CHAPTER 1II

PRELIMINARIES

In this thesis, we assume a basic knowledge of the
€3l

fundamental concepts which are the foundations of integral

geometry.
2.1 Definition : A ecoordinate system on the Euclidean plane

2.2

2.3

2.4

I

Euclidean Plane . 1In this ¢hapter we will define the
I
I

X is a homeomorphism Cb of an open subset on X onto an open
set of R2

Examgle ¢ Choose two orthoganal straight lines and chooae
two directions on each straight line, This allows us to

define a homeomorphism @ : X [Ra by using directed
distances . We call this coordinate system a Rectangular

Cartesian Coordinate System.

Example : Pick a closed infinite ray 1 . Set U =X -1
and define a homeomorphism \‘P : U IR2 by using
angle and distance. We remove 1 because we want IP to

be continuous and call this coordinate system a Polar

Coordjnate System.

Definition : Let UC X be an open set and @ be a
homeomorphism of U onto an open set of Ra. We call the

pair (U, @ ) a coordinate neighborhood.




2.5 Definition : Let U € R be an open set and

fi= (f1, esey fm) be a map from U to R" .

1
fa S =0ap if

1« f is continuous

of; .
2s exists, Y points £ U
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» i = 1'
continuous where
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2.6 Definition : Two coordinate neighborhoods (U1 3 §1 )

and (Ua, @2) &p6 /4L ‘reluted if

ta U1nua;£ﬁ
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These two functions are shown in Figure 1 ,

X

(U, N U,) and

(U, N U,) are

TR
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2.7 Definition : An atlag is a set of coordinate neighborhoods

(u ’ ) such that {U } cover X and
{ % @t }iil ik

{(U‘ ’ @c")} e are all ¢ - related to each other for
oL

all pairs with nonempty intersection.

2.8 Notation : If F : Rwe»R® then Jac (F) will denote the

Jacobian determinant of the function F .

2.9 Remark : If we choose a fixed rectangular cartesian

coordinate neighborhood (X, QO) then we see that
{(X, ?o)} is an atlas . We can form a new atlas
i(U¢ ,ﬂk)} in the following way :
Fa3

The coordinate neighborhood (U1, v 1) belongs

to the new atlas 4 (U )} if
{ £ Yo «tl
1 (x QD ) and (U ‘.P Yiage ¢ - related
: ' ¥g 97 1

-4
2. Jac ( @ 0 "w‘l ) 7 0 (note that if Jac

-1
(QOG‘P,I) 20

-1
then Jac (W,]o@'o ) > 0)
Let (UZ’ ‘.pa) be another coordinate neighborhood
such that U NU, £ g and is cl - related to (X @ )
1 2 ’ Q"=
s 1
Claim that (U,', Y 1) and (Uz, lpz) are ¢ - related to

each other. To see this, note that




-1

-1 -1
I‘P"G"Pz "P1o§oo§oaq’2 end

- & Ly
LPZ" {IU 1 G ‘1"2"3;2 0 0§ o? 4’1 arc c'- maps since
- -1 o1 e
LP10§0'§00{P2 ’?,20&0 and @ooq)"
. | -1 1oh
are all .f_ maps, and Jac ((,(]10 qu } = Jac(%o_f—fo )Jac(i)o ?22)70

-1 -1 »
Jae (Y, o ,.) = Jacly,of)) sae($e §,) 20

2.10 Example : Let (X, QO) be a rectangular cartesian coordinate
neighborhood and(U, l})) be the polar coordinate neighborhood
which has the same origin and the positive part of x - dxis

as its removed closed infinite ray. Ue see that (X, QO) and

I
(Uy ¥ ) are ¢ - related, Because X N U AP and

-
& 00 ‘P (r, Q)

1

(r ¢os © 4 r sin Q)

4 @ (x,7) = ([x°+ ya . ten~1 ¥ ) are ¢’ - maps
qu 0 X
Consider Jac (@ -1) = ?__E or
oo ) =] 5% 55
d0 20
ax Y
d -— P
\Jx2+ y \[x2+ ¥ .
- X + Y
(x4 .YZ) X+ yz
. = x
2 2 2
X4+ %Y X +y
Lo > 0
2 2



2.11

2.12

3£ 3 3
and Jac (ULQ Y = BE =
120 ar 26
i 3y
2r 26
cos O —— r sin €
= = : R 3

sin © r cos ©

Thus (U, Y ) belong to the new atlas.

Note : From now on, when we study the Buclidean Plane
we shall only use coordinate neighborhoods obtained from

the above constructed atlas.

Definition : Given a function f : X—=R and a coordinate
-1
neighborhood (U, ) on X . The function £, $ © $(U)—>R

is called the local representation of the function f in

terms of the coordinate neighborhood (U , @ ) « This

function is shown in Figure 2.
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R#-
Fi(jUYE 2.

Example : Fix P0 € X and define f : X——R by

£(P) = d(P,Pq ) the distance from P to By -

In terms of a rectangular cartesian coordinate

neighborhood (X, @0) with Py as origin, the local

-1
representation is (f, @c,)(x, y) = \‘x2+ ya

In terms of 2 polar coordinate neighborhood

(U, Y ) with Po as origin, the local representation
-1
is (foW)(r, 6)

: iy

I

Definition : On Ra we have two projections n, BEL—§G

and m_ : !Rg-—élR riven by 1'51(0!:' B) = o and nz(gC,B)=£3 .

2




& P ? ) is a coordinate neighborhood then “10‘?’- X—R

and nzo@ : X—=>R are called the coordinate functions of

the coordinate neighborhood (x, @ ¥s

2.15 Example : If X @o) is a rectangular cartesian coordinate
neighborhood we usually write x = T.o @0 and y = Tso @0 .
The functions x and Y are called the coordinate functions
of (X, @0). We usually denote gl o by (x, y).
If (U, ¥ ) is a polar coordinate neighborhood we

usually write r = n,'o t*) and 6 = Tso \P « The functions

r and € are called the coordinate functions of (U, Y ).

We usually denote tp by (r, 6).

2.16 Definition : Let f : X=—R , f is called differentiable
at P € X if q a coordinate neighborhood (U.@ ) such
that the function fa@ﬂ : q) (U)—R is a differentiable fing ign.
Claim that if f is differentiable at P with respect
to one coordinate neighborhood then f is differentiable at P
with respect to all coordinate neighborhoods. To prove this,
let (v, LIJ) be another coordinate neighborhood which belongs

] =1 -1
to the same atlas. Then f, = £, @ o @OLP is a

|

differentiable function since £ and @y are

differentiable functions. We see that it is true for all

coordinate neighborhoods, so this definition is well - defined.



2417 Definition : A differential 1 - formwon X is a
e O

correspondence which assigns to each coordinate neighborhood

(u, @ ) an ordered pair of continuous functions (f‘l' g1)
where f1 : @ ()R and Byt @ (U) > ® such that if (f,', g1)
corresponds to (U, @) and (fa, 8,) corresponds to (V, ¢ )
and UNV # @ then

-1 o] -1
10 89) = (150 (Y, 8) , g,4 (1,)) mat (Yo ®) on Punv)

=1
where Mat (lpo@ ) is the 2x 2 matrix whose determinant is
the Jacobian,
To prove this is well - defined. We have

@ i (0 @) (s, g) and

w (v, Y)— (fZ’ ga) such that

~1 -1 -1
(£1089) = (0 (P ), 8,0 (Y. P)) Hat (P B ) ek

Let (W, 8) be another coordinate neighborhood such

that
w : (W, 9)*—5(f3, 35) and
-1 -1 -1
(fa, 82) = (f3o G5 I €30 (eolp)) Mat (BOLP).....(E)
We want to show that
-1 -1 =1
(£,0 g,) = (50 (6.9) , 850(6,% ))mMat (6,8 )
To prove this, represent (2) in (1) we get
-1 -1 -1 -1
(£0 89) = (£;4 (0,y), B30 (6,9)) (Y 9) Mat (6, )
-1
Mat (Y @)

e A
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—1 -1 "‘1 -1

(rBo (0 ® ) 4 250 (8,3)) Mat (Y3 Y P )
- =1 -1
= (f5¢ (B,? ) 830 (99@ )) Mat (80§ )

where the last equality follows from the chain rule of advanced
]

calculus .

Therefore , this is well - defined .

Definition : The differential 1 - form w is called differentiable

at P€ X if J a coordinate neighborhood (U, $) ana vap
such that the functions (£, g) corresponding to (U, @i) are
differentiable at § (P) .

Claim that if (U is differentiable at P € X with respect
to one coordinate neighborhood then W 1is differentiable at
PE X with respect to all coordinate neighborhoods. Proof is

the same as the function case,

Definition : The differential 1 - form is differentiable in

a neighborhood U & X if this differential 1 - form is

differentiable at P , \y P & U .

Definition : A differential 2 - form on X is a correspondence

which assigns to each coordinate neighborhood (U, é ) a

continuous function f1 where f1: @ (U)~» ® such that if f1

corresponds to (U, & ) and f, corresponds to (V, ¥ ) and

UAV # @# then

-1 g
I, = 2y (L'Jo@ ) Jac (QJD@) on PNV




1

We prove that this is well - defined im the same way that

we proved differential 1 - forms were well =. defined .

2.21 Definition : The differential 2 - form is differentiable

at P € X if J a coordinate neighborhood 0,P) anauap

such that the function f cooresponding to (U, § ) is differentiable
at P (p) .

2.22 Definition : The differential 2 - form is differentiable in a

neighborhood U CX if this differential 2 - form is differeatiable

at P , ¢¥PEU .,

2.23 Definition : A density on X is a correspondence which assigns
to each coordinate neighborhood (u, @ ) a positive continuous

function £, where f,: @ (I)> B such that if f, corresponds

to (U, @) and f, corresponds to (V, ) and UNV £ # then

=1

f1 = fag (lPO @ )

-1

2.24 Remark : Since Jac (q,'o@ ) > 0 on X, there is no need to

-1
Jac (Y & ) on §(unw

distinguieh differential 2 - forms from densities. However,

for sets of straight lines we can not always guarantee that
-1

Jac (“Po§ ) > 0 so we must integrate densities and not

differential 2 - forms in this case. We shall say more

about this in Chapter III .
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2.25 Definition : If f : X—> R is a function and  is a

differential 1 -~ form on X such that

w : (U ,@ )-——p(f,], g,‘)

we can define fw as a differential 1 - form

such that
-1 -1

tw (0,8 ) —> ((£,9) £,, (£.$ ) &)

Claim that this is well - defined. To see this

let (V , Y ) be another coordinate neighborhood such that

w: OV, §) r—>(f,, g,) and

-1 -1
fUJ: (V, k}))'_%((foq))fzf (foq))ga)

We must prove that

-1 =1 -1 -1
U@ 2, , (2T )& =[((f°u(- )6 (Y, 8 )

5, : =1
(5092 52)o(4,8") | nat (4,8
-1 -1 -1 ol
=Bfa@ MEy6 (Yo )y (£, )8y 0(YoT >]
' -1
Mat (L,Jo@ )

-1

-1 -1 -1
- (fﬁ)[fao(t}l&) ' seo(lpoé)] Mat (PP )

To see this, since (p is a differential 1 - form , we have
-1 -1 -1
(£10 8) = (f0 (P, B )y 8,(P,8)) Mat (¢,3 )

Hence ,
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-1 -1 -1
(% ) 130 (2,8 ) 8 = (£,0 )£, &)

i)

) -1
(2,8 )0 (13 )0 £0(p,3T)

-1
Mat (Q&)Q )

Therefore, this is well defined ,

c’i?id w
2.26 Definition : If f : X~5 R is a function , is a differential

2 = form on ¥ such that
W : (U,@ )l——-ﬁf1
we can define fwas a differential 2 ~ form such that
-1
fw: (U! @ )’_‘)((foQ ) f1)

We prove that this is well - defined im the same way

that we proved f(u was a differential 1 - form.

2627 Definition : If 031 and u)2 are two differential 1 - forms

on X such that
w, : (T, @ J—>(f,, g,) and
Wy (U,@)t——) (h"l' kq)

we can define Wy +w, asa differential 1 - form

b &
onasuch that

W, +W,: (@, )—> (£,+ b,y 8.+ k,,)

Claim that this is well = defined . Let (V.q) )

be another coordinate neighborhood such that
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w, : (V) — (£, 8,)
wa H (v, (P ) 5—-—7(}12, ka) and
UJ1+W2 : (V,(.}J)i—ﬁ(f2+h2,gz+k2)
We must prove that
- -1
(24 Byy gpe k) = [0 B (WoB)y (o K)o (p, 8 ) ]
-1
Mat ((PD@ h

To see this, since “H"”a are differential 1 - formswe have

A -1 -1
(f,0 (\yo@) : 320(%§))r-1at (@,$ ) and

(f1| 81) =
-1 -1 -1
Hence,
(f1+ hq, 8+ k1) = (f1, 31) + (h1, k1)

-1 -1 -1 -1 -1
= (£,00,3 v B0, Ditat (Y, F) + (hyo (P, )y kel P )
-1
Mat (Y, ¢ )
-1 y -1 -1
=[(f2! 82)(,(4’0§) + (hzs kz)o( (Po§ )Jr{at (q}o@ )o
r -1 -1 -1
[ty (9,800 (8, + k)0 (9, )] mat (@, d ).

Therefore, this is well - defined.




2428 Definition : If W

2.29

15

1 and u& are two differential

2 - forms on X such that
wq (u, @ ) —3 f1 and

We can dcfine[u1 + W s 282 differential 2 - forms

on X such that

Wy *wpt T §)—sr+g

We prove that this is well - defined is 4he same way

that we proved 0114-012 was a differential 1 - form .

Definition : If § : ¥FoS'® is a differentiable function

then we can define a differential 1 - form df as follows :

If (U, § ) is a coordinate neighborhood then

-1
a2 (0,850 2,(£,8™H , 9,06, ))where 5, (£,5 ),

-1
9, (£, ) are the first partisl derivetives of wadh

| % nr
Tariable 005623
Claim that this is well - defined. To see this, 1let

(Vy, ) be another coordinate neighborhood such that

af : Oy I 9, (£,4™ , 2 (g, 47h)

{ 1501088 %

-1
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We must prove that

1 -1 -1 #1
(81280, 3.(,8)) - [0,00420( 9,3 ) -
: - -1 -
922 Yo @, § )] Mat (Y, 3 )

But this is true from the chain rule of Advanced

0l

Calculus .,
Therefore df is a differential 1 - form.

2430 Remark : I# f : X—>R and g : X—>R are continuous

functions then we can define

1. Q¢ L /gdllel  afd ag

2. d(fg) = fdg + gdf
'

3. d(feg) = (fog)dg

Let w be a differential 1 -« form on X and (X,@,H
be a coordinate neighborhood so () assigns to (X, @1)
an ordered pair of functions (fq, g1) such that
£, :@1(}{)——‘ym and g, : @10{)—% R iece W: }{,@1)*““’7(1'1*81)

Let (xq, y1) be the coordinate functions of (I, @’1)

We get two differential 1 - forms dx1 and dy,1 with respect

to (X, @1)._ The differential 1 - form dx,] has 2 functions
(-J § §-1 M "‘1
(3 (T102,02)) W 0P,0B )

(2,73 49,7,

-1 -1
(34 (x10 84240 5(x,08,))

1]

(1, 0)
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Similarly with respect to (X, Q,‘) , the differential

1 = form dy,' has 2 functions (0, 1)

Letf=f10§1 and g 810$1

-_—

I

then f:X—=R and g : X< R

From definition 2,25 and 2,27 we can define fdx1+ gd31
as the differential 1 - form such that fdx1+ gdy1 assigns

to (X, 91) the ordered pair of functions
= -1 =1 y -1 -
(2Bt 4 5@ 0] + [(e,50 04 eBp) 1] |
-1 -1 |

(f{,‘?.I . B @1)

(f'l’ 81)

fee  fax, + gdy, : (X, Q) — (£, &)

thus fdx 1* gd:,a',1 and (y assigns to (X,@,l) the same

ordered pair of functions (f1, g,.l)

i.e w

i‘dx,] + gdy1 Y coordinate neighborhoods

therefore w

f,1(x1, y1)dx1 + g.](x,], yq)dy1

gimilarly for the differential 2 - form (#/, in terms

of the coordinate neighborhood (X, @1) we can write

W = f£,(x, y,) dx,dy,
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2¢31 Definition : 1If w,Tand wz are two differential 1 = forms

on ¥ such that

w, : (U,@)rﬁ(f“ g,) and
we can define w1.w > @5 a differential 2 - form

such that w,w, : (U, @ fik, -~ h.g.. We call

w 1UJ2 is the exterior product of w,! and w 5

Claim that this is well - defined, 1let (V, l{,’ ) be

another coordinate neighborhood. Let (x1-.y1) and (xa, ye)
be the coordinate functions of (U, @ ) and (V, Y )
respectively such that X, = (P,, (xq, y,') and Y,= (IG?E(X,| ,y,!)

Then in the coor. neighborhood (U,@ ) we have

Wy = £,(x47,) dx, + 8,(x4y ¥,) dy,
W, = h,!(x,”y,]) dx, + k(x4 v,)dy,

and in the coor, neighborhood (V, L’)) we have

Wy

"

fa(xz,ya)dx2+ gz(xz,ya)dy2

]

W, o (xpayp)dx,+ ky (x5,5,)dy,

W qw, = Lfe(xz.ya)ka(xe.32)-g2(x2-3’2)h2(x2,y2)} dx,dy,
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Vle want to show that
4020030, (x40y,) - 81(X1037)h,(x,,3,)
2 (¥1,%2)
= [(fa(xa.ye)kz(xzsya) - ga(xe.yz)ha(xa.yz) R
3 (l.«lt }'1)
since w4 is a diff, 1 - form , we hgve
3P4 d ¥4
(f1(x1, y1)1 31(x1y1)) = (fa(xz'ya)' 32(x2'y2)) 9::1 a(i
1
JdP 2 ¢
axﬂ 3':;1
i.e f1(x1 ,y.') = fz(SU,I(x,] 131). (Fz(x,] ,}'1)) Q_Lﬂ'
_ 9 X)
+ 82(Vq(x1|y1)!(f)2(x1!y1))9_({ﬁ
a X%
d ) : 8 { ( ) ( ))aip-l + (@, (%45
and  By(xqa¥y) = 0002003100 P 5(x407, Sgr T B2 ¥ 1(xq0740s
P 3320 22
Y4
and since (.U2 is a diff. 1 - form, so we have
21 ot
(h1(x1 ’Y'I)' k1(x1 13’1)) = (h2(x2'y2)’ kZ(xa’yE)) Q X.} 93’1
Y2 3 ¥2
-axq 9}’1
i.e h1(x1,}'1) = h2( ‘101(1{1:31)! (Pa(xquq))%%
QP>
£k ((P.,(x,,.y‘,).. P (x,05,)) 7%,
and k(x35,) = By, 0x003,)s @ (47,0 g.g_’:

<

2

|

P
+ k2 (P,'(x,.l'y,') ? "Fa (551'3'1))

QL
e
—



80 £ (x0y )k (x003) - &,(x, 8,00, (x,,7,)

291 ey el
= [fa(?1(x1,v.,). ‘,02(::1,?.,))9—;: + 32(901(&,{31)' Polxqay1)) 55 |

.

[ha( ?1(::1,31)‘ ?Z(X‘l ,31))';"% % k2(<(1(x1,y1),_ (Pg(xqt.'h)’ 9(22 :!

" [fac(p1<x1,y1).watx,,.y,,));i;,} b 80 0402043700 P 5(x,07,)) Qﬁ]

d J1q
Y1 Y2
‘;hg(‘f’,l(x,‘,y.l)’ LPE(x1'y1}§I‘— + ka([f’,l(x.‘.y,]). (102(::1-,3'1)) aT1

3 L(fzka)((f’*l("*r""*n)' Palxqivy))= (8,0 (@ (rya3) e
bl 352
+[(f2h2)(‘-f1(x1,y1), (P o (xqa3)) = (L0 (P (xy gy
¢, .31)>]@-f;—: %%—})

oﬁgzhz)((f’,l(x,,,yq). (pz(x.,.y.,)) - (fakz)(lf.,(x«ls}'.,) ' (Fa(x., ,y,l))J

(Dﬂ e

2 '_?1 axq

i [_(5;21:2)(&01(:c1 ) ?2(11.3’1)) - (gaka)((f’1(x1.y.,). ({92(::1..?1)):]
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2423

I

]

n

50,

21

(55 5°)
¥4 IV

0@1992"

¥ [(geha)( P 4(x1054) 4 502(15.3(1)'- (£,k,) (P 4 (x, '3"1)'?2("1""1)%_3:3::,,

I3¥1 o 2¢4 9?’2}
(9"1 d¥q Vg I*

#1, £2)

, 1 2«

Definition

X

form

of the'r indices, and the coefficients f

1!

. . i w
11'121.:.,1p

seey X 4 2 differential P - form

this is well = defined,

: On n - dimensional space with coordinates

n .
T j:‘:i1 ......1p (x1, ...,xn) dxy dxi eenedxy

1 2 P

is an expression of the

Where the sum is taken over all possible combinations

11001 p

i (x1,....xn)

are assumed to be infinitely differentiable functions of the

coordinates.

Example :

a

a

a

For

diff, 0 -

n=2

form

diff, 1 -

form

diff 2 -

form

For

diff O -

n=3

form

diff 1 -

form

with coordinates x,y where-? = 0y142,
is just a differentiable function f(x,
is an expression f dx + g dy

is an expression f dx dy

with coordinates x, y, 2 where-f =0,
is just a differentiable function f(x,

is an expression f dx + g dy + h dz

i

we have

y)

1, 2, 3 we have

Yy 2)
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@ diff 2 « form is an oxpression f dx dy + g dy dz + h dz dx

& diff 3 - form 1is an expression f dx dy dz.

The coefficients f, g, h are assumed to be infinitely

differentiable functions of the coordinates.
Remark : =

If (Wis the k » Drm and ) is the m = form, symbolically

represented by the sum

w = 2 ay (x) dx; dx,
and A = 2 b, (X) dx, dx
1...jm 1-‘.... Jm
om GCR™ where X = (Xj4eeey X ) and the indices

i‘}*‘“ik range independently from 1 to n and also the
indiecs j1,..., jm rang indevendently from 1 to n, then

their exterior product, denoted by the symbol wn , is

defined to be the (k+m) = form

WK & e (x) b (x) ax

i j dxi dxj e .t’lx_.l
1’l0i'k 1.‘.jm

i

In this sum, the indices 11.010’ ik' j.‘, -.c.jm range

independently from 1 ton ,

Teoe k 1 “ms
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2.35 Tefinition : A C Zuclidean Plame X is a demnin if 4 a
coordinmte mtm o, § > such that U :)A' and
Q(A) is a domain in ®°.
Let (y be a continuous density on X and ACX be
a domain, We define m(4) = Jw in the following way :
Choose a coordinate nﬁeighborhood (U,® ) such that

U DA. (g assigns to (U, @ ) a function f£: § (U)—>R

Define j(ﬂ = jig’ 'h.rojj‘*’ is aLBLCSéUt Intogral I‘F exists
IR BN

It jg g’ Goes not exist wo will not define fw

I(A) ‘ A
Claim that this is well - defined, 1let (V, \P ) be

another coordinate neighborhood such that V 2 A ‘and

o I3

A Y)

where (» : (V, lP N3A%I DL

We must prove that 55‘3/ = 55;!

FTw Yn)

Since () is a density and change variable in double integral,

-1 -1
j 2o (3, 1) lJac (3, )l
q’”"ﬁfoc 3, YYB ) ae (3

$(A )f
e

Therefore, we can define m(a) =§UJ = jj f

C—
e
XNe
-

I

-
~~
>
e
i

Jac (qu} )\

N - A\
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