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CHAPTER I
INTRODUCTION

In view of the celebrated theorem in probability theory, the central limit
theorem (CLT) says that the distribution function of the sum of a large number
of independent identically distributed random variables, suitably normalized to
have zero mean and unit variance, converges to the standard normal distribution
function.

In 1941 and 1945, Berry [2] and Esseen [5] applied CLT in particular, further
assuming the finite third moment to investigate bounds of the difference between
the distribution function above and its limit. Since then, many authors, e.g. [11],
[13], [7], improve the bound in the Berry-Esseen theorem and the method that
they used is Fourier method. In 2001, Chen and Shao [4] used a new method,
Stein’s method, to establish Berry-Esseen bounds for the sum of independent and
non-identically distributed random variables without assuming the existence of
third moment.

In many situations, we would like to apply CLT to randomly indexed sums.
The CLT for random sums was obtained by many mathematicians, e.g. [8], [10],
9], [14], and they still used Fourier method. In this work, we give both uniform
and non-uniform Berry-Esseen bounds for random sums of independent and not
necessarily identically distributed random variables with finite third moment by
using the concentration inequality approach of Stein’s method. A uniform bound

is introduced in Chapter III and also, a non-uniform bound is in Chapter IV.



1.1 Uniform Berry-Esseen Bounds

In 1977, Batirov, Manevich and Nagaev [1] obtained a uniform Berry-Esseen

bound for random sums by using Fourier method. The following is their result.

Theorem 1.1. [1] Let X3, Xo,... be independent and not necessarily identically
distributed random variables with EX; = 0, EX? = 0% and E|X;|*> = v; < 0o and

i
N a positive integral-valued random variable such that N, X1, Xo, ... are indepen-

N N
Xy 4+ X044+ X
dent. Denote s3 = Zaf, By = Z% and W = =1 TRt N Then

i=1 V ES%V

i=1
there exists a constant C' such that

EﬁN \/E|S?V — ES%VP
PW<z)—o <C
e e I T

where ® is the standard normal distribution function.

In 2008, N. Chaidee and K. Neammanee [3] applied Stein’s method to
obtain the constant C' in Theorem 1.1 in the case that Xi, Xy, ... are identically

distributed random variables.

Theorem 1.2. [3] Let X, Xo,... be independent identically distributed ran-
dom wvariables with EX; = 0, EX}? = 0% and E| X, =y < o0 and N a positive

integral-valued random variable with EN®/? < oo such that N, X1, Xs,... are
XitXot- 4 Xy o

vVENo
0.125 156 EN®? E|N — EN|

independent. Denote W =

PW<z)—® < 10.32)
SpIPOV = o) = I 10320 e+ et BN
Y
where 6 = ———.
VENGo3
In this work, we generalize Theorem 1.2 in the case that X, X5, ... are not

necessarily identically distributed random variables. We use the concentration
inequality approach in Chen and Shao [4] to approximate a uniform bound for W

satisfying condition in Theorem 1.1. The following are our main results.



Theorem 1.3. Let X, Xo,... be independent and not necessarily identically dis-
tributed random variables with EX; = 0, EX? = 02 and E|X;|*> =; < o0 and N a

positive integral-valued random variable such that N, X1, Xs, ... are independent.

N N
X1+X2_|_...+XN
Denote 3 = o2, By = i and W = .

Then

BT5E[0n /5% , 2 13/2 ' 9
sup]P(ng)_q>(x)|<6875 O v/ 53] +15E[5N(SN) | 0.945E[0ys%]

reR - Es% (Esy)?/? Esy
B 2 - F 2
+ 100E6% + Elsy = Bsy| 5 x|
Esy,

where Oy = H—N
s3\/ Es%
Corollary 1.4. Under the conditions in Theorem 1.2, we have
1007* | 1 156 EN®*? E|N — EN|
sup|P(W < z) — ®(x)| < 7.820 + + +
zeg ( ) (@)l (\/ENUG)\/EN (EN)3/2 EN

f)/
VENg3

Observe that in the case of EN is large, the bound in Corollary 1.4 is better

where 0° = EX? v = E|X,|> and § =

than the bound in Theorem 1.2.

1.2 Non-Uniform Berry-Esseen Bounds

In 2008, N. Chaidee and K. Neammanee [3] gave a non-uniform Berry-Esseen

bound for random sums. The following is their result.

Theorem 1.5. [3] Assume the conditions in Theorem 1.2 and that EN® < oc.

Then there exists a constant C' such that for every real number x,

() EN? CE|N? — EN?|
PW<zx)—® < —— (1
POV <) =2l < G U vy * (T vy
where 0> = EX?, v = BE| X[ and § = ——
17 | 1| \/WOB
In this work, we generalize Theorem 1.5 in the case that Xy, Xs,... are not

necessarily identically distributed random variables. The followings are our main

results.



Theorem 1.6. Assume the conditions in Theorem 1.3 and N is a positive integral-
valued random variable such that N > 5. If s> > 4 max o? for all positive integer

n > 5, then there exists a constant C' such that for every real number x,

[P(W < x) — ®(x)]

C N §2 )2 E[5N(3?v>5]
¢ B oy ERR)] Bl — (B
Farep Pl BV ey YT may )

where Oy = 6—N
s3\/ Es%
Corollary 1.7. Assume the conditions in Theorem 1.5 and N is a positive integral-

valued random variable such that N > 5. Then there exists a constant C' such that

for every real number x,

POV < 2)— ()
s EN? 62 EN5 . CE|N®— (EN)|
S arer e e @) T e e Eny

v

where 0> = EX?, v = E|X;|® and § = ———.
17 ‘ 1‘ \/WO'?’



CHAPTER II
PRELIMINARIES

This chapter contains fundamental concept in probability and the idea of

Stein’s method for normal approximation.

2.1 Fundamental Concept in Probability

Probability theory is a part of mathematics concerned with the analysis of
random experiments. The result of an experiment is called its outcome. An
experiment is called random if its outcome cannot be predicated with certainty.

A sample space is the set of description of all the possible outcomes or
elementary events of an experiment and is denoted by 2. The subset A of )
that some elementary event in its occurs is said to be event. The collection of
events is a subcollection F of the collection of all subsets of €.

Given a measurable space (2, F), a measure P on (2, F) is called a proba-
bility measure if P(2) = 1. In such a case, the measure space (2, F, P) is said
to be a probability space. Now, we can associate a probability space (2, F, P)
with any experiment, and all questions associated with the experiment can be
formulated in terms of P(A) the value of the probability of event A in this
space.

There are circumstances in which the experimenter is only interested in some
numerical aspects of the elementary event. After the experiment is done and the
outcome w € () is known, it is convenient to set up special numerical functions
defined on the sample space and describing these aspects. In general, this numer-
ical value is more likely to lie in certain subsets of the real line R than in certain

others.



Let (Q,F, P) be a probability space. A function X : Q@ — R is said to be a
random variable if X is F-measurablei.e. X 1(B)={w e Q| X(w)e B} € F
for all Borel set B of R.

We shall use the notation P(X € B) in place of P{w € Q | X(w) € B}) will
be written as. In the case where B = (—o00,a] or [b,00) or [a,b], P(X € B) is
denoted by P(X < a) or P(X >b) or P(a < X < b), respectively.

Lex X be a random variable. A function F': R — [0, 1] which is defined by

F(z) = P(X <x)

is called the distribution function of X.

A random variable X is said to be a discrete random variable if it takes
values in some countable subset of R. The discrete random variable X has mass
function f: R — [0, 1] given by f(z) = P(X < z).

A random variable X with the distribution function F' is called a continuous

random variable if F' can be written in the form

F(z) = /_ "t

for some integrable function f : R — [0, 00) called the density function of X.
We shall now list some examples of random variables. A type of example of

discrete random variables is the indicator function of an event A in F given by

1 if weA,
Ia(w) =
0 if we¢ A

A random variable X is said to be a normal random variable with parameter
wand o > 0, denoted by X ~ N(u, o), if its density function [ satisfies that
() = — e BT

_cr 2

In the special case, if Z ~ N(0,1) then Z is said to be a standard normal

random variable. We also denote the distribution function by the letter ®. Thus,

P(Z < 2) = d(z) = \/% / 5 dy.



The followings are useful fact, for z > 0

1 Ly 1 Cy 2 e 7
1—P(2) = — e 2dt < — “e zdt = , 2.1
(2) N o 27T/z Z 2wz (2.1)
and for z < 0, we have
_22 _22
Bz)=1—B(—2) < —— " € (2.2)

T V2m(—2) N V2|2
Let (2, F, P) be a probability space, and for each ¢ from the index set Z, let
F; be a sub o-algebra of F. A collection of og-algebras {F; : i € T} is said to be

independent if every finite subset {iy,s,...,ix} of Z, we have
k k
P(() Ai) =[] P4
m=1 m=1

where A, € F;  for all m.

For each i € Z, let &; be any collection of events in F i.e. & C F. We will say
that {&; : ¢ € T} is independent if the collection of o-algebras {o(&;) : i € T} is
independent, where o(&;) is the smallest o-algebra which contains &;.

A collection of random variables {X; : i € Z} is said to be independent if

the collection of o-algebras {o(X;) : i € Z} is independent, where
o(X)={X"YB) | B is a Borel set of R}.

Remark 2.1. Random variables X1, Xo, ..., X, are independent if for any Borel
sets By, Bs, ..., B,, we have

P(ﬁ{Xi € Bi}) — ﬁP(Xi € B)).

i=1

Let X be arandom variable on a probability space (2, F, P). If/ | X |dP < oo,
Q

we define its expected value to be

E(X) = /Q XdP.



Proposition 2.2. Let X and Y be random variables such that E(|X|) < oo and
E(]Y|) < co. Then

1. E(aX +b0Y)=aE(X)+bE(Y) for all a,b € R.
2. If X <Y then E(X) < B(Y).
3. If X and Y are independent, then E(XY) = E(X)E(Y).

Proposition 2.3. Let fi, fo,..., fn be bounded measurable real-value functions.

If random variables X1, Xs, ..., X, are independent, then we have
E(floXl"'fnoXn) = E(fl OXl)E(fnoXn>

Let X be a random variable with E(]X|*) < co. Then E(|X|*) is called the
k-th moment of X about the origin and E[(X — F(X))*] is said to be the k-th
moment of X about the mean. We call the second moment of X about the mean,

the variance of X, and we write
Var(X) = E[(X — BE(X))?.

We note that the following expression of the variance in term of two moments.
Var(X) = B(X?) — E*(X).

Remark 2.4. If X ~ N(u,0), then E(X) = p and Var(X) = o2.

Proposition 2.5. Let X and Y be random variables such that E(|X|?) < oo and

E([Y']?) < 0o. Then we have for any real numbers a and b,
Var(aX + bY) = a® Var(X) + b* Var(Y).

Let X and Y be random variables. We will note famous inequalities which are

written as follows.

1 1
Theorem 2.6 (Holder’s inequality). If p,q > 1 and — + — = 1, then
p q

E(XY]) < Er(|X|)E(|Y]9).



Theorem 2.7 (Chebyshev’s inequality).

< Var(X)

P(IX —E(X)|>¢) < - for all ¢ > 0.

Theorem 2.8. Ifp > 1, then for alle >0

E(|X — EX|P)
P(X — B(X)| 2 €) € =i

Theorem 2.9 (Rosenthal’s inequality). If X, Xs,..., X, are independent
random variables such that E(X;) =0 for all i, then for p > 2,

n ) n " p/2
E‘;X SC(p){;EW\”(;EX?) }

where C(p) is a positive constant depending only on p.

Let (2, F, P) be a probability space and X a random variable with
E(]X]) < co. Let D be a sub o-algebra of F. Define a probability measure
Pp : D — [0,1] by

Pp(E) = P(FE) for any FE € D,

and a sign-measure Qx : D — R by
Ox(F) = / XdP for any E € D.
E

Then, the definition of the integral implies that Qx is absolutely continuous
with respect to Pp. Applying Radon-Nikodym theorem, give the existence of a
unique measurable function EP(X) on (2, D) such that for any E € D,

/E EP(X)dPp = Qx(E) = /E XdP.

The D-measurable function EP(X) is called the conditional expectation of
X with respect to D. Moreover, for any random variables X and Y on the same
probability space (€2, F, P) such that E(|X|) < oo, we will denote E7)(X) by
EY(X).
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Theorem 2.10. Let X be a random variable on a probability space (2, F, P) such
that E(|X|) < co. Then the followings hold for any sub o-algebra D of F.

1. If X is random variable on (Q, D, Pp), then EP(X) = X a.s.[Pp].
2. BT (X) =X a.s.[P].
3. If o(X) and D are independent, then EP(X) = E(X) a.s.[Pp].

Theorem 2.11. Let X and Y be random variables on the same probability space
(Q, F, P) such that E(|X]) and E(|Y]) are finite. Then for any sub o-algebra D
of F the followings hold.

1. If X <Y, then EP(X) < EP(Y) a.s. [Pp).
2. EP(aX +bY) = aEP(X) + bEP(X) a.s. [Pp] for any a,b € R.

Theorem 2.12. Let X and Y be random variables on the same probability space
(Q,F, P) such that E(|XY|) and E(|Y|) are finite and Dy, Dy be sub o-algebras
of F. If X is a random variable with respect to Dy, then

1. EPY(XY) = XEP'(Y) a.s. [Pp,].
2. EP2(XY) = EP2(XEP(Y)) a.s. [Pp,].
For any event A on F, we define the conditional probability of A given D by

P(A| D)= EP(I,).

2.2 Stein’s Method for Normal Approximation

In 1972, Stein introduced a powerful and general method for obtaining the
Berry-Esseen bounds for a sum of dependent random variables. In previous work,
tools such as Fourier methods were used to derive such estimates in Berry [2]| and
Esseen [5]. Stein’s technique is differed because he used a characterization of the

standard normal distribution to construct the bounds.
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Let Z be a standard normally distributed random variable, and let Cpq be the
set of continuous and piecewise continuously differentiable functions f : R — R

with E|f'(Z)| < co. Stein’s method rests on the followings characterization.

Lemma 2.13. Let W be a real valued random variables. Then W has a standard

normal distribution if and only if for all f € Cpq,
Ef/(W) = EW f(W).
For a real valued measurable function h with E|N(h)| < oo,
f(w) —wf(w) =h(w) — N(h), we R (2.3)
is Stein’s equation for normal distribution where
N) = — [ h(@)e 5 d
= x)e” 2 dx.
) = <= [ e

If hy = I(—oo ), then the solution f = f, of Stein’s equation (2.3) is given by

ore’s ®(w)(1 — ®(x if w<zx
fo(w) = , )l ) h (2.4)
Vere T ®(z) (1 — @(w))  if w> .

The lemmas in this section are basic properties of f, which is defined by (2.4)

and have been introduced by Chen and Shao [4] as the followings.

Lemma 2.14. For all real numbers w and v, we have

V2r 1

1. 0 < fp(w) < min {T, m},
2. Jwf(w)| < 1;
g | fa(w) < 1;

4 | fo(w) = fr(0) < 1.



Lemma 2.15. For each s,t,x

folw+5) = fr(w+1) <

folw+s) = folw+1) >

For given z > 0, let

Then

€ R, we have

/

1
(lw] +0.63)(|s| + [¢])

0

\

;

—1
—(Jw| +0.63)(|s| + [t])

0

\

g9(w) = (wfo(w))".

12

fw+s<z,w+t>zx
if s>t

otherwise.

ifw+s>r,w+t<zx
if s <t

otherwise.

{Vor(1+ w2)ew72<l>(w) +wl(l—9() fw<a

{Vor(1+ wz)ewT2 (1-®(w)) —w}d(z) ifw> =

g(w) =

Lemma 2.16. We have

1. g(w) >0 for all w € R.

2. g(w) <2(1 = ®(z)) for all w < 0.

. <
UCORS 14+ ws

4. g is increasing on [0, x).

Lemma 2.17. For s,t,u € R,

for all w > x.

we have

(2.5)

fi(w+s)— fi(w+t) — /tsg(w+u)du’ < I(z —max{s,t} <w <z —min{s,t}).



CHAPTER III
A UNIFORM BOUND FOR RANDOM SUMS
OF NON-IDENTICALLY DISTRIBUTED
RANDOM VARIABLES

In this chapter, we apply Stein’s method for the standard normal distribution
function and concentration inequality to approximate a uniform bound for random

sums. The followings are our main results.

Theorem 3.1. Let X7, X5, ... be independent and not necessarily identically dis-
tributed random variables with EX; = 0, EX? = 0? and E|X;|> = v; < cc and N a

positive integral-valued random variable such that N, X1, Xo, ... are independent.
N
X1+ Xo+-+ Xy
Denote 5%, = o2, = ; and W = . Then
N Z i 61\7 ny \/E_S%V
E[dn+/$% 3/2 E[6ns3
sup |[P(W < 2) — B(x)] <6.875 NV N 4. 5% 0.945[L25N]
zeR \/ESN (ES ) / ESN
E|s3 — F
+ 100853 4 Bl = Eskl
Esy
By
where Oy = ———.
s3\/ Es%

Corollary 3.2. Let X1, Xo, ... be independent identically distributed random vari-

ables with zero mean and N a positive integral-valued random variable such that

X+ X0t oo+ X
N, Xy, Xs,... are independent. Denote W = e T N Then

vVENo

10072 | 1 1.56EN3/?  E|N — EN|
sup|P(W < z) — ®(x)| < 7.820 + + +
xeﬂg| ( )~ 2@ <\/EN06)\/EN (EN)3/2 EN

where 0* = EX?, v = E|X,> and § =

N
VENg3
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3.1 Uniform Concentration Inequality

Throughout this work, we construct some notations for a positive integer n by

B
s2\/ Es3%

Op =

where
n n
2 2 _
sn—Zai and ﬁn—Z%.
i=1 i=1

For all i € {1,2,...,n}, we denote

X; . :
Y= W= Y, WJ=W,-Y.
VEs i=1
Then EY; =0,
EW? = ZEY2 nand ZE|Y|3 I _ dnsy (3.1)
- Es3, (BEs%)*2  Es% '

In this section, we use the concepts from Chen and Shao [4] to approximate a
bound for P(a < Wi < b) where a < b, which will play the key role in the proof

of a concentration inequality as follows.

Proposition 3.3. For all positive integer n and a < b, we have

25F [ s
Pla<W® <b) < SN{( b—a)+6,) E2+4052+5 EQ}

foralli=1,2,....n

Proof. Define f,, : R — R by

(

(b—a)—9, fort<a-—id,

1
2

fat) =9t —1(b+a) for a — 8, <t <b+d,

T(b—a)+ 6, fort > b+ 0,

and M : R? — R by
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For given w, by integrating of M (w,-) over |t| < y we get

M (w, t)dt = |w| min{y, |w|}. (3.2)

[tl<y

Next we note that f, is a non-decreasing function satisfying

) 1 ifa—90,<t<b+9,
falt) = (3.3)
0 ift<a-—90d,o0rb+9,>t,
and
) ) 1 )
[EWD o (W) < (50— a) +6,) BIW). (3:4)
Since Y; and Wi — Y, are independent for j # i, EY; = 0 and M(w,t) > 0 for
all w,t € R,

EWD fu(W) =Y BY;fu(WS)
j=1

J#i
= ENH{ (W) = fu(W = Y))}]
=1
i
— ZE(Yj/ £ +t)dt>
j=1 —Y;
J#
SO M AUCER AT
j=1 =Y
J#i
- ZE/ FLWD 1 t) M (Y, t)dt
j=1 o0
J#i
_ ZE/ Ha—8,<W® 41 <bts)MY;0)dt (by (3.3))
— " ) .
i
> E/ I(a—6, <WW 4t <b+45,)M(Y;,t)dt
i1 [t|<dn
i
> ZE(I(@ < WO < p) M(Yj,t)dt>
j=1 [t|<dn
J#i
= B[ I(a < W <) 3 [ min{o,, %3]} (by (3.2))

j=1
G
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Therefore,

EWY f,(W) > ElI(a < W < )S] — Pa < W < b)E[|Y;| min{d,, |Yi[}],
(3.5)

where
S = Vi min{é,, |Y;]}.
j=1

bQ
From the fact that min{a,b} > b — ™ for all a,b > 0 ([4], p.238) and (3.1), we
a

obtain

1 ¢ 2
g2y B - ) ZEW 2 LB =g (30

Moreover, we have

n n

Z E[|Y;| min{d,, |Y;]}]* + Z Z E|Yy| min{é,, |Yi|}Y;| min{o,, |Y;|}]
7=1 k=1
Jj#k

n n 2
< 3 Bl minds, Vi1 + | 3 BIY; [ min{e,, Y[}
j=1 j=1

<6.> EY}+E’S
j=1
52 2 )
— % B2, 3.7
=B (3.7)

By Chebyshev’s inequality (Theorem 2.7) implies that for 0 < ¢ < ES,

E(1—8/e)I(S<e¢)<P(S<ec)<P(S—ES|>ES—¢) < % (3.8)
45>
From (3.6) we can choose a constant ¢ = Es2n in (3.8), which implies that
N
2.55Es3; 0.4s2 100(Es%,)?
_ ZOPTON < 20y <
E(1 2 JI(S < Es?\,) S ) Var(S)
_ 100(Es%)? (BS? — B2S)
(s7)?
10002 Es%
< —— (3.9)

Sh

where we have used (3.7) in the last inequality.



From the fact that ([4], p.238)
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IHa<w<by>c{Ila<w<b) —(1-y/o)l(y<c)}

for a < b, y > 0 and ¢ > 0, we have

EU@<VW”<M$

2
. 452
> 4 {Pa<W <p)— B - 205ENy g < 0%

?V s% ESN
d (3.1

By (3.5) an

0), we obtain

2y} (3.10)

EWO (W) > B(1 <a < WY <b)S) = Pla < W <b)E[Yi| min{d,, [Y;}]

2.5SEs%

0.4s2

Pla < <b)—E(l - I(S <
ES?V { ¢ W b) ( s2 (S < Es?% )}
— P(a < W < b)E[)Yi| min{0,, |Yi|}]
452 . 10062 E's2
> W50 oy < ) < py - 0By (by (3.9))
Esy, 5%

— P(a < WP < b)E[|Y;| min{6,, |Y;[}]

4 10052
> 045 g < W < b —

E’SN :
4
> Y S”P(a<W < b) — 4002 — 5,1/ EY?
ESN
2
048”13( <SWD < b) — 4002 — 6,4 | -2
Es% ESN
Hence, by (3.4), yields
. 25E 2
Pla<w <p) < 22 SN{EW V(W) 4 4062 + 6,y [~
s2 Esy,
2.5F
<2 SN{( b—a) + 6,) B|WW| + 4052 + 6,

2F's% :
— 5} = B[|Yi[ min{d,, [¥;]}]

}

0;
ES?V}

2.5F s>
< N{( (b—a) + 8,)\/ E|W" |2 + 4082 + 4, EQ}

< 2.5Es%

2 (2b—a+ﬁ)w W2 + 4052 + 0,

_ 25E | s
° %%( (b—a)+0y) E2 + 4062 + 6y,

where we have used (3.1) in the last equation.

0;
E2}

)
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3.2 Proof of Main Theorem

To bound P(W < z) — ®(z) in Theorem 3.1, it suffices to consider = > 0 as we
can apply the result to —W when x < 0. Let f be the unique bounded solution

fo of the Stein’s equation
fl(w) —wf(w) = I(w < ) — B(z). (3.11)
For a positive integer n, if we replace w in (3.11) by W,,, then
Ef'(W,) — EW,f(W,) = P(W, <x)— ®(x). (3.12)
Define K; : R — R foralli =1,2,...,n, by
K(t)=E{Y;(I(0<t<Y,)—1(Y; <t <0))}.

We note that K;(t) is non-negative for all ¢t € R, and satisfies the followings

/ Ki(t)dt = BY? (3.13)
and
= E|Y;?
/ ()t — % (3.14)

Also, since Y; and Wéi) are independent and EY; = 0,

EW, f(W,) =Y EY:f(W,)

_ Zn: E{Y; /Y FVD 4+ t)dt}
0

i=1

Y;
= ZE/ F WD ) K(t)dt
0

I AR 5,15



19
Let p, = P(N = n). By Stein’s equation (3.12) and (3.15), we obtain
P(W < z) — &(x)
_an (W, < ) an
=Z¥MPM%§@—®@H
szdEﬂWM—Emﬁmw} (by (3.12))
—Z}&Ef Zﬁj"f wﬂ} (by (3.15))
—an ZE/ 7OV, (1)t~ ZE/ POV + K1)
+an{Ef ZE / PV K1)t}
—A, 1 Ay, (3.16)
where
Alzipn iE/OOf’(Wn dt—ZE/ 71w, ()dt}
Ay = an{Ef ZE/ J(Wa) ()t }.
By Lemma 2.15 (1), we have

A= ipn zj; E{ /Z{f’(Wé“ +Y;) = [+ t)}Ki(t)dt}

SZP”ZE{ /Wﬁi)+t>x Ki(t)dt—f_/

— — . Y; >t
n=1  i=1 W 1 yi<a i

(W01 + 0.63)(1Yil -+ [¢l) Kyt }

E3m DB [ (W] 063V + ) Kt

=Ap + Ajg, (3.17)
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where

Ay =anZE/ I(x—t < WP <z —Y)Ki(t)dt,

A _anZE / (WO + 0.63)(|Yi| + [t K (1)t

Yi>t

By concentration inequality (Proposition 3.3), we have
An =Y ) E/ Iz —t < W < —Y)K,(t)dt
n=1  i=1 t>Y;
=> pny EE" / Iz —t <W® <2 —Y)K(t)dt
n=1  i=l t>Y;
=> )y E/ EYI(x—t < W <z — Y)K,(t)dt
- >Y,
:ZPnZE/ Ple—t < W <o Y| Y)K(t)dt
n=1  i=1 t>Yi
= _ 2.5E s> 52
SN S e CIURL R ANG
n=1  i=1 t>Y

+ 4067 + 6,4 / }K (by Proposition 3.3)
_Z 25E8NZE/ { (It + vi)) +25),/ +4052}K

oo

2.5E | 2
San 328N ZE/ {(§(It|+|ﬁl)+25n)1/;;?v + 4067 } K, (t)dt
n=1 n i= oo
0 2
=> & 5E8N Z{ + E|Y;|EY| )+25nE}§2)1/ES—%V+405fLE}§2}
n=1

(by (3.13), (3.14))

L 25E5% (/3 &
<3 n 25 By 25n§jEY2) 4052§ EYQ}
- nzlp s2 {(4 p Yil* + — ' ESN +

o0

2. 5E3N 3(5nsi 20,52 s2 406282
=2 +

s2 4E3?\, Es% ) Es% + Es%
2
:an{(1.8575n + 50, [ Sn_ ok 2 + 10062} (by (3.1))
6875E[5 V.o ]+1OOE(52 (3.18)

2
Esy,
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Also, we have

A —anZE [ Qw1+ 0301 + i) K(

Yi>t

< an Z(E|W,§i)] + 0.63)E/ (|Y;| + [t) Ky (t)dt
n=1 i=1 -
=> pn > _(EW] +0.63)(E|Y;|EYi|* + 5E;YZ-F’) (by (3.13), (3.14))

<1.5 an Z(E|Wn| +0.63)E|Y;|? (by Hélder’s inequality)

<15 an(\/EWVTJ2 +0.63) Y BV
— i=1

0ns2
—15 § Py o - 0.63) (by (3.1))
N

_1.5E[5N(3N)3/2] 0945E[5N3N]

AL e (3.19)
Combining (3.17), (3.18) and (3.19), we obtain
E[0n+/52 L5E [dn(s%)%/? : 2
4, <S8BECNVSN 0 pse Ow(3)Y?] | 0.945E v sh] (3.20)

VSRR (E2PE s,

Similar to (3.17), we can use the fact in Lemma 2.15(2) to prove that

6.875E[0n /5% _100E52 L5E [0n(s%)%/?] 0945E[5N5N]
B, (B3 )" Es%

—

Ay > —

Hence,

6.875E[0n+/5%] L5E[0n(s%)%?]  0.945E[0ns%]

|A;| < et + 100E6% + CEAE Bl (3.21)
By Lemma 2.14(3), we have
|A2|—(an{Ef ZE/ POVt |
< an\Ef ZE/ Ki(t dt‘
< an 1 Z E/ K,-(t)dt‘ (by Lemma 2.14 (3))
g i -
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=> pa|l =) _EY; (by (3.13))
n=1 i=1
Spfi- (by (31)
= Pnll — == by (3.1
- Es%
E|s} — Esy|
= A N (3.22)
Es?%
Combining (3.16), (3.21) and (3.22), we have the theorem as desired. O
3.3 Proof of Corollary 3.2
Since X1, X5, ... are identically distributed random variables,
N N
sy =Y EX}=No’ fy=) E[X’ =Ny and
=1 =1
Sy = By _ N~ _ 2
s3\/Es%3 No2VENo2 +ENg?
It is immediate from Theorem 3.1 that
[P(W < z) — ®(z)|
2 2\3/2 2
S6.875E[6N 2] . 1.5E[5N2(5N) |, 0945EDys3] | 10058,
Esy (Bsy)3? Esy
E|s} — Esi|
Es%
_ 6.875E[6VNo?  1.5E[5(No?)*?]  0.945E[§Nc?| 100562
B VENG2 (ENog?)3/2 ENog?
E|No? — ENo?|
ENo?
EVN  1.56EN3? E|N — EN|
=6.8756 0.9456 + 1006* + ————
_ENJr BN + + + =
1.56EN3/2 E|N — EN|
<6.8750 + ——— +0.9456 + 100> + ————
< + BN + + =
1.56 EN®/? 10072 1 E|N — EN
7825+ = 00y el |

(ENPR <\/W06)\/W EN

where we have used Holder’s inequality in the second inequality. U



CHAPTER IV
A NON-UNIFORM BOUND FOR RANDOM SUMS
OF NON-IDENTICALLY DISTRIBUTED
RANDOM VARIABLES

In this chapter, we give a non-uniform bound for random sums W. We also
use the same notations as in Chapter III, and write C' instead of a positive value

with possibly different values in different places. The followings are our results.

Theorem 4.1. Let X, Xo,... be independent and not necessarily identically dis-
tributed random variables with EX; = 0, EX? = ¢? and E|X;|> = v; < 0o and N
a positive integral-valued random variable such that N > 5 and N, Xy, Xa,... are
independent. If s> > 411%;&2; o? for all positive integer n > 5, then there exists a

constant C' such that for every real number x,
|P(W < ) — O(x)|
C N

52 )2 N(S?V)s]
= Wl Pl e PN gy )

C s BRI — (B
e B ey T Emye )
B

where 6N_—s?v\/E_s?V'

Corollary 4.2. Let X1, X5, ... be independent identically distributed random vari-

ables with mean zero and N a positive integral-valued random variable such that
X1_|_X2_|_..._|_XN

vENo

N > 5 and N, X1, Xs,... are independent. Denote W =

Then there exists a constant C' such that for every real number x,
|P(W < z) - ()|
Co EN® C6? EN? CE|N? — (EN)?|
S—S(l—'— 5)+ 2(1+ 5)+ 2 2
(1+=zl) (EN)>" (L+]z]) (EN) (1+ [z])*(EN)

where v = E|X,|?, 0 = EX? and § = \/%03.
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Remark 4.3. Let X1, X5, ... be independent random variables such that
1
P(X;=Vi+5)=P(X;=—Vi+5) = 5for alli=1,2,....

Then EX; =0, EX? =i+5 and

n 11
E EX@?:%24n+20:41r£1a<xEXi2f07"alln25.
i1 SIS

Therefore, X1, Xa, ... satisfy the condition in Theorem 4.1 that

2 2
s: >4 max o for alln > 5.
=T iki<n b / -

4.1 Auxiliary Results

In this section, we begin with some notations and their conclusions. Then we
provide a concentration inequality in Proposition 4.5. For a positive integer n and

forall i =1,2,...,n, let us define

T = S 7, where Z; = Y,1([Y;| < 1+ a) — EY;[(|Y;] < 1+ a) and
F
ri=r;= iEY}I(|Y]| >1+a) for a > 0.
=
Because EY; = 0, we first observe that

W =T —r, (4.1)

whenever max |Y;| <14 a. Also, we note that
1<j<n

J#i
n n 2
r <Y EVZ(Y)|>1+a) <Y EY?< ES;Q (4.2)
j=1 j=1 N
J#i JFi
Lemma 4.4. We have
2
1 EITOP <2 foralln €N andi=1,2,... n.
Esy
2. There exists a constant C such that
: 1+ a)d,s? (s2)?
E Téz) 4 <C ( n°n n
=R )

foralln e Nandi=1,2,... n.
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Proof. (1) Since EZ; = 0,

. n 2
Brff -5 z)
j=1
J#
-3 62
j=1
J#1
=S {EVI(Y)| <1+a)— EV,I(Y)| < 1+a))
=1
i
<N EVZI(Yi| <1+a)
j=1
J#i
2
<D EY
=1

].: .
JFi
2

< __n
p— 2 .
Es%,

(2) Now we remark some useful fact ([6], p.320) that for all a,b € R and p > 0,
ja+ b < 277 (|af” + [b). (4.3)

By Rosenthal’s inequality (Theorem 2.9) and EZ; = 0, we have

BT <c{ Y Bzl + (D B2 |
j=1 j=1

J#i J#i

:C{ ST EIZ| + <E‘ 3z, ) }
=1 =1
J#i J#i

=C{ S EWI(Y)| < 1+a) - EV;I(%] < 1+a)[' + (BT}
j=1
i
<L (BN <1+ a) + BV < 1+a)} + (B0 P)}
7=1
J#

(by (4.3))

<C{STEW (Y| <1+ a) + (BITOP)?}
=1
i#i
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gc{(1+a);E1Yj\3+ (g;%;v;} (by (1))

ot ah | (P
N Es% (Es%)?
where we have used Holder’s inequality in the third inequality. O

We also use the idea from Chen and Shao [4] to prove the following non-uniform

concentration inequality.

Proposition 4.5. There exists a constant C' such that

, Cb—a+46,)  (Esk)? (s2)

Pla <WW <) < & i L
(W <D <= Uy F sy
where()§a<b,nGNsuchthatsi24maxc7i2 and1=1,2,...,n.

1<i<n

Proof. We begin by noting that

=P(a < WV <b, max |Y;| <14 a)+ Pla < WP <b, max |Y;| >1+a)
1<j<n 1<j<n

J# J#
<Pla+7r<TYD <b+r)+ P(max [Y;| > 1+a) (by (4.1))
S)sn
J#i

<Pla+r<TV <b+r)+> Py >1+a)
j=1
. 1 n
<Pla+r <T{ <b+r)+——=> By,
(1+a) =
5,82

=P <TW <p S CR— 4.4
(G+T_ n — +T)+(1—|—CI,)3ES?\[ ( )

where we have used Chebyshev’s inequality in the last inequality.

To complete the proof, it remains to bound P(a 4 r < T < b+ T).



We divide it into two cases.
1
Case 1. (1 +a)d, > 7

< 44,, and Lemma 4.4, we have

1
By the fact that
(14+a)

Pla4+r<TYD <b+r)
<P(l+a<l—r+T)

E|l—r+ T
- (It

8(1 —r)* + 8E|TY|*
N (1+a)t
_CQ+r'+ BT

- (1+ a)
(1+a)d,s> (s2)2

C n
SW{H 4} 1+a il Es§V (Es?V)Q}
cé, )4 32 ( }

(SZ

STrap T Eay T B
Co,, (s2)4

“(1+4a) 3{ Es%\,)‘l}‘

Case 2. (1 +a)d, <
Let

U= Zm,

J#l
where

n; = |Z;| min{k,,|Z;|} and &, = 49,.

Define f,, : R — R by

(

0 fort<a+4+r—k,

27

(by (4.3))

(by (4.3))

(by (4.2))

(4.5)

fa@) = A 4+t—r+r)(t—a—r+r,) forad+r—r, <t<b+r+r,

(1+t—7+4r,)%b—a+2k,) fort > b+r+ ky,
\

and M : R? — R by
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Next we note that f, is a non-decreasing continuous function that satisfies
fiit)> (1 +a) for a+r—rk, <t<b+r+r, (4.6)

and

Because Z; and T — Z; are independent FZ; = 0 and M(w,t) > 0 for all

w,t € R, we have
ETY fu(T\Y)

Yo
=N BIZA{fTP) — fulT — Z)}]
i
n 0
=>"B{z [ T + byt
Jj=1 { ' /_ZJ' }

J#i

n 0
2 [, e  omz

i

- Xn:E{ /OO (T +t)M(Zj,t)dt}

i

——

> (1+a)32E/ Ia+1— Ky §T7(f)+t§b+r+/<n)M(Zj,t)dt
— )
i
(by (4.6))
> (1+a)3ZE{J(a+r§T,§“ <b+7)

j=1
J#i

M(Zj,t)dt}

[t|<kn

—(1+ a)3E[I(a +r < T <b+1) Y 12| minf,, Zj}}

i=1
i#i

=(1+alE(I(a+r<TY <b+7r)U). (4.8)
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2

From the fact that min{a,b} > b — 2— for all a,b > 0 ([4], p.238), we obtain
a

EU =

v

v

v

A%

> E|Zj| min{k,, | Z;]}
=1
i

ZE 72 |Z|

Hﬁz

S {EYAI(Y)] <1+ a) — B*V;I()Y;] < 1+ a)}

=1

i

——ZEIYI!Y\<1+a> EY;I(|Y;| <1+ a)|”

J#%

S AEYI(Y) € 1+a) — E°Y;I(|Y)] > 1+ a)}

=1

i

——ZE (112 1()Y;| < 14a) + |EY;I(|Y;] < 1+ a)*) (by (4.3))
J#Z

Z{EY2—2EY2 (IY;| > 1+a) }——ZE|Y|3I(|Y| <1+a)

7=1
J# J#z

(by Hélder’s inequality)

Z{EY2——E|Y|31(|Y| >1+a) }——ZE\YP (IY;| <1+a)

Jj=1 Jj=1
J#i J#i

1
(by the fact that — < 1)

n

S 2y ey

j=1 =
J#i J#i
2 2 2
Sn - 0; o Sn
2 2 2
Esy,  Esy  2Esy,
2 2 2
Sn (Sn — 40i )

T ABs, | 4Es

2 T
4E's%;

2
Sn

(4.9)

where we have used the fact s> > 4 max o7 in the last inequality.

1<i<n
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By Chebyshev’s inequality (Theorem 2.8) implies that for 0 < ¢ < EU,

E\U — EU|*
EQ-U/QIU <) < PU <) < P(U = BU| 2 BU =€) < =
(4.10)

2
From (4.9), we can choose a constant ¢ = 52"2 in (4.10), which implies that

SN

S5UESs% s2
Bl - 2510 < o)
< CUEsR)! E|U — EU|*
(s

C(Es%)* .
e (OO0 I DTS
g J#%
(by Rosenthal’s inequality)
E
sN {(ZE%> +ZE77]}
J#z J#l
gCESN {( ZE\Z!) +<54ZE|Z|}
J#% J#l
C(Es%)* =
g#{( Z{E|Yy31(yy| <1+4a)+ EVI(Y] <1+ a)f })
J?él
+ S BV < 1+a) + [BYI(Y < 1+a)['} ] (by (43))
i
< SN (5,5 BV PIY <1+ @) 003 BNV < 1+0))
T 2
< SEALL(, ZE\Y!) (1+ a3t Y BRIV < 1+0))
j=1
J#% J#i

C(Es%)*

< {( ZEm) 1+a54ZE\Y|}

C(Esy 5nsn 2 a)ods?
- CERE ey L

Co, ((Es%)? (Es%)?

Srat@r T er .
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1
where we have used the fact that (1 + a)d, < 1 in the last inequality.
From the fact that ([4], p.238)

Ia<w<by>c(lla<w<b)—(1—y/o)l(y <o)
for a < b, y > 0 and ¢ > 0, we have

E(I(a+r <TY <b+7r)U)

52 : 5UEs? 52
> _n_Ip <TO<b+r)—EB(1— MU < 22 (412
By (4.8) and (4.12), we obtain
E(TY fu(T))
>(1+a)lE(I(a+r<T{ <b+7)U)
(14 a)s? @ 5UFESs% s>
> ——"1P( <TW<b E(1 - U< 2
T 5Esy Pl o H z ) (U—5Es?v)}
(1+a)3s Co, (Es%)? (Bs%)?
> nip( <TW <
= B “{Pla+r b+r)— (1+a)3( (52)2 + (52)F )}
where we have used (4.11) in the last inequality.
Hence, by (4.7), yields
Pla+r ST(i) <b+r)
2 213 2
< Con { Esy)? | (Bs}) } SEsy E éi)f(Téi))
(I+a)*" (s3)? (s3)? sp(1+a)’
212 213
< Coy {(E i) (Esy) }
(1+ a)3 (s7) (s7)?
1+a3{ —a+26,) BT 1+ T — 7 + k,)*[}
0(5 { ESN) N (Es%\,)?’}
T (1 +a)t (s7)? (s7)?
CESN —— N b —a+2r,){(1+ )BT + E|TV|*}} (by (4.3))
1 + CL 3 n n n v .

05 (Es%)?  (Es%)?
SArapl@p T wp )

CEs% (s2)3 (s2)? (l —l— a) 5 ns2
—|——Si<1+a)3{(b—a+2/§n){(1+—(ESN) WEITY ]2 + Fovt H
(by (4.2) and Lemma 4.4)




Cé, ((Es%k

~—

 (BR)

< (1+a)3{ (s2)2 T (s2)3 }
CEs% V52 s2 (32) (52)7/2
m{ a2 {\/_ Ess T B T (B )7/2}}
Coy, (Esy)® | (Es})? CEs%(b—a+6,) \/_ (s2)7/2
§(1+a3{ 2)2 (s2)3 }+ 2(1+a) {\/F (Es? 7/2}
Clb—a+0d,)  (Esy)? (Esy)? Es?  (s2)5/2
< (14 a)3 { (s2)2 (s2)3 + NG + (B2 )72
Cb—a+56,)  (Es¥)? (s2)5/2
ST vap Ugmp tEapEt
Combining (4.4), (4.5) and (4.13), we have
Pla<W? <b) < (1?2)3 {1 (g;?)v)éi}
Cb—a+dy,) { (Es%)?  (s2)5/2 \ 5,52
(14 a)? (s2)  (BEs})?T 7 (1+a)PEsk
Cb—a+d,) (s2)* (Bs%)?  (s2)%? 52
(1+a)? { " (Es%)* * (s2)3 * (Es3)5/2 ° Es%

Clo—a+a) (B, ()"
ST s el

This is complete the proof.

Let f, be the solution of Stein’s equation (2.4) and define g : R — R by

g(w) = (wfo(w))".
Theorem 4.1 will be obtained from the followings two lemmas.

Lemma 4.6. There exists a constant C' such that

C 52

BULW)| < o1+

for any positive integer n and x > 1.

Proof. By (2.4), we note that for w < z,
w2
fo(w) = (1 —@(2))(1+ V2rwe = ®(w)).
From above and (2.2), it follows that for w <0,

0< fi(w) <1—o(w),

32

(4.13)

}



and by Lemma 2.14 (3), we have

|F(w)| <1 for all w.

Therefore,

Bl f(Wa)]
=E|f,(Wa) (W, < 0) + E|fy (W) [ I(W > x) + E[fy(Wa)[1(0 < W, < z)
<(1—®(z))P(W, <0)+ P(W, > x)

2

+ (1= ®(x)E[(1+ V2rW,e 2 )I(0 < W, < 2)]

gu—¢u»+5%}%ﬁ+uf-<»u+J_m%)

C (1+ EW?) C
(14 2)? (1+2)? (14 x)?
< C 1+ s2
(14 x)?

where we have used Chebyshev’s inequality in the second inequality.

Lemma 4.7. There exists a constant C' such that

EQ(WTEi) +u) < L{(l +5nx>((E8?V)3 n (3%)4 )}

(1+ =) (sn)? (Es})!
where x > 4, |u|<1+Z n € N such that s2 >4lma<xa andi=1,2,...,n.

Proof. By Lemma 2.16, we have

Eg(W +u)
—Eg(W9 + ) I(W +u < 0)
+ EgW9D + )10 < WO 40 <z —1)
+ EgW9 +u)I(z —1 < W9 +u < 2)

+ EgWD + ) I(W +u > )
2
1+ a3

<1 —-®(x)+g(z—1)+EgWD + )z —1< WD 4 u<z)+
< C
(1)

+g(x—1)+EgW +u)l(z -1 < W +u < ).
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By (2.5) and the fact that

2 1
h(z)={(x =2+ =)e "2z +
T
is decreasing on [4,00), we obtain

(x— 1) ={Vor(1 + (x — 12" T bz — 1) + (x — 1)} (1 — 3(x))
<Var(1+ (z — 1)2)e“F (1 = d(2)) + 2(1 — D(x))

2 1 o2
=z —2+ —)6_””Jrl
x

2V 27r6
C
<

ST+

Also, by Proposition 4.5, we have

EgW +u)I(z—1 < W +u < )

/ w)dP(w < W +u < x)

(z —1D)P(w < WY 4 u < ) +/ g (w)P(w < W +u < z)dw
z—1

C S?V 3 8721 4 )
(14 z)3 ((Z%):s) T (és?i)zl) /x—lg (w)(z —w + 6, )dw

¢ ¢ (B (s) o
§(1+m) + SESE = ( (32)3 + (B2 ) ){6ng(x)+/mlg(w)(x—w)dw}

< fm) ESN3 |+ 6,9(x / o (w)(x — w)dw

)
S(lfm) ESN?’ EsN {1+5x+/ w)dgtw )}
anl

C ESN v
- 1 —g(z—1)
i+ x) + opx — g(x /x—1 g(w)dw}

¢ (ESN) (S ) emma
ST = ( @2p T ES) 1+ 6pz + 2 fo(x)} (by L 2.16 (1))
c B ()

STrap O o+ ) -

<g(z—1)+

2

This completes the proof. n
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4.2 Proof of Theorem 4.1

To bound P(W < z) — ®(x) in Theorem 4.1, it suffices to consider z > 0.
We divide the proof into two cases.
Case 1. 0 < x < 4.

By Theorem 3.1, we have

POV <) — <1><x>|

Elon /sy Edn(sy)*? Ons E|l% —E
<6875 20V | SEONGNTE L g4 [NN]+100E52 Elsy = Bsy|

VEs%, (Es%)3/? Es% Es%
C 5]\[\/ (SN SN 3/2] [5N3N]

< Ly +
G yEr toEspr B )
C E\S?V—ES?VHS?VjLES?ﬂ)
TENEE (E,)

C 5N 2\2 E[(;N(S?V)E)]
“Tray Elp B+ @)

¢ By BOLS)] | Elh) — (B
FirEr e B T Ea s T @y )

where we have used (4.14) in the last inequality.

+ (B0} +

Now, we remark the above line of the proof, one can be obtained it by a technique

2
in analysis. Considering an event A ={w € Q|0 < sg(zu) < 1}, for i = 1,2 and

N
—2 < p <5, we have

By (3] [ Oi(s3) 5 ()P
(B ‘/A dP*/Ao By

(%) 5i(5%)°
<[ Ty [, G
S (EsL)? 5i(5%)°
S/Q <s%v>2 dp*/ <EsN>5dP
E[siy(3)7)
* (ESN) '

5 (4.14)
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Case 2. © > 4.

By the same argument as (3.16), we have
PW <z)—®(x)

= o { Ef (Wo) — EW,f(W,)}

= gp ;E{mm <147 / Z [PV +Y0) = FWD + )} Ki(t)dt |
+fjpniE{f<m| >1+7) / T ) - + 1)} Ki(t)dt |
+an{Ef ZE/ P Kit)dt

== Al —+ A2 + Ag, (415)

where

A = anz { (lvi| <1+ = / {F(w — W9 + ) K, (t)dt
Ay = anz [vi>1+2 / [PV 4 Y) — fWD 4 0)) K ()de
Ay = an{Ef ZE | rovsiar}.

By Lemma 2.17, we have

4] < anz {1l <1+ D [ {0y - Ve + oK)
< an
+anz { (vi| <1+4)

« / (e —max(¥,, 1) < W < & — min(Y;, 1) Ki(t)dt |

Y;
{ (vl <1+= / Ki(t /Eg(W,EﬁJru)dudt}‘

= [Au| + [Ara], (4.16)
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where

|A11|_anz‘ { (Vi <14 = /K /YiEg(W,(f)+u)dudtH,
t
‘A12|*anz { ‘Y’<1+4)

« / I — max(¥;,t) < W < & — min(Y;, 1) Ki(£)dt }.

By Lemma 4.7, we have

|A11|—anZ‘E{ (Vi <1+ = / K;(t / gWi)—l—u)dudtH
< manZ‘E{I(\YJ < 1+Z)

/K / L+ 6, )((Z;%)VQSJF(SE;V:)dudtH
Esy)? ()N

)
( - . .
< (1+ 3an1+5 >( (s2)3 +(ES?V)4)ZE/ ([Yi| + [¢]) Ki(t)dt
(

=1 —o©
Dy E|Y;|E|Y;]? 1EY-3
) S EWIENE + S

E i=1
C = Es%)3
< o (5 + ) ZE’””’
(by Hélder’s inequality)

5,82

e T+ )

i)’

SW]). (4.17)
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Concentration inequality (Proposition 4.5) yields

| A

n

_anZE{ (vl <1+7)

” / (o — max(Y,,1) < WS < o — min(¥,, 1)) K(1)dt

—anZE{ (Vi <1+3)
x/oop(x—max(xg,t) W@ < 2 — min(Y;, )|V K. ()dt}

¢ ) Z n((ESN) (s5) )

RCEE (2 (Es})

XZ { |Y|<1—|—4)/OO (max{Y;, t} — min{Y;, t} + 6,) K ()dt}
S ESN (sn)’
(14 2z)3 Z 2)3 (ES?V)4)

xz { |Y|<1+4)/

[t|<14-%

(1] + Vil + ) (1)t}

ﬁiﬁm@? ZE/ (It + ¥i] + 6,) K ()t
— s (T (S;% ) D GEIP + EVIBVE + . EI%P)
< T L (A ) LBV + 6BV

O & (BRY D) a 6
~ e 2"y e Bt Ed)

- e G )
- fz)3 (Bl (S‘;JVV)Q](ESW + L [(‘EVSF;?)VB)5]). (4.18)
Combining (4.16), (4.17) and (4.18), we have
A < (B B+ AT
b Bl e+ B )
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By Lemma 2.14(4), we have
| As| <anz { (1vi] > 1+ 4>/:\f’(w,§i>+m)—f/(ng>+t)|Ki<t)dt}
< anZE{mm 14D [ K]
—anZP Yil> 14+ )25 0@'2
< ;pn;mm > 1+§>;@V

C > s2 - . _
< (14 2)3 an Es? Z ElY;|? (by Chebysev’s inequality)
n=1 i=1
O & bi(s)
T (L+a)P ;pn (Es2,)2
2.2
CElén(sy)’] (4.20)

T (14 a)pP(Es)?

By Lemma 4.6, we have

| 43| <an Ef'(W, ZE/ Fw, i(t)dt‘
<an|Ef
=§_;pn|Ef/<W

_CE|(s%)? — (B
(14 z)2(Es3)?

(4.21)
Combining (4.15), (4.19), (4.20) and (4.21) yields,

[PW < z) — &(x)]

C 0% gy EOYR)T | Blon(s)"
e gl OV “mgy e )

C o B ey FRGRY] | Bk~ (s
P PN g T mRe )

Hence, the theorem is proved by applying (4.14) again. O
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4.3 Proof of Corollary 4.2
Similar to the proof of Corollary 3.2 and by Theorem 4.1, it is trivial that

[P(W < z) — &(z)]

C on §2)2 E[(SN(S?VP]
¢ B oy EOAR)Y] B30 — ()
Farep Pl B —may T Emayp )

o) ((EN02)2 E(No?)?
(1+|z|)® ‘\E(No?)2  (ENo?)5
N Cs? ((EN02)2 N E(NU2)5) CE|(No?)? — (ENo?)?|
(1+z)2 E(No?)2  (ENo?)5 (1+ |z|)?2(ENo?)?
o5 (EN)?  EN°
T Eve T EN
09?2 ((EN)2 EN? ) CE|N? — (EN)|
(L4 [z)>* EN?  (EN)>7 (14 [z])2(EN)?
< O EN® " 052 (s EN® )+(JE|N2—(EN)2|
()P (ENPT (22 (BN (14 [a])?(EN)?

where we have used Holder’s inequality in the last inequality. 0
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