilpotent. Theh either a is.nilpoteﬁt or, for some polynomial q(x)
with integer coefficients e = aq(a) is a nohzero idempotent of A.

Proof : Since az- a is nilpotent, there exists k » 0 such that

(ag—..::.)l..c = 0,

By expanding this, we get

BT 1)k k¥l gy Ej_lz'-_"_l_)ak+2+...+(-l)kak ‘.
Therefore, |
oy 1)k+1 2y 12y gkt R
. akﬂé(a)' - N

where p(x) is a polynomial having integer coefficients.
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Therefore,
= ak. ap(és
= (ak+lé(a»apééi
B S A

Continuing this process we get

o Tk

Let : e = aRP(a)k
If a is not niipotént;vthéh ék<¥'0 for ail ¥
Hence e. ¥ # 6 aﬂd .

R /5t .

- akp(a)k = e
Therefore, 4 a polynomial q(x) with integer coefficients such that
e = aq(a) is a nonzero idempotent element.

0.E.D.

Using this lemma we can prove the following theoremn.

Theorem 4,2 : 1In a right Artinian ring R, every nonnilpotent right

ideal I contains a nonzero idempotent element.

Proof : Since I is a nonnilpotent right ideal of R, the collection K

of nonnilpotent right ideals of R which are contained in I is not empty.

By the minimum cbnditidﬁ 6ﬁ righf idéais; ﬁhere exists a minimal element I1

of K. It is clear that If is also a right ideal of R and since ALY

nonnilpotent, 12 is a nonnilpotent right ideal of R. Therefore

1
I% = I1 » by thé minimality property of Il'
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Next consider the collection M of all right ideals L of R

such that

(@)) '.-LII # 0 and

(2) L &1 .

M is nonempty, since Il is in M, and hence M has a minimal member,

say Ll'

By (1) x # 0 in L, such that xI, #{0} . Since L) is a right ideal,
xI; C L. ButxI, is a right ideal contained in I, such that

1’ 1

St = owh = x4 {0

Therefore, by the minimality of Ll’ xIl = Ll' Hence 3 ana & I, G 3

such that x ==xa 3 and éo .
X - xé o .(A:;a)a = xa2 = (xa)a2 = x33 L e

a s By
or X = xXa for all n.

Therefore, a is a nonnilpotent element, and

Xa = xa
that is x(a-.a,‘.z - 0
Now, set S8 | K
N = {uell\xua oj.

We can see that N is a right ideal of R which is éontained in 11, and
since xI-1 = L;v# {0} ,’ N ihs'::”properly “contained in Il. Since I1 is a
minimal membe; —6f' K, N is Anilpo'tent. " From the ab.ove, x(az-a) =0
which 1mplies'-:t'hé-t‘:w a2- .a i.é in> N, ‘henc.e a2- ‘a'is -a nilpotent element
of I. Then we can ;pbly Lemmalcl t;o gef a polynoﬁial g(x) with integer

coefficients such that e = aq(a) is a nonzero idempotent element in I,

and this completes the proof ’vof the theorem
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Corollary 4.3 : Let R be a right Artinian ring. Then a right ideal I

of R is nilpotent if and only if every element of I is nilpotent.
Proof : First suppose that I is a nilpotent ideal of R, Then there

exists k » 0 such that IF= {OS . For each a .Q.I, a¥ é 1¥. Therefore

a“= 0, that is, a is a nilpotent element.

Fext, ‘;uphi)oseA utﬁﬁét és}ei;y eie'mencwin I is nilpotent. If I is not
a nilpotent ide>al,ﬂ then ‘by. Theorem 74‘..2 I containga nonzero idempotent
element, say e i Since ié -6 I:, e is a ni']-.poter.lt-elvement, that is, there
exists k >0 such tﬁat ék; 0 : But' e - .ez- e2.e = e3= e2.e2 = el’-...f-' eka 0,

which is a contféd.iétioh; "T‘}.xérefore I is é nilpctent ideal of R.

Q.E.D.

R

Lemma 4.4 : Let R be a ring which has no nilpotent 2-sided 1deéls,
except the zero ideal. Then R possesses no nonzero nilpotent right

(left) ideals'.b a0

Proof : Let I be any nilpotent right ideal of R, say 1= {O‘] :
Since I is a rig-h; ‘i‘dea]'., Qe c_.a.x;”see that RI is aiso a fiéht ideal
of R, and sin;t;"ﬁwis; .a" iefﬁ ideai of R RIis a léft ideal of R,
Therefore RI 1sa -tw'ag-;id-éé i.rie.alnc;f R ”Consider (RI)n
}'(RI_)“ = RIRI...RI
= R(IR)(IR)...(IR)I
RDD) .. DT
But R has no nonzero nilpotent two sided .id.eal, hence RI = {OI‘ . Since

- G N S o is also a left ideal of R.



32
Therefore I is a nilpotent two-sided ideal of R, ‘making I = {Os “
That is, R has no nohzéfo nilpotent-fight ideals.

Q.E.D.

Now, we come to the theorem which show that the idempotent elements

occur as an unavoidable part of our theory.

Theorem 4.5 : Ler R be a semisimple right Artinian ring and let I # 0

be a right ide#l of k. ihenmi“=AeR for somé ideﬁpotent element e in R,

Proof : Since R is a semisimple ring, I cannot be niléotent, hence by
Theorem 4.2 it.ﬁﬁét haéé'; ﬁoﬁzeiﬁ idemﬁbtenfvelement. If e is an
idempotent eléméﬁf iﬁ I; iéfmA(eji;i;cEI.i'ex = 0} . The set of right
ideals {A(e) 1léz;ué.¥”6‘é;i3 "is-é nonempty sét so it has a minimal

element A(eoig'—if A(eo) = 6, tﬁén, since fér any x & I we have

%ﬁx-eOX) = (0, then x—eox'is in A(eo). Hence X=epX = 0 f.e. x = eqx

for all x in I, ;nd".—c“or;;e.qﬁentl‘y, I = eOI. Since e & I, ok s,

Therefore, we have I = eOI Ce Rng I.‘ This implies that I = enR.

0
1f A(eo) # 0 then, since A(eo) is a nonzereo right ideal of R,
A(eo) must have a nonzero idémpoteht element, say e,. By the definition

of A(eo), e is in I and epey = 0. Set e, = e0+ e~ €8y Then e, is

in I and 5
e2 = (et e,~- e )(e .+ e~ e.c))
o DO D ol Wl Bt b e T W b
o g Ml 1y SR B

That is, e, is an idempotent element. lMoreover,

e,e, = ‘(e0+ e~ eleo)e1 | ¢ 0.
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Hence in particular, e, # 0. How, if e,X = 0, then

B gt T ol gl
hence,
(eq+ e1 1 O)x 0
Thus
:”M—(e2+ e.e.~- e.e.e.) X 0
X 0 1 010 ?
That is, eox = 0. Therefore A(e ) g A(e ) But eoe1 0 and e eye) # 0.

then e, € A(e,) and e ¢A(e2) “That is, A(ez) # Aley) and A(e ) is
property contained in A(eo). This contradicts the minimality of A(eo).
Therefore théwégse”A(e65.¥70 is impossible. 7

Q.E.D.

Remark : Notice that the idempotent e acts as a left identity for the

right ideal I = eR. Ind_eed, if xé == then x ='ey for some y & R;
Bl S %y 4

2
ex = ey =ey =x.

Definition 4.6 : The center C of a ring R is the set

C = ixéR'xy=yx forally&ng.
Theorem 4.5 has two interesting corollaries.

Corollary 1 : If R is a semisimple right Artinian'ring and A is an ideal

of R, then A = eR = Re where e is a unique idempotent element in the

center of R.
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Ezggf :Since A is a2 right ideal of R, Theorem 4.5 implies that A = eR
for some nonzefdviéémﬁotént élément‘e in R, Let B = ix—xe ‘x €A }.
Since ex = x:fdf-aiilihin.A and‘(x—xeje ¥'0 for éll x in A, we have
Be = {0] so BA = Bea = {oﬁ

Howevef:-a;'A.is.alsé a i;ft'ideal of R, B must be a left ideal of
of R, Moreover, B>C BA = ios , implies that B> ={ 0} . But R 1s a
semisimple riﬁg,léhﬁévﬁ.Qg'dS-; Théf is\x = xe’for all x in A, and
A = Ae CRe Ca, " Therefore A = Re. A . :

Now, Qé éré goiﬁé-té show tﬁat\e is in tﬁe center of R. Let
y € R, then yee A .H‘etice' yéhé e(ye) nbecause e ié a>left identity for A.
Moreover, ey é{ﬁ;.hégéé ef.év(é§jé ﬁ§ Girﬁ&e of the fact that e is a right
identity forhézﬁriﬂeréfsfé &é - eyé ='ey éor.éll y in R, that is, e is
in the center”;f-ﬁ;. i A A |

To pr5§é ;niq;é;esé.of_e. 1f e’ is any other idempotent generator
of A, then e - ee/ ;“e’; Thié coﬁpletéé'thé proof of the corollary.

-~

T o . Q.E.D,

s e

Corollary 2 : A semisimple right Artinian ring has a two-sided identity

element.

Proof : R is an ideal of R so the result comes directly from the
Corollary 1. 3
Refore going to the Wedderburn structure theorem we first proof

a lemma and coféilary.
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Lemma 4.7 : Let R be a semisimple right Artinian ring and I = eR = Re

be an ideal df.R; e ahbidempétent. Then anf right (leff, 2-gided) ideal
of I is also a right (left, 2-sided) ideal of R.
Esggf : Suppose that J is arbitrary right ideal of I, considered as a
ring. Since ii;mRé, J-éQRe. .Therefore, eacﬁ.a € J can be written in
the form a = fé; %éf-séﬁé e;R.A Siﬁcé e ié an idempotent element,
e2 = ¢ and Wcaéewt:““~

. a”= re.Q (re)e = 2e ¢ Je
That is, J = Je and hence BN

JR = (Je)R = J(eR) = JI € J
This makes J a right ideal of R. '

Q.E.D.

For left and two-sided ideals of I, the same argument proves

that they are aiéduleft and two-sided ideal of R respectively.

Corollary : Let R be a semisimple right Artinian ring. Viewed as rings

(1) each ideal-of R 1s}1tse1f a semisimple fight Artinian ring
and o :

(2) apy”minimal ideal of R is a simple ring.

Proof : For the first part of the theorem, let I be an ideal of R.
Viewed as a riﬂg,.Suﬁpose.thaﬁ T is not semisimple, then there exists

a nonzero idéal J 6f I such éhat.J is a nilpotent ideal. Then from

Lemma 4.6, wé.c;h‘concludé.thét J is alsd a nonzero nilpotent ideal of R.
This contradicts‘the fact that R 1§‘éemisimp1e ring. There}ore, viewed

as a ring, 1 is a seﬁisimple fing;

1A%
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For the second part, let I be a minimal ideal of
R. Suppose that I is not simple, viewed as a ring, Then
there exists an ;deal J of I such that {OXC.JCZI. From
Lemma 4,6, J is also an ideal of R, - Therefore I is not
a minimal ideal of R which is a contradiction, That is,
I must be simple, viewed as a ring.

Q.B.D,

Theorem 4,8 (Wedderburn) ¢ Let R be a semisimple right

Artinian ring, Thea R is the (finite) direct sum of its
minimal 2~sided ideals, each of which is a simple right
Artinian,

Proof : Consider the collection of all nonzero z;aided
ideals of R, We may assume that this collection is not
empty, since, if this collection is empty, then R itself
is a simple ring and the theorem is already proved, . Then
by the minimum condition on right ideals, this collection
possesses a minimal member,'.:[1 ¢-}oﬁ say. From Corollary

1 of Theorem 4,5, I1 = elR = Re1 for some unique idempotent

e, in the center of R, - Sinee (1"61) raree r=rere ~r(1-el),

1 5 : 1
N r &R, (1-91) is in the center of R, Therefore, J=(1-e1)R

forms an ideal of R, Now for any x in R, we may write

X = e /X + (1-el)x.-

That is, R = I_+ J . Next, we have to prove that Ilﬂ J

1 1 1
= {0\. Let xéIlﬂ Jl, since erir’ X = (1-el)r for some r

& R, Since e, is an idempotent element, we get

(1) : e,x = e,(l-ﬁi)r =0

for x€ I, x = e,8 for some s €ER. Therefore, we get

1
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(2) ex = el(els) = gfs = 8 = x.

Thus, from (1) and (2) we have x = 0, or equivalently, I, N i {0} F

Hence, R = ]:1 @ Jl' By the minimality of I. and from the preceding

1

Corollary, I1 is simple whem regarded as a ring.

Next, we shall consider J,. Since R 18 a semisimple right
Artinian ring, the preceding Corollary allows us to conclude that :

Jl is also semisimple and right Artinian when regarded as a ring.

1
above process replacing R by Jl. This yields Jl = 12@ Jz, with J2

If ), = io!’ , then the theorem is proved, If Jl # (0% , then repeat the

an ideal contained in J 1 Repeating the process we obtain

R = L,®/1L,@L®..0 13 .

where each I, = e,R is a simple, idempotent-generated minimal ideal

: i
of R. Since Jl 2 J2 y 2 J3 = sy then the minimum condition on

right ideals of R implies t:hat:-Jn ={0€ for some n. That is,

RalL®LE.. 1 .
All that left to prove is that I1 include all the minimal
two-sided ideals of R. To prove this, let I # {0'1 be any minimal

ideal of R. Since RI € I, then the minimality of I implies that

RI = I. Thus,

I =R = LI@BILIDH...H LI

Each IiI is an ideal of R which is contained in I Therefore the

in

minimality of I, implies that I,I = {o} or else I,T = I. If II= {o}
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for all 4 = 1,2,00ev 0, I = {Ok , which is a contradiction.
= o= & i i =
If 111 Ii for some i, then Ii IiI__I implies that Ii I for

gome 4.

QeB.D.

Knowing that any semisimple right Artinian ring
can be represented as a direct sum of simple right Artinian
rings, we are left to determine a satisfactory structure
‘theory for simple rings in which the descending chain
condition of right ideals holds, It will be found in due
course that such rings are isomorphic to the matrix rings.
The way to prove this is very long and can be Eognd in Ll] ’
therefore the proof will be omitted,

Theorem 4,9 : Let R be 2 simple right Artinian

2 s

ring with identity, Then there exist division ring D and
suitable intebers n such that

R = Mn (D)
where Mn (D) denotes the ring of nxn matrices over the
division ring D,

Corollary : Let R be a semisimple right Artinian
rings Then there exist division rings Di and suitable
integers n, (i = 1,2,0¢09,yr) such that

R = Mn (Dl) @Mn (Dz) @ soe @Mn (D!‘).

i . T
where Mn (Di) denotes the ring of nix 1’1‘.L matrices over

1

division ring Di’
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