CHAPTER I

PROPER INVERSE SEMIGROUPS

L. O' Carroll has proved that any proper inverse semigroup
can be fully o-embedded into an F-inverse semigroup.

In this chapter, we show that any semilattice of groups which
is proper can be fully c-embedded into an F-inverse semigroup which
is also a semilattice of groups, Moreover, we show in general that

this is true for the case of semilattices of inverse semigroups.

Let S be an proper inverse semigrdup, and o(S) be .the minimum
group congrﬁenée on.S. Let

M(S) = {¢=XeSJE(S).X = XS ao(S) for some ae€ S}.
L. O' Carroll has shown in [8] that the set M(S) under the usual set
multiplication is an inverse semigroup;-and for Xe M(S) and Xs ao(S),
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we have X = = {x-1|xe X}e a-lo(S), Then he has given the following

theorem :

1.1 Theorem [8]. Let S be a proper inverse semigroup. Then M(S)

is an F-inverse semigroup with the semilattice of idempotents M(E(S))
and with {ao(S)lae S} as its set of maximum elements. The natural
partial order on M(S) is that of inclusion, and ¢ : S—M(S) defined
by ay = aE(S) is a full c-embedding of S into M(S). Moreover,

slo(s) = M(S)[a(M(S)).

The next theorem shows that if a proper inverse semigroup S
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is a semilattice of groups, then M(S) is also a semilattice of groups.

The following lemmas are proved first :

1.2 Lemma. If S is a regular semigroup, then every &L -class and

every ® -class of S contains an idempotent.

Proof : Let La be the &£ -class of S containing aeS. Since
S is regular, a = axa for some xeS. Then Sa = Sxa and hence xa¢ La'
Since xa is an idempotent of S, La contains an idempotent.

Similarly, every R -class of S contains an idempotent by using

the fact : a = axa in S implies ax e E(S) and aS = axS. #

1.3 Lemma. Let S be a regular semigroup whose idempotents are in

the center of S. Then S/is a semilattice Y of groups and Y = E(S).

Proof : First, we show that £ =R which implies that #6 is
a congruence on S. Let (a; b)ti ..~ Then Sa = Sb. Since S is regu-
lar, there exist x, y& S such that a = axa and b = byb and hence
Sxa = Sa = Sb = Syb. Then a = syb and b = txa for some s, teS.

Since E(S)s (C(S) , it follows that

s (yb) (yb)s

1]
1]
]
1
I

a (ybyb)s b(yyb)s b(yybs)

and

n

b t(xa)

(xa)t

(xaxa)t

a(xxa)t a(xxat).
Therefore (a, b) eR . This proves that £ cR . Similarly, we can
show that R <& , so &£ = R . Hence

R =Larg = &L =R

Since & is a right congruence and R is a left congruence, * is

a congruence on S, Let aeS. Then Ha = La and by Lemma 1.2,

001988



16

La = Le for some e€ E(S), so ee Ha' This proves that every #® -class

contains an idempotent. Hence every ¥ -class is a group [[1], Theorem

2.16]. Therefore S = is a disjoin union of groups [[1],

ot E(s)e
Lemma 2.15]. For e, fe E(S) and x, ye S, xde and y?ﬂf imply nyeef,

so HeH S:Hef. This completes the proof of the lemma. #

f

1.4 Lemma. The set of all ideals of a semilattice is a semilattice

under the usual set multiplication.

The proof of Lemma 1.4 is obvious.

1.5 Proposition. Let a proper ihverse semigroup S = &QYGa be a
semilattice Y of groups Gd’ Then M(S) is a semilattice Y of groups,

where Y is the set of ideals of Y.

Proof : First, to show that E(M(S))S C(M(S)), let Fe E(M(S))
and Xe€ M(S). Because E(M(S)) = M(E(S)) by Theorem 1.1, FEE(S).
Since S is a semilattice of groups, fx = xf-for all xe S, fe E(S),
[Introduction page 11], so it follows that FX = XF. Thus
E(M(S)) €CM(S)).

Since M(S) is an inverse semigroup, it is regular, so by
Lemma 1.3, M(S) is a semilattice Y of groups and Y = E(M(S)) =
M(E(S)). Next, we show that M(E(S)) is the set of all ideals of
E(S). Because

M(E(S)) = {¢cXSE(S)|E(S).X = Xseo(E(S)) for some ee E(S)}
or M(E(S)) = {¢=XSE(S)|E(S).X = X},

every member of M(E(S)) is an ideal of E(S). Let I be an ideal of



E(S). Then I ¢ ¢, E(S).ICT and ISI’CE(S).I, so E(S).I = I. Thus
Ie M(E(S)). Therefore Y = M(E(S)) is the set of ideals of E(S).
Since S is a semilattice Y of groups, Y = E(S), so that Y is isomor-

phic to the set of ideals of Y. Hence the proposition is proved. #

The following theorem follows directly from Theorem 1.1 and

Proposition 1.5 :

1.6 Theorem. Let S = U G be a semilattice Y of groups G . If S
— oaeY o o
is proper, then S can be fully o-embedded into a semilattice Y of

groups which is F-inverse, wher¢ Y is the set of all ideals of Y.

= U o - . °
Let S aeYsa be a'semilattice Y of inverse semigroups Sa,
It is easy to see that for each subsemigroup T of Y, &ﬁTsa is an

inverse subsemigroup of S and

E(OgJeTsa) = deek(S ) |ueT} - &Tﬁ(sa)n

Next, we show in/more-general that 1f S is a semilattice of
inverse semigroups, then so is M(S). ' The following lemma is given

first :

1.7 Lemma. Let a proper inverse semigroup S = &éYsa be a semi-
lattice Y of inverse semigroups Sa. For each ideal I of Y, let

= U
SI aeISa’

A

1 - E(SI),

{XeM(SI)IXnSa + ¢ for all aell,

E
and 9y denote the minimum group congruence of SIB If I and J be

ideals of E(S), then the following hold :
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(D) EI is an ideal of E(S) and

E(S).EI = EI,E(S) E-.

(2) ASM(S)SM(S).

[ =
(3) AASA .

4 AI is an inverse subsemigroup of M(S).

(5) ANA;=¢if I¢#1J.

Proof : First, we recall that

M(SI) = {¢CX§SI|EIX =-Xgao_ for some ac€ SI}.

I

(1) Since E(Sa) £ ¢ for all ael, E. = &.eIE(Sa) F ¢. Let

I
e € E(S) and fe EI' Then ee¢ SY’ fe Su for some ye Y, ael, so that

efe E(S) and efe SYOLQ SI since I is an ideal of Y. Hence efe EI"

This proves E_ is an ideal /of E(S) and so

I

— | e
E(S),EI EI.E(S)_EI.
‘2
But EI EIEI = E(S).EI”
c £
Hence A E(S) .EI = EI.E(S) EI'

(2) Let XeM(S;). ! Then ¢ XSSy SS and

EIX = X< aoI for some ae SI.

Hence by (1),

E(S).X = E(S).EIX = EIX = XQacIQaO(S).

Hence X€ M(S). Therefore M(SI)Q M(S). But AIC_: M(SI) . Then we

obtain AICE M(SI) cM(S).
(3) Let Xl& AI and Xze AJ, Let X € X1 and X, € )(2° Then

X, € Sa and xzf:SB for some ae I, Be&J, so that xlxzesa

€
Hence xlxzs; SIJ' Because Xlé AI and )(2 AJ, we have

= P1°
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Ele = X1 aoI

N

for some ac¢ SI’ and

E_X = X bo

J 2 2

In

for some be SJ, and

xln sY 0, X,N Ss )

for all yeI, deJ.

Let yeI, 8¢ J. Then xln SY + ¢ and th\‘S(S + ¢ so that there

exist a, be S such that ae X1

This proves that.xlxzﬂ S, * ¢ for all aelJ. From
EIJX1X2§ EIX1X2 = )(1)(2

and for xle Xl’ X, € X2’ say xie Sa, X, € SB’

X, = ((gx) (K0) T xgxy) € B(S, )X Xy SE) X)X,
we have EIJ(XIXZ) = X1X2.

Let X, € X1 and xze X2. Since X1<:—: ao, and XZQ boJ, we have
X 0. and xzon SO that ex, = -ea and x2f = bf for some e ¢ EI’ fe EJ.
Hence fexlxzfe = feabfe.  Since (fexlxz) (fe) - (feab) (fe) and
fexlxz, feab € SIJ and fe € EIJ’ we have (fexlxz, feab) e 913 and hence

(xlxé)oIJ = (fexlxz)olJ = (feab)oIJ = (ab)cIJ.

c
Therefore Xlx2 C (ab) 913

e
Hence we prove AIAJ__ AIJ'

(4) Since E(Sa)L:E for all a€ I, EIﬂ Sa ¥ ¢ for all aelI.

I

Then E € A; because E seo; for all eeE; = E(S;). Hence A 9.

By (3), AIAIQ AII = AI and hence AI is a subsemigroup of M(S). Next,
1

let XeA;. Then XeM(S) so that X" = {x'1|xe'x}eM(_s ). Since

Xe AI’ XhSa # ¢ for all ael. Let ael. Then there exists ae€e S
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such that ae XnS_ . Hence a~te x*'a S,» SO x1n s, # ¢. This proves

-1
€

X A_. Hence AI is an inverse subsemigroup of M(S).

I
(5) Assume I # J. Then there exists a €Y such that either

1 = U =
acI~J or ae J~\I, say ae I~J. Since SJ BCJSB’ Sa(\ SJ ¢. Then

for each Xe A;, XS, so that XNS = ¢ and hence X¢ A;. Thus

J

AI!'\ AJ = ¢. #

1.8 Proposition. Let a proper ihverse semigroup S = o'[éYSa be a
semilattice Y of inverse semigroups Sa' Then M(S) is a semilattice

Y of inverse semigroups where Y is the set of all ideals of Y.

Proof : Assume that S = &JeYsa is a semilattice Y of inverse
semigroups Su and Y be the set of all ideals of Y. For each IeY,

let AI be defined as above, that is.

by = {XeM(SI)IXnSa £ ¢ for all aell,
where SI = éélsa'

We claim that M(S) = A_. By Lemma 1.7 (2), AIQM(S) for

=
IeY 1
- U W3
all IeY, so that IeYAI_—M(S)“
Conversely, let X€ M(S). Let ISY be such that
ael if and only if XN S, ¥ 9.

Since Xe M(S), E(S).X = X. We show I is an ideal of Y. Since X O
I #¢. Let ael, BeY. Since xnsa + ¢, there exists ae S such

= c
that annSa. Let eeE(SB), Then eae E(S).X = X and eae SBSa‘ SaB’
so that Xn Sch $ ¢ which implies aB€ I. Therefore I is an ideal of Y
and X€S.. For xeX, xx e E(S;) = Ef so that x = (xx-l)x eE_X.

I I I

Hence XEEIX. Because X €& M(S),
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E(S).X = XE bo(S)

for some be S. Thus,

XS E XS E(S).X = X
so that EIX = X. Next, let xeX. Since xe bo(S), there exists
e € E(S) such that xe = be. Pick fe EI = E(SI)O Then fe e EI and
bfe SI and
x(fe) = (xe)f = (be)f = (bf) (fe)
so that xe (bf)oI. Thus XS (bf)oI. Hence Xe AI'
Therefore M(S) = fé?AI' By Lemma 1.7 (5), this union is dis-

joint. By Lemma 1.7 (3) and.(4), M(S) is a semilattice Y of inverse

semigroups AI. #

The next theorem follows directly from Theorem 1.1 and Pro-

position 1.8.

aeY

Sas If S is proper, then S can be fully o-embedded into an F-inverse

1.9 Theorem. Let S = U 'Sa be-a semilattice Y of inverse semigroups

semigroup which is a semilattice ¥ of inverse semigroups, where Y is

the set of all ideals of Y.
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