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CHAPTER IV

CONCILUSION AND DISCUCSION

4,1 Conclusion.

In Chapter II, the techniques used to find the average density
of states in heavily doped semiconductors are introduced. Using a
semiclassical approximation, Kane was able to express the density of
states in an analytical form, (2.2,12), Because Kane used free electron
model in his calculation, the density of states obtained bLy him over
estimated their values and predicted that the tail is of a Gaussian form.
Latter Halperin and Lax used gquantum mechanics to calculate this density
of states. For high concentration of impurities, the distribution of
impurity atoms can be treated as CGaussian distribution, halperin and Lax

found that the density of states could be expressed in the form

(A(E)/£2)exp (~B(E)/2¢E) ,

pl(E)

or in terms of dimensionless functions

p,(v) (QBIEQE'a)a(v) exp(-b(v)/28) .

By treating the impurity potentials screened Coulomb potentials,
Halperin and Lax were able to calculate the values of density of states
and other quantities numerically (some of them are shown in Table, 2.1).
Their procedure involves solving the Hetree equation., The tail of density

of states given bty this method is an exponentiel tail which beliaves roughly
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as exp ( - [Efn) where 0,5 < n < 2, This result agrees with the
experimental results. Since Halperin and Lax considered only the
ground states contribution, the density of states calculated by then

will be too low.

Edwards and Gulyaev13 suggested that the problem of density
of states in heavily doped semiconductor can be solved Ly using Feynman
Path Integral technique., Recently, Sa-yakanit used this-method to
evaluate the analytical expression of density of states. When the
screened Coulomb potential is used and only the ground states contritution
are taken into consideration, +the density of states can be expressed
analytically as

0, (0,2) = (&/8,€5 M alv,2)/u(3,2)%") expl-vlv,2) 4E)D, , W TV,5070),

3/2

where Z is a variational parameter used to adjust the value of pl(v,Z}.
a(v,2) and b(v,2) are given by (2,4.22) and (2,4.23) respectively. For
simplicity, only deep tail states, where b(v,z)/2£'>>1, is considered.
By using asymptotic expansion of parabolic cylinder function given Ly

(2.4,27), the density of states at deep tail becomes

p1(v,2) = (@/EEa(v,2) exp (-b(v,2)/2¢),

which is in the same form as that obtained Ly Halperin and Lax,

The numerical results can be evaluated by three methods, i)
by minimizing b(v,Z)(denote case 1) or maximizing pl(v,Z)(denote as

case 2) with respect to Z as suggest by Halperin and Lax or meximizing
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the function

P(v,2) = ES JQv’J’dv”p-(v',Z)
vl

v
as proposed by Lloyd and Dest (denote as case 3). The detail of these
caleulation. are given in chapter 3. All numerical velues of density of
states and other relative quantities were calculated on electronic

computer using standard techniques.

In the next two sections we will discuss the validity condition
of pl(u,Z) at deep tail region and the numerical results given in chapter

3. Some suggestion for improvement will be given in the last section,

4.2 Validity Limit of pl(v,Z) at Deep Tail Region.

The numericel results given in chapter 3 are all calculated Ly
using the expression of density of states at deep tail region given buy
the equation (2.4.26) which is the asymptotic form of (2,4,21) when
y = b(v,Z)/2§'>>l. To determine the validity condition of pl(u,Z) given
by (2.4.26), we must consider the second term in the bracket of (2.bk.27),
-p(p—l)/2x2. In our case p = 3/2 and x2= 2y, so that this correction
term becomes -3/1€y and may be called the deep tail correction. This

term will decrease the values of density of states given in chapter 3.

Halperin and Lax also evaluated a deep tail correction and set
the limit of velidity of p(v) at y> 3. For this value of y, our deep
tail correction is less than 1/16 or 6,25 % of the first term. We can
determine the validity limit of pl(u,r) at any percentege value of this

correction term. For example, if the required percentage is less than
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1 % the deep teil condition will Le that y > TS/ or L(v,%) > T5€/2
4.3 MNumerical Results.
4.3,1 Density of States.

From taltle and graphs in Chapter III, it can be seen that
the density of states evaluated in the case 1 will decrease at v— 0.
But in the case 2 and 3, the values of density of states increase slowly
as v—o0, It can Le said that the density of states are monotonic decreasing
function., An interesting point is that all numericel results for each £ and
et the same v of the case 2 and 3 are almost the same values in deep tail
region, When v<<l these wvalues are considerably different, however, t:ze
values which are obtained in case 3 are all less than those are olLtained in

case 2,
4,3,2 The Variational Condition and Variational Parameter Z,

The three equations used to calculate the variational parameter

Z are that
D (2) -3
-h - 2Z = 0’ 3.205
D_3(z) T+v
for the case 1
2D 12) _ 3573 2 t(v,z)(D-h(Z) 2773 e
D_3(Z) 2(T+v) 7 2 D 3(z) T4y ’
3.3.0

for the case 2, and
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D, (2) 3D, (2) -3 :
(2 C By - (== 2o 2y E(s,e 0 3.4.,17
kD_?(Z) A hD_B(Z) T Tav

for the case 3,

The values of parameter 7 obtained from these three equations do
nct vary for v>>1l. We cau show that for v>>1, these three equations nave
approximately the Qame forms. Let us first consider (3.3.6). If we
multiply this equaticn by the factor 2§7L(u,z) and take the limit of very
deep tail; i.e., b{v,2)/2¢ >>1, which equivalent to v>>1, equation
(3.3.6) reduces to (%.2.5). In case 3, when an asymptotic form of T'(a,y)

at y>>l,11

Ma,y) ="y 7/ exp(~y) 3 y>>1,

is used in (3.4,17), the equation Lecomes (3.2,5). liote that tne meanin;

of y>>1 is equivalert to u(v,2)/2¢>>1 because y is defined vy (3.4.8).

\Then v<<1, the values of Z will Lecome « in the case 1 and will
epproach to some constauts for any values of ﬁ’in thie case 2 and 3, We

can examine these results from the Tatle in Capter III.

4.3.3 The Quantity n(v,Z).

As v—s = the values of n(v,2) will go to 2, for all three
cases. When v4w 0 the value of n(v,Z) will approach 0.5 in the case 1.
This result agrees with Halperin aund Lax result ard with the experimental
results. In the case 2 ard 3, n(v,Z) —» 0 as v—o0 . -This results do
not agree with the experiments. However, 1if we consider only in very
deep tail region, the value of n(v,2) will be tetween 0,5 and 2. It

points out that the varidity condition of pl(v,Z) is necessary.
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4,4 Suggestion,

Since all numerical velues in this thesis are calculated from the
approximated expression of density of states ot deep tail and consider
only the ground states contribution, so we can improve these results in
two way, i) by using the density of states, pl(u,i), given vy (2.4,21)
insteed of (2.4,26) or, ii) bty considering the excited states
contribvuticns. In the case 1, the numerical velues of density of states
will te reduced Ly tne deep tail correction term, The procedure of
calculating numerical #esults, Ly maximjzing pl(u,Z) in (2.4,21), will
consune computer time approximatly equal to that used to calculate the
density of states at decp tail Ly using the exact variational conditicr of
Lloyd and Best. In the case ii, the excited state correction term will
increase the numerical values of pl(v,Z), This correction term has Leci

evaluated by Sa-yakanit and Glyde?o.

The techniques used to calculate the numerical values
and the numerical values themself of density of states can Le used to
calculate further quantities such as Fermi erergy and inverse screening
length @ Ly the same procedure as I-h.rtul;._\ﬁ’:22 did., Or by using the numerical

values of density of states only, we may construct the less complicated,

3

analytic function of density of states in the seame way as performed LY vee
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Appendix A

COMPUTER FPROGRAMS

A1) numerical values given inChapter I1II were evuluated on en 1BM
370/138 computer using prosrais written in the FPRTRAN IV lan:uuge. This
eupendix gives the list of rain progravs ence subjrepracs forr solvang all

the values of density of states and other relative guuentities.

A:1 Main Programs.

Trere are three mein progruams each of which 1s used te evaluute
the nuierical results for each case of Cuapter II1l. The prccedurs of

these 1:2in progrars are all/writter/in sinilar wanner.

There are two grouys of Gata ccrds in one set of data (each set
is specified bty the values of f}. Tive first group has cnly one data
curd which contains the wvalues of E‘ ard the number oi data cards in the
second group that willi [ follew for this wvulue of GJ. The seconu grouy
has any nurber of cards corresponding to that specified in the first data
card., This group contains all the Infcrmaticn that used to specify v and
other corditions. The representetion of all input varibles in the main

sroprems listed at the end of thie section are given as follow:

Pl & fluctuation paramcter &.
/’
i a numiber of the rollowing dete carus Tor each §
Pl a dimensionless energy v . Tor an ipput, it is un Initiul

value oi' v .

7L a final value of v tnat ve require for eacn data card.
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an increment cr decrenent used to very the values of' V from

initiel value to Tinal value.

e lower lirmit of tne variational parameier 7.

e upeer linit of the veristional parsveter .

For solving the density of states Ly winirizing b(v,%2), the value

of E‘in the data card rust Le egual to 50 ouly, ana culy cue set of data

i’
iz necessary to evaluate the nuwiericzl results ror ¢ = 50, 5, 0.5 ana 0.02,

The cther two main rrosrous way execute nany sets of dats successively vilcu

each set is specified by the velue of ﬁ'. To stop the elccution = blank

card is required.

Cone otrer important varialles of these wain programs ure uweserited

es follow:

Ri
A
B

DRIGIT

D2

D3

D4

e veriationul paraueter 7.
equivalent to n{v;2)
dimensionless function al{v,Z;
dirmensicnless function L(v,%)
a velue of density of states,
cara,

o value of density of states,
a value of density of states,

4 volue ol density of states,

’
pl(u,?), for ¢ specificd 1y uat-

pl(v,?),for =4 (ease 1 only).

pl(v,t), rer 'n."=‘~ 0.5 (casc 1 ouly..

pl(v

’
i Ty a ; \
,E')’ for £= 0.05 {case 1 crly),

The three main prograus for case 1, 2 cnd 3 are listeu 1espectivedly

s follow :
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202
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IMPLICIT REAL*8(A-H,B-Z)

cgMM@N / GRO/FN

C@#MM@N / GR1/PSI,PI

CZMM@N / GRS/A,B

FXTERNAL 2ZNS

CALL GLC96

PI=3,141592653589793238462D0

PS2=5.,D0

PS3= 05D0

PS"": .5D0 !

ER=1'D-12

READ(1,100)PSI K

IF(K.EQ.0)ST@P

WRITE(3,202)PSI,PS2,PS3,PSk

N=1

DP5I=1,K ),

READ(1,101)PN ,I'NL,DELN ,BL,BU

IF(DELN,EQ.O, ) ST@P

NNN=DL@G10(PN)

IF(FN.LT,1.)NNN=NNN=~1

DELP=10.DO**NNN

Z=(BL+BU)/10.

M=10

CALL R@PT (Z,M,1,4NS,. BLyBU,MES ;20,5R)

IF(MES,NE,0)G@Td4

DENSIT=DENS(Z) _

RN=2,;DO*PN*2*2/(1.5DO+PN*Z*Z)

D2=A*DEXP(~-B/(2.DQ*PS2))

D3=A*DEXP(-B/(2.DO*PS3))

DL4=A*DEXP(-B/(2.DO*PSkL))

WRITE(3,200)PN,Z,&N,A,B,DENSIT,D2,D3,Dk

IF(N/5*5-N.EQ.0)WRITE(3,201)

IF(N.NE, 35)G@Td3

N=0

WRITE(3,202)PSI,PS2,PS3,PSk

N=N+1

1F(DELP,GE,PN*,999D0)DELP=DELF/10,DO

PN=PN~-DELN*DELP

IF(DABS(PN),LT,.ER)PN=DELP

IF(PN,GE,PNL)G@TZ2

CENTINUE

GETE

FPRMAT(D10,3,12)

FZRMAT(5D15.10)

FPRMAT(1H ,D9.2,2X,F9,4,2X,F7,.4,2X,6(D12.5,2X))

FERMAT (1HO)

FZRMAT (1H1, '"NUMERICAL RESULTS @F THE FUNCTI@N',7X,',',7X,',',7X,
1 ' AND THE C@RRESPONDING VALUES @F', 2X,',',2X/1H ,'LY MINIMIZING®
2 7X,' FgR =',4(F6.2,',' )/1HO)

END
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100
101
200
201
202

IMPLICIT REAL*8(A-1,8-%)
CPMM@N / GRO/ PN

cgMMgN / GR1/PST,PI

CAMM@ZN / GRS / A,B

EXTERNAL ZNSM

CALL GLC 96
PI=3,141592653589793238462D0
ER=1,D-12

READ(1,100)I'ST, K
IF(K.EQ.O)STAP
WRITE(3,202)PSI

N=1

D@5I=1,K
READ(1,101)PNL,DELN, BL,BU
IF(DELN.EQ,O, )ST@P
NNN=DLZG10(PN)

IF(PN.LT,1, )NNN=NNN-1
DELP=10,D0**NNN

Z=(BL+BU)/10.

M=10

CALL Rg#T (A,ll,=-1,2ZN8)K,BL,BY,MES,20,ER)
IF(MES.NE.Q)G@TSL
DENSIT=DENS(Z)
RN=2,D0*PN*Z*%/(1.5D0+PN*Z*7)
WRITE(3,200)PN,Z,RN,A, B,DENSIT
IF(N/5*5-N.EQ,0)WRITE(3,201)
IF(N,NE.35)CGZTg3

N=0

WRITE(3,202)PSI

N=N+1

IF(DELP ,GE ,PN*,999D0)DELP=DFLF/10,DO
PN=PN~-DELN*DELP

IF(DABS(PN) .LT,ER)PN=DELP
IF(PN,GE.PNL)G@TS2

C@N_ " NUE

agTE1

FERMAT(D10,3,12)
FPRMAT(5D15.10)

F@RMAT(1H ,D10,2,2%,F10,6,2X,4(D14,7,2X))
FARMAT (1HO)

70

FPRMAT (141, 'NUMERICAL RESULTS @F THE FUNCTIgN',7X,',",7X,',',7X,

1 ' AND THE C@RRESP@NDING VALUES @F', 2X,',',2X/1H

2 7X,' TR =',F6,2/1H0)
END

iy oy

T r

L

MA IMIZING!
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IMPLICIT REAL*8(A-H,0-32)
CEMMZN / GRO/ PN

CgMM@N / GR1/PSTI,PI

CAMMEN / GRS/A,B

EXTERNAL VRC

CALL GLC 96
PI=3,1415926535897932384£2D0
FR=1.D=12

CALL CONT(1,2570,1.75D0)

1 READ(1,100)PSI,K
IF(K.EQ.0)ST@P
WRITE(3,202)PSI
N=1
DA5I=1,K
READ(1,101)PN,PNL,DELN (8L, BU
IF(DELN,EO,0, )STEP
NNN=DL#G10(PN)
IF(PN,LT.17,)NNN=NNN-1
DELP=10,D0**NNN
Z=(BL+BU)/10.

2 M=10
CALL RZPT(Z, M,-1,VRO,BL, U MBS ,20,ER)
IF(MES,NE.0)GZTH L
DENSIT=DENS(Z)
RN=2,00*PN*2*Z/(1+5DO+PN*Z*7)
WRITE(3,200)PN,7 RN, A, B, DENSIT
IF(N/5*5~N,EQ.O)WRITE(3,201)

IF(N,NE,35)G@T@E3
N=0
WRITE(3,202)PSI
% N=N+1
4 IF(DELP.GE.PN*,999D0)DELP=DELY,/10,D0

PN=PN-DELN*DELD
IF(DAB3S(I'N) .LT.ER)I'N=DELP
IF(PN,GT,PNL)CETE2

5 CENTINUEL
GETE )

100  FPRMAT(D10,3,I2)

101 F@RMAT(5D15,10)

200  FPRMAT(1H 4010,2,2X,F10,(,2X,4(D14,7,2X))

201  F@RMAT(1HO)

202  FPRMAT(1H1,'NUMERTICAL RESULTS @F THE FUNCTT/I1, 74,1, " 7%, %, ", 7%,
1' AND THE CORRESFONDING VALUES OF', 2X,',', 200/ 1 ,'DBY FAXINT IiGt.
27X," FOR = ', F6,2/1HO)
END
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A.2 Cubprograms.,

There are fourteen suvprogrxis which cen ue proupec inte O
sroups, The prorrens, theilr cescription anéd flowehart will Le listec

into separeted grours as follow:
f.2.1 Rootg of lonlinear wguations.

This grour has only one sulprogram which is used to finl recl

roots of aenlinear equation,

RPUTINE NALD -  RopT

UZAGE - CALL RO@T (X, 80Tk, L, ¥Uy, oL, »U, i1, N@L,
LR )
ARGUFZITS X - @ INPUT ¢ X SHOUID UL GULLS RLAL REPT 1i 9l

INROEVAL [BL U] SUSEOT TECEELARY . Cu CUUIUT,
X VWILL DE Tk APPREXIOATL VALUL CF ULL RolL ROY:

OrF FURCTIPH FUJ WEICL LYEC ITWNILL LL anb &V,

NPIN - CEPECIITED WUAZEn @F SQULILTLEVALE 10 LACL S1Dil
¢F X LETVELY LL /oD 5U.  (1uPuT)

BL, BU - A LOWER AND UFPER BOULL (F TiF IWWLRV.L fu W1IC.. '
CER WANT T0 FIND The ROCT. (InFUT)

FUL - LA SIWGLL - ARGUMERT Kull, FULICTION CULFWOGHA4, TUl{a),
SUIPLIED oY TuB UCEE WEICH CCWMPUT. L FUL FOL AME X 4
TLE INTERVAL (BL,BU)., (INFGY)
Ul MUET LE DECLARLD LY Al IXULANWAL SUATISwlY TN 9.3

CALLING FROSRAY., FR(X) IS TLE FUWCTI®W PYR WoIC: %il
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L
* MES
*
N{L
ERRER
>
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73

THE R@PFT I5 T BE FPUND.
SPECIFIED SIGN #F SL@PE @F FUNCTIZN FUN AT
THE NEIGHBZURHZIT #F THE APPREXIMATED REFT.

(INPUT)

IF L -1, THE REQUIRED SL@PE IS NEGATIVE.

IF L = 0, THE 3IGN @F SL@PE IS N@T SPECIFIED.

IF L 1, THE REQUIRED SL@PE IS POSITIVE.

ERRZR MESSAGE. (@UTPUT)

MES

04, INDIGATES X SHPULD Lb YLl $uE

L

APPRPXIMATE REAL RE@T ¢F FUN IN THE

INTERVAL- (BL,BU] .

=
=
02

L4, INDICATES THAT THE PREGRAM CAN N@T
PIND RIAL REPT @F FUN IN THE
JNTERVAL (3L, BU].

MES = 2, NUMBER @F) ITERATI@NS HAS REZACHED THE

Ll

MAXIMUMPALL@WABLE NUMBER.

MES

3, THE VALUL @F APPREXIMATED R@Z@T
EVALUATED BY MULTIPLE ITERATI@N
METH@D IS #UT ¢F THE INTHRVAL

(8L, BU] .

THE MAXIMUM NUMBER @F ITERATI@NS T¢ BE TAKEN

T@ FIND THE RZ@YT BY MULTIPLE ITZRATI@N

METHZD .

THE REQUIRED ACCURACY USED T@ TERMINATE

PRAGRAM.

- DZUBLE PRECISI@N



Purpose and Algorithm.’

This subroutine subprogram R@@T is used to find an

approximated real root of an equation f(x) = 0 in an interval

[BL,BU] . It can be separated into three partsy4 The first part
js used to find subinterval in which the required root lies. The
second part finds a ¢rude approximation of required recal root by
using a modified regula falsi method (section B.2.2). ind the
third part finds the required approximated real root in the range
of specified accuracy by using multiple iteration technique
(section B.2.3). Thesec three parts are executed successivcly.

The program and its flow-chant are given as follow :



|| o dahes okl 2losbpontiliil ol

Program

~J O

SUBR@UTINE R@AT( X, NEIN,L,FUN,BL,BU,M

IMTLICIT REAL*&(A-H,0-2)
DIMENSI@N V(NZL),Xx(NZL),FFR(NZL)
IF(X+G. BUBR.X.LT, BL)GATE2S
B1=RL-ERRAR

B2=BU+ERRAR

TU=0

IL=0

MES=0

M=1

XIN=X

DEL=(RL-X)/N@IN
IF(BU=-X.LT.X=-BL)DEL= (BU=-X)/NJIN
X2=X

F2=FUN(X2)
Ir(F2.,EQ.0.DO)RETURN
X1=X2

F1=F2

X2=X2+DEL
IF(X2.LT.B1)GETA23
IF(X2.GT.B2)GATd2L
F2=FUN(X2)
IF(F2.E9.0.DO)RETURN
IF(L.EQ.0)GATH3
SL=(F2-F1)/DEL*L .
IF(SL.LE.®.NDO,ANDsM.EQ,0)0T82
IF(SL.LE.0.DO)G@ZTSBL
IF(F1/F2.LE.0.DO)GETH8
I?(M.EQ.0)G@Tg2

#i=0
;FéF1/F2.GT.1.D0)G¢Tﬂ2
=

IF(DEL.LT.O.)GATHS
DEL=(BL-XIN)/NAIN

GATB7?

DEL= (BU=-XIN)/NGIN

X2=X1

F2=F1

agT@2

NG1=0

NG2=0

DO14N=1,5
X=(X1*F2-X2*F1)/(F2-F1)
F=FUN(X)
IF(F.EQ.0.DO)RETURN
XX(N)=X

FF(N)=F
IF(F/F1.LT.0.D0)GATH1C
F1=F

X1=X

NG1=1

IR Y T A T A LT T T

S , NFL, SiRgit)
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10

11

12

13
b

17

18

TI T TE  ESy

IF(NG2,EQ.0)F2=F2/2,
TF(DABS(F2/F1).GT.20,.)F2==F1*20,
GATH11

F2=F

X2=X

NG2=1

IF(NG1.EQ.0)F1=F1/2,
IF(DABS(F1/F2).GT.20,)F1==F2*20.
IF(NG1.NE,NG2)GgTg12

NG1=0

NG2=C

IF(N,LT,2)GZTd14

1JJ=N=1

D013J=1,1JJ
TF(FF(N)/FF(J).LT.0.00)GHATE13
IF(FF(N)/FF(J).GE.1+DO)GHTAC
CENTINUE
IF(DABS(F*(X2-%1)/(F2-F1)),1T ,ERRFR)IGETEZ22
CANTINUE

N=5

KK=0

DP16J=2 N
V(I)=(XX(1)*Fr(J)-Xx(J)*EFR(1)) /(FF(J)-FF(1))
X=V(N)
IF(KK,EQ,1.AND,N,EQ.2)RETURN
N1=N=-1

DB17K=2 N,

TJI=K+1

DP17T=1J N
V(3)=(V(K)*FF(J)-V(JI)*FF(K))/(FF(J)=FF(K))
X=V(N)

IF(N.GE,NOL)MES=2
IF(X.GT¢BU.BR, % LT «BL)MES=3
IF(KK.EQ,1,0R, MES,NE,O)RETURN
F=FUN(X)

IF(F.EQ.0.D0)RETURN
IF(T*F1.LT.0.)CATH18

r1=F

X1=X

GATP19

Fe=F

X2=X

N=N+1

XX(N)=X

FF(N)=F

IJJ=N=1

D@20 J=1,1JJ
IF(FF(N)/FF(J).LT,0,DO)GATH2C
IF(FF(N)/FF(J),GE,.1.D0)GATH8
CANTINUE

IF( DABS(F*(X-XX(N=1))/(F-FF(N-1))),LT.ERRPAR ) I1K="

STV T TR
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22

23

2k

e

GETPS

KK="1

GATHS
IF(IU.EQ.1)GATH25
X=XIN
DEL=(BU-X)/N@IN
IL=1

GETP1
IF(IL.EQ.1)GATH25
X=XIN

DEL= (BL=-X/NgIN
TU=1

GATH

MES=1

RETURN

END
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Flowchart

B1=31-error

Ba=B“-error

IU=0
IL=0
MES=0
M=1

&'(Bu-xin)/ni

f

¥2=%3

falf1

b-(Bu—x)/ni

IL=1
A-(Bn-x)/n1

x=x
**in
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IU=1
A-(Blnx)/ni

**Xin




.

NG1=0
NG2=0
n=1

79

xn(:1.fa-x£'f1)/(fa-f1)

f=F(x)
(Return)—1°2
No
Z =x
n

Ynzf
f2=f f1 sf
xa‘x !1 =X
NG2=1 NG1=1

Yes

No

NG1=0
NG2=0

4

If(xéfx13/(f2-f1)kerror

"y




n=5
KK=0

lngtzﬂ.rj.zj.r1J/(rJ-r1?J

3=3e1—

V,=(V, .Y =V .Yk)/(fj-!k)

J kT3

]t(x-xn_1)/(f—1n_1)];error

X, =X

f1=f

80



A.2.2 Integration.
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n

This set of subprograms is used to find the value of

definite integral of any real, continuous function. There are

two subprograms in this set as describe as follow :

REUTINE
USAGE

ARGUMENTS

PRECISI@N

NAME

A,B

FUN

GLI96

REQD. RPUTINES

REMARKS

GLC96 MUST

GLI96

RESULT /= GLI96(A,B,N,FUN)

THE TW@ ENDPYINTS @F THE INTERVAL &F
INTEGRATI@N. (INPUT)

NUMBER @F SUBINTERVAL BETWEEN A AND B.

A’ SINGLE - ARGUMENT REAL FUNCTI@N SUBPREGRAM
SUPPLIED BY THE USER. (INPUT)

FUN-MUST BE DECLARED EXTERNAL IN THE CALLING
PRPGRAM.

ESTIMATE @gF THE INTEGRAL @F FUN (X) FROM A
T¢ B. (PUTPUT)

DPUBLE PRECISIZN

GLC96

BE CALLED BY MAIN PR@GGRAM @R ANY SUBPRPGIAHS

AT LEAST @NCE BEF@RE GLI9E IS USED.

Purpose and Algorithm

GLI96

attempts to solve the following problem : Given the

name FUN of a real function subprogram , two real number A and B, and

positive integer N, find a value of integral such that

b3
IFUH(}:)dx 5
A

m b
Ia L FUN(A+(B—A}(xi+23-1)/2ﬂ).
1 inm j=1
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This routine uses the algorithm of composite‘Legendre - Gauss .
quadrature formula which all necessary constants are given by -
subroutine GLC96. The detail of this quadrature formula is given
in section B.1.2. The program and its flowchart are given at the

end of this subsection.

RZUTINE NAME - GLC96

USAGE - CALL GLC96
ARGUMENTS - N@ ARGUMENT
PRECISI@N -~ DPUBLE PRECISI@N

Purpose and Algorithm

GLC96 sets all necessary constants which are used in
Legendre - Gauss quadrature formula of order 96(used 96 nodes of

integration).



Programs

REAL FUNCTI@N GLIO6*8(A1,A2,N,FIN)
IMPLIGIT REAL*8(A-H,0<Z)
;ﬁmuﬂn / SET96/W(48) ,Z(48) M
=N
D=A2-A1
E=D/2 v/ﬁ
GLI96=0,D0
DB 23=1,M
GL=0.DO
D@1 I=1,N
G=DFLPAT(2+1-1)
X=A1+E*(G=2(J))
Y=A1+E*(G+2(J))
1 GL=GL+ FIN(X)+FIN(Y)
2 GLI96 =GLI96 +GL*W(J)
GLI96 =GLI9G*E
RETURN
END

SUBRPFUTINE GLC96

IMPLICIT REAL*8(A-H,8~7)
cﬁﬂgﬁw /SET96/W(48) , Z(L8) M
M=
7(1)=1.627674484L9602970D-2
7(2)=4,8812985136049731D=-2
7(3)=8,1297495464425559D-2
Z(4)=.11369585011066592D0
7(5)=.14597371465489694D0O
72(6)=.17809688236761860D0
7z(7)=.21003131046056720D0
7(8)=.24174315616384001D0
7%(9)=427319881259104914D0
7Z(*)=4304364944 2544 9635D0
Z(11)=.33520852289262542D0
72(12)=.36569686147231364D0
7(13)=,39579764982890860D0
2(14)=.42547898840730054D0
7(15) =, 45470942216774301D0
2(16)=,48345797352059636D0
2(17)=.51169417715466767D0
Zz(18)=,53938810832435744D0
7(19)=,56651041856139717D0
Z2(22)=.59303236477757208D0
7(21)=.61892584012546857D0
2(22)=.64416340378496711D0
72(23)=,66871831004391615D0
72(2%)=.69256453664217156D0
72(25)=,71567681234896763D0
7(26)=47380%064374440013D0
7(27)=:75960234117664750D0
2(28)=,780%6904386743322D0



72(29)=,.80030874413314082D0
Z(30)=.81940031073793168D0
72(31)=,8%762351122818712D0
72(32)=.85495903343460146D0
2(33)=,87138850590929650D0
7(34)=,38639451740242042D0
7(35)=.90146063531585234D0
7(36)=,91507142312089807D0
7(37)=.,92771245672230369D0
z2(38)=.9393703%3975275522DC
7(39)=,95003271778443764D0
Z(40)=,95968829144874254D0
Z(41)=.9683%2682846326421D0
z(42)=.97523917458513547D0
Z(43)=.98251726356301468D0
Z(4k4)=,98805412632962380D0
7(45)=,99254390032376262D0
72(46)=.99598184298720529D0
Z(47)=,99836437586318168D0
z(48)=,99968950388323077D0
W(1)=.32550614492363166D<1
W(2)=.32516118713868836D -1
W(3)=,32447163714064269D 41
W(h)=,32343822568575928D-1
W(5)=,%2206204794C30251D..1
W(6)=.32034456231G92663D-1
W(7)=.318287583944110C6D-1
W(8)=.31589330770727168D--1
W(9)=.31316425596861356D=1
%(10)=.%.010332536313837D=1
#(11)=.30671376123669149D=1
W(12)=.30299915420827594D=1
W(13)=.29896344136328336D-1
W(14)=.29461089958167906D=1
W(15)=.28994614150555236D-1
W(16)=.28497411065085336D-1
W(17)=,27970007616848334D-1
W(13)=.27412962726029243D-1
W(19)=.26825865725591762D-1
Vi(20)=.,26212340735672414D =1
W(21)=,25570036005349361D-1
W(22)=,24900633222483640D=1
W(23)=424204841792364691D-1
W(2h)=.23483399085925622¢D-1
W(25)=.22737069658329374D-1
W(26)=,21966644L38744349D-1
w(27)=.21172939832191300D-1
W(28)=.,20356797154333324D-1
1(29)=.19519081140145022D~1
N(30)=.18660679627411467D-1

84



W(31)=,17782502316045261D-1
w(32)=,16885479864245172D=1
W(33)=,15970562902562291D=1
Ww(3h)=,15038721026994938D-1
w(35)=.14090941772314861D-1
W(36)=,13128229566961573D=1
w(37)=,12151604671088320D=1
W(38)=,11162102099838498D-1
#(39)=,10160770535008416D-1
“(40)=.91486712307833866D-2
w(41)=.81268769256987592D~-2
W(42)=.70964707911538653" -2
W(k43)=,60585455042359617D=-2
w(44)=,50142027429275177D-2
W(L45)=,3964554338L44LE867D-2
W(k6)=.29107318179349464D~2
w(L?)=,18539607889469217D~2
W(k48)=.79679206555201243D~3
RETURN

END

85
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£.2,3 larabolic Cylinder Function.

This pgroup of subvrograms is used to eveluate the values of" two
I £
functions relasted to parasolic cvlinder functions, and the ratio of two
+ ¥
paratolic cylinder funciions of different yparameter it at the same [cints.

There are thres sutprograme in this prouy.

APUTINE  NAME - DU
USAGE - CALL DiM{A;8,X,PL,B2,P3)
ARGIRMENTS! A,B ~ @ TARIMETERG @F Tt¢ FARALPL.C CYL1SDER

FULICPI @S . (INEUT)

¥ -/ INPUD (ARGUMENT ¢F PARSBELIC CYLINOER FUNCTIGL.
31 - WATUL OF /TARAB@GLIC CYLINDER FUCTIfh: Will
FARAALTIR 4 SULTIPLILD bY Thl VALUL @Y
DI P(X**2,/4 . D0), (@UTIUT)
P2 - VALUE @F FARAGPLIC CYLINDLR FUNCLIfN VITL
PLRAMITER 3 ULTIPLIFL BY LU VALUL #F
DEXP(X%%2 /4 ,DO) , (PUTPUT
r3 - VAIUE @T ¥1/:2.
PRECLRTI AU - D¢ULLI‘.: VRECISI@N
REYD. ROUTINES -D

EEMAREK IF A=B, 1KE PROCGEAM CALCULATLL JULY F1 AND LPTE P2 = P3 = 0.

Purpose and Algoritim

DM computes the values of two functions,

P

fl

exp(xejh)nﬁ(x) .

]

P2 exp(xefh)nb(x).
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ané the ratio of thece tvwo Tunetions

P3 = PL/F2 .

Dp(x} is paratolic cylinder rfunction which has p being its parameter, and

Du(x) is definzad ly

Dl_(x) = {exp(-xe/h),-’l“(-F)} j ¢P-L e:xl,(-xt-te/:z}ét.
ROUTING NAVE -D
CAGE - RTEULT & D(4,X)
ACGUMENTE D - THE VALUES @F PARAZPLIC CYLINDLR FUNCTI@R
WITE PARAMETER A, LVALUALID /% TLE PPIFT X,
VOLPIPLIED, 57 DIXP(X##2/% .10 )*DGAMMA(=A) , (BUTF.'T)
A ~ TIE- PARAMELZR OF FARALCLIC CYLIADLR FUNCTION.
(INPUT)
X = PH} CPECIFIED-P@INT USk. ¢ EVALULLT ‘Lil
VALUE #F D. (INPUT)
PRECISI@N - DYUBLE PRLCISI@N
REQD. RPUTINES - DDK, GLIQE

Purpose and flgorithm.
The Pfunction subprogram D(A,X) is used to compute the value of
D = T(-A) exp(X?/4)D (X),

vhere DA(X) is a parabolic cylinder functicn with paramcter A,

D, (X) {exp(—xelh)/f'(-ﬁ)}j £ o (oxt -t3/2)at.
o]



S
38
Thern the function D Lecomes
o
{ | =A-1 2
D = J t exp(-Xt - t</2)at.
0

The interral will te cvaluzted by using subpregren GLI9¢, and for more
accuracy the value of A must be very negative. We can tranform this
integral tc very negative valuo of . Ly using, the property of paratolic

b ,
cylinder function2 s the recuraidy relation,

////

D
b

where

E\ } ]
This program tra:sforﬁﬁﬁanx\zg&gf_giég,zd;ﬁé cnd conbines the inbepranc
; (i
of two parclolic cylinder functions together. Then the functicn L Lucunes

-]
-

D = |t exp(-Xt - tdfz)(cq/t +_/A)dt.

[
o

After this, the ajvroximcted mexirmum point, tme s of the inteprand is

b d

QUE‘.lu{lted -\.'.rl'_]. o utﬁ.ined that
b : {Jt - ‘('“ —)} / -/‘3 .
ax ‘

This tmax igs used to reduce the maximum value of the integrand to nave a

velue spproximately 1, like this




w
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D= /!dt(t/'bm ) 19::1)(—(1'-—15“&){(t*'tmax)/QHG)('&n/tﬂnfﬁ)/(un/tmmﬂan/a\}

ax

RPUTINE NAME - DK
UCAGE - RuSULY = DDK(X)

ARGUHEITT O X INPUT ARGUMLNT,

DDK PUTFUY VALUE @F TIE FUNCYIgN DDi.

PRECISI® DPUBLLE PRYCISIPN

Purpose end Algorithm

The DDK computes the value of funection
DD (X) = (X/¥ )-r eap(W= (X (X+1) /242 ) Cajivn/r) [ (a/ i+ /x)

where r, ¥, 2, W are perameters given by mein propram
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Programs

L SUBRZUTINE DM(A,B,Z,51,12,F3)

IMPLICIT REAL*8(A-H,p-7)
CAMM@AN / PCF / S,T,A1,B1,W,Y
W}=75.D0
RA=D(A,Z)
R=DGAMMA(=S)
P1=RA/R
P2=0,
P3=0.
IF(A.EQ.B)RETURN
RB=D(B,2)
R=DGAMMA(-S)
P2=RB/R

¥ P3=P1/P2
RETURN
END

REAL FUNCTI@N D*8(A,Z)
IMPLICIT REAL*3(A-H,Z-7)
CEMM@N/PCF / S,T,A1,BT,W4X
FYXTERNAL DDK
S=A
T=2
A1=1.DO
B1=0.
IF(S.LT.-6.DO)GATH2
1 $=8-1.D0O
B2=B"1
B1=A1*S
A1=2*A1-B2
IF(S.GE,-6.D0)GEZTH1
2 X=(DSQRT(Z*2z-4.*(5-1.))=2)/2.
C2=2.,D0*X
» D=GLI96(0.D0,C2,1,DPK)
Cc1=C2
CB=C2+32,D0
DO 3N=1,20
IF(DDK(C2),LT.1.D 00)GHTH4
3 €2=C2+32.DO
4 D=D+GLI96(C1,C2,N,DDK)
D=D*DEXP(-2*X-X*X/2.D0-W)*X**(=~3)*(A1/X+B1/8S)
RETURN
END

REAL FUNCTI@N DDK*8(X)
IMPLICIT REAL*8(A-H,0-Z)
% CAMM@N /PCF/A,Z,A",B1,¥W,Y
- G=W=(X=Y)*((X+Y)/2.D0+2)
DDK=DEXP( G)*(X/Y)**(=A)*(A1/X+B1/A)/(A1/Y+D1/A)
RETURN
END
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This set of subprograms is used to evaluate the numerical valucs

that relate to two incomplete gamma functions with different parameter.

Four subprograms are necessary. These sulprograms are written for special

purpose in this thesis only.

ROUTINE NAME

USAGE

ARGUMENTS A,D

-
]

Fl

F2

PRECISI@

REQD. RPUTINES g

For general case they must Le modified.

BICGAM
CALL SICGAM(A,B,X,F1,i2)

T" . PARAMETERS ¢F TW@ RLLATED INC@MPLETE
GAMMA FUNCTI@HS. (INPUT)

INPUT ARGUMENT #F THE TW@ RELATED INC@MPLLTL
GAMMA FUNCTIPUS.

TEE VALUE @F THE PR@DUCT @F INCPMPLETE GAMMA
FUNCTI@N @F PARAMETER A WITH DEXP(X). (@gUTPUT)
THE VALUE @F ThHE PR@ADUCT @F INCOMPLETE GAMA
FUNCTI@N @F PARAMETER B WITh DEXP(X). (@UTPUT)
DPUELE PRECISI@N

C@NT, GLI96, FU, FM

REMARKS C@NT MUST BE CALLED BY MAIN PRPGRAM AT LEAST @ICE BEFPRE SICGAI

IS USED.

Purpose and Algorithm

This subprogram SICGAM evaluaﬁes the two values which are given as

F1 = expcx)j exp(-t)t*1 at = exp(x)T(4,X),

X
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o

exp(X) jexp(—t)tBﬂl dat = exp(X)r(B,X),

F2 =
X
or F1 = j exp(x-t)tA1 at
X
F2 =

f exp(t-t)t™> L at
X
where A and B are two parameters., By changing variable X=t==Z, the alove

relation will become

F1 = 'j.exp(-z)(X+Z)A-l az
O
F2 = fexp(-Z)(Xd-Z)A-l az.

o]

To evaluate the valuec of F1 and F2 this program considers the two cases
where Z<1. and X>1. If X<1 this program uses tLe summation form of
1
(a,x)t

r(a,x) = r(a) -& (-1)" 2*%(asn)n!
n=0

to evaluate F1 and F2, By computing the summation (X<1), it takes muekh
less time than performing numerical integration which gives the same

accuracy.

For X>1 the program selects to use the integration form of Fl an

F2 to evaluate their wvalues.

RPUTINE NAME - CguT

USAGE - CALL G@NT(A,B)



b
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ARGUMENT AD - TW§ INPUT PARAMETER,
PRECISI@N - DPUELE PRECISI@N
REQD. RPUTINE - GLI96, FU, FM

Purpose and Algorithm

This subprogram is used to set the constants used in SICGAM,

RPUTINE YNAME - FU
USAGE - RESULT = FU(X)
ARGUMENTS X - INPUT ARGUMENT,
FU - @UTPUT VALUE ¢F THEE FUNCTI@N,

REQD. RPUTINE N@ REQUIREMENT,

Purpose and Algorithm
This subprogram computes the value of

FU = exp(-Xx)x"

where v is any parameter specified by the calling progrem.

ROUTINE NAME - FM
USAGE - RESULT = FM(X)
ARGUMENTS X - INPUT ARGUMENT
FM - QUTPUT VALUE @F THE FUNCTIGH FM.
PRECISI@N - DPUBLE PRECISI@N
REQD. R@UUTINE - NP REQUIREMENT

Purpose and Algoritim

This subprogram computes the value of
M = exp(-X)(¥+x)®

where v , and Y are parameters specified by the calling program.
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Programs

SUBRZGUTLIIE SICGAM(A,B,Y,F1,F2)
IMPLICIT REAL*8(A-H,@-Z)
CAMMAL/ G, MAB/G1 ,G2 ,X(7) 4R1(7) ,R2(7)
COMMZIT ,/CEN / C,YYY
EXTERNAL U ,FM

YVY=Y

F1=G1

F2=G2

IF(Y,8%,C, )RETURN
IF(V,GT.%,)GET@2

P1=Y*" A

T2=Y**}

S1=T1/A

52=T2/8B

TN=1,D0O

T1==T1*¥ /TN

T2==T2*Y/TN
S$1=81+T1/(TN+A)
S2=82+72/(TN+B)
TN=T1i+1.DC

IF(DARS{T1+T2) .GT.1,D-18)GATH1
F1=(F1-51)*DEXP(Y)
F2=(T2-42)*DEXP(Y)

RETURN

Q=A=-1.D0

D=B-1,D0

F1=R1(7)

F2=R2(7)

DP3I=1,7
IF(Y.L2, (1) )GgTd4
C@NTINU®

C=9
F1=GLI9G(2.D0,160.D0,5,FM)
C=D

F2=GLI96(0,D0 ,160,D0,5,FM)
RETURY

IF(I.%.7)G0T06

D@5J=1,5

F1=r1+1(J)

F2=r2+i2(J)

W=DEXF(Y)

F1=F1*%1

F2=F2*]
IF(Y.E7.X(I))RETURN
X2=X(I)-Y

C=Q
F1=F1+GLI196(0.D0,X2,1,FM)
C=D
F2=F2+GLI96(0.D0,X2,1,FM)
RETURN :
END

9k
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SUBR@GUY'INE C@NT(A,B)

IMPLICIT REAL*8(A-H,@-2)
COMMZLI /G AMAB/GT ,G2,X(7) 4R1(7) ,R2(7)
cgMMgn /C@gN/C LY

EXTERNAL FU

G1=DGANKA(A)

G2=DGANMA(B)

x(1):1-DO

X(2)=2,D0

X(3)=4.DO

X(4)=3,D0

X(5)=15,D0

X(6)=32.D0

X(7)=64,D0

Q=A-1,D0

D=B-1.D0

DP11=" 6

X1=X(I)

X2=X(I+1)

C=Q

R1(I)=GLI96(X1,X2,1,FU)

c=D

R2(I)=GLI96(X1,X2,1,FU)
R2(7)=GLI96(64.D0,224,D0,5,FU)
R1(7)=GLI96(64,D0,224 ,DOy5,FU)
C=Q

RETURN

END

REAL FUNCTI@N FU*8(Z)
IMPLICIT REAL*8(A=H,8-2)
CZMM@N / CPN/C,Y
FU=DEXP(=%)*(Z**C)
RETURN

END

REAL FUNCTI@N FM*8(Z)
IMPLICIT REAL*3(A-H,@-2)
CcguMgl / cgn/c,Y
FM=DEXP(=Z)*((Y+2)**C)
RETURN

END

95
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A.2,5 Variational Condition (Equation)

There are three subprograms in this group. Each of them is used
to evaluate the value of function at the left side of variational condition

in each case of Chapter III (equations (3.2.5), (3.3.6) and (3.4,17)).

ROUTINE NAME - ZNS
USAGE - RESULT = ZNS(Z)
ARGULEITS Z - INPUT AGRUMENT.
ZNS - @UTPUT VALUE @F THE FUNCTI@N ZNS,
REQD. RPUTINE < DM
PRECISI@N _ DPUBLE PRECISIQN

Purpose and Algorithm
This subprogram computes the value of the function
ZNS = {Tav)z D (2)/D_4(2)-2
T v, 2, D_3(Z) and D_h(z) are all defined in section 3,2, This function
is modified from the left side of (3.2.5) by multiplying with the factor

(T+v)23. This subprogram is used when the variational condition of the

case 1 (minimize b(v,Z))is considered.

RGUTINE NAME

ZINsM

USAGE - RESULT = ZNSM(Z)
ARGUVMENTS Z - INPUT ARGUMENT

ZNSM - QUTPUT VALUE $F TEE FUNCTIPN ZNSM(X).
PRECISION - DPUELE PRECISIPN

REQD, RPUTINE - 7
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Purpose and Algorithm

This subprogram computes the value of the function

ZNSM = h(T+u)22(ZA-1)-3-b(u,z){(T+v)z3ﬁr2}f£’

where A = D_h(z)/n_3(z); T, v, Z, b(Vv,2) and £ are all Gefined in secticn

3.3. This function is modified from the left side of (3.3.6) Ly multiplyin;

with the factor 2(T+U)Z3. This subprogram is used when the variational

condition of the case 2 (maximize pl(v,Z)}is considered.

ROUTING - /NRC
USAGE -/ /RESULT = VRC(Z)
ARGUMENTS 7 - INPUT ARGUMENT
VRC - @UTPUT VALUL @F THE FUNCTI@N VAC(X)
PRECISI@N - D@UBLE PRECISI@N
REQD., R@UTINE = SICGAM, DM

Purpose and Argument

This subprogram computes the value of the function

VRC = (za-8) exp(y)r(T/h.y)-{3ZA-8-hzz/(T+v)} exp(y)r(5/k,y)

where A = D_h(Z)/D_B(Z); T,v , 2, ¥y are all defined in section 3.k.
™his function is modified from the left side of (3.4.17) by multiplying
with the factor 4Z exp(y). This subprogram is used when the variational

condition of the case 3 in Chapter III (meximize P(v,Z)) is condisered.
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Programs

REAL FUNCTI@N ZNS*8(2)
TMPLICIT REAL*8(A-H,0-7)
C@MM@N/GRO/PN/GR1/PST,PI
C@MMZN / GRL/A,P,Q,B
Q=1,5D0+PN*Z*2

CALL DM(-4.D0,-3.D0,Z,P1,P,A)
ZN3=A*Z*Q-2.D0

RETURN

END

REAL FUNCTI@N ZNSM*8(Z)
IMPLICIT REAL*3(A-H,£-Z)
C@MM@N/GRO/PN/GRI/PSI,FI
COMM@N/GRL/A,D,0,B

R=2ZNS(Z)

Q1=1.5D0/Z/Z+PN

B=DSQRT (PI/2.D0)*Q1/P*Q1/2.D0
ZNSM=4,.D0*(R-0Q)=-B*R/PSI+5,.,D0
RETURN

END

REAL FUNCTIZN VRC*8(Z)
IMPLICIT REAL *8(A-H,B-7)
C@MM@ZN/GRO/FN/GRI/PSI,PT
Q=1.5D0+PN*Z*Z
Q1=1.5D0/2/7+PN

CALL DM(-4,D0,-3,D0,%,P1,F,A)
B=DSQRT (PI/2.DC)*Q1/P*Q1/2.D0
Y=B/PSI/2,D0

CALL SICGAM(1.25D0,1475D0,Y,F1,F2)
VRC=(Z*A=-8.D0) *F2-(3.,D0*A*Z-8,D0-4,D0/Q) *F1*DSQRT(Y)

RETURN
END

kb o gl {7 P
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A.2.6 Density of States

99

There is only one subprogram thet evaluates the value of densit;

of states p.(v,2) at the specified v and Z.

1
RQUTINE NAME - DENS
USAGE - RESULT = DENS(Z)
ARGUMENT 2 - INPUT ARGUMENT
DENS - @UTFUT VALUE @§F FUACTION Dius(z)
PRECISI@N - D@PUEBLE PRECISI@N
REGD. RPUTINE ~ DM

Purpose and Algoritm

This subprogram computes the velue of the function

DENS(Z) 0= a(v,2) exp(=u(v,2)72¢)

where a(v,2), b(v,2) end € are defined in section 2.k.

Program

REAL FUNCTI@N DENS*8(Z)

IMPLICIT REAL*8(A-H,d~Z)
C#MM@N/GRO/PN

C@MM@N/GR5/A , B

Q=1.5DO+PN*Z*Z

CALL DM(-4,D0,-3.D0,%,P1,P;A)
B=DSQRT(P1/2.D0)*Q/2/2*Q/%/%/P/2 .DO
A=DSQRT((Q**3)/2.D0)/(Z**3)/p/(2**3)/P/P1/8.D0/(Z**3)
DENS=A*DEXP(~-B/PSI/2.D0)

RETURN

END
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Appendix B

NUMERICAL METHODS

This appendix will be concerned with the numerical method used
for calculating the numerical results given in Chapter III. The two
procedures are considered, numerical integration and & procedure for

finding the roots of nonlinear equation.

B.1 Numerical Int;eg:::'.s'.t.ion.25_2‘3

Some types of function can not be integrated analytically. We
must therefore seek appropriate nunerical procedures to approximate the
value of the definite integral,

4
‘f fx)ax.

a

I{f}

The approximetions to the above equation are zll essentially of the form

n

e WS La, flx,).
n i=1 i,n i

Sums of this form are called & numerical quadrature formula. The n
distinct points, iy, are called the quadrature points or nodes and the
quantities ai’n are called the quadrature coefficients. To insure
the maximum degree of precision, the nodes x4 must be specielly picked.
The maximum degree of precision will be achieved if the nodes x; are all
the roots of an orthogonal polynomial (see reference 25,26).

100
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B.1.1 Legendre-Gauss Q:i.lza.dre«.t'u\:me.25

In the case of an interval of integration [e,b] = [-1,1] , the
sequence of polynomials which is required must be orthogonal over [-l,l] Q
Such a sequence of orthogonal polynomials is the Legendre polynomials.

The integraticn formula based on these polynomials is called the Legendre-
Gauss quadrature formula,
1

n
j f(x)dx = 151 % £(x,) + E _{f}
w1

The values of nodes and coefficients of Legendre-Gauss quadrature formulea

for some n are listed in Table b.l.
b

To evaluate the integral j f(x)dx using Legendre-Gauss quadrature
8.
formula, we must first transform the interval of integration [e,b] to (=1,1]

bty changing the variable x as

Yy =X +0 .,

The requirements of limit of integration are

¥y = 1 when x =D
end vy = =1 wvhen x = a .
Thus we oltain
y = (2x=-2a-=1b)/(v -a) ,
x = {(b=-a)y+ (a+1)}/2,
b

and the integral J f(x)dx will become to

a
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o

n
[t = (@ - )2} E ay o aly) B
a
where ely) = f({(a - b)y + (a + b)}/2)
and Yy and a, , are nodes and coefficients of Legendre-Gauss quadrature
]

formula of order n. The error term is given as
gl = (b-a)®mn! f®m)y/en+ 1)@n) sacncn.

B.1.2 Composite Legendre-Gauss Quadrature Formula.28

The magnitude of error term can be reduced (without increasing tiuc
order n of formula) by breaking up the interval [a,b] into a nuuber,
say m, of subintervels, then on each subintervel applying a quadraturec
formula and then sum these results. DBy dividing an interval [a,b] into
m subinterval and using n-points guadrature formula in every intervals,

an extra factor, l/m?n, will be introauced into the error term,

E(f) = (b -2 mn'e®(n)/2n + 120%™ @ <0 < v,

and the integral will Le approximate by the following equation

b

jul
Jaf(x)dx = iil “i,n 321 fla +(b -a)(xi-i- 23 - 1)/2) + En{f}m .

A quadrature formula of this type is called a composite quadrature formule,
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B.2 Solving Reots of Nonlinear Equatibn.28"30

One of the frequently encounter problems in scientific work is to

find the roots of equaticns of the form

f(x) = o. B.2.2
Some types of f(x) cen not be solved for its rcots analytically. In
general we can hope to obtain only approximate sclutions, relying on
some numerical computation techniques. " Approximate solution " mean

either a point n , for which (B.2.1) is approximately satisfied (for which

f(n) = 0), or a point n which is close to a solution, £, of (B.2.1).
B.2,1 First Procedure for Iterative Method.

To find the reel roots of any equations by iterative method, it is

necessary first tc find an interval that the root is contained.
The theorem state that :
If f(x) is continuous on (&, b] and if f(a) and £(b) have
opposite signs,
f(a) £f(b) < 0 , B.2.2
then there is at least one real root between a and b.

S0 that to find an interval contains real root we only find the

point a and b which satisfy the condition (B.2.2)

B.2.2 Regula Falsi and Modified Regula Falsi Methods.29’30

When an interval [xi,xjj where f(xi) f(xj) < 0 has been found,

the next approximate real rcot can te obtain by using the formula
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pe = {x f(xi} - X, f(xj)}/{f(xi)*f(x )},

i+l J J

where i > 2,3,... and ] may be any positive integer not greater than
i = 1 that makes f(xi) f(xj) < 0. Then, use the new point x, ., and one
of the point X, or xd vhich gives the value at that point has cpposite

sign to f(x,,.) and calculate the next approximate real rcot. The

i+l
procedure will be used repeatedly until we satisfy. This method converges
for any continuous function but At fails completely to give o siell intervel
in vhich a roct is known to lie) ang this cause this methoa to converge

slowly. The problem can be overcomes by using modified regula falsi method

fiven regerence 20,

3

B.2.3 Functional Tteration or Multiple Fointe Iteration.2

Let f(x) be a continuocus real-velue function with as wany
derivatives as required. Furthermore, we) assume that, in some
neighbournood of the desired rool g_af-f{x) = 0, +ihe function f(x) hwus
an inverse 3 i.e., that ka) #.0. - Let .F(y) be an inverse function of flx).
If the points Vi i=1 52,00y g Were giveny  we nay approzximate F(y) bty

using Lazgrange interpclation formula and then set y = 0 we will obtain

the root
pel UoD (n) h
E = (-1)" I I {Yi/(yi*vj)} x, + (F**“(n)/ut) = vy o
- i=1 =1 i=1
J#i
and approximated rcot will bte
ey oD
o1 = («1) gLy /-y g B.2.1

isl J=1
J#1
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ar 72
In practical the Aitken's method of interpolation '~

is used insteac
of Lagrang interpolation polynomial. These two nethods of interpoletion
give the same result Dut Aitken's method is converient to calculate by

corputer.

The procedure of using (B.2.1) to find the rcot of any equetions
is that : Using thne first n points x and n values f(xi]; 150, 8 vang O
.
we can caleculate X 41 and £(x

n+l values of f(xi); i=1,°25 .54, B¥L, we can calculate the next X

n+1). ‘Then using the n+l points x; and

+2?
and so on.
It can be sure thgt, if #(y) exist in an interval that real root

¢ lies in, this method will convergk rapidly.
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Table B.1.

12
ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTECRATION

IR

Abscissas= +z; (Zeros of Legendre Polynomials)

0.57735

0.00000
0.77459

0.33998
0.86113

0.00000
0.53846
0.90617

0.23861
0.66120
0.93246

" 0.00000

0.40584
0.74153
0.94910

£Ij

02691

00000
66692

10435
63115

00000
93101
38459

91860
93864
95142

00000
51513
11855
79123

Weight Factors= &

« 1
n=8
n=2 0.18343 46424 95650 0.36268
89626 1.00000 00000 00000  0,52553 24099 16329 0.31370
0.79666 64774 13627 0.22238
n=3 0.96028 98564 97536 0.10122
00000 0.88888 88888 88889
41483 0.55555 55555 55556 n=9
0.00000 00000 00000 0.33023
n=4 0.32425 34234 03809 0.31234
84856 0.65214 51548 62546  0.61337 14327 00590 0.26061
94053 0.34785 48451 37454  0.83603 11073 26636 0.18064
0.96816 02395 07626 0.08127
n=
00000 0.56888 88888 88889 n=10
05683 0.47862 86704 99366  0,14887 43339 81631 0.29552
38664 0.23692 68850 56189  0.43339 53941 29247 0.26926
0.67940 95682 99024 0.21908
n=6 0.86506 33666 BBIBS 0.14945
83197 0.46791 39345 72691 ~ 0.97390 65285 17172 0.06667
66265 0.36076 15730 48139
03152 0.17132 44923 79170 n=12
0.12523 34085 11469 0.24914
T el 0.36783 14989 98180 0.23349
00000 0.41795 91835 73469  0.58731 79542 B6617 0.20316
77397 0.3818% 00505 05119  0.76990 26741 94305 0.16007
99394 0.27970 53914 89277  0.90411 72563 70475 0.10693
42759 0.12948 49661 68870  0.98156 06342 46719 0.04717
+T1i n=16 L
0.09501 25098 37637 440185 0.18945 06104 55068 496285
0.28160 35507 79258 913230 0.18260 34150 44923 588867
0.45801 &7776 57227 386342 0.16915 65193 95002 538189
0.61787 62444 02643 748447 0.14959 59888 16576 732081
0.75540 44083 55003 033895 0.12462 89712 55533 872052
0.86563 12023 87831 743880 0.09515 B8S116 B2492 784810
0.94a57 50230 73232 576078 0.06225 35239 38647 892863
0.98940 09349 91649 932596 0.02715 24594 11754 094852
n=20
0.07652 65211 23497 333755 0.15275 33871 30725 850698
0.22778 58511 41645 078080 0.14917 29864 72603 746788
0.37370 60887 15419 560673 0.14209 61093 18382 051329
0.51086 70019 50827 098004 0.13168 86384 49176 626898
0.63605 36807 26515 025453 0.11819 45319 61518 417312
0.74633 19064 60150 792614 0.10193 01198 17240 435037
0.83911 69718 22218 823395 0.08327 67415 76704 748725
0.91223 44282 51325 905868 0.06267 20483 34109 063570
0.96397 19272 77913 791268 0.04060 14298 00386 941331
0,99312 85991 B5094 924786 0.01761 40071 39152 118312
n=24
0.06405 68928 62605 626085 0.12793 81953 46752 156974
0.19111 88674 73616 309159 0.12583 74563 46828 296121
0.31504 26796 96163 374387 0.12167 04729 27803 331204
0.43379 35076 26045 138487 0.11550 56680 53725 601353
0.54542 14713 88839 535658 0.10744 42701 15965 634783
0.64809 36519 36975 569252 0.09761 86521 04113 888270
0.74012 41915 78554 364244 0.08619 01615 31953 275917
0.82000 19859 73902 921954 0.07334 64814 11080 305734
0.88641 55270 04401 034213 0.05929 85849 15436 780746
0.93827 45520 02732 758524 0.04427 74388 17419 806169
0.97472 85559 71309 498198 0.02853 13886 28933 663181
0.99518 72199 97021 360180 0.01234 12297 99987 199547

37833
66458
10344
85362

93550
70770
06964
81606
43883

42247
67193
63625
13491
13443

70458
25365
74267
83285
93259
53363

78362
77887
53374
90376

01260
40003
02935
94857
61574

14753
09996
15982
50581
0s&88

13403
38355
23066
43346
95318
86512
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