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CHAPTER I

INTRODUCTION

An equation in which unknown are functions is called a functional equation and

Cauchy’s functional equation (CFE) is a functional equation, containing two variables

x, y and one unknown function f of one variable, of the form f(x + y) = f(x) + f(y).

It is a generally known fact that the domain and the behavior of the solution function

play important roles for obtaining a solution.

In the case that the domain of a solution f is the real n-dimensional space, Rn,

we know that the solution of CFE is a linear function under suitable regularity on

the functions such as continuous at a point, bounded in an interval and mono-

tone. There are certain other functional equations which can be transformed into

a CFE. These are called equations of Cauchy’s type which are of the following form

(i) f(x + y) = f(x)f(y), (ii) f(xy) = f(x) + f(y) and (iii) f(xy) = f(x)f(y).

In 1964, Pisot and Schoenberg investigated the monotone solution of Cauchy’s

functional equation f(
∑k

i=1 uiαi) =
∑k

i=1 f(uiαi) (ui are nonnegative integers) under

various assumptions concerning the number k and the components α′is. In a successive

paper, they considered the case where the domain of a solution of Cahchy’s functional

equation is a subset of Rn, then the solution may not be a linear function.

Studying both of Pisot and Schoenberg’s works, we find that the methods of

proof are capable of extending to wider classes of functional equation. We treat here

the CFE whose domain of solution is a subset of the complex field comprising finite

combinations over a subset of Gaussian integers. We find that uniformly continuous
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solutions can be written as a linear function plus a periodic part.

In Chapter II, we introduce notation, definitions, auxiliary theorems used through-

out this thesis.

In Chapter III, we solve for uniformly continuous solutions of CFE whose domain

is a subset of the complex field. Uniformly continuous solutions of the three equations

of Cauchy’s type are also obtained as applications.



CHAPTER II

PRELIMINARIES

The following symbols are standard:

Rn is the real n-dimensional space,

C is the complex field,

R is the set of all real numbers,

Q is the rational field,

Z is the set of all integers,

N is set of all natural numbers and

N0 = N ∪ {0}.

2.1 Functional equation and Cauchy’s functional equation

(CFE)

In this section, we present definitions of functional equation and Cauchy’s func-

tional equation. Known general solutions of Cauchy’s functional equation which sat-

isfy some properties are given.

Definition 2.1.1. [1] An equation in which unknowns are functions is called a func-

tional equation.

A function satisfying a functional equation on a given domain is called a solution

of the equation on that domain.

Next, we give examples of a functional equation.
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Example 2.1.2. A solution f : Z → Z of the functional equation f(m + f(n)) =

f(m) + n is f(n) = n (n ∈ Z).

Example 2.1.3. A solution f : R → R of the functional equation f(x − f(y)) =

1− x− y is f(x) = 1
2
− x (x ∈ R).

Definition 2.1.4. [1] A functional equation containing two variables x, y and one

unknown function f of one variable is called a Cauchy’s functional equation (abbre-

viated to CFE) if it is of the form f(x + y) = f(x) + f(y).

The followings group of functional equations are called equations of Cauchy’s type

because they can be transformed into CFE by certain change of variables.

f(x + y) = f(x)f(y)

f(xy) = f(x) + f(y)

f(xy) = f(x)f(y).

For the first equation, if we let g(x) = logf(x), then we obtain g(x + y) =

log(f(x + y)) = log(f(x)f(y)) = log(f(x)) + log(f(y)) = g(x) + g(y), so g satis-

fies Cauchy’s functional equation.

Known results about CFE are contained in the following theorems

Theorem 2.1.5. [2] The general solution of a Cauchy’s functional equation in the

class of functions g : Rn → Rm, continuous at a point, is given by g(x) = C · x for

all x ∈ Rn where C is a constant m by n matrix and ‘·’denotes the multiplication of

a vector by a matrix.

Corollary 2.1.6. [5] If the Cauchy’s functional equation f(x + y) = f(x) + f(y) is

satisfied for all reals x, y and if the function is continuous at a point, then f(x) = cx

for all real x where c is an arbitrary real constant.
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Theorem 2.1.7. [2] The general continuous solution of Cauchy’s functional equation

for complex numbers is f(x) = ax + bx̄ for all x ∈ C where a, b are arbitrary complex

constants and x̄ is the conjugate of x.

2.2 CFE on a subset of Rn

In 1964-1965, Pisot and Schoenberg proved that for given α1, α, . . . , αm ∈ Rn, a

uniformly continuous solution of the CFE defined on the subset S =
{∑m

i=1 uiαi | ui ∈ N0

}
of Rn need not be a linear function. Their main result reads as follows:

Theorem 2.2.1. [4] Let α1, α2, . . . , αm be elements of Rn (n < m) satisfying the

following conditions :

1. every set of n among the αi is linearly independent over R and

2. the elements α1, α2, . . . , αm, are rationally independent, i.e., linearly indepen-

dent over Q.

Let S =
{ m∑

i=1

uiαi | ui ∈ N0

}
, B a Banach space and f a map from S into B.

If f is a solution of the functional equation : f
( m∑

i=1

uiαi

)
=

m∑
i=1

f(uiαi) (ui’s are

arbitrary nonnegative integers) and is uniformly continuous on S, then f(x) admits

a unique representation of the form f(x) = λ(x) +
m∑

i=1

ϕi(x) for all x ∈ S in which λ

is a linear function from Rn into B, while, for each i = 1, 2, . . . ,m, ϕi is a function

from

Si =

{
uiαi +

m∑
j=1
j 6=i

kjαj |ui ∈ N0 and kj ∈ Z
}

into B and satisfies the following conditions :
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1. ϕi(0) = 0,

2. ϕi(x + αj) = ϕi(x) (j 6= i, x ∈ Si) and

3. ϕi is a uniformly continuous function on Si.

Dirichlet’s and Kronecker’s Theorems were applied in many places in the proof of

Theorem 2.2.1. Besides, these are important tools for our research.

Theorem 2.2.2 (Dirichlet’s Theorem). [3] For given real numbers ξ1, ξ2, . . . , ξk

and any positive number ε, we can find an integer q so that qξi differs from an integer,

for every i, by less than ε.

Theorem 2.2.3 (Kronecker ’s Theorem). [3] For each irrational number α, each

real number β, each preassigned arbitrarily small number ε > 0, and arbitrarily large

number Ω, there exist integers p and n with |n | ≥ Ω and | αn− β − p | < ε.

Definition 2.2.4. A subset D of the complex field, is dense in C (or R) if for each

z ∈ C (or R) and ε > 0, there exists d ∈ D such that |d− z| < ε.

Example 2.2.5. The set Z + Z
√

3 is dense in R.

Proof. To prove this, let r ∈ R and ε be a positive real number. By Kronecker’s

Theorem, we have n, p ∈ Z such that |n
√

3−p−r| < ε, so Z+Z
√

3 is dense in R.



CHAPTER III

CFE ON A SUBSET OF THE COMPLEX FIELD

This chapter contains 4 sections. In the first section, we solve for uniformly

continuous solutions of a CFE on the set

S+ =
{ n∑

m=1

(um + ivm)αm | um, vm ∈ N0

}

where α1, α2, . . . , αn ∈ C (n ∈ N with n ≥ 2), with S+ dense in C. We derive a

corollary similar to Corollary 2.1.7.

In the second section, we give examples of elements in Rn which satisfy the con-

ditions in Theorem 3.1.1.

In the third section, we find uniformly continuous solutions for equations of

Cauchy’s type.

In the last section, we compare Theorem 3.1.1 with Theorem 2.2.1.

3.1 Solutions of Cauchy’s functional equation

This section is devoted to finding uniformly continuous solutions of a CFE on the

set S+, dense in C. The following is the main result.

Theorem 3.1.1. Let α1, α2, . . . , αn ∈ C (n ∈ N with n ≥ 2) be such that the set

S+ =
{ n∑

m=1

(um + ivm)αm | um, vm ∈ N0

}
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is dense in C. If f : S+ → C is a uniformly continuous function satisfying the

functional equation:

f
( n∑

m=1

(um + ivm)αm

)
=

n∑
m=1

{f(umαm) + f(ivmαm)}, (3.1)

then f can be written as

f(x) = λ(x) +
n∑

m=1

ϕm(x), (3.2)

where λ : C → C is a linear function over C and ϕm is a complex valued function

(m = 1, 2, . . . , n) defined on

Sm =

{
(uma + iumb)αm +

n∑
j=1
j 6=m

(kja + ikjb)αj | uma, umb ∈ N0; kja, kjb ∈ Z
}

with the following properties:

1. ϕm(0) = 0,

2. ϕm(x + αj) = ϕm(x + iαj) = ϕm(x) (j 6= m and x ∈ Sm) and

3. ϕm is uniformly continuous on Sm.

Proof. Let f be a uniformly continuous solution of (3.1). There are 3 steps in the

proof. For the first step, we show that

lim
|u+iv|→∞

u+iv in certain region of C

f
(
(u + iv)αm

)
u + iv

exists

for all m = 1, 2, . . . , n. Then, we define a linear function λ : C → C over C and show

that λ is uniformly continuous on S+. For the final step, we construct the functions

ϕm, m = 1, 2 . . . , n.
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Step 1 Let ε be a positive real number. Because of the uniform continuity of f ,

there exists δ > 0 such that

∀ z, w ∈ S+, |z − w| < δ ⇒ |f(z)− f(w)| < ε. (3.3)

Since S+ is dense in C, there are x, y ∈ S+ such that |x − y| < δ. Let x =∑n
m=1(cma + icmb)αm and y =

∑n
m=1(dma + idmb)αm where cma, cmb, dma, dmb ∈ N0 for

all m. Set qmτ = cmτ − dmτ where m = 1, 2, . . . , n and τ = a, b and split {1, 2, . . . , n}

into two disjoint sets I and J , I ∪ J = {1, 2, . . . , n}.

We claim that, for each M ∈ N,

∣∣∣∑
t∈I

{
f((cta + ictb)αt)−f((dta + idtb)αt)

}
+

1

M

∑
j∈J

ηja

{
f((wja + M |qja|)αj)− f(wjaαj)

}
+

1

M

∑
j∈J

ηjb

{
f(i(wjb + M |qjb|)αj)− f(iwjbαj)

}∣∣∣ < ε (3.4)

where wja, wjb are any nonnegative integers and ηjτ = 1 if qjτ ≥ 0, ηjτ = −1 if qjτ < 0

for j ∈ J and τ = a or b.

To prove this inequality, let j ∈ J , wja, wjb ∈ N0 and define c
(k)
jτ , d

(k)
jτ for τ = a, b

and k ∈ N as follows:

if qjτ ≥ 0, let c
(k)
jτ = wjτ + kqjτ , d

(k)
jτ = wjτ + (k − 1)qjτ ,

if qjτ < 0, let c
(k)
jτ = wjτ + (k − 1)|qjτ |, d

(k)
jτ = wjτ + k|qjτ |.

We see that c
(k)
mτ , d

(k)
mτ ∈ N0 and qmτ = c

(k)
mτ−d

(k)
mτ for k ∈ N, τ = a, b and m = 1, 2, . . . , n.
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For each k ∈ N, we have

∑
t∈I

(cta + ictb)αt +
∑
j∈J

(c
(k)
ja + ic

(k)
jb )αj and

∑
t∈I

(dta + idtb)αt +
∑
j∈J

(d
(k)
ja + id

(k)
jb )αj

belong to S+ and∣∣∣∣{∑
t∈I

(cta + ictb)αt +
∑
j∈J

(c
(k)
ja + ic

(k)
jb )αj

}
−
{∑

t∈I

(dta + idtb)αt +
∑
j∈J

(d
(k)
ja + id

(k)
jb )αj

}∣∣∣∣
=

∣∣∣∣∑
t∈I

[(cta − dta) + i(ctb − dtb)]αt +
∑
j∈J

[(c
(k)
ja − d

(k)
ja ) + i(c

(k)
jb − d

(k)
jb )]αj

∣∣∣∣
=

∣∣∣∣∑
t∈I

(qta + iqtb)αt +
∑
j∈J

(qja + iqjb)αj

∣∣∣∣
=

∣∣∣∣ n∑
m=1

(qma + iqmb)αm

∣∣∣∣
=

∣∣∣∣ n∑
m=1

[(cma − dma) + i(cmb − dmb)]αm

∣∣∣∣
=

∣∣∣∣ n∑
m=1

(cma + icmb)αm −
n∑

m=1

(dma + idmb)αm

∣∣∣∣
= |x− y| < δ,

which, by (3.3), yields

ε >
∣∣∣f(∑

t∈I

(cta + ictb)αt +
∑
j∈J

(c
(k)
ja + ic

(k)
jb )αj

)
− f

(∑
t∈I

(dta + idtb)αt +
∑
j∈J

(d
(k)
ja + id

(k)
jb )αj

)∣∣∣
=
∣∣∣∑

t∈I

f
(
(cta + ictb)αt

)
+
∑
j∈J

f
(
(c

(k)
ja + ic

(k)
jb )αj

)
−
∑
t∈I

f
(
(dta + idtb)αt

)
−
∑
j∈J

f
(
(d

(k)
ja + id

(k)
jb )αj

)∣∣∣
=
∣∣∣∑

t∈I

{
f((cta + ictb)αt)− f((dta + idtb)αt)

}
+
∑
j∈J

{
f((c

(k)
ja + ic

(k)
jb )αj)− f((d

(k)
ja + id

(k)
jb )αj)

}∣∣∣
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Letting k = 1, 2, . . . ,M and forming the arithmetic mean of the M quantities, we

obtain the desired inequality (3.4).

Let E =
∑
t∈I

{
f((cta + ictb)αt)− f((dta + idtb)αt)

}
. There are 4 cases correspond

to possible choices of qja and qjb to be considered.

Case 1 qja, qjb ≥ 0.

If k = 1, then∣∣E +
∑
j∈J

{
f
(
(wja + qja)αj

)
+ f
(
i(wjb + qjb)αj

)
− f

(
(wja + 0 · qja)αj

)
− f

(
i(wjb + 0 · qjb)αj

)}∣∣ < ε

If k = 2, then

∣∣E +
∑
j∈J

{
f
(
(wja + 2qja)αj

)
+ f
(
i(wjb + 2qjb)αj

)
− f

(
(wja + qja)αj

)
− f

(
i(wjb + qjb)αj

)}∣∣ < ε

...

In general, if k = M, then∣∣E +
∑
j∈J

{
f
(
(wja + Mqja)αj

)
+ f
(
i(wjb + Mqjb)αj

)
− f

(
(wja + (M − 1)qja)αj

)
− f

(
i(wjb + (M − 1)qjb)αj

)}∣∣ < ε

Summing all the M inequalities, multiplying by 1
M

and using the triangle inequal-

ity, we have

ε >
∣∣E +

1

M

∑
j∈J

{
f
(
(wja + Mqja)αj

)
+ f
(
i(wjb + Mqjb)αj

)
− f(wjaαj)− f(iwjbαj)

}∣∣
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=
∣∣E+

1

M

∑
j∈J

{
f
(
(wja+Mqja)αj

)
−f(wjaαj)

}
+

1

M

∑
j∈J

{
f
(
i(wjb+Mqjb)αj

)
−f(iwjbαj)

}∣∣.
Applying the same technique to other cases, i.e., case qja, qjb < 0, case qja ≥ 0, qjb < 0

and case qja < 0, qjb ≥ 0, the inequality (3.4) is similarly proved.

For fixed m, since−(1+i) ∈ C and S+ is dense in C, there exist a1, b1, a2, b2, . . . , an,

bn ∈ N0 such that
∣∣∣ n∑

k=1

(ak + ibk)αk − (−(1 + i)αm)
∣∣∣ < δ,

i.e., ∣∣∣ n∑
k=1
k 6=m

(ak + ibk)αk + [(am + 1) + i(bm + 1)]αm

∣∣∣ < δ.

Taking qma = am + 1 ≥ 1 > 0 and qmb = bm + 1 ≥ 1 > 0 shows that for each m, there

exist qka = ak ∈ N0, qkb = bk ∈ N0 (k = 1, 2, . . . , n, k 6= m) and that qma, qmb ∈ N

such that

|(q1a + iq1b)α1 + . . . + (qna + iqnb)αn| < δ.

From (3.4), (3.1) with x = (q1a + iq1b)α1 + · · · + (qna + iqnb)αn, y = 0, J = {m}

and I = {1, 2, . . . , n}r{m}, we have

ε >
∣∣∣∑

t∈I

{
f(qtaαt) + f(iqtbαt)−f(0)− f(0)

}
+

1

M

{
f((wma + Mqma)αm)− f(wmaαm)

}
+

1

M

{
f(i(wmb + Mqmb)αm)− f(iwmbαm)

}∣∣∣

=
∣∣∣∑

t∈I

f [(qta + iqtb)αt] +
1

M
f [((wma + iwmb) + M(qma + iqmb))αm]

− 1

M
f [(wma + iwmb)αm]

∣∣∣. (3.5)
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Consider the discrete strip

St(m) =
{
(wma+iwmb)+M(qma+iqmb) |M ∈ N0 , 0 ≤ wma < qma and 0 ≤ wmb < qmb

}
.

Consider the sequence of values
f
(
(u + iv)αm

)
u + iv

, where u+ iv runs through St(m).

Let L be one of the limits of the sequence (e.g. lim sup or lim inf). For u + iv ∈

St(m), letting M →∞ in (3.5), we have

lim
M→∞

∣∣∣∑
t∈I

f [(qta + iqtb)αt]

+

{
(wma + iwmb) + M(qma + iqmb)

M

}{
f [((wma + iwmb) + M(qma + iqmb))αm]

(wma + iwmb) + M(qma + iqmb)

}
− 1

M
f [(wma + iwmb)αm]

∣∣∣ ≤ ε,

i.e., ∣∣∣∑
t∈I

f [(qta + iqtb)αt] + (qma + iqmb)L
∣∣∣ ≤ ε. (3.6)

We now show that L is unique. Suppose that L1, L2 are any two limits of the sequence.



14

Let E ′ =
∑
t∈I

f [(qta + iqtb)αt], from(3.6) we obtain

2ε = ε + ε ≥
∣∣∣E ′ + (qma + iqmb)L1

∣∣∣+ ∣∣∣− 1
∣∣∣∣∣∣E ′ + (qma + iqmb)L2

∣∣∣
≥
∣∣∣E ′ − E ′ + (qma + iqmb)L1 − (qma + iqmb)L2

∣∣∣
=
∣∣∣qma + iqmb

∣∣∣∣∣∣L1 − L2

∣∣∣.
Since ε is arbitrary, L1 = L2, and Step 1 is complete.

Step 2 We define λ : C → C as follows: for each x ∈ C,

we write

x =
n∑

m=1

(xma + ixmb)αm,

where xma, xmb ∈ R and let

λ(x) =
n∑

m=1

(xma + ixmb)λm.

We show that

(a) λ is a function and

(b) λ is linear over C.

To prove (a), it suffices to show that if

0 =
n∑

m=1

(xma + ixmb)αm

where xma, xmb ∈ R, then

λ(0) =
n∑

m=1

(xma + ixmb)λm = 0.
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There are two cases to consider:

Case(I) : xmτ = 0 for all m = 1, 2, . . . , n ; for all τ = a, b. This case is trivial.

Case(II) : There exists xm′τ ′ 6= 0 for some m′ ∈ {1, 2, . . . , n} and τ ′ ∈ {a, b}.

From Dirichlet’s Theorem, for each ν ∈ N, there are t(ν), k
(ν)
mτ ∈ Z with t(ν) > 0

such that

∣∣t(ν)xmτ − k(ν)
mτ

∣∣ < 1

ν
(m = 1, 2, . . . , n ; τ = a, b). (3.7)

We let k
(ν)
mτ = 0 if xmτ = 0. Note that we may choose t(ν) such that t(ν) → ∞ as

ν →∞, so that k
(ν)
mτ →∞ as ν →∞ too. We see that

∣∣ n∑
m=1

(k(ν)
ma + ik

(ν)
mb)αm

∣∣ =
∣∣ n∑

m=1

(k(ν)
ma + ik

(ν)
mb)αm − t(ν)(

n∑
m=1

(x(ν)
ma + ix

(ν)
mb)αm

∣∣
=
∣∣ n∑

m=1

{(k(ν)
ma − t(ν)xma) + i(k

(ν)
mb − t(ν)xmb)}αm

∣∣
≤

n∑
m=1

∣∣k(ν)
ma − t(ν)xma

∣∣∣∣αm

∣∣+ n∑
m=1

∣∣i∣∣∣∣k(ν)
mb − t(ν)xmb

∣∣∣∣αm

∣∣
≤ 1

ν

n∑
m=1

∣∣αm

∣∣+ 1

ν

n∑
m=1

∣∣αm

∣∣
≤ 2

ν

n∑
m=1

∣∣αm

∣∣.
Then

lim
ν→∞

∣∣∣ n∑
m=1

(k(ν)
ma + ik

(ν)
mb)αm

∣∣∣ = 0. (3.8)

Next, we show that

lim
ν→∞

k
(ν)
mτ

k
(ν)
m′τ ′

=
xmτ

xm′τ ′
.
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From (3.7), for each m = 1, 2, . . . , n; τ = a, b we have

−1

ν
< k(ν)

mτ − t(ν)xmτ <
1

ν
,

i.e.,

t(ν)xmτ −
1

ν
< k(ν)

mτ < t(ν)xmτ +
1

ν
.

Note that

• if xmτ > 0, then t(ν)xmτ − 1
ν

> 0 for sufficiently large ν and

• if xmτ < 0, then t(ν)xmτ + 1
ν

< 0 for sufficiently large ν.

Hence, for large ν,

t(ν)xmτ − 1
ν

t(ν)xm′τ ′ +
1
ν

<
k

(ν)
mτ

k
(ν)
m′τ ′

<
t(ν)xmτ + 1

ν

t(ν)xm′τ ′ − 1
ν

.

Thus

lim
ν→∞

k
(ν)
mτ

k
(ν)
m′τ ′

=
xmτ

xm′τ ′
. (3.9)

If xmτ > 0, we choose ν such that t(ν)xmτ > 1, so k
(ν)
mτ > 1 > 0, and if xmτ < 0, we

choose ν such that t(ν)xmτ > −1, so k
(ν)
mτ < −1 < 0. Then sgn k

(ν)
mτ = sgn xmτ for

sufficiently large ν when m = 1, 2, . . . , n.

Let

U+
τ = {m | xmτ > 0} = {m | sgn xmτ > 0} and

U−
τ = {m | xmτ < 0} = {m | sgn xmτ < 0} (τ = a, b).

Rewriting (3.8) as

lim
ν→∞

∣∣∣( ∑
t∈U+

a

k
(ν)
ta αt +

∑
t∈U+

b

ik
(ν)
tb αt

)
−
( ∑

s∈U−
a

|k(ν)
sa |αs +

∑
s∈U−

b

i|k(ν)
sb |αs

)∣∣∣ = 0,
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by uniform continuity and (3.1), we have

lim
ν→∞

∣∣∣{ ∑
t∈U+

a

f(k
(ν)
ta αt) +

∑
t∈U+

b

f(ik
(ν)
tb αt)

}
−
{ ∑

s∈U−
a

f(|k(ν)
sa |αs) +

∑
s∈U−

b

f(i|k(ν)
sb |αs)

}∣∣∣ = 0

so that

lim
ν→∞

∣∣∣ ∑
t∈U+

a

f(k
(ν)
ta αt)

k
(ν)
m′τ ′

· k
(ν)
ta

k
(ν)
ta

+
∑
t∈U+

b

f(ik
(ν)
tb αt)

k
(ν)
m′τ ′

· ik
(ν)
tb

ik
(ν)
tb

−
∑
s∈U−

a

f(|k(ν)
sa |αs)

k
(ν)
m′τ ′

· |k
(ν)
sa |

|k(ν)
sa |

+
∑
s∈U−

b

f(i|k(ν)
sb |αs)

k
(ν)
m′τ ′

· i|k(ν)
sb |

i|k(ν)
sb |

∣∣∣ = 0.

which, by (3.9) and step 1, yield

∣∣∣ ∑
t∈U+

a

λt ·
xta

xm′τ ′
+
∑
t∈U+

b

λt ·
ixtb

xm′τ ′
−
∑
s∈U−

a

λs ·
|xsa|
xm′τ ′

−
∑
s∈U−

b

λs ·
i|xsb|
xm′τ ′

∣∣∣ = 0.

Hence
n∑

m=1

(xma + ixmb)λm

xm′τ ′
= 0,

i.e.,
n∑

m=1

(xma + ixmb)λm = 0.

Thus λ(0) = 0, so λ is a function.

To prove (b), i.e., to show that λ is linear over C, let a, b, x, y ∈ C. Then there

are x1, y1, x2, y2 . . . , xn, yn ∈ C such that x =
n∑

m=1

xmαm and y =
n∑

m=1

ymαm.
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By the definition of λ,

λ(ax + by) = λ
(
a(

n∑
m=1

xmαm) + b(
n∑

m=1

ymαm)
)

= λ
( n∑

m=1

(axm + bym)αm

)
=

n∑
m=1

(axm + bym)λm =
n∑

m=1

(axmλm + bymλm)

= a

n∑
m=1

xmλm + b
n∑

m=1

ymλm = aλ(
n∑

m=1

xmαm) + bλ(
n∑

m=1

ymαm)

= aλ(x) + bλ(y).

Thus λ is a linear function over C. Consequently,

λ(r1 + ir2) = r1λ(1) + r2λ(i) for all r1, r2 ∈ R.

Next, we show that λ is uniformly continuous on S+. Let ε > 0 and Λ =

max{
∣∣λ(1)

∣∣, ∣∣λ(i)
∣∣}. Let x = x1+ix2 and y = y1+iy2 ∈ S+ be such that |x− y | < ε

2Λ + 1
.

Then

|λ(x)− λ(y)| = |λ(x1 + ix2)− λ(y1 + iy2)|

= |x1λ(1) + x2λ(i)− y1λ(1)− y2λ(i)|

≤ |x1 − y1||λ(1)|+ |x2 − y2||λ(i)|

≤ |x− y|Λ + |x− y|Λ

< ε.

Hence λ is uniformly continuous on S+.

Step 3 Define the function ω : S+ → C by

ω(x) = f(x)− λ(x) for all x ∈ S+.
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Then ω is uniformly continuous on S+ since f and λ are. Next, we show that ω

satisfies (3.1). Let
∑n

m=1(xma + ixmb)αm ∈ S+. Then

ω(
n∑

m=1

(xma + ixmb)αm) = f(
n∑

m=1

(xma + ixmb)αm)− λ(
n∑

m=1

(xma + ixmb)αm)

=
n∑

m=1

{
f(xmaαm) + f(ixmbαm)

}
−

n∑
m=1

{
(xma + ixmb)λm

}
=

n∑
m=1

{(
f(xmaαm)− λ(xmaαm)

)
+
(
f(ixmbαm)− λ(ixmbαm)

)}
=

n∑
m=1

{
ω(xmaαm) + ω(ixmbαm)

}
.

Hence ω satisfies (3.1) as desired. Moreover, for each m = 1, 2, . . . , n, by Step 1 and

the linearity of λ,

lim
|u+iv|→∞
u,v∈ St(m)

ω((u + iv)αm)

u + iv
= 0. (3.10)

Now, we define a function ϕm : Sm → C for all m = 1, 2, . . . , n by

1. ϕm(0) = 0,

2. ϕm(x + αj) = ϕm(x + iαj) = ϕm(x) for all j 6= m and x ∈ Sm and

3. ϕm

(
(uma + iumb)αm

)
= ω

(
(uma + iumb)αm

)
.

Note that for each m, ϕm has not been defined for the whole Sm. To extend the

domain of ϕm to Sm, recall that

Sm =

{
(uma + iumb)αm +

n∑
j=1
j 6=m

(kja + ikjb)αj

∣∣uma, umb ∈ N0; kja, kjb ∈ Z
}

.

and from the second property of ϕm, it follows that

ϕm

(
x + (kja + ikjb)αj

)
= ϕm(x) (3.11)
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where x ∈ St(m), kja, kjb ∈ Z and j ∈ {1, 2, . . . , n}r {m}. This shows that ϕm(x)

exists for all x ∈ Sm.

It remains to confirm the shape of (3.2), for each x =
∑n

m=1(xma + ixmb)αm ∈ S+,

we have

f(x) = λ(x) + ω(x)

= λ(x) + ω(
n∑

m=1

(xma + ixmb)αm)

= λ(x) +
n∑

m=1

ω((xma + ixmb)αm)

= λ(x) +
n∑

m=1

ϕm((xma + ixmb)αm)

= λ(x) +
n∑

m=1

ϕm

(
(xma + ixmb)αm +

n∑
j=1
j 6=m

(xja + ixjb)αj

)

= λ(x) +
n∑

m=1

ϕm(x).

To complete the proof, we are left only to show only that ϕm is uniformly contin-

uous on Sm for m = 1, 2, . . . , n. Fix m, let ε > 0. Since ω is uniformly continuous on

S+, there exists δ∗ > 0 such that

∀x, y ∈ S+, |x− y| < δ∗ ⇒ |ω(x)− ω(y)| < ε.

Let

ζ = (uma + iumb)αm +
n∑

j=1
j 6=m

(kja + ikjb)αj

and

η = (vma + ivmb)αm +
n∑

j=1
j 6=m

(lja + iljb)αj
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be elements of Sm such that |ζ − η| < δ∗.

For each j 6= m, let qja+iqjb = (kja+ikjb)−(lja+iljb). Choose uja, ujb, vja, vjb ∈ N0

such that

qja + iqjb = (uja + iujb)− (vja + ivjb).

Let

x = (uma + iumb)αm +
n∑

j=1
j 6=m

(uja + iujb)αj

and

y = (vma + ivmb)αm +
n∑

j=1
j 6=m

(vja + ivjb)αj.

Then

|x− y| =
∣∣∣∣{(uma + iumb)αm +

n∑
j=1
j 6=m

(uja + iujb)αj

}
−
{
(vma + ivmb)αm +

n∑
j=1
j 6=m

(vja + ivjb)αj

}∣∣∣∣
=

∣∣∣∣{(uma + iumb)αm − (vma + ivmb)αm

}
+

n∑
j=1
j 6=m

{
(uja + iujb)αj − (vja + ivjb)αj

}∣∣∣∣
=

∣∣∣∣{(uma + iumb)αm − (vma + ivmb)αm

}
+

n∑
j=1
j 6=m

(qja + iqjb)αj

∣∣∣∣
=

∣∣∣∣{(uma + iumb)αm − (vma + ivmb)αm

}
+

n∑
j=1
j 6=m

((kja + ikjb)− (lja + iljb))αj

∣∣∣∣
=

∣∣∣∣{(uma + iumb)αm +
n∑

j=1
j 6=m

(kja + ikjb)αj

}
−
{
(vma + ivmb)αm +

n∑
j=1
j 6=m

(lja + iljb)αj

}∣∣∣∣
= | ζ − η| < δ∗

Applying (3.4) with f = ω, I = {m}, J = {1, 2, . . . , n} r {m}, wja = wjb = 0 and

qjτ = ujτ − vjτ for τ = a, b, we get
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∣∣∣∣ω((uma + iumb)αm

)
− ω

(
(vma + ivmb)αm

)
+

1

M

∑
j∈J

ηja

{
ω(M |qja|αj)− 0

}
+

1

M

∑
j∈J

ηjb

{
ω(iM |qjb|αj)− 0

}∣∣∣∣ < ε. (3.12)

Since the sequence of values
ω(M |qja|αj)

M
and

ω(iM |qjb|αj)

M
are subsequences of

the sequence of values
ω((u + iv)αj)

u + iv
, where u+ iv runs through St(m) and by (3.10),

lim
M→∞

ω(M |qja|αj)

M
= 0 = lim

M→∞

ω(iM |qjb|αj)

M
for each j ∈ J. (3.13)

Then by letting M →∞ in (3.12), we obtain from (3.13) that

∣∣ω((uma + iumb)αm

)
− ω

(
(vma + ivmb)αm

)∣∣ ≤ ε.

Note that

ϕm(ζ) = ϕm

(
(uma + iumb)αm +

n∑
j=1
j 6=m

(kja + ikjb)αj

)

= ϕm

(
(uma + iumb)αm

)
= ω

(
(uma + iumb)αm

)

and

ϕm(η) = ϕm

(
(vma + ivmb)αm +

n∑
j=1
j 6=m

(lja + iljb)αj

)

= ϕm

(
(vma + ivmb)αm

)
= ω

(
(vma + ivmb)αm

)
.
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This leads to ∣∣ϕm(ζ)− ϕm(η)
∣∣ ≤ ε,

i.e., ϕm is uniformly continuous on Sm.

To obtain only linear solution, further restrictions must be put on the domain

of solution. One such instance is the following corollary which may be regarded as

analogues of Corollary 2.1.6 and Theorem 2.1.7.

Corollary 3.1.2. Let α1, α2, . . . , αn ∈ C (n ∈ N with n ≥ 2) satisfy the following

properties:

1. S+ =
{ n∑

m=1

(um + ivm)αm | um, vm ∈ N0

}
is dense in C and

2. Tm =

{ n∑
j=1
j 6=m

(uj + ivj)αj

∣∣uj, vj ∈ Z
}

is dense in C for all m = 1, 2, . . . , n.

If f : S+ → C is a uniformly continuous solution of (3.1), then f is a linear

function, i.e., there exists a linear function λ : C → C over C such that f(x) = λ(x)

for all x ∈ S+.

Moreover, If S+ = C, then f(z) = az + bz̄ where z ∈ C, a, b are arbitrary complex

constants and z̄ is the conjugate of z.

Proof. From Theorem 3.1.1, f can be written in the form (3.2), i.e., f(x) = λ(x) +
n∑

m=1

ϕm(x) where λ is a linear function over C and ϕm is a function satisfying the three

properties as stated in Theorem 3.1.1. For each m = 1, 2, . . . , n, let um, vm ∈ N0 and

ε > 0. Since Tm is dense in C, there are kj ∈ Z (j = 1, . . . , n ; k 6= m) such that

∣∣∣∣ n∑
j=1
j 6=m

(uj + ivj)αj − (um + ivm)αm

∣∣∣∣ < ε.
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By the uniform continuity and the properties of ϕm, we have

∣∣∣∣0 − ϕm(um + ivm)

∣∣∣∣ =∣∣∣∣ϕm(
n∑

j=1
j 6=m

(uj + ivj)αj) − ϕm(um + ivm)

∣∣∣∣ < ε, so ϕm(um + ivm) = 0. This implies

that ϕm is the zero mapping, hence f = λ. Since for each z = r1 + ir2 ∈ C,

λ(z) = λ(r1 + ir2) = r1λ(1) + r2λ(i), we have λ(r1 + ir2) = r1λ(1) + r2λ(i) =

z+z̄
2

λ(1) + z−z̄
2i

λ(i) = iλ(1)+λ(i)
2i

z + iλ(1)−λ(i)
2i

z̄ = az + bz̄, so f(z) = az + bz̄ for all

z ∈ C.

3.2 Examples

The following examples illustrate existence of α′is in Theorem 3.1.1, i.e., there

actually exist α1, α2, . . . , αn ∈ C (n ∈ N with n ≥ 2) such that

S+ =
{ n∑

m=1

(um + ivm)αm | um, vm ∈ N0

}

is dense in C.

Example 3.2.1 (Case n = 2).

We choose

α1 =
√

2 and α2 = −1.

To show that S+ =
{
(u1 + iv1)α1 +(u2 + iv2)α2 | u1, v1, u2, v2 ∈ N0

}
is dense in C, let

r1 + ir2 ∈ C and ε > 0. By Kronecker’s Theorem, there exist u1, p1 ∈ N, u2, p2 ∈ Z

such that |u1

√
2−u2−r1| < ε

2
and |v1

√
2−v2−r2| < ε

2
(u1 and v1 are large enough for

u1

√
2− r1 > 0 and v1

√
2− r2 > 0, so that u2 and v2 are nonnegative integers ). Thus

|(u1+iv1)α1+(u2+iv2)α2−(r1+ir2)| < |u1

√
2−u2−r1|+|v1

√
2−v2−r2| < ε

2
+ ε

2
= ε.

Therefore S+ is dense in C.
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Example 3.2.2 (Case n = 3).

Let

α1 = 1 + i
√

2, α2 =
√

2 + i and α3 = −1− i.

To show that S+ = {
3∑

m=1

(um + ivm)αm | um, vm ∈ N0} is dense in C, let r1 + ir2 ∈ C

and ε > 0. By Kronecker’s Theorem, there exist n1, n2 ∈ N, p1, p2 ∈ Z such that

n2 > |p1|, |2n1

√
2 − 2p1 − r1| < ε

2
and |2n2

√
2 − 2p2 − r2| < ε

2
. Set p = n1 + |p2|,

q = p, a = n2−p1, b = p−p2−n1, c = p+n1−p2 and d = n2 +p1, hence p, q, a, b, c, d

are nonnegative integers. Then

|(a + ib)(1 + i
√

2) + (c + id)(
√

2 + i) + (p + iq)(−1− i)− (r1 + ir2)|

=|(a− b
√

2 + i(a
√

2 + b) + c
√

2− d + i(c + d
√

2)− p + q + i(−p− q)− (r1 + ir2)|

≤|(c− b)
√

2 + (a− d− p + q)− r1|+ |(a + d)
√

2 + (b + c− p− q)− r2|

=|(p + n1 − p2 − p + p2 + n1)
√

2 + (n2 − p1 − n2 − p1 − p + p)− r1|

+ |(n2 − p1 + n2 + p1)
√

2 + (p− p2 − n1 + p + n1 − p2 − p− p)− r2|

=|2n1

√
2− 2p1 − r1|+ |2n2

√
2− 2p2 − r2| <

ε

2
+

ε

2
= ε.

Therefore S+ is dense in C.

Example 3.2.3 (Case n = 4).

Take

α1 = 1, α2 =
√

2 + i, α3 = −i and α4 = 3 + i
√

2.

It is verified similarly to the previous examples that S+ is dense in C.

For the case n > 4, we can construct α1, α2, . . . , αn by letting α1, α2, α3 and α4

be the same elements in Example 3.2.3 and the others α′is arbitrary. Then, again,

S+ according to this choice is dense in C. In the same vein, we can also construct

α1, α2, . . . , αn using the choices of α′is in Example 3.2.1 or Example 3.2.2.
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Note that the α′is defined in Examples 3.2.1 – 3.2.3 satisfy the hypothesises of

Corollary 3.1.2. Consequently, any uniformly continuous solutions of Cauchy’s func-

tional equation must be linear.

The following example gives the α′is such that S+ is not dense in C:

Example 3.2.4.

Let

α1 = 1 + i
√

2, α2 =
√

2 + i and α3 =
√

3 + i
√

2.

Since elements in S+ = {
3∑

m=1

(um + ivm)αm | um, vm ∈ N0} is of the form

(u1 − v1

√
2− v2

√
2 + u3

√
3− v3

√
2) + i(u1

√
2 + v1 + u2

√
2 + u3

√
2 + v3

√
3),

the imaginary part is nonnegative real number, so S+ can not be dense in C.

3.3 Equations of Cauchy’s type

We present next uniformly continuous solutions for equations of Cauchy’s type intro-

duced in Section 2.1. They are obtained from Theorem 3.1.1 by changing appropriate

variables and domains.

Corollary 3.3.1. Let S+ =

{
n∏

m=1

β(um+ivm)
m | um, vm ∈ N0

}
. If g : S+ → C is a

solution of the functional equation:

g

(
n∏

m=1

β(um+ivm)
m

)
=

n∑
m=1

{
g(βum

m ) + g(βivm
m )

}
(3.14)

under the conditions

1. T+ =

{
n∑

m=1

(um + ivm)Log(βm) | um, vm ∈ N0

}
is dense in C and
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2. g(ex) is uniformly continuous on T+,

then g is of the form

g(x) = λ(Log x) +
n∑

m=1

ϕm(Log x)

where λ : C → C is a linear function over C and ϕm is a complex valued function

(m = 1, 2, . . . , n) on

Sm =

{
(uma + iumb)Log(βm) +

n∑
j=1
j 6=m

(kja + ikjb)Log(βj) | uma, umb ∈ N0; kja, kjb ∈ Z
}

with the following properties:

1. ϕm(0) = 0,

2. ϕm(x + Logβj) = ϕm(x + iLogβj) = ϕm(x) (j 6= m and x ∈ Sm) and

3. ϕm is a uniformly continuous function on Sm.

Proof. Let αm = Log(βm) and f(x) = g(ex). Then

g

(
n∏

m=1

β(um+ivm)
m

)
= g

e

Log(

n∏
m=1

β(um+ivm)
m )


= f

(
Log(

n∏
m=1

β(um+ivm)
m )

)

= f

(
n∑

m=1

(um + ivm)Log(βm)

)

= f

(
n∑

m=1

(um + ivm)αm

)
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and

n∑
m=1

{
g(βum

m ) + g(βivm
m )

}
=

n∑
m=1

{
g(eLog(βum

m )) + g(eLog(βivm
m ))

}
=

n∑
m=1

{f(umLog(βm)) + f(ivmLog(βm))}

=
n∑

m=1

{f(umαm) + f(ivmαm)}

Then (3.14) is transformed into (3.1). Since T+ is dense in C and f(x) = g(ex) is

uniformly continuous on T+, by Theorem 3.1.1, we have

f(x) = λ(x) +
n∑

m=1

ϕm(x),

where λ : C → C is a linear function over C and ϕm is a complex valued function

(m = 1, 2, . . . , n) on

Sm =

{
(uma + iumb)αm +

n∑
j=1
j 6=m

(kja + ikjb)αj | uma, umb ∈ N0; kja, kjb ∈ Z
}

satisfying

1. ϕm(0) = 0,

2. ϕm(x + αj) = ϕm(x + iαj) = ϕm(x) (j 6= m and x ∈ Sm) and

3. ϕm is a uniformly continuous function on Sm.

Changing back the variables, the result follows. Using similar proof, we also obtain

g(x) = f(Logx) = λ(Log x) +
n∑

m=1

ϕm(Log x)
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Corollary 3.3.2. Let S+ =

{
n∑

m=1

(um + ivm)βm | um, vm ∈ N0

}
. If g : S+ → C is a

solution of functional equation:

g

(
n∑

m=1

(um + ivm)βm

)
=

n∏
m=1

g(umβm)g(ivmβm)

under the conditions

1. S+ is dense in C and

2. Log
(
g(x)

)
is uniformly continuous on S+,

then g is of the form

g(x) = exp

(
λ(x) +

n∑
m=1

ϕm(x)

)

where λ : C → C is a linear function over C and ϕm is a complex valued function

(m = 1, 2, . . . , n) on

Sm =

{
(uma + iumb)βm +

n∑
j=1
j 6=m

(kja + ikjb)βj | uma, umb ∈ N0; kja, kjb ∈ Z
}

with the following properties:

1. ϕm(0) = 0,

2. ϕm(x + βj) = ϕm(x + iβj) = ϕm(x) (j 6= m and x ∈ Sm) and

3. ϕm is a uniformly continuous function on Sm.
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Corollary 3.3.3. Let S+ =

{
n∏

m=1

β(um+ivm)
m | um, vm ∈ N0

}
. If g : S+ → C is a

solution of functional equation:

g

(
n∏

m=1

β(um+ivm)
m

)
=

n∏
m=1

g(βum
m )g(βivm

m )

under the conditions

1. T+ =

{
n∑

m=1

(um + ivm)Log(βm) | um, vm ∈ N0

}
is dense in C and

2. Log
(
g(ex)

)
is uniformly continuous on T+,

then g is of the form

g(x) = exp

(
λ(Log x) +

n∑
m=1

ϕm(Log x)

)

where λ : C → C is a linear function over C and ϕm is a complex valued function

(m = 1, 2, . . . , n) on

Sm =

{
(uma + iumb)Log(βm) +

n∑
j=1
j 6=m

(kja + ikjb)Log(βj) | uma, umb ∈ N0; kja, kjb ∈ Z
}

with the following properties:

1. ϕm(0) = 0,

2. ϕm(x + Logβj) = ϕm(x + iLogβj) = ϕm(x) (j 6= m and x ∈ Sm) and

3. ϕm is a uniformly continuous function on Sm.
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3.4 Remarks

The statements of Theorem 3.1.1 are similar to those of Theorem 2.2.1 when n = 2

but with different domains of solutions. We change domain from

S =
{ n∑

m=1

umαm | um ∈ N0

}
in Theorem 2.2.1

into.
.

S+ =
{ n∑

m=1

(um + ivm)αm | um, vm ∈ N0

}
in Theorem 3.1.1

and replace the condition from linear independence of α′s into the denseness of set,

i.e., S+ is dense in C. We found that the forms of uniformly continuous solutions,

obtained from both theorems, are still the same but the properties of linear function

λ and all ϕm for m = 1, 2 . . . , n are changed, for example, λ in Theorem 3.1.1 is a

linear function over C, but it is a linear function over R in Theorem 2.2.1.

A natural question is whether “R and Q-linearly independence” are related to

“denseness”. The next two examples show that they are both rather unrelated.

Example 3.4.1.

In R2, let

α1 = (
√

2, 0), α2 = (
√

2, 1) and α3 = (
√

2,
√

3).

To show that α1, α2 and α3 are rationally independent, let q1, q2, q3 ∈ Q be such

that q1α1 + q2α2 + q3α3 = 0. Then q1 + q2 + q3 = 0 and q2 + q3

√
3 = 0. Hence q3 = 0

and so is q2, implying q1 = 0. For the other condition that any set of two among the

α′is are linearly independent over R, let r11, r12, r21, r22, r31 and r32 ∈ R be such that

r11α1 + r12α2 = 0, r21α1 + r22α3 = 0 and r31α2 + r32α3 = 0. Hence r11 + r12 = 0,

r21 +r22 = 0, r31 +r32 = 0, r12 = 0, r22 = 0 and r31 +r32

√
3 = 0, so r11, r12, r21, r22, r31

and r32 are all zero.
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Next, we will show that
{
k1α1 + k2α2 + k3α3 | k1, k2, k3 ∈ Z

}
is not dense in R2.

Since this set contains elements in the form k1α1 + k2α2 + k3α3 = (
√

2(k1 + k2 +

k3), k2 + k3

√
3), the first coordinate is a multiple of

√
2 so this set can not be dense

in R2.

Example 3.4.2.

In R, let

α1 = 1, α2 = −1 and α3 =
√

2.

We claim that
{
k1α1 + k2α2 + k3α3 | k1, k2, k3 ∈ Z

}
is dense in R. Let r ∈ R and

ε > 0. By Kronecker’s Theorem, there are integers n, p such that |n
√

2− p− r| < ε,

hence choose integers k1, k2 and k3 such that k1 − k2 = −p and k3 = n. Thus∣∣k1α1 + k2α2 + k3α3 − r
∣∣ =

∣∣k1 − k2 + k3

√
2− r

∣∣ =
∣∣− p + n

√
2− r

∣∣ < ε, so we have

the claim. Since α1 + α2 + 0(α3) = 0, α1, α2 and α3 is linearly dependent over Q.

We note that by the same proof in Theorem 2.2.1, if we replace the linear inde-

pendence by the denseness of set, we also have the same result, i.e.,

Theorem 3.4.3. Let α1, α2, . . . , αm be elements of Rn (n < m), B be a Banach space

and S =
{ m∑

i=1

uiαi | ui ∈ N0

}
be such that S is dense in Rn.

If f is a map from S into B and is a uniformly continuous solution on S of

the functional equation : f
( m∑

i=1

uiαm

)
=

m∑
i=1

f(uiαi) (ui’s are arbitrary nonnegative

integers), then f admits a unique representation of the form f(x) = λ(x) +
m∑

i=1

ϕi(x)

for all x ∈ S in which λ is a linear function from Rn into B, while ϕi is a function

from

Si =

{
uiαi +

m∑
j=1
j 6=i

kjαj |ui ∈ N0 and kj ∈ Z
}

into B (for i = 1, 2, . . . ,m) and satisfies the conditions :
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1. ϕi(0) = 0,

2. ϕi(x + αj) = ϕi(x) (j 6= i, x ∈ Si) and

3. ϕi is a uniformly continuous function on Si.
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