CHAPTER VI
SOLUTIONS OF g(x-y) = g(x)g(y) + £f(x)f(y) AND g(ﬁ) = g(x)g(y)+ £(x)f(y).

In this chapter we shall determine all continuous solution of

(a) glx-y) = g(x)g(y) + £(x)£(y)

on R" to R s and all continuous solutions of
* X
(4) 8(3) = g(x)gly) + f(x)f(y)

*
on R to € . Turthermoreé 'we shall show that discontinuous

*
solutions of (A,) and/ (A) also exist,

6.1 Continuous Solution of glx=y) = z(x)g(y) + £(x)£(y) on R™

Let f,g : R25> R be continuous functions such that

f,g satisfy

(a,) g(x-y) = g(x)g(y) =+ £(x)f(y),

for all x,y'in Bn o We shall characterize all such functions
fy¢e To do this, we may consider f,g as functions on the
topological group (R",+) into the topological field (Ry+qe)
Since Rn is also the topologieal vector space over R, hence
by Corollary 4,9, the continuous solutions of (A,) must be

those and only those (f,g) of the forms :
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(5.1.1) f(x) =p, g(x) = a for all x in Rn, where

a,b € [O, 1) and b = \/a - a 3 or

B - v, L BG0) « hGTD
21 2

(6-1-2) f(X) =

where h is a continuous homomorphism from R® to ACX . By
i(k1x1+.oo+knxn)
Theorem 5.3,6 , h(x) must be of the form h(x) = e

where x = (x1,..., xn) and ki's are real numbers, Hence f,g

in (6.,1,2) must be of the form
ol(k1x1+ ER e knxn) » e—l(k1X1+ o¢c+ann)
f(X) =
21

1

s:.n(k1x1 Sl + knxn)

and
l(k1x1+ ooo+knxn -l(k1X1+cob+knxn)
e + €
g(x) = 3
= cos(k1x1 P L knxn)
where x = (x1, oy xn) and kis are real numbers.

In particular, when n = 1, the continuous solutions

of (A,) are those and only those (f,g) of the forms :

(64143) f(x) = b, glx) = a for all x in R, where
a,b € {j0,1) and b = \la -a~ ; or
(6e1.4) f(x) = sin(kx) , g(x) = cos(kx)

where k is a real number,
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6.2 Continuous Solution of g(?) = g{x)g(y) + g(x)f(y) on R*

*
Let f,g : R— @ be continuous functions such that

fy g satisfy
(a") g<§> ke s(x)g(y) + £(x)£(y) ,

for all x,y in R*. We shall characterize all such functions
fy8.To do this we may consider fig as functions on the topological
group (R*,,) into the topological field (Cotqe) » I can be
shewn that (®R*,.) is the only subgroup of index 2 in R*, and
that (m*,,) has no subgroup of index 4, Hence by Theorem 4.5,
the continuous solutions of (A*) must be those and only thoseA

(£48) of the'forms :

*
(62D f(x) = b, glx) ="a for all x in R where a,b
are elements of ¢ “such that a £ 1@ = a2 = b2 $ or
s 1w e a , x eRr’
(6.2.2) f(X) = ) S(X) &=
b , x ¢ R -2 , x &R

where a,b are glements of € such that a £ 1y, a -a“ = b2

; or
[ 0, xa& g v ‘1, x € R
(64243) £(x) = i , 2(x) = |
d 9 X & R- c y '€ R"'.

where c,d are elements of @ such that c £ 1, c2+ d2 = 13 or



(6.204) f(X)

*
where h is a continuous homomorphism from R

By Theorem 5.4,2,

h(x)

]

or

h(x)

where ¢ is a complex

the forms

(6.2.4.8.) f(x)
for all x in R}
or
(6s2.44b) f(x)
and

g(x)
where c¢ is a complex

h{x) = hix" ")

we see that

| x IC
x| °
-jx ]’
number,

v 8(x) =
2i

to
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h(x) + h(x" )

2

*

c .

*
for all x in Ry

if x> 0

if x <« 0O ’

Hence f,g in (6.2.4)

Bt L 1 xl™ ) a(x)
21
| x1°- |x|~°¢ .
5T if x
-C
L}l - le if x
2i
| C -C
| x +21x| 1 ¥
L xl° + ‘xJ:c if x
2

must be of

_ 1= 1% 1x ]~
2
= 0
=< 0
= 0
< 0
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6.3 Existence of Discontinuous Solution of g(x=y) = g(x)g(y)+f(x)E(y)

Let f,g : ‘Rn———)ER be functions such that f,g satisfy

(a,) g(x-y) g(x)g(y) + £(x)£(y)

for all x,y in.mn. since R~ has no subgroup of index 2, hence,
by Remark 3.31, any solution (f,g) of (A*) on R" to R must

be of the forms

(6.3.1) f(x) = b, g(x) =a for all x in R" , where
a,b&[0,1) and b = 2L \e® QY
H(x) = B(x h(x) + B(x")
(64342) £(x) 72 /AEESIX ) gy - RE o+ Bix
21 2

where h is a homomorphism from R to A . Observe that each
solution of the form (6.3.1) is continuous, Hence any discontinuous
solution of (A ) o if exists, mnust be of the form (6.3.2). By

. *
Theorem 4,4, the solution of the form (6.3,2) is continuous if
and only if h is continuous., - Hence any discontinuous h : mq—ﬁ,zl
will provide a discontinuous solution (f,g) by (6.3.2). We have
seen from Section 5,5 that such discontinuous homomorphism exists..

Hencea discontinuous solution (f,g) of (A,) on mn to R exists.
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6.4 Existence of Discontinuous Solution of g(?) = g(x)g(y) + T(x)f(y)

*
Let fyg : R—= € be functions such that f,g satisfy

(a") £(3) g()e(y) + £(x)£(y)

%
for all x,y in R . 8ince R' is the only subgroup of index 2 of
* *
R, and R has no subgroup of index 4, hence by Theorem 3,30

*
any solution of (A ) on !R* to /¢ nust be of the forms :

(6e4,1) H(x) =_1»y/m(x) o8 Pr all x in m*, where
asb are elements of € such that a £ 1, a-a2 = b2 ;3 or

b 5 x & RF ‘ a, x¢éR
(6.4:2) £f(x) = ' » 8(x) =

=b——"x ¢ R -a , x¢
where a,b arc elements of € such that'a £ 1, a-aa = b2 $ or

e x e R’ (1, x ¢ R
(6.4.3) £(x) = JE(x) = <{

d, x eI c, x € R

where c¢,d are clements of ¢ such that c £ 1, c2+ a° - 13 or

(6ahik) fx) o B(x) - nx") NS 1C M e al

?

2i 2

* *
where h is a homomorphism from IR into C .
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Observe that each solution of the form_(6;4.1) is continuous,
Since R is an open subgroup of m* s hence by Corollary 4,3
each solution of the forms (6.4.2) and (6e%43) is continuous,
Hence any discontinuous solution qf (A*), if exist, must be of
the form (6.4.4). By Theorem 4,4, the solution of the form
(6.4tolt) is continuous if and only if h is continuous. Hence

any discontinuous ke mf~4 G* will provide a discontinuous
solution (£,g) by (6.4,4), The ~ existence of discontinuous of
such h is already discussed in Theorem 5.6.4, Hence a discontinuous

%k *
solution (f,g) of (A ) on /B . to @ exists,



	Chapter VI Solution of G(X-Y) = G(X)G(Y) + F (X) F (Y) and G= G(X)G(Y) + F(X) F(Y)

