CHAPTER IV

INTZGRAL GEIOMTITRY OVER SITS OF CIRCLIS, SETS OF PAIRS OF

CIRCLES AND SETS OF P.IRS OF KINEM.TICS.

Section 4,1 1Integral Geometry Over Sets of Circles.

4.1.1 Density for sets of circles invariant under the group of

¥uclidean motions

Let C be a set of circles Bo 4 circle B in the plane
can be determined by the three coordinates x, y, T where (x, y)
is its center and r is its radius. We want to determine all
densities which will make m(C) invariant under the group of
FEuclidean motions WZ « Let g ¢ m and represented by the

equation
x = &+ xcos 0 + y sin €

o (441) Yy = b~ xsin & + y cos €

- i.e. we want

e ' y * ¥ x £ % x
5 f(x, y, r) dx dy dr = £z, ¥, ©.) 8x dy ar

& £ Vg M

On the other hand, according to (4.1) we have

I N J ko4 %
y f(xy, yy r ) dx dy dr = f(xy ¥y, v ) dx dy dr
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because
cos © sin © 0
A A
9 (x, Ve 2. ) = .sin € cos € 0 = 1
9 $xy Yy T) -
0 0 1

From the last two equalities we obtain

[0 S () A ox
3 gf f(xy yo, v) dx dy dr = E f(xy ¥y, r ) dx dy dr Ydomain C

&

If this equality holds for any set Cy 1t must be true that

X K X
fx, ¥, £) == % w3, r )

this implies that f(x, y, r) is a function of r only.
For simplicity we choose this function of r to be constant and to

normalize we take it to be 1, we have

The measure of a set C of circles B(x, y, r) is defined by

m(C) = S §dx dy dr
C
Up to a constant factor, this measure is the only one which

.""
is invariant under the group of motions }}1 o

The differential form under the integral sign is called the

density for sets of circles and we will represent it by dB.



ke

LT R e N e B I o U S T R NPT < Rl = MR T e e s

75

ho1.2 Density for sets of circles invariant under group of

conformal transformations.

Let C be a set of circles B whose its

coordinates are

x, ¥ and r. We want to determine all densities which will make

m(C) invariant under the

Let h & f and represented

x
% = a + kx
(1{’.2) y* = b - kx
#*
r = kr

il.2. we want

&)

SNXf(x, y, r) dx dy

e

group of conformal transformations g?

by the equation

cos€ + ky sin €

sin € + ky cos €

dr

vhere k ¢ TR

V00 X
f(x , vy, r ) dxdy dr Yhe¢l
e *

On the other hand, according to (4.2) we h

X K X

k cos

= - k sin

$15 A on %
g} f(x, y, r )dx dy dr
*
because ¢
- LS x %
9 (x, y, r )
dlx, ¥y, 1)

From the last two equaliti

)]
§ f(x, y, r)dx dy dr

c

es

we

1

Ji‘(
&
k

€ sin ©
6 k cos €
0]
obtain
GG *
KO£ (x .

e

aa LW e il e B Pt B e, )

and be positive.

< T ¥ oy X

ave

a X

X 4,5y, r ) dx dy ar

€ K
¥y £) dx dy dr

L
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If this equality holds for any set C, it must be true that

f(x, y, r) = k3f(xf y: )

this implies that f(x, y, r) is a function of r only.

i. € f(r) = k3 f(kr)
or f(kr) = e f(r)
k3

we want to find f(r) which satisfies the last equality. To find

this, fix r g (0, w0 ) we have

f(r)

L]

f(r.1)

£2()
5

constant

=

For simplicity we choose this constant to be 1, so the measure

of a set C of circles B(x, y, r) is defined by

m(C) = E S ﬁ 23 dx dy dr

o X
(L
The differential form under the integral sign is called
the density for set of circles invariant under group of conf:i:

transformations. ?e will represent ‘1‘d¥§1 by dB.
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be1.3 Thcorem : Let K be a fixed circle of radius r and center
at the origin. Let X be the set-of circles B whose centers are

in K and B intersect K. Then by using density in 4.1.1

dB

i

|
A
H

Pros : In

FiQUYe. 26
[

Let B be a circle of radius r, and center at (x1, y1)
shown in figure 26
dccording to 4.1.1 we have

dBi =i dx dy1dr

1 1




so
J
j) dB = S dx,ldy,]dr,l
! X
Transform to polar coordinate ()0,6) we have

dquy1 = /ﬁ!d)ﬂ de

therefore
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4.1.4 Theorcm : Let 4 be a fixed angle and X be the set of
circles B of radius r such that O { r < a which intersect this

angles Then by using density in 4.1.1

J'dB = ( cot & + ; & &
Sin A 2

Fi(Jutﬁ 27

Let (x, y) be the center of circle B and radius rs
We see that, conters of the set of circles B which interz. ..

both sides of angle 4 lie in the 3lacded area say Ua
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area of U = area of semicircle of raJius r + area of segmen”

of angle A and re.elius r + area of

A ODE + area of A OFB 4+ area of [] OBCD.

(see Figure 27)

area of [] OBCD Ol x OE
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A ;
= (cot & + ok g BAENE Y E
sin A 2 2 ]
0
Thus
3 3
dB - Ceae ik (4 8 o e A ) &
sin A 2 2 3
X E
Q.E.DI

Le1.5 Corollary : Let 4 be a fixed angle and X be the set of
circles B of radius r such that m < r < n which intersect this

0 -~

angle. Then by using density in 4.1.2

S aB Z o / /OJGEIALl . b RN A ) lnn (m>0)
" sin i 2 2 m

Proof : Let (x, y) be the center of circle B and radius r. The -
same as Theorem 4.7.4 |, centers of the set of circles B which
intersect both sides of angle A 1lie in the area U.

From density in 4.1.2 we get

»
B = J EEQ%EE
% r
X J
01
&= ] des dx dy] ar
: r3 [ g
n (KLY e U
= 1(cot;"«+1 +E+£)dr
r sin 4 2 2
m
therefore
[
dB = (cotd + & + = +'& el £ n
sin A 2 2 T
_‘
: .E.D 2
! e e ...-_L\-r_i.i.‘:_‘.._—ud_.l > 4 .Q.. p »:l&-ﬂ
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Section 4.2 Integral Geometry Over Sets of Pairs of Circles.

be2e Density for pairs of circles,

A pair of circles B1(x1, T4 rq), B2(x2' Yoo ra) may be

determined by the six coordinates X190 Yqo rf‘iz:yai-fa;_yﬁ may also be

determined by the coordinate; p, q of the straight line 1

determined by (xq, y1), (x2, ) together with the directed

Y2
distances tyr t, from (x1. yq). (xz. ye) to the foot of the

perpendicular from origin O to 1 and together with Tqr Toe We

want to express the product dB dB2 = dx dy1dr dxadyadr where

1 1 1 2

this density is invariant under group of transformation in (4.1)

by means of the coordinates p, ? ’ t1, ta, Tyy Toe

From (3.29) we have

dP , dP = dx,dy,dx,dy, = |t2- tq\ dG dt,dt

2 2

therefore

(4,3) dB,dB, = lte—t1\ a6 dt, dt, dr, dr,

Similarly, we can express the density for pair of circles
which is invariant under group of conformal motion in (4.2) by

means of the coordinates p, @ y t2, Tay oo That is

1'
1
3
1

f.q. - -
(4.4) dB,dB, l t, t1| 4G dt,dt,dr,dr, .

3
2
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4,2.2 Theorem : TLet K be a convex curve and X be the set of

pairs of distinct circles B1 and 32 such that their centers are

contained in K and their distance is r where r 2 O, dssume

that B1 and B? not contain K and let 1 be the straight line

through the centers of 81 and B? and £ be the lengfh of the

chord determined by 1 and K. Then by using the density in (4.3)

dB, dB - a 46 G
TPy | 3 450
X 0K#EP
Proof : Choose a fixed rectangular coordinate system so that

the convex curve K lies in the first quadrant.

Let B,, B be a pair of distinct circles whose centers at

19 =3
(x1,yq) and (xa,ya) and radius of B, and B, is r, and r,

respectively, Let b and a signify the values of t corresponding

to the end points of 4/, so that b - a = £
To prove this, we have 3 possible cases :

case 1 Let X, = %~(81, B2) g X //exactly one of the intersection

points between B1 and 1 is contained in K and the other has t

coordinate 2 %_ This set is shown in figure 2% .
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Figurt 29
In this case we have r = ta- t1 = Py By g if we
fix  t,, T,y T, 1 then ta' varies form t.+ r.+r, tob
fix t1, r'l' 1 then r2 varies from Q0 to b - t1 - r,I
fix 1,7 then 1:,1 varies from a to a + r,
fix 1 then r, varies from 0 to &
case 2 Let Xa = {(31, Ba) & X / both of the intersection

points between B

1 and 1 are contained in K }
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In this case,. we have 2 subcases :

subcase 1 Let Xa. = { (B'I' 32) & X2 /t2 < t,1 %

1

In this subcase, we have

r = t1- t2" Ty~ TH v if we

fix tq, Tqr Ts g 1 then t2 varies from a to t1- r,- T,
fix t1, r1,.1 then r, varies from O to t1- a=-r,
fix Tos 1 then t1 varies from a + r, to b - r,
fix 1 then T, varies from O to ‘5 :
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subcase 2 Let X22 = %(B1, Ba) g X2 / t1 < tai

In this subcase we have

r o= ta-t,l-r,l-r2 y If we

e
fix thy Ty oy 1 then t, varies from t +.r + r, to b E
c :
. fix tye T then r, varies from O to b - t,-r, f
: ] i
fix T 1 then t1 varies from a + T, to b r, ;
! 4 3
R fix 1 then Ty varies from O to E -ﬁ
/4 (3

We see that X2 = xz U XZ

1 2
:
and X_n X = # |
21 22

therefore :
: :
e rd31d32 = : rdB1dB2 + 5 rdB1dB2 : _i
case 3 Let x3 = {(31, Ba) £ X / exactly one of the 3
;"
intersection points bhetween B1 and 1 is contained in K and the ;

other has t coordinate 2 b ’%
- J
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In this case we have

b t1- tz- T,= Ty if we

« fix- t1, Tar Toy i, then t2 varies from a to t1- r,- r,
fix tq, T 1 then r, varias from O to t1— AL r,
fix The 1 then t1 varies from b - T, to b
fix 1 then r, varies from 0 to & .

We see that Xi= X1UX UX

&
and X1F1X2f123 ol X,NX, = @
. x1f}X3 S 00 ) xzﬂ X3 =g

therefore

LR
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First of 2l1l, we will find rqudB2
7
Xi
From (4.3)" we have
) rdB dB, = r lta-t1| dG dt,dt,dr dr,
xI xi
b
J ==
= S [-E(ta-tq-r1- ra)(tz— t1)dt2] dradt1dr1d6
‘t|+"r| 1'1-2
i
= (ta-at P27/ PSS e+ t2+ t.r.+ t,r.)dt, |dr. dt.d» 4G
Rl rasis B bl L 2 1 e 1R25 2 "
Gy 2 2 2
Al
2 fﬁ ? 2t1t2 3 tor, " tor, - O
5 3 2 2 2 1 1°2 1
b -
+ t1t2r2 ] erdtqdr1dG

' P 2
3 br b r
= E [.E - bat - ok e + bti + bt1r

3 1 2 2

(t1+r1+r2)3
O s T R

r2 5 2
+ -5—(t1+ Pt ra) - t1(t1+r1+r2) -t

-

- t1r2(t1+r1+r2)-‘ dradt1dr1dG

2 1
+ r2) + 'é"(t1"' r

r1(t1+r

+ bt1r2

+ T

1 2

1+r2)

b o e s g A o F L AN STy N Ch s 18- ao e il
S Ty A b T R T e i R R Ll b e P ey e P £ SRR L e e o ) v L Y S (5

)2
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§2 5 b2r1 barz 2 t%
]:— - l.':‘t:,i - - + bt + bt,‘r,‘ -+ bt1r2 - — - t‘lr‘I
3 2 2 1 3
t.r, - ﬁ tr. - 2t 2 t e e -I;g- + ts
= 4T ” = Tul¥p 1RqFg™ Bqfp ' by < La¥e 3 1
2 2 2 1'.31',.I r13
+ t,‘r1 + t1r2 + .2t1r,I + ;’t,‘r2 + 2t1r1r2 + > + 5
2 2 2 3
+ 31:2 + t,r, + t r.vr + r. T + t1 r2 + r1r2 + :é
2 11 1712 172 2 2 2
3 2 2 2
+ t.r.r + t,r_ + r,vr_ -t
1% 2 172 17/2 1 = t,lr1 - t1r2 - t,lr1 - t1r1
2 2
- t1r1r2 - 1:,1r2 - 1:.11',11*2 - 1;,]:t'2 ] dradt,?drqu.
b-ti‘j‘ o
P o2 2 b2¥1 barz t? Ty
(-3--bt1-T-~é—+bt1 +bt1r1+bt1r2-3- + "
! Y0
2 3 2 2 2
r.r r s.r b ol o t. r
172 2 1-1 172 12
+ 2 + z — 5 + 5 = > ) dr2 ] dtqdr1dG
b} 5 b2r1r2 bzrg > btqrs
[ 3 r, = b t1r2 - > m + bt,Tr2 + bt,]r,‘r2 + 2--
3 3 2. 2 L 2 5
ot Tyt Ealp ¥ L e FR
3 6 5 2 6
2 b""i.i"'n
2
t1r2
= s dt,‘dr,ldG
0
aala Ll B Y T T ..'a'a.'.:il".'.'.‘i..l..-J.'il.'.'.l':._a.'_—.a-.. ._‘ _L"; e . I X A T U 4 e 5 —?‘r‘"ﬂ"‘\l
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2
3 b¥ 2
L) be, 2 1 b L -
= Jj [ 3(1:. t,- r1)- b t1(b-t1- r,l) S (b-t1- r,l) “p (b - t, r,)
2 bE, 2 t?
+ bt,l(b-t,]- r,l) + bt,lr,‘(b-t,l - r1) + —-é-(b-t,‘- r1) “« T (b—t1 - r1)
r? ri s (b-t1— r1)4 tfr1
+ -6-—- (b—t,l- r1) + E—(b-t,l- r,l) + o Lo (b-t,‘- r,l)
Ty 3 *i 2
+ g—-(b.-t,'- r,1) - -—-L:(b-t,‘-— r,!) J dt,ldr1dc
S b4
- L b3t ' b3r bzt r b2r2
= P, =t ves 2SS0, - ty L J
- 3 3 i 1 U 2 2 2
2.2 2.2 3 3 2
y Ek- b t1- b r, / b t1 \ b r, b t1_r1 ] bztz : bt3
L b 4 2 2 2 1 1
2 2 2 2 b7t bt:
- bt1r1 + b t1r1 - bt1r1 - bt1r1 + —2'—- + -'—2—-
2 3 b 3
+ bt1r1 - b2t2 - b2t r, + btzr - Efl + El + 2121
2 1 T TA 3 3 3
5 3 4 2. 2 2.2 L 2
br1 t1r1 r1 b r, i:.,1r,1 r1 bt1r1
e - - - — | e + T e I TR
6 6 6 t L 4 2
3 3 3 2.2 3 b 3
5 bry o t,r; l’.h ’ b7t h }: t] ] P.El . t, _ br,
2 2 24 6 Ly 6 2k 6
2 2 3 2.2 2 2.2 i
i b i:,lzn1 h E}‘!:,Ir,I 2 1:,11",l . b r,1 4 bt1r1 5 1:,1::-,I ? br1
2 2 6 4 2 " 6
;) b 2 3 22 % 2
t,'r1 r, bt1r1 t1r1 t1r1 b r, b t,‘r1
+ i +  — - + + + -
6 24 2 2 2 6 2
2 3 P2 ) 5 3 3 L
bt1r1 t1r1 b r,.I 5 t1r1 1:}:',1 t1r1 r1
4 ——m——— e @ =——'} Dbt.rS - b —
2 6 2 . 2 2 2 6
bztf tf‘* tfri ht?I btfr1 t2r1
ol ekl il A e o + - dt,ldr,]dG
I 4 4 2 2 2




il 3 2.2 2 3 3
bh b t1 b r1 3b t1 > r1 bt1
= ol e Ie— e + DL i b e e
8 2 3 4 171 i 2
Qa
bt ht1’§ t? t7r, r? tiri ) dat. |dr.dG
1 i B . R R 1 {*F4
2 8 3 2 L
2.2 3 2.5 o ) 22
b# b t1 b r1t1 3b t1 b t1r1 b r1t1
= - t1 - - + +
3 Iy 3 12 2 4
L 3 2.2 5 4
) bt1 bt,l):-,1 S bt1r1 - 21 . t1r1 b r1t1
8 Gy 4 40 12 24
t3r2
1
+ dr1dG
12
Ch
- 4 3 bop 2 b2r
= j‘l' L (a+r1)- B(a+r1)2— L a¥r. ) + S(asr )3+ wcss? Uner 5
3 1 1 1
8 4 b 2
22 2 >
b°r br br (a+r.)
1 b L 1 3 1 2 1
+  — (a+r1) - -(a+r1) - — (a+r1) - —E—(a+r1) +
L 8 3 Lo
b 2 %
T4 y Ty ¥q 3 apt  aZpd | BTy 52
+ -—(a+r1) - ——(a+r1} - --(a+r1) - — 4 ® -
12 2k 12 8 4 3 L
2,2 e 2 . 3 o 2 L
a“b r, ab ry a#b a br1 a br1 as a'r,
- - + + + - — -
2 4 8 3 b 40 12
arf{ aari 1
+ - — dr1dG
24 12
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i 3 , s
= T b _ kla ébza2 ~ R e B ) rf e b3+ sza
8 2 4 2 8 12 4

< Chat % % 33) + r?(bz- 2ab 4 &%) % ri(- A2y 4 lza)
b 12 24 2k

8 12 24 20

4{ .
) L 5
M r 5.2 4 Ir ’
= 5 [ ( 4 1 Iy _2,& I'1 % dzrf i .12 {r1 + .-—-1- )dr1 dG

0
L 2 33 b 5 6 4
o r r T 3r
E L7 T ot B, N {77 " 1 I .
16 12 3 4 2k 5 120 0
6 6 6 6 6
) 7 4 17 £
= ( i—-— — + é—' - + ——) daG
16 36 L 120 4o
RIAK s L
720
lnx;;ﬁ
next, we will find
t-m "7,
3] J
5 rdB1dB2 = \S [' j)(t1- ta- r,- ra)(tq' ta)dtz drzdt1dr1d§,
x3 ?} -{']"T}’Yl ;
2 2
= 5 {; X (t1- 21:11:2 - t1r1 - t1r2 + t2 + t2r1 + tera) dt2
.
dradt1dr1dG
2
2 3
2t .t t .Y
2 172 2 2
o ETHEL | m— e AT dam BRI | ey St
‘Y [- 172 5 17271 D2 3 >
P f"““"f'l
tars
+ dr.dt_dr_dG
> ‘] 2 -84

& . ’ ]-- |
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ok

o 2 2 .
S {;t1(t1- P - ra)- t1(t1- r,- r2) -t1r1(t1- Fas r2)

-t rz(t1— r

)
A I 2 3 2 2 2 2
j [t1— t1r1- t1r2 - t1 - t1r1 - t1r2 + 2t1r1 + 2t1r2 - 2t1r r

Lok 3
(t-ry-r;)° =, 2 %o
— 4 ——(t1-r1-r2) + ——(tq-r1-r2)
% 2 2

2

-r.)) +

1 1 2

2 -
3 ar ar
AR P S DR e R i o 2 | ar.atar.ag
1 2 3 3 2%1%"1

12
9
- tar + t.r. + ¢t ="tz + t.r b v r2 + ':1 tor
1 151 Ly | et BFq%a * 5472 § Ak
3 3
2 1 2 2 2 ¥2
+ t1r1 - — - t1r2 + 2t1r1r? - r1r2 4+ t1r2 - r1r2 - —
3 3
2 3 2 2ot 2
+ Eli1 + il + zliz o5 % P R A I I r2r + Elf? + fjf?
> > 5 LR 1112 A e 5 >
rg 2 2
+ E— - t1r1r2 - t1r2 + r1r2 - at1 + a t1 + at1r1
u3 3221 aZrP
+ at1r2 - . e me— e e— dradt1dr1dG
3 2 2
{‘_a;r' 2 > 3 > 2 3
t1 t,‘r1 tqr2 r,1 r1r2 r1r2 r2
(o= - — - + ~— 4+ + + — = at
i 2 < 6 2 2 6
C 2 2
P ad  BETy N 8Trs
+ a t1 + at1r1 + at1r2 - = - - ) dr2 dtqdr1dG
3 2 2
! 3 2 2 2 % 2 % 4
[ t1r2 t,jr,‘r2 t,lra r1r2 r1r2 r1r2 r,
—_— - - + — +  — d — =
i S 2 L 6 L 6 24
2 3 2
> > at1r2 a. r2 a r1r2
- at_ r + at,r + . at_ r.r A S e e -
172 12 192
i.-a-r: - 3 =
2 2 !
a’r,
- dt_dr_ 4G
2| ] e

0
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t? t§r1 ti 2 r?
——(t1-a-r1) - — (t1-a-r1) - —(t ~a=r )" + —-(t1-a-r1)
3 2 i 6
rf W = 3 (t1-a-r1)u >
+ -Z(t1-a-r1) + —g(t1-a-r1) B e atﬂ(t1-a-r1)
2 at, 2 g
& a t1(t1—a-r1) g at1r1(t1—a-r1) + -E—(t1-a-r1) - ;(t1-a-r1)
a r"I a2 2
= (t1-a-r1) - - (t1-a—r1) dt1dr1dG
2 L
4 3 5 3 2 2 2 4
j’ fl b at,1 ) t,ir1 :lil ' at1r1 : t,lr1 A t1
3 3 5 2 2 2 4
2.9 22 3 3 2 3 3 4
a t1 t1r1 at1 t,lr1 at1r1 t,!r1 ar1 r1
- - + + - + - - m—
b4 Iy 2 2 2 6 6 6
2. 2 2 ks 2 3 3 3
t,‘r1 ar, r, at,lr1 t1r1 ar1 1:,|r‘1
+ e 4 45 e oo * + =
4 L b 2 2 2 )
2 2 3 22 2.2
at,]r1 a t1r1 a r1 t1r1 > a r'1
o PRI ([ L - + at,Ir1 -
2 - 6 2 1tz 2
+4
3 & L 4 i ey 0,
t,lr1 ary r, t:‘1 t1aA 4 a t1 aﬁ t,lr"1
+ — . m— e g e w - + — - —
2 2 6 24 6 6 24 6
2 2 3 2 2 2 2
at1r1 a t1r1 a r',1 t,]r1 at,‘r1 a r1
+ - 4 ———— + - +
2 2 6 4 2 b
i) > 4
t.r ar r
- 11 + i - wd at% - aati at.Ir1 + azti
6 6 24 i
3 atf a3t1
- a t1 - a t1r1 + at,‘r‘1 - a t,]r1 - at1r .+ — o m—
2 2
2 3 3
av,ry 5.2 2 8Tty ot Bt
+ - a t1 - at1r1 + a t,’r1 - — = 4 ——
2 % 3 5
2 %] 2 ad 2iee L)
a t1r1 a’r, a’r, a t1 I Ak r, a t1
_— + + - —— - mw  wm ——— + ———
2 2 2 i b4 L 2
aat,‘r1 a3r1
+ - dt1dr1dG
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b
o b 5 2.2 .
(t1 Ry £y £y é 2.2 T4
—_— - - + at r1 + + a t1 - —
8 2 3 4 24
b‘ﬂ
aarf at, Y.?- 5 8.31‘1 a3t a
—_ - —' L a%.r, + - - )dt dr ,dG
5 4 L 3 32 2.3 !+
[ t1 at t,]r1 at1r1 t,‘r1 3 a t1 1 1
s | - + + + = -
40 8 12 3 12 L 3 ail
2 2 2 2 2.2 2 3.2 b4
a r1t1 at1r1 a t1r1 a 1'11'.,1 a t1 a t1
- - + - + dr1dG
ly b 2 3 4 8 b 7
W ot bm, o ab’r, v’r2 % br) a®br’
—_—- = . — + + —_— - +
4o 8 12 3 12 4 2k b
abzrf a‘abar,1 ajbr,] a2b° ahb : (b=r )5
- + - + - i
b 2 3 L 8 Lo
r ar r2 2
E(b-rq)h -—1(b—r,1)b'- —-1(b-r1)3- J(b-r1)3 - E(b-r,‘)3
8 12 3 12 4
ru 2 2 ar2 aar a3r
—(b-r)-——-(br)+-—(br)+——(b-—r)-“—-(b—r)
2L 4 L 2 )

3 4
Slhen, )%= 2 Cuen )J
2 3 1

dr1dG

2 ke sk
o Lok - b A= L i v g e - z,

R S, L
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- }_‘_ bja 3 'LI' ul r
P Ge — 4 2p%2 . a2 L 20 23, Ty n)d
8 2 4 2 8 12 L I
+ 4 33) + rz(bz—aab + az) + rf;( o oL b + Jza) + 3 r? Jdr,ldG
12 24 L 20
4 L}r
i§ 2
= [ j ( B Zri + (gr?- -‘-I-szrl: + Z—r?) dr,JdG
0 8 12 2k 20
b 2 3 3 4
4 I‘,] dr1 Zr!-l- ‘fr5 r6
= j l: - & + 4 - X 1g 222 dG
16 12 3 L 2k 5 20 6 0
i 3 6 6 6
“. & A
= (— = 74 - SEANS 74 + fé ) dG
16 36 4 120 ko
o ¢
.o [ gde
720
oK ¢

At last, we will find

{r?l"rz

‘Y rdB1de = (J L Y (t1-t2-r1-r2)(-t1-t2)dt2 +
o

\F (tz;t1-r1-r2)(t2—t1)dt2-] dr,dt,dr, dG

{-a-1 {111
2 3
) 0 3 2 3 2 2 r
[ LB t‘l t,lr,! t’ r, r; T, r,r, 2 T2
= —_— e m— e m— o —
’ 3 2 2 6 2 2 6
2
3 ar ar
-at2+agt Gat e i abL e e {5 2)dr
1 1 gl | T2 2
;,,flm 3 2 2 5
R b2’1 bzra 2 ]
+ (—-bt1-- —_— — +bt1+bt1r1 +bt1r2--—
b g 2 2 3
2
z 2 5 2
r rr L o r.r t.r
+ = e 2 + A + 1.2 2)dr2 dt1dr1dG
6 2 6 2 2 2

|
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5 2
(b=r.) ar r 2 2 2
5 5] [--___.1 - E(b_r1)h+ -—1(b_r1)3-+ —-1(b-r,|)3+ 2(b-r.])j- an (L-ﬁ)
20 8 3 6 4 7]
4 2.2 2 3
r a5y ar a 3
- —ber) ¢ —"0er) - —or % —L(oer,) - 2bor)?
12 L b I 4
Y 3 bor 2
+ -z—(b-r,l) + -z-(b-r1) - -E-(b-r1)2- ———1(b-r1) + -E(b—r,‘)z’-
3
2 2 2 2
b r b r br br
¢ —"r% e —2 er) - 2er)t o er,)3 b))
2 b 8 3 4
> 2 L
(a+r,) ar r 2 r
% L E(é:u—;r-q)hk- -—1(a+r1)5- -—1(a+r1)3- 2 (a+r1)3+ —1(a+r1)
3 20 8 3 6 b 12
2 2 2 2
a"r ar a r 3
1 2 1 2 a’r 3
- : (a+r1) + 3 (a+r1) + -—;- (a+r1) - = (a+r1) " %(a+r1)2
4 4 3 bor 2
- E(a-a-r,[) - P-(a+:nc-,1) Y (a+r1)2+ -—--1(a+r1) - 2(a+r1)3
8 8 b 3 L
2 Zo
br, p Ty b %, hE 3
v - — (a+r1) - (a+r,‘) + -(a-:-r,‘) + -—-—(a+r1)
2 4 8 3

2
bry 2
+ ——(a+r. ) ] dr, dG
1 |
L
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2.3 b 3.2 b 32
ar, 3 2 a’r; a r, a’r, 5. ar, a’r a5
Fhoit SE AR AT T ey TR N, O 4 o—— - =
2 2 3 3 L 2 L4 8
ar 4 bhr 32b3 abjr b3r2 abjr bBr2
— ab 8 e + — % e + 1 + 1 + ]
8 8 8 4 2 L 3 3
a3b2 3a2b2r1 %ab r2 bar3 aabar b2r3
1 1 1 2 1)
- = - - - ab £y S
4 4 4 L 2 2
abzrf bar3 ah aér }agbra abr3 brh asbr
1 b 1 1 1
- + + 4 m— + +
L L 8 2 L 2 8 3
> 2 3 br: a bri abrf brﬁ
a 'br‘1 + abr1 + — + 4 — dr1dG
3 B 2 L
b5 5 b4 N 2.3 4 5 abu 5
- = =D r1 - b r,I - 2b ¥y ¥ br1 - - r1 - = 4 =2
20 12 3 3 15 4 3
2.2 3 T & Ry 5 2.2 2.2 23
- Lad ry ¥ Labr - = ar, + =— =~ Z=a’br + La®pbrt - 2a"r
1 1 1 1 4
5 2 2
] B: 2 Sa r 5
2 ajbr1 - - a3r3 NG k - b - 1 | s ] dr1dG.
3 3 2 4 12 20
> bua b3a2 b233 b:a.l+ as
- e e —— - + — =) +
20 L 2 2 L 20

e

r, (- 2 bl+ & 95% - éaab2 ¢ 2o sl a# )+

= 42 3 2 3 12

4 Gy

I‘f( libz’- hbza + Ll-baa - -33) + rl:( 2D = =@ ) #

3 3 3 3

r3 ( - 2b2+ Lab - Zaa) - & rs-}dr dG.
1 5 1 |
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6 6
s b4 5 &
Lo 96
6
- —?—-—j{da
1440
jrw:#f

From (4.5) we get

1
jrdB,[dag = (—.-.. s

X

|

1 1 15 1‘1
) dr',I dG
2
5 4
4’r1 i 2 4’r1
5 L
6 6

Q.E.D.
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b,2.3 Remark : We see that when r = O will not really give
a circle, hut measure of the set of circles whose radii are O

is equal to O.

h,2.4 Corollary : Let K be a convex curvey, the set X and aZ
hypothesis of this orollary are the same as in theorem 4.2.2

Then Ly USInNG denﬂ+; m (4,3)

X
dB,dB, - = 1% 4 aG
2ho
X ' Lokt g
Proof : We jee that all of cases and limits of integration are

the same as thecorem 4.2.2

So by integration we get

5
17
SdB,’dBa = 55 | & 46
X Jaxz ¢
Q.E.D.
Thearem ;
4.,2,.5 A Let K be a fixed convex curve 2and X be the set of pairs
of circles 31 and Bz such that 32 = 81 and their centers are
contained in K. dAssume that 31, B2 not contain X and let 1 be

the straight line through the centers of 81 and 82 and £ be the

length of the chord determined by 1 and K. Then by using densi*-

in (""‘-3)

j* N
d
-
fo
td
I
(N
o
@
L



105

PFOOT: Choose a fixed rectanpular coordinate svstem so that the
convex curve K lies in the first quadrant.

Let B1, 32 be a pair of dis tinet circles whose centers at

(xﬁ,y1) and (x is r, and r

) and radiss of 31 and 32 1 >

2¢ I3
respectively. Let b and a signify the values of t corresponding
to the end points of {4 so that b = a = (

To prove this, we have 3 possible cases.

case 1 Let Xﬂ = {(31, B?) & X / exaectly one of the intersection

points between B, and 1 is contained in K and the other has t

1

coordinate < a %
In this case, since 32 < 81 we see that the radius r

2

of B2 ecan vary from O to r, and we can divide it into 2 subcases :

subcase 1 Let X11 = {(81, Ba) ¢ K1f/ 0 &£ T, S T4 t1 +

14 I

o
¥
3~




In this subcase, 1if

fix

fix

fix

fix

subcases 2

t1, rq, r2, 1l

t1, T

I',"

1

1

1

E

1

Let X1

4

D’

we
then
then
then
then
2

5 varies from

106

varies from a to t1+ r -r

1 2

O tor,- t,+ a

1. ™

varies from a to a + r

1

varies from O to 4/

S i(B,{, BE) £ X1/r1- t1+ a < T, g r,

S
/ O 1%
Fig ure 32
In this subcase, if we :
fix t1, Tie Toy 1 then t2 varies from t1- Ta+ Tp to t1+ r,-T, 3
fix t1, T 1 then r, varies from r1-t1+a to T,
fix T 1 then t, varies from a to a + r, |
fix 1 then r, varies from O to £ :
" \.' F ..'l '\__f,.-’.ih.l'.r.#'f_'.'ﬂt:u'__;.. ‘ LA .:‘.‘.ﬂi-‘:.:s- .h..;;u'.i_'“ .!’..'IVA
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We see that X1 = X1 UX1
1 2
1 2 g "z
f
Then \
E dB1de = qude + dB_‘dB2
A X x]z

case 2 Let X2 = {(31, BZ) S / both of the intersection

noints between 31 and 1 are contained in K

G

!
') P i
v
= N 1k
B>
"

Q

N\
N7
=

Figurt 33
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In this case, if we

fix t1, iy To 1 then t2 varies from tq— T +Ty to t1+rq—r?
fix t1, T 1 then r, varies from O to r,
fix Ty 1 then t1 varies from a + r, to b—.'(‘,|
i g q
fix 1 then r, varies from 0 to 5 7

case 3 Let X3 = .{(31, B2) € X / exactly one of the intersectiern

points between B,l and 1 is contgined in K and the other has t

coordinate ~ b }.
Also, we can divide this case into 2 subcases.

L ; . (
subcese 1 Let Xs1 £ {(Bq, B,) & Xg /0 € vy T+ 0

J
41

\
=

Rl
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in this subcase, if we

fix tq, T, To h& then t, varies from t1- r, 4+ T, to b

2
fix t1, r,: = then r, varies from O to rq-b + t1
Pix T 1 then t1 varies from b-r1 to b
fix 1 then r, varies from O to «
I.l = . - {
subcase 2 et X32 {(B‘I‘ B2) g XB / r, b+ t,l £ ra_g r, L‘

-

Figure 35

In this subcase, if we

fix t1, Tyy Tos i | then t2 varies from t,‘—r1+r2 to t1+r1-r:
fix tyo T4e 1 then r, varies from s 3 2% to r,

fix T X then t1 varies from b - r, to b

fix 1 then r varie; from. ©  to q’

1
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5 e AR e Sl Al by

We see that
X = X_ U .X
3 54 Dh
and X31 N Xy = @
Then i d31632 = SdB1dBE + S clB,‘cIB2
X
7~3 . x_,h 2,

From all of these cases, we have

X = X1UX2UK3 such that

1
k=8
-

>

=X
=
=
n
]
=

x1nxanx3

x1nX3 = @ ’ inx3 = @
therefore
<~ S dB1dBZ = deB1de+ JdB‘Ide + de‘%dBE
}

X X X
First of all, we will find

J dB,! dB:g = ‘SJ u:ix,‘dy,1 dr1dx2dy2dr2

From (4.3) we have

§ dB,dB, = jl tz-t1} dGat  dt,dr dr,
<.

X\ ]\‘
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‘tl 1|+T|'T2.
A
[5(1:1-1:2) dt,+ (1:2-1;,1)&:2 drzdtqdr,‘dG
0 4
,t' 't}'l"h"]'z

+S[ X (t,[—ta) dt, + S (tz-t1) dtzl\ drzdt,‘dr,ldG
.L
{1-1‘+11 '
tt--—-z- +—2-tt dr.dt_dr_ dG +
- l 172 2.1 =1
¢ {l

]drzdt1dr1dG /

i,

to-4—/ Siabaaarm g | = — - t1(t1+r1-—r2)-— e IS

2 2
x & 2 % a2 (byry-r)) t 2J

=

2 2 2 2

drzdt,‘ dr,l dG
2

2 2
2 t, (t1-r1+r2) (t1+r1—r2)
+ 17 agmngieg t1(t1— r1+r2) 4 ——
2 “ 2

2

2 1
t 2
- t1(t1+r1—r2) - — +t, :‘ dr dt1dr1dG
T“’ii+ﬂ-
2
2

2
A R L o s i
(-—at+3+-1+ --1+—-—-rr)dr dt.dr. dG +
7 1 > 172 2 A=

2 2 2

Y,

2 2
X’ X (r1 L Zr,‘rz) er] dt1dr1dG.

T’|"£|I+G-

R e o
| PR ey el

Pt = e, S T

W UL



i YI-‘tJ+:a
azr tar r2r r3 r r2
2 1T 2 12 2 172 ‘}
= -at,‘r2 + + + + ——-
2 2 2 5 2
(9]
dt dr1dG +
i
2 ’g 2’1’2
PO g s dt,dr,dG
12 SR
; 3 2 {
1" 4hHta
a2 ti r?
. = -atq(rq-t1+a) + —-(r1-t1+a) + —-(r1-t1+a) + ——(r1-t1+a)
oY 2 2 2
(r1-t1+ 3)3 r, 5
4 ———————a = (r_ =t _+ a) dt_dr_ 4G +
P o A 11
" r3 (r —t + 3)3
3., ASumeeppy , | (T E
s ey = rle~tiga) -
- 3 5
+r, (r —t + a) dt dr dG,
at" ’
d 3 g0 p? gy a2y
2 1 - 1 1¥1 1\u|
= (=a“t, + = - * aty & = 4 < at r, +-—=
3 3 6 2 2
Q
dr1dG
2.2 3 b 3 3 3 2
a t1 a t1 t1 a'b1 r1t1 t,lr1 t1 1
= - + - — o+ + + -
2 3 12 3 6 6 2
4. G+
azr1t1
+ dr1dG
2

i’\%’h‘l’- Jl
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l- 6e 2 a? (a+r1)# a 3 r2 Tq 3
= - —(a+r1) + E(a+r1) - —— 4{a+r1) + ——(a+r1) + ——(a+r1)
. L 2 B 12 3 6
ar > 32r1 ah a# a4 ah ar? ajrq a3r1
EaeeCanp  dod e (aur 4 S ® o = G & - +
2 2 2 3 12 3 & 6 2
ajr1
- dr,!dG
2
&
T4
= { g( —) dr1] aG
I
0
3 <
= — dG
2
0
1 & 5
= — dG
20 5 ‘{
Therefore
J 5
1
dB_dB = -— 4 4G
X\
Next, we will find
3 Lty
J i Al
J dias. - s § I B lta- £ \ dtz} dr,dt, dr,dG
X?' ] ; ti"1|+1'i‘.
1 141,-72
o o | !
= 5 ib (1;,,-1:2)d1;2 + 5 (tz-t,l)dta] dr,dt,dr,dG
3 )
= 5 Kﬂ S (ri + rg - arqra)drandtqdrqu



it last,

[ .2 .
r.r + — L dt
j L‘ 172 3 > 1
G

b
) ,rl"
j] [ j (-1 )dt,i:‘ dr ,dG
3
eall
=
S : 5

{ ] dr1dG

Q47

T

we will find

b
i

-1+,

T

{l = 1 \ +TZ~

dr1dG

4 4G

5 } dradt1drﬂdG R

dt2 ] dradtqdr,ldG

114
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t) b

= [f1t2- —E + u; - t1t2 drzdt1dr1dG + :
'tl_Ti 1'11 "L] *
1,+7,-72 :
tg Y ¢ L2
j [ £t 4 ‘ 3 g J dr,dt, dr, dG
{;' 71*11 t,
t2 (t =1 _+r )2 2 t2
2 1 i e b 1
= by — - t1(t1— P+ rP) g e g (Sl bE, ey
2 = 2 2 2
+ t2 dr.dt_dr_dG
1 -
2 - 2 5
> t1 (t1-r1+r2) (t1+r1-r2)
+ E, % =Ty t,‘(t1-r1+r2) + — 3 -
| 2 2 8
tf 2
- t1(t1+r1—r2) - ;— + t1 dradt1dr1dG
v bt
b ti rf rg b2
= (— 4 —+ = T~ - bt,l) dr, | dt,dr,dG +
2 2 2 2
s opn AWIENNS
B [ S ( 1:':l i 2r1r2) drai] dt1drqu
‘1"l’"t', ?1"B+-{-}

dt1dr1dG +

\ dtqdr1dG

"-b +1

. -- 3
S pve
i . , . _ . 2
o = = T AR R - v > Tk B B Sad gt L g b . e | k., be Jen B Gyt ] o g = = T et g
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g T tf r',|2 (r1-b + t1)3 r, >
= [—— (r1—b + t‘l) + --—(r,l—b + t,‘) y —_— -——(r,l—b -t ‘tq) ;
2 2 6 2
b2 3 "2 3 2
+ -é-(r1-b + t1) - bt1(r1-b + tq) o AR -—3 =5 g e r,‘(r_,‘-b i t..l)
(r1-h + t1)3 >
- + r1(r1- b+ t,) dt_ dr_dG.
1 11
3
? b t? r? b3 tfr1 bar1 5 >
- (— + —— e - bi:."r1 + + + b t‘.,1 - bt1)dt1
5 6 3 2 2
b-1,
dr_ 4G
1
L 3 3 2 3 2 2.5
& t1 r'lt1 b t1 bt1r1 1:,11',| b r1t1 b t1
= — - - + + +
12 3 2 6 2 2
b
453
- — dr_dG
3 1
b-71
3 2 > 3 ;
bll» br,‘ bh b e b r, b r, b‘+ bt
= - + —— e = e ee—— + + ———- = -
12 6 3 2 6 2 2 3
(b-r,‘)l' r2 )3 br, 5 | b2r1
- - (b-r,') i) YU | ot (b—r,l) e e P (b-f-r,‘) -
12 6 3 2 () 2

2
= l’-(1:-::-,,)2+ 3(1:-:-1)3 ] dr , dG.
2 3

f

|

S |
(I R

—

AN
u

&

RSt i i
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Hence
5
aB,dB, = R e O i
20 960 20
X a Jokig
= 22 4 de
960
Lk # 4
QeEoDe
Section 4,3 Integral Geometry Over 3Sets of Pairs of Kinematics,
be3.1 Density for sets of Pairs of Kinematics.

A pair of kinematics Kq(x1,y1, IP 1) Kz(xz'ya'_?z) may
be determined by the six coordinates X9 Yq0 ?‘1, X510 Yoo ?’2 >

It may also be determined by the coordinate of the straight lines G,

~

and G determined by K, and K together with the directed distances

2 1 2

t1, tz fron (x1, y1), (xz,,yz) to the foot of the perpendicular

drawn from origin O to G,1 and G2 respectively,. We want to

oxpress the product dK1dK2 = dx1dy1d(f 1dx2dy2 d ?72 by means

of the coordinates of straight lines Gq, G and t1, £

2 ol
From (3.,41) we have

.._’
dK = dgdt

therefore
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4,3,2 Theorem : Let Ko be a convex curve of area I and X be

a set of pairs of segments K, and K2 of length 11 and l2 which

intersecct each other inside Ko and intersect the curve Kb « Then

S KK, = 16 9711,

X

Froof : Choose a fixed rectangular coordinate system so that

the convex curve Ko lies in the first quadrant,.
Let (x44 Y99 ?‘ ) and (xz, Yo p 2) be the coordinates of
K, and K, respectively » Tet P (x, y) be the point of

intersection between K1 and Kz.

Rl s ol €8 D e 2 By TN e AR . - :
s T L e | = N T e - mt T it o2 e e T W e T P T

e ol
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rrom (4,8) we have

=¥ =3
dK‘ldK2 = c1G,|d11:,1tl(}arilt2
X X
and cach non-oriented line carries two oriented ones, we obtain
1 — 1 sle}
Sdﬁ‘1dK2 = 0 u(_‘,ldt1d62dt2
X
X }1.+9|
= L Y dt,] ]utzd(}1dG2

}L

where /A.L depend on G1 and shown in Pigure 36,

therefore

§+ 4,
d}{,]dj{2 = 4 Y lthz cl(},.‘dG2

§

X

where 5 depend on G2, we get
j dK,{dI(a = 1}1112 4G, 4G,
X ISULEE ; ?!’
Gnkg # Sé

From (%.%2) we have

d@,d6, = \sin((h-cpz) de(f’1d(f’2
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g .5 a9

%

it i

From (3.34%) we have .
1 9

| S Y E \sif( Q/%ld?1dffa = 29rF

' PeEko O / INS
» therefore VoY — 8
SdK1 dK2

/ LIX{( /_“\\' ) 'I-.“

/ :

X S :

G NHEHE 2,

; \g: | rg T -
tr.f]\__/@m |
QoKeDe ‘

£ - h;;
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