CHAPTER II

METHOD OF ANALYSIS

Assumptions

Consider an inverted channel floor unit simply supported at the
two end diaphragms, as shown in Fig.l, and subjected to a uniformly dis-
tributed load. The unit has uniform cross section throughout the span,
consisting of vertical and horizontal rectangular plate elements.

This analysis is based on the following assumptions: The material
is homogeneous and isotropic with equal moduli of elasticity in temsion
and compression; it is not strained beyond its elastic limit; plane sect
tions of each individual plate remain plane after bending; the displace-
ments are small for each plate; the supporting diaphragms are infinitely
rigid in their planes but flexible normal ;Q.their planes; and the in-
fluence of the membrane forces on the bending of the plate is neglected.

These assumptions lead to two fourth order differential equations, which

~ govern the bending of the plate under the action of the normal load

' component and the membrane action of' the plate under 'the iin-plane load

component.

The three orthogonal coordinate axes x, y and z are taken along
the transverse, longitudinal and normal directions of the plate element

respectively, with the origin at the mid-point of each plate as shown in

-Fig.2. The positive directions of the load components Xi Y and Z, and the



bending and membrane stress resultants are shown in Figs.3a and 3b. The
displacement components u,v and w are positive in the positive directions

of the coordinate axes X, y and z respectively.

Rectangular Plates in Bendigg:

Vertical Plate

The homogeneous differential equation governing the bending of an

(7)

elastic plate in small deflections is
V' = 0 - : (1)

The general solution of Eq.(l), which satisfies the boundary conditions-at

y =0 and y = b, can be obtained in the form
(]
w = ngign(x)51n6y (2)

where B = nm/b. Substituting Eq.(2) into Eq.(l) and solving the resulting

differential equation yield
;n(x) = K(Blns1nh6x +AanBxcosth + BanCOSth + Buan31nth) (3)

where K is a load factor introduced to nondimensionalize the constants of
integration B?n to B“n‘and will be defined for particular loading later.
The desired solution, Eq.(2), and the corresponding stress resul-
tants take the form
©

w = n£1 K[Bln51nh8x + anBxcosth + BanOSth + B“an1nth]51nBy (4a)

[o o] L
Mx= —DW n£1 BZK[BIn(l-v)sinth + an{(l—v)Bxcosth+ZSinth}

+ Bén(l—v)costh + B#n{(l-v)Bxsinh6x+2cosh§x}]sinBy (4b)



W 8- X nE}BZK[Bln(l'V)Sinth + Bzﬁ{(l_v) Bxcoshpx-2ysinhpx}

Yy
+ Ban(l-v)coshsx + B“h{(l-v)Bxsinth—Zvcoshﬁx}]sinBy (4c)
[e2]
= = - - 2 i
Mxy - Myx Dw(l y)néls K[Blncosth + an{8x31nth+costh}
+ BsnSinth + B“h{Bxcosth+sinth}]cosBy (4d)
: cad 3 . P .
Qx = -ZDW n£18 K(ancosth + B“n§1nh8x331n8y ' (4e)
Qy ke 4 nE;B K;ans1nh6x + B“néosth]cOSBy (4£)
gl
Viwg o+ Dw(l-v)nglﬁ K(B,_coshBx + an{8x31nh8x+costh}
+ Bansinth + B“h{sxcosh6x+sinh8x}]sinBy C (4g)
N [oe] 3 i 3
Vy = Qy - Dw(l_v)nile K[an91nh3x +szn{Bxcosth+2s1nth}
+ Bancoshsx + B“ﬁ{Bxsinth+2costh}]cosBy (4h)

in which D_ = Eti/{lZ(l—Vz)} is the flexural rigidity of the web plate of '
thickness t, E denotes the.modulus of elasticity and v the Poisson's
ratio. M, M.y and M&y are the transverse, longitudinal and torsional
moments per unit length respectively, Qx and Qy the transverse and longi-
tudinal shearing forces per unitVleﬁgthgnespectively, and Vx~and Vy the
‘traﬁsvéfééfahd.1ongitddinal.supplementedvshearing~forces~pgr unit_lepggh

) , SR
i A e |

' ‘respectively. : i _ | |

Horizontal Plate

The differential equation governing the bending of an elastic plate

subjected to normal load component Z(7) is

Vtw = 2/D, : . (5)




in which Dd = EtZ/{lZ(l-vg)} is the flexural rigidity of the deck plate of

thickness t.. The general solution of Eq.(§) is

d
+

W= wp ¥ ’ (6)

in which w_ is a particular integral and v, the complementary solution.

A particular integral satisfying Eq.(5) and the boundry conditions at

y =0 and y = b can be obtained by expanding wp and Z in double series of

the form
00~
wp(x,y) - mgo ngi W_ cosaxsingy - @a)
[0 o] [+ o]
Z (x,y) = méo n£1 ZmncosaxsinBy \ (7b)

where o = mm/a, B = nmn/b, and W and Zmn are Fourier coefficients.

Substifuting Eqs.(7a) and (7b) into Eq.(5) gives

mn
“un 7 D, (@767 "
in which
LR —ﬁ-}é b Z(x,y)cosoxsinP dxd for m 4 O (9a)
““mn ab-£‘£\ 24 B
g = AP 7ed uinbedy for m = 0 (9b)
on bo fai i A T

] ; l
The complementary solution, W satisfying the homogeneous part of Eq.(5)

and the boundary conditions at y = 0 and y = b, can be taken in the form

.= n§1 wn(x)sinBy (10)

Substituting Eq.(10) into Eq.(5) and setting Z = 0, it can be shown that



wn(x) = K(Clnsinth + Canxcosth + C3ncosh6x + C#ngxsinhﬁx) (11)

where K is a load factor and C-Iln to an are the constants of integration.
The complete solution is then obtained by substitufing Eqs.(7a),

(10) and (11) into Eq.(6) which yields

(e} oo (o]

w =_m§p n£1 Wmncosax51n8y + n§1 K[C1n31nth + Canxcosth

+ C coshfx + C Bxsinhfx]sinBy {12
3n 4T

For the horizontal plate, symmetry with respect to the vertical
plane at mid-width,i.e., the yz-plane, requires that all the terms in w

involving odd functions of x vanish. Therefore the experession for w becomes

o o

oo e~
w =.m§° nglﬁwmncosax31n8y +‘n§1 K[Alncosth +‘A2an51nth351nBy (13a)

inwhich A =C and A =C .
1n in 2n un

The corresponding stress resultants become

M& = Dd mgl ng:(a2+v82)wmncosaxsin8y
D, ng:BZK[AIn(l—v)costh'+ Azn{(1-v)Bxsinth+2césth}]sinBy" {13b)
% : -
My " 0y mgo n§1(82+va2)wmncosaxsin6y
+vDd.nglszK[Alm(l-v)costh.+ Azﬁ{(l-v)BxsinthTZVcosth}]sinBy (13c)
e .
Mxy = Myx = Dd(l—\))m)i_Io nglaﬁwmnsinaxcosBy
- Dd(l-v)nélﬁzK(Alnsinth + Azﬁ{Bxcosth+sinth}]cosBy 'f;ii(13d)
® o P
e v =l mﬁq néla(a2+82)wmnsinaxsin8y - 2D, nﬁlﬁaK(Aznsinth]sinBy (13e)
0 - 3 (-]
Qy =D, mﬁo nEIB(a2+B?)WﬁncosaxcosBy - 2Dd nEIB?K[Azncosth]cosBy (13f£)



(o2 oo
= e L _ 2 . .
Vx Qx Dd(l v)mﬁo n£1aB Wﬁns1naxs1n8y

+ Dd(l-v)ni:BBK[AlnSinth + Azﬁ{Bxcosth+sinth}]sinBy (13g)

o] (o]
= - 2
Vy Qy + Dd(l V) go n£1a BW _cosoxcosfBy .

- Dd(l-v)nglssK[Alncosth + Azn{Bxsinth+2c§sth}]cosBy (13h)

There are altogether 6 constants of intergration involved in the

bending analysis of the vertical and horizontal plates.

Rectangular Plates in Plane Stress

Vertical Plate

The homogeneous differential equation governing the membrane action

(8)

of the elastic plate is
V¢ = 0 (14),

where ¢ is an Airy's stress function related to the stress resultants by

32

N =20 (15a)
Byz
824)
i L (15b)
| 5 |
N =N =28 s G lt b (15¢)
R L 3xdy | 3

in which Nx $ Ny and ny are the transverse normal force, the longitudinal
normal force and the membrane shearing force, per unit length, respectively.
The general solution of Eq.(14) which satisfies the boundary

conditions at the transverse edges y = 0 and y = b can be taken in the form

¢ = I £ (sinfy | (16)



Substituting Eq.(16) into Eq.(14) and solving the resulting differential

equation lead to
gsx) = L(Bsn81nth + Bsancosth + B7ncosh6xx + Ben8331nh6x) (17)

where L is another load factor which nondimensionalizes the constants of

“integration’. B to B _.
, 5N gn’

The ‘completé solution is obtained by substituting Eq.(17) into

Eq;(16) which yields
oo
¢ = n);IL(Bsns1nth + BsancoshBX + B7ncosth + Ben8x51nh8x)31n8y (18)

The membrane stress resultants can be determined by substituting

Eq.(18) into Egs.(15a) to (15c), giving

= - . 2 ’ 1 A =S
Nx nEIB L[Bsn81nh6x + Bsancosth + B7ncosth :
+ Beansinth]sinBy (19a)
(o0}
= 2 . g
Ny néls L(B5n81nh8x + Bsn{Bxcosth+2s1nth}

+ B7ncosh8x + Ben{Bxsinh83+2costh}]sinBy (19b) -

o]
e S EE ) o
ny Nyx n§13 L[Bsncoshsx + Bsn{Bxs1nth+costh}

I+vB7ﬁsinth +‘Ben{Bxcosthfsinth}]cosBy T o (19¢)

The relationship between the transverse and longitudinal displace-

ments of the middle plasie and the membrane stress resultants are

2%‘= fl— N = VN ] (20a)
ox = Et "

w
ov 1 (20b)

*f=——[Ny - \)Nx]
oy . EtW
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du v _ 2(1+) o (208)
dy  9x Et b

Substituting Eqs.(19a) and (19b) into Eqs.(20a) and (20b) and solving for

u and v yield

S ;:tl:_ ng_-lBL[Bsn(l"'\))costh + Bsn{ (1+v)BxsinhBx ~(1-v) coshBx}
w
+ B7n(1+\))sinh8x + Beﬁ{ (1+v)BxcoshBx~(1-v) sinhBx})sinBy
+ ke Biy) S (23e)
Et
w
V= - ;1—-— nngL(Bsn(lw)sinth + Bs#{(1+\))Bxcosh6x+251nh8x}
w

+ Bm(l;\))coshsx 4 Ba'n{(1+\))Bxsinth+2costh}J'cosBy

i s (21b)

Et
w

where A R(y) and L& S(x) are constants of integration. These can -
Et Et
W W.

expand into single series of the form

R(y) = nz_E_IRns1nBy ' : - (22a)
S(x) = Se + ; S_cosyx (22b)
g WRI'M ‘

where y:zmm/c and
2 b S :
Rn == 6 R(y) sinBydy . (23a)
b :

Sm - écS(x) cosyxdx : (23b)
c

. Substituting Eqs.(19c), (21a) and (21b) into Eq.(20c), multiplying both ¢

sides of the resulting equation by cosBy and integrating with respect to *



11
y from zero to b, taking the advan:age of the orthogomality condition,
lead to
R =0 for all values of n : (24a)

Repeating the same procedure, but multiplying both sides by sinyx and

integrating with respect to x from zero to ¢ yields
S =0 for all values of m (24b)

éonsequent}y Eqs.(21la) and (21b) become

u= - —l—-nngL[Bsn(1+v)costh + Bsﬁ{(1+V)Bxsinth—(1-v)costh}

Et
W

+

B7n(1+v)sinh8x + Ban{(1+v)Bxcosth-(1-v)sinth}]sinBy (25a)

T 3 |
Ve - " I BL(B _(1+v)sinhBx + B _{(1+v)BxcoshBx+2sinhBx}
gt D=1 sn en
w

+

B7n(1+v)cosh8x + Ban{(1+v)6xsinth+2costh}]cosBy (25b)

inowhich u an v are the displacement components in the x= and y-diteetions

respectively.

Horizontal Plate

ol o \ ' %l 5 ;
For the horizontal plate, due to symmetry, K the stress function,
the membrane stress resultants and the displacement components simplify

into the forms

8

™

¢ ]L(Agncoshﬁx’+2Aun8331nh8x)sxn6y (26a) .

1

(o]
s 2 . . :
Nx »néxs L[Asncosth + A“n6x51nh8x]31n3y . (26b)
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S w\ 2 . - & ;
Ny = néls L(Aancoshsx + Aun{3x51nh6x+209$h8x}]31nBy (26¢c)

0 y 2
i S 2 > " .
N = Nyx né;s L[Aan31nh6x + Aun{Bxcosth+51nth}]cosBy_ (26&)

=

©0
» n§_Z_IBL[A3n(1+\))s1nth

éuh{(1+v)Bxcosth-(l—v)sinth}]sinBy (26e)

+
[= N

0

i BL[Aan(1+V)costh

n=1
Etd

+ Aun{(1+v)Bxsinth+2costh}]cosBy, - (266)

<
]
1
|~

in which L is a load factor and Aan and Aunzare‘the constants of integration.
As in the bending analysis, six constants of integration are involved

in the membrane analysis of the vertical and horizontal plates.

Applied Load and Load Factors
In case of a uniformly distributed load, q, applied on the hori-
zontal plate, the Fourier coefficiept Zmn defined by Eqs.(9a) and (9b).are

given respectively by

Zﬁn =0 Sl for m=#£ 0 or even n - (27a)
= 4q
on = om _ for m = 0 and odd n (27v)

1 'iw'iv‘,i".

The corresponding load factors; K-and L, .are

4

e -‘Bﬁﬂ ' (28a)
5 ;

L = b’q (28b)

_in which K and L are the load factors in bending and membrane analysis

respectively.



Boundary Conditions

The twelve arbritary constants, Ahn

to A
: SN

13

for the horizontal plate

and B , O Ben for the vertical plate, involved in the general solutions,

Eqs.(4a), (13a), (18) and (26a), are determined from the following 12

boundary conditions. The positive directions of the stress resultants and

displacements are shown in Fig.4 to facilitate the derivation of these

equations.

At the joint xd = a and.’txw = fc,

9 (v )

(NXd)Xd!a xw X =-c
W
(Mkd)x =a S (wa)x ==C
d W
W)
xd e (wa)x ==C
"
(nyd)xd=a 2 (nyw X,=—c
(Wd)x =a ’ (uw)x ==C
d W
{5&;] 3 ow
Bxd Xd=_§‘ 0X . |X ==c
(ud)x‘;é‘ ” —(ww)x =;c
d
(vd)x =a (vw)x ==C
d W
At the free edge X

=0

i
o

=C,

(29a)

(29b)

(29¢)

(294)

(29e)

(29£)

el 0 L

(29n)

(30a)

(30b)
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(M%w)x =c. Ll (30c)
W

Vdy e =0 (30d)
w

The subscripts d and w are used for the horizontal and vertical plates
respectively.

It is evident that the boundary conditions at y = @ and y = b,

(Nyd)y=0,b = (Myd)y=°,b = (ud)}':o,b = (wd)y=o,b =0 (318)
(NW)Y=°’b = (Myw)y=0,b = (uw)y=0,b = (ww)y=o,b = 0 v | (31b)

and the boundary conditions on the plane of symmetry at the mid-width of

the horizontal plate,

ow
(nyd)x . (de)x e (ud)x — .4 [ax Jx -0 g (32)
d d d
are satisfied by the general solutionms.

Solution

Substifuting the expressions for the stress resultants and dis-
placements, Eqs.(4), (13), (19), (25) and (26), from the bending and mem-
brane analysis into the 12 boundary conditions, Eqs.(29) and (30), and

simplifying lead to a set of 12 simultaneous equétibhé for each harmonic n,

L[AsncpshBa + AunBasinhBa] |
-DWBK[Bln(l;y)costh + an{(1-y)Bcsinth-(1+V)costh}

- Bsn(l-v)sinth - Bun{(1-v)6ccosh6c-(1+y)sinth}l a0 (33a)
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D4lA, (1-v)coshBa + Az'n{(_1—y)sasinh3a+2cqsh§a}]

o+ Dw[B1n€1—v)51nth + an{(l-v)Bccosth+2s1nth}

- Bsn(l-v)costh - B“#{(l—v)Bcsinth+2costh}]

Dd m
il (a?+vp2 )W__cosmm (33b)
KB :

DdBK(Aln(l—v)sinhBa + Azn{(l-v)?6acosh8a-(1+v)sinh8a}]
- L(Bsnsinth’+ BsnBccosth‘- B cosHBc - B BcsinthJ

D

Q _g-»mzo afa? +(2-v)82}W sinmm (33¢)
: :

AansinhBa + A {Bacosh8a+sihh8a} - B costh - B {Bc31nth+costh}

+ B? sinhBec + B {Bccosth+s1nth} =0 (33d)

K[A ,coshBa + A BasinhBa]
BL = ~ % 2IE il
Etw [B o (1+V)coshBe + B {(1+V)Bc31nh3c (1-v) coshBc} 004654
- B7n(1+v)81nth - Ben{(1+v)Bccosth-(1-v)sinth}]

=

= -mgo wmncosmﬂ (33e)

AlnsinhBa + Azn{sacosh8a+sinh8a} - B costh - B {Bcsinth+costh}

+ Bansinth + B“n{Bccosth+sinth} = EK- Z aW smnmn (33£)
BL [A (1+v)51nh6a + A {(1+v)Bacoshsa-(l-v)31nh8a}]

+ g[B1n31nth + Bthccosth - BaﬁCOSth - thBcsinthﬂ =0 (33g)

———-[A (1+v)coshBa + A“n{(1+v)BasinhBa+2coshBa}]

+ —E— [B (1+v)sinh8c + Bsﬁ{(1+v)Bccosth+2sinth}

Et
- B7n(1+v)costh - Bah{(1+v)Bcsinth+2costh}] =0 (33h)
Bsn81nh6c - B Bccosth + B co&th + B Bc31nth = 0. (331)

U 17512902



Bsncosth+B6n{Bcs1nth+costh}+B7ns1nth+Ban{Bccosth+s1nth} = 0Y(33j)

B;n(l-v)Sinth + Bzh{(l-v)Bccosth+2§inth}

+lB3n(1—v)costh + B“n{(1-v)Bcsinth+2coshBé} =0 . : (33k)

Bln(l—v}coshsc + an{(l—v)Bcsinth-(1+v)costh}

+ Ban(l-v)sinth + Buﬁ{(l—v)Bccosth-(1+v)sinth} =0 (331)

invwhich N = 1,2,3,.-.
Finally, substituting the Fourier coefficients Zmn and Zon from
Eqs.(27) and the load factors K and L from Eqs.(28) into these simultaneous

equations and converting into dimensionless forms,

g ' 1
AancoshBa + A“nBas1nhBa Bln~7§-nn(1 V) coshfBc

: g
=B ;L-nﬂ{(l-v)Bcsinth-(1+v)costh} + B ey nm(1l-v)sinhBc
20 o3 3N p3
2 2 ]
+ Bﬁn ?%-nﬂ{(1-v)6cao$h8c-(1+v)sinth},- 0 (34a)

2

Aln(l-v)coshSa + Azﬁ{(1—v)BasinhBa+2coshBa}

;\E\ :L-(l-v)sinth +- B ;L?{(I-V)Bccosth+25inth}‘“
in 3 2n 3
R, : R,
=B iL-(l-v)cothc - B ;L?{(1-v)Bcsinth+2costh} . (34b)
N p3 . "R pt Sy’
72 2 :
v ; ' r . ; | TR i |
Aln nm(1-v)sinhBa + A2n nﬂ{(l—v)sacoshsa-(1+v)sinhBa}
- BSn31nth - BsnBccosth + B7ncosth + BsnBccosth =0 (34¢)

A3n31nh8a + Ahn{BacoshBa+81nhBa} - BanOShBC - Bsn{6c31nh8c+cosh8c}

+'B7nSinhBC * Baﬁ{Bccosth+sinhB¢} =0 : s (34d)




* g
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; . 2
+ + :
A1 coshfa A2 BasinhBa B5 R;RzRacgsth

+ BmRiRZ' { R;BesinhBe-R,coshBfe} - B7nR§R21§#sinth

- B RiRz-[RuBccosth-Rasinth} - (32e)
Ll , nS7s

A sinhBa + A {BacoshBa+sinhBa} - B coshfc - B {BcsinhBc+coshBRec}
in 2n in e 5

+ BsnSinth + B“ﬁ{Bccosth+sinth} =0 : (32f)

AanRiRusinhBa + A“an{RugacoshBa~R3sinhBa}

+ Blnsrnth + anBccosth - BanOSth - B“nBc51nth =0 , (32g)

Aan(1+v)coshBa S A“h{(1+v)BasinhBa+2coshBa}
+ BsnR2(1+v151nth + BsnRz{(1+v)Bccosth+231nth}

- B7nR2(1+v)coshSc - BenRé{(1+v)Bcsinth+2costh} =0 (32h)
Bsn31nth'+ BGnBccosth + B7ncosb8c + Benscsinth =0 ‘321)
Bsncosth+B5n{Bcsinth+costh}+B7nsinth+Beﬁ{Bccosth+sinth} = 0 (323)

B _(1-v)sinhBc + Bzﬁ{(l—v)BccoshBC+2SinhBC}

+ Ban(1+v)cosh8c + Bhﬁ{(1-v)Bcsinth+2costh} =0 (32k)

Bln(l—v)costh + an{(l—v)Bcsinth—(1+v)costh} : |

+ B__(1-v)sinhc + B,n{(1-V) BocoshBe- (14v) sinhBe} = (321)

" i ta b om
in which Ba = nm £ e Be = BT » R = 1;"_R2 = E; » By = 12(1+v) °

nm

R,’ =m and n = 1,3,5,...

The dimensionless parameters:-involve in these 12 simultaneous

equations to be solved for the constants of intergration are v, %3, %-,
o \ i
-— and 2 3 ‘ |
b £l

W
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Once the constants of integration are determined, the corresponding
stress resultants and displacements at any point (x,y) can then be obtained

by means of the appropriate equations.
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