Chapter IV

EXISTENCE THEOREMS

The main purpose of thie chapter is to prove that the
necessary condition (2.3:1) is also sufficient for the existence
of n =3TS. This proof which is due to Moore can be found in{:BZ.
First it will be proved in Theorem 3,1 that n - STS exists for all
n with n == 1 or 3 (mod 6) and n £ 321. This theorem also shows
that (n = 7) = STS exists except for finite number of n. Finally

we shall show in Theorem 3.3 that (n,7) - STS exists for all n

with o = 1 or 3 (mod 6) and n .} 321.

3.1 Theorem., If n = 1 or 3(mod 6) and n £ 321, then n - STS
exists. Furthermore if n <+ 1,3,9,13,25,27,33,37,67,69,75,31,97,
109,201,289,321, then (n,7) = STS exists. The above seventeen

numbers will be called the exceptional numbers.

Proof : We shall show that n - STS exists, where n = 1 or 3 (mod 6)
and n £ 321, by using Method I or Method II to construct n - STS
from STS of smaller orders whose existence is known. We ncte that
the existence of 1 - 378, 3 - 378, 7 = STS is already exhibited in
Example (i),(ii),(iii) of Chapter II. The existence of 13 - STS
will be shown by direct construction in Section 5.2 of Chapter V.
The following table shows how n - STS can be constructed for

nz 1lor3 (md6), n £ 1,3,7,13 and n £ 321. Column (1)
gives the complete enumeration of values of n for all

nz Lor 3 (mod 6), n 3 1,3,7,13 and n £ 321. Column (2)

gives the method of constructing n - STS from STS in Column (3).
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Column (4) gives the reason of existence of (n,7) - STS.

Table VI

T %) € 0

Value n=-STS can be Existence of a sub-
of n oonstructed by r— system of order 7

Method can he seen. from
the fact that

9 I 3-.STS and 3-8TS -
15 II 7-3TS,3=-8TS and 1-58T8S (7,7)=8TS exists
19 5L 3-3TS,7-STS and 1-STS (7,7)-3T8 exists
21 I 3~-3TS and 7-STS (7,7)~8TS exists
25 11 3=-3T3,9-STS and 1-STS -
27 I 3-STS and’ 9-STS -
31 1T 3-8T8,15-8TS and 7-STS (7,7)-STS exists
33 II 3-3T8 ,13=-STS and 3-STS -
37 1T 3-808,13<~STS and 1-5T8S -

39 1T 3-STS,15-STS and 3-STS (15,7)=-8TS exists
L3 11 3-8T78,15-3TS and 1-STS (15,7)-8T8 exists
L5 T 3-STS angt 15-STS (15,7)-8TS exists
L9 I 7~STS and 7-STS (7,7)=8TS exists
51 11 3-3T78,19-STS and 3-STS (19,7)-8TS exists
55 1T 3-ST78,19-3TS and 1-STS (19,7)-STS exists
57 I 3-STS and 19-STS (19,7)-8TS exists
61 IT 3-8T78,21~STS and 1-STS (21,7)-818 exists
63 I 3=-378 and 21-STS (21,7)-8T5 exists
67 17 33—STS,3—STS and 1-8STS -
69 IT 3-8TS425-STS and 3-STS -
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Cont.
(1) (2) (3) )

Value | n=STS can be Ixistence of a sub-
of n constructed from system of order 7
i by Method can be seen from

the fact that
© 23 II 7=3T78,13~3TS and 3-ST& (7,7)-8T3 exists

75 I 3=-STS and 25=STS -

79 i 3=8TS,31-STS and 7-STS (7,7)=8TS exists

81 I 9-STS and 9-STS -

85 I1 3=5TS,3%~STS and 7-STS (7,7)=8T3 exists

87 II 3-3TS,31~8TS and 3-STS (31,7)~3TS exists

91 II 15-3TS,7-STS and 1-STS (7,7)=-8TS exists

93 : | 3=STS ‘and 31=-STS (31,7)-STS exists

97 II 3-5TS,33-5T% and 1=-STS -

99 II L9-875,3=-3TS and 1-STS (49,7)-5T8 exists
103 ' 25~STS,7=ST8 and 3-STS (7,7)=3T5 exists
105 T 7=STS and 15-8TS (7,7)=3TS exists
109 II 9=STS,13=3TS and 1=STS -

111 iy 55=STS,3=3TS and 1-STS (55,7)=3TS exists
115 i 3=8TS,39=3TS and 1-8TS (39,7)=8TS exists
137 1 3-ST3 and 39=-STS (39,7)=8TS exists
121 i 3=3TS ,45=-3TS and 7-ST3 (7,7)=STS exists
123 I 61-STS,3=-3TS and 1-STS (61,7)=-8TS exists
127 11 7=375,19-5TS and 1-STS (7,7)=8T3 exists
129 I 3-3TS and 43-8TS (43,7)=STS exists
133 i 3-8T3,45-5TS and 1-STS (45,7)-5TS exists
135 I 15-8TS and 9-STS (15,7)=8TS exist
139 8 4 3-STS,51-STS and 7-STS (7,7)=-STS exists
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Cont.
(1) (2) (3) (4)
Value | n=STS can be Existence of a sub-
of n constructed o system of order 7
by Method can be seen from
the fact that
141 II 7-STS,21=STS and 1-STS (7,7)=-STS exists
145 i 3=STS,4G~-STS and 1-STS (49,7)-STS exists
147 4 3-3TS and 49-STS (49,7)-8TS exists
151 IT 3-STS,51=STS and 1-STS (51,7)=8TS exists
153 I 3-3TS and 51-38T8S (51,7)-STS exists
157 11 3-STS,57-5TS and 7=STS (7,7)=8T8 exists
159 . 5 o 79-STS,3~ST5 and 1-STS (79,7)-STS exists
163 I 27=STS ;7-3TS and 1-STS (7,7)=8TS exists
165 11 27=8T8,9~8TS and 3-STS (287,7)-8TS exists
169 11 .3=-3T78/,57=-STS and 1-3T3 (57,7)=-878 exists
171 I 3-STS and 57=STS (57,7)=-ST3 exists
175 I 7-STS and 25-STS (7,7)=-STS exists
177 il 3=ST38,61-STS and 3-STS (61,7)=STS exists
181 IT 9~STS ,21-STS and 1-STS (21,7)-8TS exists
183 I 3=3TS and 61=STS (61,7)-STS exists
189 T 3-STS and 63-5TS (63,7)=STS exists
193 i 19-STS,13=-8TS and 3=-STS (19,7)-ST3 exists
195 I 15-8TS and 13-ST8 (15,7)-STS exists
199 171 33-3T7S,7=STS and 1-STS (7,7)=8TS exists
201 I 3~STS and 67-3TS -
205 k| 3-3TS,73-STS and 7-8TS (7,7)=8TS existé
T (103,7)-5TS exists

207

103-8TS 4 3=-STS and 1=STS
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Cont. )
(1) (2) (3) (L)
Value | 4«5TS ¢an be Existence of a sub-
of o | constructed F— system of order 7
by Method dan be seen from
the fact that
211 II 7-STS,31-57S and 1-STS (7,7)-8TS exists
213 II 7-STS,33-5T5 and 3-STS (7,7)-818 exists
217 I P.STS and 31-STS (7,7)-8TS éxists
219 I 3575 and 73-STS (73,7)=3TS exists
223 11 111%5TS 3575 and 158TS | (111,7)-ST5 exists
225 I 15-878 /408 15-8TS (15,7)-818 éxists
éz9 II 19-873 ,13-8T8 snd 1=-STS (19,7)-3T8 exists
231 11 19-8TS5,1548TS and 3%«STS (15,7)=-STS exists
235 I 39-5TS ,7-8T8 and 1-STS (7,7)~ET8 exists
237 T 3.5TS and 79-878 (79,7)-8T8 sxists
241 5 4 E;STS,85mSTS and 7;STS (7,7)=818 exists
243 1 3-3T8 And 8iQSTs (81;7);sTs exists
247 II 123-5T% , 5-STS and 1-8T (123,7)=STS exints |
2h9 11 3-8T73,85~-3TS and 3-STS (85,7)=-8T5 cexists ;
263 1T 3«3TS,85-31S and 1-STS (85.7)-878 exists
255 T 3-3TS and 85-38T78 (85,7)-8T8 exists g
259 I 7-STS and 37-378 (7,7)-8ST8 exiets g
261 ;s 3=8T8 and 87-ST8 (87,7)=318 exists ;
265 1T 3-3T75,93=-ST8 and 7-S73 (7,7)=8TS exists |
267 1T 133-8TS,3-3"3 and 1-STS (133,7)-5S178 exists |
271 I 45-575 , 7-5TS and 1-STS (7,7)-8T8 exists |
273 IT h5-8T73,9«8TS and 3~518 (45,7)~STS‘oxists g
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Conts
(1) (2) (3) (L)
Value | n-STS can be Existence of a sub-
of n |constructed Bt system of order 7
by Method can be seen from
the fact that
277 II 3-8TS,93-37S and 1-STS (93,7)=STS exists
279 I 3-8TS and 93-STS (93,7)=STS exists
283 II 141-8T8,3-5TS and 1-STS (141,7)-STS exists
285 I 15=-STS and 19=STS (15,7)=-STS exists
289 II 3=STS,97~STS and 1-STS -
291 IT 145-5T8,3-STS and 1=STS (145,7)=-STS exists
295 1T 147875 ,3=STS and 1-STS (147,7)=-STS exists
297 11 7-STS 45=53TS and 3-STS (7,7)=8TS exists
201 I 7-STS ard L43%-STS (7,7)=-STS exists
303 11 75-STS,7=8TS and 3-STS (7,7)-8T8 exists
307 11 5148TS,7-STS and 1=5TS (7,7)~5T3 exists
309 I 3=STS and 103-STS (103,7)=STS exists
313 II 3-3TS,105=5TS and 1-STS (105;7)«STS exists
315 T 15-3TS and 21-ST3 (15,7)=STS exists
319 II 159~STS ,3~5TS and 1-STS (159,7)=8TS exists
321 1T 2-ST8,109-8T8 and 3-STS -
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342 Lemmas Let m be any positive integer such that m = 1 or 3{mod €.

Then m is congruent modulo %6 to cne of 1,3%47,9,13,15,19.21,25,27,

$Le 3%

Proof ¢ Form=6k +1i, 1 =1 o0or 3 we have m = 6 (6 £ + j) + i

where j & f 0,1,2,3,4,5 }. Hence n = 36,[ + 63

i where 1 = 1

+

1434749,13,2.5,

oS

o¥ 3and § € z 0,1,2,3,445 } so that 6j + 1 €
19,21,25,27,31,33} « Thus m is congruent modulo 36 to ome of 1,3,7,
9913415,19421425,27,31 433,

3,3 Theorem. Ifm = 1 or 3 (mod 6) and m > 321, then (m,7) - STS
exists,

Prcof : We shall prove the theorem by induction. First it will be
shown that (325,7) - STS existse. Since 3-8T8, (7,7)-875, (49,7)=ST3
exists and 325 = 3 + 7(49 ~ 3), hence by Theorem 3.5.4, (325,7)-STS

existse Let m = 1 or 3(mod &) be such that m > 321. We shall

!

show that (m47)-STS exists. Assume that (v,7)-STS exists for all v
with v = 1 or 3(mod 6), v » 321, v { m. Let us introduce Methods
AyB,CyD,E,F which are certain specializations of Method II,
namgly some values of nl,ne,n3 are fixed. Table VII gives the
values of n];,nz,n3 for these methods. Column (3) gives the valuces

of n for which n-8STS can be constructed by methods in column (1)

from STS in column (2).
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Table VII
(1) (2) (3) _
Name of method | Construct n-STS Value of n which n-~STS

from can be constructed

Method A N-STS ,3-5TS and 1-8TS on + 1

Method B 3-5TS,1-STS and 1-STS Byl w2

Method C 3-5T78,n~STS and 3-5TS 3n' - 5

Method D W~STS,9-8TS and 3-STS i % 3

Method E 3-ST8,n=STS and 7-STS 30 - 14

Method F N-5TS ;7~STS and 1-STS 6n + 1

We use the methods listed in Table VII to construct (m,7)-STS.
Due to Lemma B.é m is congruent modulo 36 to one of 1,3,7,9,13,15,
19,21,25,27,31,33. In Table VIII the method and the value of n
for constructing m—STS are determined according to the residue of
m modulo 36. Column (2) indicates the method for constructing STS
of order m in Column (1). Column (3) gives the valuc of 1

corresvonding to n.
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Table VIII

Value of m ngsﬁzzgﬁdm“STs Value of n
36t + 1 B 12t + 1
36t + 3 A 18t + 1
36t + 7 3 6t + 1
36t + 9 D 6t + 1
36t + 13 B 12t + 9
36t + 15 A 18t + 7
36t + 19 F 6t + 3
36t + 21 D 6t + 3
36t + 25 B | 12t + 9
36t + 27 f 18t + 13
36t + 31 A 18t + 15
36t + 33 C 12t + 13

Observe that by the assumption and by Theorenm 3.1, niSTS
exists for all cases of m. Moreover m=STS constructed as in
Table VIII will contain 7-STS if n(is not an exceptional number.
We shall show that when nlis an exceptional number an alternate
method for constructing (m,7)-STS can always be found. Since
m-STS constructed by Method T always contains 7-STS, hence it
suffices to lcok for alternate methods to construct (m,7)-STS
from Method A,B,C,D,E, Observe that if m > 321, n/must not be

less than 67. Table IX provides alternate methods for constructing
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(m,7)=STS when n/are exceptional numbers.
In Column (2), by critical method we mean the method that is avoided
when o given in Column (1) is an exceptional number. Column (3)
gives the value of m if r in Column (1) and the method in Column (2)
are used to construct m-STS. Column (4) gives an alternate method
for constructing m-STS and Column (5) gives the reason for existence

of (m,7) - STS if that alternate method is used.
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Table IX

(1) (2) (3) (&) o RS
: Critigal Alternate method Existence of a )
n mEt el m : subsystem of order

: m=-STS can be 7 can be seen from

constructed from the fact that
by Method

67 D 05 x 15-5T8 and 27-STS (15,7)-STS exists
69 D Lin ¢ 3-8TS,141<8TS and 3-STS (141,7)-8T8 exists
75 D 453 C 3-8TS,153-3TS and 3-STS (153,7)-STS exists
81 D 439 I 3-STS and 163-STS (163,7)-STS exists
97 D 585 I 15-8TS and 39-8TS (15,7)-8STS exists
109 B 325 II 7-STS,49-STS and 3-STS (7,7)-8TS exists
109 D 657 I 9-8TS and 73-STS (73,7)-8T78 exists
109 L #l= B 3-8T7S,105-STS and 1-STS (105,7)-STS exists
201 A 403 F 1 67-8T8,7~STS and 1-STS (7,7)-8TS exists
201 B 601 i 3-3TS,205-STS and 7-STS (205,7)-STS exists
201 c 597 D 99-STS,9-STS and 3-STS (99,7)-8TS exists
201 D 1209 g 3-STS,405-STS and 3-STS (405,7)-STS exists
201 E 539 ‘. 19-STS and 31-STS (19,7)-STS exists
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Cont.
(1) 2) (3) (4) (5)
y Critical Alternate method Existence of =z
n sathad m n-8T8 can ba subsystem of order
: constructed Fhen zhga?a:i iﬁ:g from
by Method
239 A 579 I 3-STS and 193-STS (193,7)-STS exists
286 B 865 II 13-8TS,73~STS and 7-STS (7,7)=-STS exists
289 g 861 I ?=8T7S~and 123-STS (7,7)-8TS exists
289 D 1725 I 15-3TS and 115-STS (15,7)-STS exists
289 E 853 B 3-8T78,265-8TS and 1-STS (285,7)~-STS exists
321 & 643 B 3-8TS,219~8TS and 7-STS (7,7)-8TS exists
321 B 961 1 31-STS and 31-STS (31,7)-8TS exists
321 ¢ 957 3 3-STS and 319-STS (319,7)-STS exists
321 D 1929 I 3-STS and 643-STS (643,7)-5TS exists
321 E - okg 13-8TS and 73%-STS (73,7)-8TS exists
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