CHAPTER IV

-1
CONTINUOUS SOLUTION OF g(xoy ) = g(x)g(y)+f(x)f(y) ON ABELIAN

TOPOLOGICAL GROUP

Let G be an abelian topological group, T be a topological
field of characteristic different from 2., 1In this chapter we shall

determine all continuous solutions of

(A) g(xoy™ ") = e@El) + £ e(y)

on G to Fe This result is also applied to the case where G is

any abelian 2 - divisible topological group.

Definition 4,1 Let G be a topological group, F be a topological

field., By a continuous solutjon of the functional equation

() g(xoy™ ") = gy + tE(y)

on G to F, we mean any solution (f,g) for which f and g are

continuous.
Lemma 4,2 Let 5,9 eee, 8, be disjoint subsets of a topological
‘ n
space X such that [] S; = X, f be any function from the
i=1

topological space X into a T1 - space Y such that for each
i=1, seey n, there exist cy such that f(x) = s for all x in Si .
i.es f is constant on each Sy i =17, eeey ne Then f is continuous

if and only if each si is open, for i = 1, eeey n.
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Prpof Assume that f : X—> Y is a continuous function such

that f(x) = c, on Si’ i=1, eeey n. Since Y is a T1 - space,

hence we can choose open neighborhoods Ni's of ¢, in V such

n
that Ci.¢ Ni’ i1=2y es0oyg ne Let N = M Ni' We see that N
- i:1 '

is a non-empty open neighborhood of 4 such that Chy eeey Cp g’ N,

Since f is continuous, hence f-q(N) ‘is open. Observe that

-7l )
f (N) = s1 . Hence S1 is open,  Similarly we can show that

Sz,..., Sn are open, Hence Si is open for i = 1, eoey N

Conversely, assume that £(x) = Sy N1 each open set Si ’

i = 140009 noe Let O/ be any open set in ¥, and I = {i PCy € O}
-1 =1 -1
Observe that £~ (0) = L} £ (ci) = J S; « Hence £ (0),
ie I ie T

being a union of ‘open sets, is open. Therefore f is continuous.

Corollary 4,3 Let f be any function from a topological group

G into a Tq - topological field I such that f is constant on
each coset of a subgroup H of finite index in G.

Then f is continuous if and only if H is open.

Proof Since H is of finite index in G, hence G is the finite
union of distinct cosets of H. According to Lemma 4.2 we see
that f is continuous if and only if each coset of H is open. But
each coset of H is open if and only if H is open. Hence f is

continuous if and only if H is open.
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Theorem 4,4 Let G be an abelian topological group, F be a ‘
topological field of characteristic different from 2 Then a

solution (f,g) of

(a) g(xoy™ 1)

g(x)g(y) + £(x)f(y)
on G to I of the form

(hbo1) £ = B@ =BGTH 0 a@ s nedh
i 2

where h is a homomorphism from G into M(F) , 4is continuous

if and only if h is continuous,

Proof Assume that (f,g) given by (4.4.,1) is a continuous

solution of (A)s It follows that

8(x) + 1 f(%), = By H(x A {h(x) - h(x )}
2 2i
~ & BlX)
J 2
=  h(x) .

Since f and g are continuous, hence h is continuous.

Conversely, if h is a continuous homomorphism from G into M(F),

then it is clear that

-1 -1
f(x) = h(X) - h(x ) . G(X) h(X) + h(x )
2i 2

are continuous.



Theorem 4,5 Let G be an abelian topelogical

group,
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T be

a T1 - topological field of characteristic different from 2.

Then the continuous solution of

(n) g(xoy~1) =

g(x)g(y) + f(x)f(y)

on G to F are those

(4e5.1) (%) = b, glx) = a for all x in G,

elements of F such that a ¥ 1, a - a2 = b2

and only those (f,g) of the forms

where a,b are

= $ or
by X' € H a8y, xX€ H
(4‘.5.2) f(x) = ) [} g(X) -
-by x * H -2, x¢ H
where H is an open subgroup of index 2 in G and a,b are elements of

F such that a £ 1, a = aa = b2 —

Oy =% €3 T4

(40503) f(x) =

]

s g(x)
a,

x_} H

Cy

X e H

x¢ H

where H is an open subgroup of index 2 in G and c,d are

elements of F such that ¢ # 1, c2+ d2 =13 or
O, Xe-H or x,lH

(heS5ek)  f(x) = dy xexH s  8(x)
-d, xchH

y X € H
> x1H

y X € X H

xex3H
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where H is an open subgroup of index 4 in ¢ such that Q/ﬁ is

the Klein four group and c,d are elements of F such that ¢ #£ + 1,

c2+ d2 = 1 g or

(4e545) £(x) = n(x) - h(x-1) y  2(x) h(x) + h(x-1)
21 2

where h is continuous homomorphism from G into M(F).

Proof By Theorem 3,30, the solution of (A) are those and

only those (f,g) of the forms :

(4e541) f(x) = by glx) = a for all x in G, where
a,b are elements of F such that a AKX a - a2= b2 § or
7 by XxeH ay, X € H
/
(40502) f(x) = : N g(x) = _
=b, x {H -a, x ¢ H

where H is a subgroup of index 2 in G and a,b are elements

of F such that a £ 1, a = ok b2 or

0, x€H 1y, x€H
e /
(40503) f(x) = ? g(x)

d, x * H C,y x:¢ H

where H is a subgroup of index 2 in G and cyd are elements of F

2

such that ¢ £ 1, ¢+ a° - 1 s or

- 0O, xe H or x,H Ty xe H
(ho544) f(x) = d, x ¢ x2H y 8(x) = -1? X € x1H
-d, x ¢ *5H Cy X & XH

-Cy, X &€ X, H
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where H is a subgroup of index 4 in @ such that Q/H is the

Klein four group and c,d are elements of F such that

&
c£:1,02+d = 13 . 0or

(4.5.5) f(x) = B - BG™) ,og(x) = B+ n(x"")
21 >

where h is a homomorphism from G into M(F).

By Corgcllary 4.3, f,g in (4.5.2)1 (4.5.3){and (4-5-4)/ are
continuous iff the subgroup H's are open, and by Theorem 4,4 ,
fyg in (4.5.5)/ are continuous iff h is continuous. Note that
fyg in (445.1) are congtant on G, thus they are continuous.
Hence the continuous solutions of (A) are those and only those

(f,8) given by (4.5.7) or (4.5.2) or (4.5.3) or (L4.5.4) or (4.5.5).

Remark 4,6 Note that if G has no open subgroup of index 2,
then it can not have any open subgroup of index 4, Hence,
for such G the continuous solutions of (A) must be those and

only those (f,z) of the forms :

(4e6,.1) £(x) = b, g(x) =a for all x in G where a,b are
elements of F such that a £ 1, a - a2 = b2 $ or
n(x) - b(x"") h(x) + h(x" )
(4.6.2) f(x) = s 8(x) =
2i 2

where h is a continuous homomorphism from G into M(F).

Note that our proof of Theorem 4,5 makes uses of the
property T1 of the topological field F only when G has open

subgroup H of index 2 or 4, Hence in the case where G has no
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open subgroup of index 2, we need not assume that 7 is T1, i.co

we may omit the assumption that F is T, from the hypothesis of

the Theorem,

Lemma 4,7 Any abelian 2 - divisible group G has no subgroup of

index 2.

Proof Suppose that there exists a subgroup H of index 2 in G.
Hence G = H # #. Choose X e G=Hs Since G is 2 - divisible,
hence there exists y in @ such that x = yoy. If y ¢ H, then
yH # Ho However H is of Andex 2, ‘hence H and yH are the only

two elements of the quotient group G/... Since ¢ has order 2
lu /u ‘

therefore H = yHoyH = (yoy)Hs Thus x

yoy e H . If y eH,

then x = yoy ¢ He In any casté we have X e Hy which is a

contradiction. Hence G has no subgroup of index 2,

Theorem 4,8 Let G be an abelian 2-divisible topological group,
F be a topological field of characteristic different from 2 Then

the continuous solutions of

-1
() g(xoy ) = g(x)e(y) + £(x)f(y)
on G to F are those and only those (f,8) of the forms:

(4e8e1) £(x) = b, g(x) = a ' for all x in G where a,b

are elements of F such that a £ 1, a - a* b2 or

(h8.2) 2 - B@-weTh 0 nG . neTh
24 5
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where h is a continuous homomorphism from G into M(F).

Proof Since G is an abelian 2 = divisible topological group,
by Lemma 4.7, G has no subgroup of index 2, hence G has no open
subgroup of index 2. It follows from Remark 4,6 that the continuous

solutions of (A) must be those and only those (f,g) of the forms
(4.801) OI‘ (4.8.2).

Corollary 4.9

Let V be a topological vector space over T, where

Fis R or € « Then the continuous solutions of
(A) glx - y) =// 8(x)ely) + £(x)£(y)

on V to F are those and only those (f48) of the forms:

(Fe9¢1) £(x) = b, glx) = a  for all x in V where a,b are

elements of F such that & £ 1, a - a® = bv° 3 or

(54942) £(x) = | B(x) = h(=x) ) h(x) + h(=X)
2i 5

where h is a continuous homomorphism from V into M(F).

Proof Observe that V is an abelian 2 - divisible topological
group. By Theorem 4,8, continuous solutions of (A) onV to F

must be those and only those (f,g) of the forms (4,9.1) or
(%e942) .
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